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ABSTRACT 

Injection geomechanics is an integral part of sub-surface work. Material behavior is stress 

magnitude and stress path dependent. Many researchers have studied effects of depletion on 

rock mechanical behavior and corresponding changes in in-situ stresses. Most literature regarding 

study of injection effects in unconsolidated sands is primarily focused on Canadian Oil sands 

where the effective stress magnitudes are different than in deep-water Gulf of Mexico. 

This thesis investigates the effects of depletion and injection on changing the minimum 

in-situ stress magnitude, yield behavior, and associated hysteresis in unconsolidated sands. A 

novel sample preparation technique is presented to make consistent and representative samples 

of the target reservoir in deep-water. The variation of minimum in-situ stresses with pore 

pressure is quantified using horizontal stress path coefficients. Far field reservoir boundary 

conditions are simulated through uniaxial strain boundary condition and with constant vertical 

stress.  Results show material is altered during initial depletion and is associated with large plastic 

strains and hysteresis energy. Under repeat injection and depletion, material is elastic with 

minimal hysteresis energy.  

Yield behavior of geo-materials under unloading stress path direction (injection) has not 

been studied in unconsolidated sands with high effective stresses. This thesis  focuses on 

understanding the dependence of yield surfaces on stress path directions and stress magnitudes. 

Three different stress path directions were studied to determine individual yield surfaces. Results 

show yield surfaces for loading and unloading paths were different and parallel within the range 

of stress magnitudes studied. A global minimum yield surface model is proposed to predict the 

location of the minimum yield surface and its stress path. Using this model, the upper and lower 

bounds of yield surfaces can be determined with two tests. A yield function is generated to predict 

yield stresses with an initial stress condition and a stress path direction. 



vi 
 

Table of Contents 
DEDICATION…………………. ................................................................................................................ iii 

ACKNOWLEDGEMENTS ................................................................................................................... iv 

ABSTRACT……………………. .................................................................................................................. v 

LIST OF TABLES…………………........................................................................................................... viii 

LIST OF FIGURES………………. ............................................................................................................ ix 

1. INTRODUCTION………….. ........................................................................................................... 1 

1.1 In-Situ Stress Estimation .................................................................................................. 1 

1.2 Rock Mechanical Behavior Prediction ............................................................................. 6 

2. SAMPLE MATERIALS, PREPARATION AND EQUIPMENT ........................................................ 11 

2.1 Analogue Material ......................................................................................................... 11 

2.2 Sand Pack Samples ......................................................................................................... 14 

2.2.1 Review of Sand Pack Preparation Techniques ....................................................... 14 

2.2.2 Sample Preparation Procedure .............................................................................. 15 

2.3 Experimental Setup ........................................................................................................ 16 

2.3.1 Axial, Confining and Pore Pressure Setup .............................................................. 16 

2.3.2 Strain Gauges and Calibration................................................................................ 17 

2.4 Representative Analogue ............................................................................................... 21 

3. STRESS PATH COEFFICIENTS................................................................................................... 27 

3.1 Test Procedure ............................................................................................................... 29 

3.2 Data Analysis and Results .............................................................................................. 33 

3.2.1 Test 1 – Depletion Followed by Injection............................................................... 34 

3.2.2 Test 2 – Injection Followed by Depletion............................................................... 39 

3.2.3 Test 3 – Increasing Amplitude Depletion – Injection Cycles .................................. 45 

3.3 Modelling and Discussions ............................................................................................. 53 

3.4 Conclusions .................................................................................................................... 59 

4. YIELD SURFACE AND STRESS PATH DIRECTIONS .................................................................... 61 

4.1 Test Procedure ............................................................................................................... 64 

4.1.1 Loading-Based Yield Behavior ................................................................................ 64 

4.1.2 Unloading-Based Yield Behavior ............................................................................ 67 

4.2 Data Analysis .................................................................................................................. 77 

4.2.1 Loading-Based Yield Behavior ................................................................................ 77 

4.2.2 Unloading Based Tests ........................................................................................... 82 



vii 
 

4.3 Discussions and Results ................................................................................................. 89 

4.4 Conclusions and Future Work ........................................................................................ 96 

5. COMBINED CONCLUSIONS AND FUTURE WORK ................................................................... 98 

REFERENCES………………. ............................................................................................................... 100 

6. APPENDIX 1 – MODIFIED CAM CLAY (MCC) MODEL ............................................................ 115 

7. APPENDIX II – MCC MODEL FITS .......................................................................................... 121 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



viii 
 

LIST OF TABLES 

Table 3-1 Shows the initial conditions at the start of the pore pressure uniaxial strain tests for 

three samples under study. All samples start with similar values of mean effective stress and shear 

stress. The mean stress p’ is defined in Equation 3.6, and shear stress q is axial stress minus 

confining stress. ............................................................................................................................. 29 

Table 3-2 Horizontal stress path coefficients calculated from depletion and injection cycles for 

Test 1. The stress path coefficient for Depletion 1 ramp is smaller than subsequent load-unload 

ramps. ............................................................................................................................................ 36 

Table 3-3 Shows the amount of internal energy density change in each load-unload cycle for test 

1 – PSP 213. The hysteresis energy dissipated in 1st cycle is about six times larger than the 2nd 

cycle. .............................................................................................................................................. 39 

Table 3-4 Horizontal stress path coefficients calculated from injection and depletion cycles for test 

2 are presented. The stress path coefficient on last depletion ramp is markedly different than 

other ramps. .................................................................................................................................. 42 

Table 3-5 Shows the amount of internal energy density change in each unload-load cycle for test 

2 – PSP 214. Hysteresis energy is calculated as the difference of the change in internal energy 

density on load and unload cycle. No significant hysteresis is observed in both cycles. .............. 44 

Table 3-6 Shows the stress path coefficient values for the repeat stress path depletion and 

injection ramps as well as the new incremental stress path ramps. During new incremental 

depletion ramps the depletion coefficient is smaller whereas injection coefficient is similar. .... 50 

Table 3-7 Show the calculation of hysteresis energy per unit pore pressure for PSP 215. The 

hysteresis energy is marginally increasing with each successive load-unload ramp. ................... 53 

Table 3-8 Shows the cam clay parameters used to fit the experimental data for the triaxial stress 

path and the uniaxial strain paths. ................................................................................................ 55 

Table 4-1 A summary table of initial stress states for all constant axial stress unloading tests are 

shown. ............................................................................................................................................ 70 

Table 4-2 Shows the initial stress states for samples where a constant shear stress test performed.

 ....................................................................................................................................................... 74 

Table 4-3 shows the calculated yield stresses for different stress path angles, the expected yield 

stress based on triaxial yield surface and difference between the two yield points. ................... 95 

Table 7-1 shows the MCC Model parameter fits for PSP 214 on initial conditions, 1st injection, 1st 

depletion and last depletion ramps. ............................................................................................ 121 

 



ix 
 

LIST OF FIGURES 

Figure 2-1 Shows the particle size distribution of the analogue material with a D50 of 229 microns 

and a Uc of 1.84. ............................................................................................................................ 12 

Figure 2-2 Shows the particle size distribution of the sieved analogue material. The sieved material 

selected for this work has D50 of 203 microns and Uc of 1.44. .................................................... 13 

Figure 2-3 Shows a 2D thin section image of sieved analogue material in a grain mount under 

transmitted light. The material is predominantly quartz with very few heavy minerals present. 13 

Figure 2-4 A schematic diagram of the sample setup in the stress cell. Average of the two 

measurements from LVDTs is used as axial strain. Average of the two measurements from 

cantilever bridge is used as radial strain. ....................................................................................... 16 

Figure 2-5 The calibrated values of the radial bridge using calibrated micrometers. Maximum 

measurement that can be made is 50 milli-inches (mils) and least count is 0.01 mils. ................ 18 

Figure 2-6 The calibrated values of both LVDTs using calibration micrometer. Maximum 

measurement that can be made is 400 mils. And least count is 0.02 mils. ................................... 19 

Figure 2-7 The stress-strain plot of stiffness test with Tungsten billet. The true Young’s Modulus 

for Tungsten is 60 million psi. The calculated Young’s Modulus is 58.9 million psi with an error of 

1.8 %. The pressure corrections for the strain gauges are calibrated with Tungsten. .................. 20 

Figure 2-8 The stress-strain plot of stiffness test with Aluminum billet. The true Young’s Modulus 

for Aluminum is 10 million psi. The calculated Young’s Modulus is 10.94 million psi with an error 

of 9.4%. The pressure corrections for the strain gauges are verified with Aluminum. ................. 20 

Figure 2-9 Shows the pre-consolidation process to make representative analogue. The Confining 

stress is increased at 500 psi amplitude to reach peak confining stress during the initial load-

unload ramps. The test is terminated when response is elastic. .................................................. 24 

Figure 2-10 shows a plot of percent recoverable axial strain at the end of each load-unload stage 

during consolidation experiment. The experiment is terminated when percent recoverable strain 

is consistently above 95%. ............................................................................................................. 25 

Figure 2-11 A plot of Axial Strain vs Mean Stress comparing hysteresis on the first maximum 

magnitude load-unload stage and the last maximum amplitude load-unload stage. Associated 

Hysteresis for first cycle is high compared to last cycle where the load and unload paths overlap 

each other. ..................................................................................................................................... 25 

Figure 3-1 Shows the Uniaxial strain boundary condition defined by Riazi et al., ASTM 2016. The 

axial stress is constant, pore pressure is the operating parameter and the confining pressure 

changes to keep the radial strain constant. The sample is deforming axially and with radial strain 

constant. ........................................................................................................................................ 28 

https://uofh-my.sharepoint.com/personal/sprakash_cougarnet_uh_edu/Documents/PHD%20RESEARCH/Dissertation/Dissertation%20draft%20v4.2.docx#_Toc71887204
https://uofh-my.sharepoint.com/personal/sprakash_cougarnet_uh_edu/Documents/PHD%20RESEARCH/Dissertation/Dissertation%20draft%20v4.2.docx#_Toc71887204


x 
 

Figure 3-2 Shows the stress path followed to reach the initial stress conditions. First, the pore 

pressure is raised first followed by the confining stress, and the axial stress. .............................. 30 

Figure 3-3 Shows the stress path taken to reach initial test conditions in a mean effective stress – 

shear stress space. The pore pressure is ramped up first followed by confining stress and then 

axial stress to ensure maximum distance from the estimated yield surface. ............................... 30 

Figure 3-4 Application of pore pressure, axial stress and radial stress as a function of time. The 

axial stress is constant under the uniaxial strain boundary conditions. Test 1 constitutes depletion 

followed by injection. Multiple load-unload ramps have been performed. ................................. 31 

Figure 3-5 Application of pore pressure, axial stress and radial stress as a function of time. The 

axial stress is constant under the uniaxial strain boundary conditions. The sample is depleted to 

new pore pressure levels at last depletion. ................................................................................... 32 

Figure 3-6 Application of pore pressure, axial stress and radial stress as a function of  time. Test 3 

constitutes depletion followed by injection with varying amplitudes. At the last injection, the 

boundary stresses change from uniaxial strain to isostatic conditions. ........................................ 33 

Figure 3-7 Shows pore pressure depletion and injection ramps for PSP 213. Three pore pressure 

depletion and two pore pressure injection ramps have been performed in test 1. Test 1 constitutes 

depletion followed by injection. .................................................................................................... 34 

Figure 3-8 shows the initial depletion and injection ramps in a confining stress – pore pressure 

plot. The slope of the curve represents the horizontal stress path coefficient. The calculated 

depletion coefficient and injection coefficient for test 1 are shown. ........................................... 35 

Figure 3-9 shows the plot of repeat depletion and injection ramps for test 1 - PSP 213. As can be 

seen, all ramps overlap each other with identical values of depletion and injection coefficients.

 ....................................................................................................................................................... 36 

Figure 3-10 Shows volume strain behavior of the sample under changing mean effective stress 

during depletion and injection stress paths for test 1. The first load-unload ramp (1a-1c) has large 

amount of irrecoverable strains compared to subsequent ramps. ............................................... 38 

Figure 3-11 Shows the hysteresis in the first pore pressure depletion - injection cycle of PSP 213. 

Due to large amount of irrecoverable strain, the hysteresis energy dissipated during this cycle is 

high. ............................................................................................................................................... 38 

Figure 3-12 Shows the hysteresis in the second depletion - injection cycle of test 1 - PSP 213. Due 

to small amount of irrecoverable strain, the hysteresis energy dissipated during this cycle is low.

 ....................................................................................................................................................... 39 

Figure 3-13 Shows pore pressure injection and depletion ramps for PSP 214. Three pore pressure 

depletion and two pore pressure injection ramps have been performed on PSP 214. Test 2 



xi 
 

constitutes injection followed by depletion. The last depletion ramp takes sample to new 

depletion levels. ............................................................................................................................. 40 

Figure 3-14 shows a plot of calculated depletion coefficient and injection coefficient for test 2 – 

PSP 214. The two initial depletion and injection stages are shown. Both the ramps overlay each 

other and the stress path coefficient value during injection and depletion are the similar. ........ 41 

Figure 3-15 shows the plot of repeat depletion and injection ramps for test 2 - PSP 214. For ramp 

2, depletion ramp and injection ramp overlap each other. However, depletion to new pore 

pressure levels (2e - 2f) has a smaller depletion coefficient. ........................................................ 42 

Figure 3-16 Shows the volume strain behavior of the sample under changing mean effective stress 

during  depletion and injection stress paths for test 2. The last depletion ramp (2e - 2f) has larger 

amount of strain compared to other ramps. ................................................................................. 43 

Figure 3-17 Shows the hysteresis in the 1st pore pressure injection - depletion cycle of test 2 – PSP 

214. Both load-unload ramps overlay each other with minimal hysteresis energy in the 1st cycle.

 ....................................................................................................................................................... 43 

Figure 3-18 Shows the hysteresis in the 2nd injection - depletion cycle of test 2 - PSP 214. Both 

load-unload ramps overlay each other with minimal hysteresis energy in the 2nd cycle. ............. 44 

Figure 3-19 A comparison of change in mean effective stress vs change in volume strain plot of 1st 

depletion ramp of PSP 213 and last depletion ramp of PSP 214. Both ramps have similar amount 

of change in internal energy density which is evident from the overlapping stress- strain curves.

 ....................................................................................................................................................... 45 

Figure 3-20 Application of pore pressure, axial stress and radial stress as a function of  time. Test 

3 constitutes depletion followed by injection with varying amplitudes to show impact of changing 

depletion and injection levels. ....................................................................................................... 46 

Figure 3-21 shows a plot of calculated depletion coefficient and injection coefficient for test 3 – 

PSP 215. The initial depletion coefficient is small. The incremental injection stress path coefficient 

is same as the repeat injection coefficient. ................................................................................... 47 

Figure 3-22 A summary plot of repeat stress paths of depletion for PSP 215. The beginning and 

end of the ramps are labeled. All the repeat ramps have similar slopes with mean value of 0.73.

 ....................................................................................................................................................... 48 

Figure 3-23 A summary plot of repeat stress paths of injection for PSP 215. The beginning and end 

of the ramps are labeled. All the repeat ramps have similar slopes with mean value of 0.73. .... 48 

Figure 3-24 Shows a summary plot of new depletion stress paths for PSP 215. The beginning and 

end of each ramp are labeled. The depletion coefficient from new depletion stress paths is lower 

than repeat depletion stress paths. ............................................................................................... 49 



xii 
 

Figure 3-25 Shows a summary plot of new injection stress paths for PSP 215. The beginning and 

end of each ramp are labeled. The injection coefficient from new injection stress paths is similar 

to the repeat injection stress paths except for the injection 4 stress path. .................................. 50 

Figure 3-26 Shows a summary volume strain plot of PSP 215 under changing mean effective stress 

during depletion and injection stress paths. The beginning and end points of stress ramps are 

labeled. .......................................................................................................................................... 51 

Figure 3-27 Shows the load-unload cycle for calculation of hysteresis energy. The figures show a 

cumulative load-unload cycle consisting of both repeat depletion and new depletion ramps. ... 52 

Figure 3-28 Shows the calibrated MCC model for triaxial stress path ramp of PSP 213. The yield 

surface is shown in blue; the critical state line is shown in green and the triaxial stress path is 

shown in red. ................................................................................................................................. 54 

Figure 3-29 Shows the simulated strain data and experimental strain data plotted together. There 

is a good match between the two data sets indicating a good model fit. ..................................... 55 

Figure 3-30 Shows the MCC model fits for the 1st Depletion (A), 1st Injection (B) and 2nd Depletion 

stress path. A simulated yield surface with its critical state line and the stress path taken by the 

sample and with experimental axial strain data recorded from the lab measurements are plotted.

 ....................................................................................................................................................... 57 

Figure 3-31 Shows a schematic of the matrix and grains. During initial depletion, sample compacts 

in axial direction and irrecoverable strains occur with dissipation of energy.  On initial injection, 

the sample response is elastic with no irrecoverable strain and associated dissipation of energy.

 ....................................................................................................................................................... 59 

Figure 4-1 Shows the loading stress path and unloading stress paths used in this study. The loading 

stress paths are in -90° < θ < 90° and unloading stress paths are in 90° ≤ θ ≤ 270°. ..................... 62 

Figure 4-2 Previous work on strength properties measurement on unconsolidated sands were 

done by researchers focused on the Alberta oil sands which have low effective stresses (< 250 

psi). Current work focuses on higher stress magnitudes (> 2000 psi). .......................................... 63 

Figure 4-3 Shows the initial test conditions and load vs time plot single-stage triaxial test with a 

confining stress of 4350 psi. .......................................................................................................... 65 

Figure 4-4 Shows the stress path followed by the single stage triaxial test in a mean effective stress 

- shear stress plane with the initial stress point and the yield stress point. ................................. 65 

Figure 4-5 Shows the application of confining stress and shear stress in the multi-stage triaxial 

test. ................................................................................................................................................ 67 

Figure 4-6 Shows the stress path followed by each stage in the multi-stage triaxial test in a mean 

effective stress - shear stress space. .............................................................................................. 67 



xiii 
 

Figure 4-7 Shows the different stress paths for loading and unloading. During injection, mean 

effective stress increases with either decreasing or constant or increasing shear stress. The most 

representative stress path for actual reservoir conditions is the increasing shear stress path. ... 69 

Figure 4-8 Shows the load vs time plot for PSP 212. This test is performed at the constant axial 

stress value of 9300 psi with an initial confining stress of 4350 psi. ............................................. 71 

Figure 4-9 Shows the load vs time plot for PSP 209. This test is performed at the constant axial 

stress value of 8400 psi with an initial confining stress of 4350 psi. ............................................. 71 

Figure 4-10 Shows the load vs time plot for PSP 210. This test is performed at the constant axial 

stress value of 7350 psi with an initial confining stress of 4350 psi. ............................................. 72 

Figure 4-11 Shows the load vs time plot for PSP 211. This test is performed at the constant axial 

stress value of 6360 psi with an initial confining stress of 4350 psi. ............................................. 72 

Figure 4-12 Shows a combined plot of stress path for constant axial stress tests. ....................... 73 

Figure 4-13 Shows the load vs time plot for PSP 207. This test is performed at the constant shear 

stress value of 4950 psi. ................................................................................................................. 75 

Figure 4-14 Shows the load vs time plot for PSP 205. This test is performed at the constant shear 

stress value of 4050 psi. ................................................................................................................. 75 

Figure 4-15 Shows the load vs time plot for PSP 208. This test is performed at the constant shear 

stress value of 3000 psi. ................................................................................................................. 76 

Figure 4-16 Shows a combined plot of stress path for constant axial stress tests. ....................... 76 

Figure 4-17 Shows the stress vs strain plot for the multi-stage triaxial test. Four different confining 

stress stages - 1500 psi, 2000 psi, 2500 psi, and 3000 psi were performed. ................................. 78 

Figure 4-18 Shows the tangent strain ratio vs shear stress for all stages of the multi-stage triaxial 

test. The loading stage is unloaded when point of positive dilatancy (tangent strain ratio of 0.5) is 

reached. ......................................................................................................................................... 78 

Figure 4-19 Loading-based yield surface calculated from yield points of the Multi-stage triaxial 

test. ................................................................................................................................................ 79 

Figure 4-20 Shows the stress-strain plot of the single stage triaxial test. The test was concluded 

when the axial strain sensor was at limit. ...................................................................................... 80 

Figure 4-21 Shows a plot of tangent strain ratio vs shear stress for the single stage triaxial test. 

This plot is used to pick the yield point i.e., the shear stress value when the tangent strain ratio 

reaches 0.5. .................................................................................................................................... 80 



xiv 
 

Figure 4-22 Shows a combined plot of tangent strain ratio and shear stress. Yield stress points 

from each stage of the multi-stage triaxial test and the single stage triaxial test are used to map 

the yield surface. ............................................................................................................................ 81 

Figure 4-23 The yield point from single stage triaxial test (SST) plotted on the multi-stage triaxial 

test (MST) yield surface shows perfect match. This observation validates the use of multi-stage 

triaxial test from determining loading-based yield surface. .......................................................... 81 

Figure 4-24 The combined plot of four constant axial stress tests showing the evolution of axial 

strain with increase in shear stress. ............................................................................................... 82 

Figure 4-25 Shows the combined plot of four constant axial stress tests showing the evolution of 

volume strain with decrease in mean effective stress. ................................................................. 83 

Figure 4-26 Shows the combined plot of tangent strain ratio vs mean effective stress for all tests 

in the set of constant axial stress tests. As can be seen, all the curves touch the point of positive 

dilatancy. ........................................................................................................................................ 85 

Figure 4-27 Shows the yield points of the constant axial stress unloading tests in the mean 

effective stress - shear stress plane. The slope of the yield surface is 1.07, similar to the triaxial 

loading yield surface but the yield constant is different. .............................................................. 86 

Figure 4-28 The combined plot of three constant shear stress unloading tests showing the 

evolution of axial strain as we progress through the tests. The shear stress maintains a constant 

value as it is a boundary condition for this set of tests. ................................................................ 87 

Figure 4-29 Shows the combined plot of three constant shear stress unloading tests showing the 

evolution of volume strain with decrease in mean effective stress. ............................................. 88 

Figure 4-30 Shows the yield points of the constant shear stress unloading tests in the mean 

effective stress - shear stress plane. The slope of the yield surface is 1.07, similar to the triaxial 

loading yield surface but the coefficient is different. .................................................................... 89 

Figure 4-31 Shows the summary plot of the three yield surfaces obtained from experiments. All 

yield surfaces have similar slope with different yield constants. .................................................. 90 

Figure 4-32 Shows the sample yielding behavior on different stress paths. The constant axial stress 

unloading test has the lowest yield surface while the triaxial loading stress path has the highest 

yield surface in this data set. ......................................................................................................... 91 

Figure 4-33 Shows the yield constant obtained from the yield surface plotted against the slope of 

the stress path angle. ..................................................................................................................... 92 

Figure 4-34 Shows the yield points calculated from the yield function along different stress path 

angles. The triaxial yield surface predicted yield points significantly overestimate those predicted 

from the yield function in the unloading phase by maximum of 37%. ......................................... 96 



xv 
 

Figure 6-1 A graphical representation of MCC model with its yield surface, critical state line and 

maximum consolidation stress in a mean stress - shear stress plot............................................ 117 

Figure 6-2 A graphical representation of compaction and swelling curve. The slopes 𝜆 and 𝜅 are 

calculated from these curves. ...................................................................................................... 119 

Figure 7-1 Shows the calibrated MCC model for triaxial stress path ramp of PSP 214. The yield 

surface is shown in blue; the critical state line is shown in green and the triaxial stress path is 

shown in red. ............................................................................................................................... 121 

Figure 7-2 Shows the simulated strain data and experimental strain data plotted together. There 

is a good match between the two data sets indicating a good model fit. ................................... 122 

Figure 7-3 Shows the MCC model fits for the 1st injection (A), 1st depletion (B) and last depletion 

stress path for PSP 214. A simulated yield surface with its critical state line and the stress path 

taken by the sample and with experimental axial strain data recorded from the lab measurements 

are plotted. .................................................................................................................................. 123 

 

 



1 
 

1. INTRODUCTION 

Injection geomechanics is an integral part of a lot of subsurface operations such as nuclear 

waste disposal, carbon sequestration and storage, secondary and tertiary oil and gas recovery, 

geothermal energy, and wastewater disposal among others. Any physical interaction with the sub-

surface requires a conduit. This conduit is a well bore in most cases. Integrity of the wellbore and 

sub-surface during injection is imperative to successful containment of fluids (such as carbon 

dioxide, wastewater and nuclear waste).   

The mechanical behavior of the target sub-surface during injection can be accurately 

predicted if  

• In-situ stress variations in the sub-surface and,  

• Rock mechanical behavior of the sub-surface 

can be modelled. These two parameters are key parameters in any geo-mechanical modeling of 

sub-surface. Geo-mechanical models are used in all stages throughout the life of a reservoir for 

modelling various processes such as borehole stability (Predein et al., 2015), completion (Zillur et 

al., 2003) and fracture designs (Guerra et al., 2012), depletion induced compaction (Younessi et 

al., 2018), secondary recovery (Liu et al., 2021) and tertiary recovery processes (Cai et al., 2020) 

among others.  

1.1 In-Situ Stress Estimation 
Estimation of in-situ stresses is usually performed in the field with logs and frac tests. 

Vertical stresses are can be estimated with high degree of confidence from overburden using 

density logs (Eaton, 1972). Horizontal stresses are not straight forward to quantify in the field. 

Horizontal stress magnitudes and directions are estimated in the field from borehole image logs 

(Nian et al., 2016), caliper logs (Han et al., 2018), density logs (Jimenez et al., 2015) and di-pole 
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sonic logs (Sinha et al., 2015). Another technique used in the field to measure horizontal stress is 

fracture tests such as leaf-off tests (Gjonnes et al., 1998), mini-frac tests (Bree et al., 1989; 

Shlyapobersky et al., 1988), formation integrity tests (Breckels et al., 1982) and diagnostic fracture 

injection tests (Mostafavi et al., 2020) among others. Above techniques estimate in-situ stresses 

at the time of measurement. Thus, they are a snapshot of stress field in time when the 

measurements were made. Typically, very few field tests are authorized and completed, often in 

different wells or different sections at different time. To predict in-situ stress changes during 

injection, laboratory-based measurements in conjunction with field measurements are necessary. 

Hettema et al. (2000) presented a technique to predict horizontal stresses from changes in pore 

pressures using stress path coefficients.  

Reservoir stress path coefficients have been defined as follows 

                                                         𝛾ℎ =  
Δσℎ

Δp𝑝
                                                                                  (1.1) 

and 

                                                         𝛾𝑣 =  
Δσ𝑣

Δp𝑝
                                                                                                        (1.2) 

where γh and γv are called horizontal stress path coefficient and arching coefficient, respectively.  

Δσℎ, Δσ𝑣, and Δp𝑝 are the changing in-situ total horizontal stress, vertical stress, and changing 

pore pressure respectively.  

For producing reservoirs with depletion, the horizontal stress path coefficient is referred 

to as the depletion coefficient and for reservoirs with injection, it is called injection coefficient.  

When the reservoir is laterally infinite, i.e., with a very low aspect ratio of reservoir thickness over 

reservoir drainage radius, the total change in vertical stress σv is assumed to be negligible. Hence, 
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the arching coefficient is zero, and the boundary condition followed by the reservoir is uniaxial 

strain (Holt et al., 2016).  

Significance of this horizontal stress path was traditionally associated with prediction of 

reservoir compaction and activation of nearby faults in near critical state (Zoback et al., 2002; 

Chan et al., 2004). Drilling new wells in a depleted brown-field reservoir has a higher risk of 

wellbore breakouts and accidental fracturing of the reservoir. The upper bound of mud weight 

window is related to value of minimum horizontal stress (with some safety margin) (Lavrov, 2016; 

Davison et al., 2016). For a permeable depleted zone, depletion is associated with increased risk 

of mud losses during in-fill drilling operations. If the stress path coefficient during injection is not 

the same as depletion, the incremental horizontal stress during injection will not be enough to 

restore it to pre-depletion levels. Therefore, accurate determination of both depletion and 

injection coefficients is essential to mitigating injectivity problems during secondary recovery. A 

couple of field case studies are provided to understand the complexity of measuring these values 

in the field. 

Santarelli et al. (1998) reported a field case study of a poorly consolidated sandstone 

reservoir in North Sea. They deduced that reservoir stress path on depletion and injection are 

different. They studied the central part and heavily faulted southern part of the reservoir. The 

minimum horizontal stress was inferred from fracturation pressures. They found the depletion 

coefficient in the central part was higher than that of the heavily faulted southern part and the 

minimum horizontal stress after injection was not the same as post-depletion levels. They 

concluded that the total minimum stress in the field is dependent on maximum depletion and not 

the present level of pore pressure. The depletion coefficient was reported to be non-zero whereas 

the injection coefficient was zero for the central part. There is irreversibility upon reloading, and 
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this can be explained by an elasto-plastic behavior. At large scale, the reservoir behavior is thought 

to be of a rigid plastic material that does not deform upon unloading.  

Davison et al. (2016) presented two case studies to study the changes in in-situ stresses 

and stress path coefficients during depletion and injection. The total minimum horizontal stress 

was inferred from evaluation of Equivalent Circulating Density (ECD) values and LOT/FIT tests 

during drilling. The reservoir pressure at depletion and injection was predicted from lost 

circulation of drilling mud events.  In the first study, they found that injection coefficient was 

about 0.25 and the depletion coefficient was about 0.43. This case study used drilling data (ECD 

and PWD) to estimate total minimum horizontal stress in complex radial faulting reservoir 

enhancing reservoir compartmentalization which might not be the representative total minimum 

horizontal stress value. In the second study in South China Sea, they studied one well completed 

with a multi-cased and perforated completion. They estimated total minimum horizontal stress 

from Step rate tests by extrapolating the slope to zero injection rate. The depletion coefficient 

was about 0.90 but the injection coefficients were different for different perforation intervals. For 

one perforation interval with unconsolidated sands, the injection coefficient was reported to be 

zero due to possible shear failure. For the other interval without shear failure, it was 0.32. They 

summarized the two studies saying depletion coefficient and injection coefficients are different 

and dependent on the maximum depletion value and rock properties.  

Total minimum horizontal stress and pore pressure values presented here have been 

inferred from variety of sources and represent stress changes closer to the wellbore. There is 

considerable uncertainty in projecting these values to far-field stress state. The interpretation of 

these data is subject to inherent assumptions and obtaining coherent representative data to 

estimate the stress path values is often very difficult and expensive. The field case studies 

presented above reinforce the value of doing laboratory measurements.  
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Most of the other research work in the laboratory is focused on depletion (Addis, 1997; 

Skomedal et al., 2002) and its effects on borehole stability (Aadnoy, 1990), permeability (Rhett et 

al., 1992, Bouteca et al., 2000) and compaction (Brignoli et al., 2004; Schutjens et al., 2008). Some 

publications focus on permeability variation during injection (Yale et al., 2010; Wang et al., 2015; 

Soreide et al., 2014; Louis et al., 2018).    

Many researchers have published experimental work on evaluation of stress path 

coefficients. Holt et al. (2016) performed a set of laboratory experiments to simulate depletion 

followed by injection on soft (φ = 30%, E = 145 Kpsi, α = 0.98) and stiff (φ = 20%, E = 4.3 Mpsi, α = 

0.67) sandstones. Soft sandstones were reported to have lower depletion coefficient value (~0.47) 

compared to injection coefficient (~0.57)  and stiff sandstones had higher depletion coefficient 

(~0.40) compared to the injection coefficient (~0.29). They concluded that stress path coefficients 

depend on the stiffness of the material and stress path direction (loading or unloading).  

Rafieepour et al. (2017) reported an experimental study to characterize the effect of 

depletion and subsequent injection on Castlegate (φ = 26%, E = 1.6 Mpsi, α = 0.68) sandstone for 

different boundary conditions of the test samples. They found that depletion coefficient was 

higher than the injection coefficient in all cases. The sample behavior was similar to the stiff 

sandstone behavior observed by Holt et al. (2016). They concluded that the stress path coefficient 

values for depletion and injection are higher for boundary conditions that restrict expansion of 

the test sample in any direction (such as uniaxial strain or plane strain boundary conditions).  

There is a need for study of effects of injection on in-situ stress variations in 

unconsolidated sands. The current research focused on determining the stress path coefficients 

during depletion and injection in the far-field stress conditions representative of deep-water 

unconsolidated sands reservoir in the Gulf of Mexico. Holt et al., (2016) and Rafieepour et al., 
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(2017) had a stiffer material with some cohesion whereas the material in this research is 

unconsolidated sands with zero cohesion. A true horizontal stress path coefficient based on 

changes in pore pressure are presented in this work while Holt et al. (2016) performed effective 

stress measurements.  

The presented work aims to investigate the effect of pore pressure injection on stress 

path coefficients in unconsolidated sands, presence of hysteresis (if any) during multiple depletion 

– injection cycles and explain the observed behavior with a physical mechanism.   

1.2 Rock Mechanical Behavior Prediction 
The other half of the puzzle is prediction of yield behavior of rocks under injection or 

unloading. Rocks are granular materials with pore spaces occupied by fluids (water, oil or gas). 

The total stresses applied to the rocks are supported by the rock framework and the fluid present 

in pore spaces. The rock framework supports the effective total stresses (effective stress = total 

stress – pore fluid pressure). Therefore, in order to predict mechanical properties of the rock in 

in-situ conditions, we need to take into account, the total stresses applied, the fluid pressure 

inside the pore spaces and the strength of the rock framework itself (Jaeger et al., 2007). To isolate 

the mechanical response of the rock, we will henceforth, use effective stress in this sub-section, 

to discount for the fluid pressure supporting the fraction of total stresses. 

The mechanical response of rocks is stress path and stress magnitude dependent. In 

addition, the inherent mechanical properties (strength, stiffness, cohesion etc.) play a vital role 

(Lambe, 1967). The presented research is focused on investigating the effects of injection of 

unconsolidated sands under different stress path directions and stress magnitudes. The stress 

path direction in the mean effective stress (p) – shear stress (q) space is the relative change in 

effective mean stress and shear stress. It is represented as a curve in p - q space (Lade et al., 1976).   
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The stress path directions during depletion and injection are different. When a well is in 

production mode, the reservoir pressure is reducing. Consequently, the mean effective stress 

supported by the rock matrix is increasing. In other words, the rock matrix is being ‘loaded’ during 

production. On the other hand, when a well is under injection, the reservoir pressure is increasing. 

Therefore, the mean effective stress supported by the rock matrix is reducing. Hence, the rock 

matrix is being ‘unloaded’. The role of shear stress or differential stress is significant to determine 

the response of rock matrix during depletion and injection. Although the shear stress is not 

affected by pore pressure, with change in mean effective stress, the corresponding change in 

magnitude of shear stress dictates rock deformation behavior (Zoback, 2007).  

Unloading based failure characterization has been studied widely in the mining and 

tunneling industry. Researchers have published work on triaxial unloading tests performed on 

very stiff igneous or metamorphic samples such as granite and marble etc.  

Xie et al. (2004) performed loading and unloading tests on Plagioclase Gneiss and Granite 

Gneiss samples. Huang et al. (2014) performed axisymmetric unloading and conventional loading 

triaxial tests on marble samples. Dai et al. (2014) conducted an extensive program of 39 

specimens to investigate triaxial unloading mechanical properties of granite. Li e. al. (2017) 

studied the evolution of energy under loading and unloading triaxial tests in granite samples. Yin 

et al. (2012) studied the failure characteristics of consolidated sandstone under effect of static 

and dynamic loading and associated elastic-potential energy. Zhu et al. (2019) compared direct 

shear tests with constant normal stress and decreasing normal stress on sandstone. Similar 

research has been published by researchers with granite (Huang et al., 2001; Du et al., 2015), 

dacite (Wang et al., 2020), marble (Chen et al., 2008), soft rock (Wang et al., 2012), limestones 

(Gao et al, 2012; He et al., 2010), salt rock for gas storage (Guo et al., 2012), coal bed methane 

(Zhang, 2017), soft coal (Liu et al., 2017), red sandstone (Du et al., 2015).  
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They conclude that loading yield stresses are similar to unloading yield stresses i.e., no 

practical impact of stress path direction of yield stress. The materials used in the above studies 

are stiffer with high yield stresses than unconsolidated sands. They do not have pore-fluid effects 

and research aims to understand the effect of excavation on the surrounding rock mass with 

particular focus on stability. 

Many researchers have published similar work on soft soils as well. Barla (2007) studied 

unloading behavior consolidated clays in predicting stability if tunnels. Zhou (2013) reported 

results on Guangzhou soft soils for both conventional triaxial shear tests and unloading direct 

shear tests. Huang et al., (2020) performed unloading tests on soft soils. They conclude that failure 

stresses are stress path direction dependent. The maximum magnitudes of applied stresses 

ranged between 15 psi to 250 psi. 

In the oil and gas industry, extensive studies have been completed in unconsolidated sand 

reservoirs to investigate the effects of injection. Researchers have investigated the strength 

properties of oil sands in unloading stress paths (Hamoud, 2012; Oldakowski, 1994; Touhidi, 

1998). Chalaturnyk et al. (1996) studied effects of temperature on strength properties of oil sands. 

These researchers concluded that the loading and unloading stress path do not impact yielding 

behavior of oil sands. The research publications mostly focus on Canadian Oil sands which have a 

very low effective stress (50-250 psi).  The major focus of their research was to quantify variation 

in permeability during injection. They found no difference between loading and unloading yield 

stresses.  

Scarce research is published in the literature to explain the effect of injection on the 

mechanical yield behavior of unconsolidated sands. The proposed research work aims to 

understand the effects of injection on unconsolidated sands. The referenced research work for 
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unloading based tests is performed on geo-technical or mining and tunneling engineering related 

materials with high values of UCS whereas our reservoir (unconsolidated sands) of interest has 

practically no UCS value. The unconsolidated sands are characterized by much higher porosity, 

and higher ductility compared to the materials used in mining and tunneling industry. Our stress 

magnitudes (~2000 psi) are one order of magnitude higher than the effective stresses experienced 

by oil sands. Since, there is a stark contrast between the material properties, the proposed 

research work adds new information and advances the rock mechanics science. To our best 

knowledge, unloading tests have not been published with unconsolidated sands to compare the 

failure yield surfaces and develop a constitutive model to correlate loading and unloading yield 

surfaces with high pressure magnitudes.  

The presented work aims to investigate the dependence of stress path magnitude and 

direction on the yielding behavior of unconsolidated sands under injection and predict yielding 

behavior under different stress path directions and magnitudes.   

In order to accurately predict unconsolidated sand reservoir behavior in the lab, we need 

a large number of representative samples. Since, deep-water unconsolidated sand cores are 

limited and highly vulnerable to alteration during coring, a consistent and representative sample 

preparation procedure to create a reservoir analogue is vital. This technique ensures sample 

reproducibility and representativeness to the reservoir’s mineralogy and geo-mechanical 

properties. This dissertation is organized in the following way –  

• Introduction  

• Sample preparation, material and equipment 

• Stress path coefficients 

o Test procedure 
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o Data analysis  

o Results and Discussions Conclusions and future work 

• Yield surface and stress path directions 

o Test procedure 

o Data analysis 

o Results and Discussions 

o Conclusions and future work 

• Combined conclusions and future work 
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2. SAMPLE MATERIALS, PREPARATION AND EQUIPMENT 

Reservoir of interest for this research work is deep-water unconsolidated sandstone 

reservoirs. To study an unconsolidated sands reservoir’s geo-mechanical properties, we need to 

have well-preserved sub-surface samples for best results. Since, most of these reservoirs are 

offshore, reservoir rock access and availability of core-material for experimental studies is very 

difficult and expensive. In addition, the friable nature of unconsolidated sands makes it difficult 

for handling of core material during tests. Therefore, there is a need to make synthetic samples 

that are representative of the geo-mechanical properties and mineralogy of the sub-surface 

material. The synthetic sand pack preparation technique should produce consistent and 

repeatable samples representative of the sub-surface material. 

2.1 Analogue Material 
Since reservoir core-material is not readily available, an analogue material is used. For the 

analogue to be representative of the sub-surface, it should have comparable –  

• Mineralogy 

• Texture and angularity 

• Grain size distribution 

• Porosity 

• Mechanical properties and creep at in-situ conditions  

to the reservoir of interest. Florida sand has been used as a starting material in this work as it is 

an analogue material to the Gulf of Mexico reservoirs in terms of mineralogy, texture and 

angularity.   

Figure 2-1 shows the particle size distribution (PSD) of the Florida sand, as received from 

vendor, with a median grain size (D50) of 229 microns and a uniformity coefficient (Uc) of 1.84.  
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The uniformity coefficient is defined as the ratio of forty-percentile sand size (D40) to the ninety-

percentile sand size (D90) (Gomes et al., 2014). A highly uniform sand has a uniformity coefficient 

value of less than 3. To get closer to the desired PSD, we sieved the Florida sand through 80 and 

100 mesh. Figure 2-2 depicts the PSD of the sieved sand with Uc and D50 of 1.44 and 203 microns, 

respectively.   

 

Figure 2-1 Shows the particle size distribution of the analogue material with a D50 of 229 microns and a Uc 
of 1.84.  
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Figure 2-2 Shows the particle size distribution of the sieved analogue material. The sieved material selected 
for this work has D50 of 203 microns and Uc of 1.44.  

 

Figure 2-3 Shows a 2D thin section image of sieved analogue material in a grain mount under transmitted 
light. The material is predominantly quartz with very few heavy minerals present.  

A 2D thin section image shows grains on the grain mount in Figure 2-3. The grains are sub-

angular with more than 90% quartz.  This thesis uses the sieved Florida sand as it contains 

mineralogy, grain size distribution, texture and angularity representative of reservoir materials.    

0

20

40

60

80

100

101001000

V
o

l (
%

)

Particle Size (um)

Particle Size Distribution of Sieved Analogue 
Material

CUMULATIVE VOLUME (%) VOLUME RETAINED (%)



14 
 

2.2 Sand Pack Samples   
After the analogue material is chosen, our next step is to use this sand to make cylindrical 

samples.  The main objective is to identify and establish procedure that delivers homogeneous or 

uniform porosity sample consistently.  In this section we will first review different sand pack 

preparation techniques available in the literature.  Then, we will discuss the sand pack technique 

or procedure used.   

2.2.1 Review of Sand Pack Preparation Techniques 
There are different sand pack preparation techniques developed and presented in the 

literature for different types of experiments. Sand pack preparation techniques can be broadly 

categorized into dry and wet techniques. Many researchers have compared both techniques in 

terms of reproducibility and uniformity (Polikar et al., 1988; Touhidi, 1998; Wang et al., 2015). 

They concluded that selection of sample preparation technique depends on the grain size 

distribution of the sands and the type of tests to be performed. Sand with a non-uniform grain 

size distribution would produce layering in the pack under wet preparation techniques due to 

differential settling time for different grain sizes (Polikar et al., 1988; Kuerbis, 1988). A dry pack is 

preferable when clays are part of the pack to avoid swelling nature in addition to differential 

settling time. For permeability measurements as well as secondary recovery efficiency 

measurements wet packs are preferred to ensure 100% fluid saturation (Hamoud, 2012; Abdallah 

,2014).  

A Dry sand pack preparation method is followed in this work. It has evolved over the 

years. Many researchers used tapping of the core holder (Ivory, 1987; Hamoud, 2012; Abdallah, 

2014; Wang et al., 2015) and vibrating table (Polikar et al., 1988; Oldakowski, 1994; Arya, 2018) 

to increase packing efficiency. The following section provides a detailed procedure followed for 

preparation of dry sand-packed samples.  
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2.2.2 Sample Preparation Procedure    
A dry sand pack preparation procedure by Arya (2018) is used in this work. A 1/6” thick 

Kapton sleeve with 1-inch diameter and 3-inch length is cut from a longer Kapton sleeve. It is 

sealed at one end with a porous Alundum frit with sealing tape wrapped around it. The sand grains 

are pluviated into the Kapton sleeve while the sleeve is shaking on a vibrating table. After 

pluviating sand to a height of about 2.5 inches, the top of the sand pack is sealed using another 

porous Alundum frit with sealing tape. This dry pack produces a sand pack of porosity of about 37 

percent. The dry sand pack is placed in a beaker of water to imbibe water and fill all the pores 

through capillary action. The sand pack is then submerged slowly in liquid nitrogen from bottom 

to top to freeze water in the pores. Any remaining air gaps will be saturated due to the expansion 

of water during the slow bottom to top freezing process. The Kapton sleeve is peeled, and the 

frozen sample is cut to dimensions of about 2-inch length. If the sample was not fully saturated, 

it would fall apart after peeling, as the cohesion force to hold the sample intact is provided by ice. 

The sample dimensions are measured three times at three different places, and the mean values 

of length and diameter are recorded. The sample is kept in a liquid nitrogen bath until it is ready 

to be mounted into the loading test cell. 

The sand pack procedure outlined delivers test sample with representative reservoir 

materials and uniform porosity. To bring the sand pack to comparable reservoir porosity and 

mechanical properties, a sample consolidation step is required.  This involves loading the sample 

and uses a triaxial cell.  The following section details the triaxial equipment used in this research 

work.  
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2.3 Experimental Setup 
A triaxial load cell is used for consolidation experiment. The experiment setup has two 

major components 

• Axial, confining and pore pressure setup and 

• Strain gauges. 

2.3.1 Axial, Confining and Pore Pressure Setup 

Figure 2-4 shows the experimental schematic setup. The axial load on the sample is 

provided by a 2” bore piston from the top. It is servo controlled and can be loaded at different 

rates such as constant axial strain rate, constant radial strain rate, constant axial stress rate etc. 

The radial or confining stress is applied using hydraulic oil (Multitherm IG-4). A servo-controlled 

pump is used to vary the confining stress. All operations are carried out in MR Compaction 

software designed by Metarock Laboratories. Two Heise DXD pore pressure transducers are 

outside the cell. The pore pumps are connected through the transducers and have a displacement 

volume of 50 cc.  The pore lines are connected through the end caps to the sample.  

 

Figure 2-4 A schematic diagram of the sample setup in the stress cell. Average of the two measurements 
from LVDTs is used as axial strain. Average of the two measurements from cantilever bridge is used 
as radial strain. 
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2.3.2 Strain Gauges and Calibration  
Axial strain is measured by two Linear variable differential transducers (LVDTs) mounted 

on the endcaps (Figure 2-4). Average of both LVDTs is the recorded axial strain. A four-arm 

cantilever bridge is used to measure radial strain at two different points. Average of the two 

measurements is the recorded radial strain. Volumetric strain is a calculated parameter. It is 

calculated as the sum of axial strain and twice the radial strain. An internal load cell sits at the 

bottom of the pressure vessel. The sample with the endcaps sits on this load cell. All strain gauges 

are calibrated using micrometers. The calibration test is shown in Figure 2-5 and Figure 2-6. They 

are adjusted for pressure corrections by conducting a stiffness test using Tungsten billet and then 

verified using aluminum billet (Figure 2-7 and Figure 2-8). Therefore, the end-cap corrections as 

well as corrections for pressure responses are considered before testing a sample.   
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Figure 2-5 The calibrated values of the radial bridge using calibrated micrometers. Maximum measurement 
that can be made is 50 milli-inches (mils) and least count is 0.01 mils. 
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Figure 2-6 The calibrated values of both LVDTs using calibration micrometer. Maximum measurement that 
can be made is 400 mils. And least count is 0.02 mils. 



20 
 

 

Figure 2-7 The stress-strain plot of stiffness test with Tungsten billet. The true Young’s Modulus for Tungsten 
is 60 million psi. The calculated Young’s Modulus is 58.9 million psi with an error of 1.8 %. The 
pressure corrections for the strain gauges are calibrated with Tungsten. 

 

Figure 2-8 The stress-strain plot of stiffness test with Aluminum billet. The true Young’s Modulus for 
Aluminum is 10 million psi. The calculated Young’s Modulus is 10.94 million psi with an error of 
9.4%. The pressure corrections for the strain gauges are verified with Aluminum. 

After the triaxial cell is properly calibrated and tested to account for pressure effects, 

the sand pack is ready to be mounted in the cell for further testing.  
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2.4 Representative Analogue  
In the previous sections, we determined the sand source for making an analogue for 

reservoir in terms of mineralogy, texture and angularity, and then sieved further to match the 

grain size distribution. We then used this sand to prepare or pack a consistent and uniform 

porosity test sample using a dry sand pack technique discussed by Arya (2018). To bring the 

sample material to comparable reservoir porosity and mechanical properties, we need to load 

and consolidate the test sample.     

There are different sample consolidation techniques available in the literature. 

Oldakowski (1994) introduced two cycles of isotropic consolidation after dry sand pack is prepared 

to improve packing to a higher density and close to in-situ porosity values. The porosity values 

after consolidation improved by about 3 porosity units (40% to 37%). Arya et. al. (2018) compared 

two methods of sand pack consolidation. After making the dry pack, the sample was compacted 

in a triaxial cell. Two methods of compaction were studied – a single stress step and hold test, and 

a stress cycling technique. The single stress step and hold test was performed by applying a pre-

defined peak hydrostatic or isostatic stress to the sample for about 24 hours while measuring the 

axial and radial strains. The stress cycling technique involved applying several load-unload stress 

cycles of the peak hydrostatic stress until the sample deformations were purely elastic (no 

significant plastic strains were observed). Arya (2018) concluded that the sample compacts two 

times more during stress cycling (volume strain of 2.95%) compared to using a single stress step 

and hold test (volume strain of 1.48%).  

This stress cycling technique helps bring the test sample porosity closer or comparable to 

reservoir conditions.  However, the analogue test sample should also be representative in terms 

of mechanical properties at in-situ conditions. The burial process for sediments in the subsurface 

takes millions of years where they are creep relaxed. Little to no grain breakage is typically 
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observed during the burial process. Since, we are trying to mimic reservoir rock, we would like to 

ensure that our samples are creep relaxed at the in-situ conditions with minimal amount of 

hysteresis during the sample preparation process (Bjorlykke, 2010). By selecting the peak stress 

level in the isostatic consolidation process to be similar to the mean-effective stresses of the 

target reservoir, we ensure the sample to be representative of the mechanical behavior of the 

target reservoir. During the isostatic consolidation process, the sample grain size characteristic 

also needs to mimic the burial process. The high initial load in the first stress cycle - zero to peak 

hydrostatic stress (Arya, 2018), is speculated to produce higher grain breakage since the sand 

grains did not have sufficient time to relax and reorient during this step.  

The current work addresses the issue of potential grain breakage during sample 

consolidation process. Instead of applying the peak load in the first load-unload cycle, a gradual 

increasing hydrostatic load to the peak stress with each load-unload cycle is introduced. Each 

unload step provides time for the sample to relax and grains to reorient on the way to the peak 

stress value.  

The above-mentioned consolidation procedure is followed for all samples presented in 

this work. The test procedure for the consolidation process is as follows: 

1. The 2” by 1” sample is mounted in the triaxial cell while the sample is frozen. Sample is 

continuously sprayed with liquid nitrogen during the mounting process to keep it frozen. 

2. The pressure vessel is closed, and a confining pressure of 500 psi is applied through the 

confining fluid pump. 

3. A deviatoric load of 200 psi is applied and pore-lines are opened to atmospheric pressure. 

The sample is left at this initial condition overnight for it to thaw and stabilize.  
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4. After the sample has thawed, the consolidation process is initiated. The hydrostatic load 

is increased to 1000 psi at 1 psi per sec loading rate.  

5. It is then unloaded to 500 psi at the same rate. 

6. The next few steps include these reload-unload ramps by increasing maximum magnitude 

of confining stress by 500 psi i.e., the peak values of confining pressure at the start of 

unload are 1500 psi, 2000 psi, 2500 psi, 3000 psi, 3500 psi and 4000 psi. The maximum 

magnitude of hydrostatic load, chosen in this study, is 4000 psi to simulate the reservoir 

conditions.  

7. The unload-reload cycles are continued with the maximum magnitude of 4000 psi for 

several cycles. Figure 2-9 shows the load-unload cycle of confining stress. On the 

secondary vertical axis, the recorded axial strain is plotted.  

8. The reload-unload process is stopped when the axial recoverable strain is more than 95% 

of the total strain consistently. The recoverable strain is the amount of strain that the 

sample recovers after the sample is unloaded back to the initial confining stress. It is 

calculated as the difference of the total strain at the peak value of confining stress and 

the residual strain at the end of unloading. 
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Figure 2-9 Shows the pre-consolidation process to make representative analogue. The Confining stress is 
increased at 500 psi amplitude to reach peak confining stress during the initial load-unload ramps. 
The test is terminated when response is elastic. 

Figure 2-10 shows a plot of the percent of recoverable axial strain at the end of each load 

unload ramp. In the last few unload steps, the sample recovers more than 95% of total axial strain 

it had undergone during previous loading step. By performing multiple reload-unload ramps, we 

have significantly reduced plastic strains (less than 5% of total axial strain is not recovered) and 

associated hysteresis (Figure 2-11). The nearly elastic load-unload stage confirms that the sample 

is now creep relaxed.  
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Figure 2-10 shows a plot of percent recoverable axial strain at the end of each load-unload stage during 
consolidation experiment. The experiment is terminated when percent recoverable strain is 
consistently above 95%.  

 

Figure 2-11 A plot of Axial Strain vs Mean Stress comparing hysteresis on the first maximum magnitude 
load-unload stage and the last maximum amplitude load-unload stage. Associated Hysteresis for 
first cycle is high compared to last cycle where the load and unload paths overlap each other.  

This chapter described our requirements and procedures to produce synthetic sand pack 

test samples to be used in our study. The requirements are to deliver consistent and uniform 

samples that represent mechanical deformation responses of reservoir sands. We identified and 

sieved the Florida sand to be our reservoir analogue material based on comparable mineralogy, 
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grain size distribution, texture, and angularity. We used this sand to prepare our test samples with 

a dry sand-pack technique to ensure delivery of consistent and uniform porosity samples. Finally, 

to bring the test samples to in-situ conditions with comparable porosity, minimum grain 

breakages and creep relaxed, we introduced a new cyclic load-unload consolidation test 

procedure. This consists of increasing the hydrostatic load gradually to the pre-defined reservoir 

mean effective stress during the load-unload cycles. With test samples at the desired reservoir 

mean effective stress level, we are now ready to investigate the effects of injection on stress path 

coefficients, yield surfaces, and the associated hysteresis.  
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3. STRESS PATH COEFFICIENTS 

This chapter is focused on investigating the effects of injection on variation of minimum 

in-situ stresses in the samples prepared in chapter 2. Variation of minimum in-situ stress with 

change in pore pressure is quantified by reservoir stress path coefficients.  

Reservoir stress path coefficients have been defined as follows 

                                                         𝛾ℎ =  
Δσℎ

Δp𝑝
                                                                                 (3.1) 

and 

                                                         𝛾𝑣 =  
Δσ𝑣

Δp𝑝
 ,                                                                                                      (3.2) 

where γh and γv are called horizontal stress path coefficient and arching coefficient, respectively.  

Δσℎ, Δσ𝑣, and Δp𝑝 are the changing in-situ total horizontal stress, vertical stress, and changing 

pore pressure, respectively. Holt et al., (2016) used effective stress concept to calculate horizontal 

stress path coefficients using – 

𝛾ℎ =  𝛼 (1 −
Δσ𝑟

Δσ𝑧
),                                                                      (3.3) 

where γh is the horizontal stress path coefficient, 𝛼 is the Biot’s coefficient, Δσ𝑟 is the radial or 

confining stress change, Δσ𝑧 is the axial stress change. Poro-elasticity assumptions have been 

made by Holt et al., (2016) to convert equation 3.1 to equation 3.3.  In this research work, pore 

pressure depletion and injection tests with uniaxial strain boundary conditions are made to 

calculate the stress path coefficients from definition of horizontal stress path coefficients.  

The boundary conditions for far field reservoir compaction and depletion process is best 

represented by a uniaxial – strain stress path (Figure 3-1). Since, most reservoirs are laterally 

extensive compared to reservoir thickness, the subsurface boundary conditions dictate that the 
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vertical strain during depletion is of orders of magnitude higher than the strain in horizontal 

directions (Riazi et al., ASTM 2016).  This is equivalent to a reservoir with negligible stress arching 

support or with a constant vertical stress such that there are no vertical stress changes caused by 

pore pressure changes.    

 

Figure 3-1 Shows the Uniaxial strain boundary condition defined by Riazi et al., ASTM 2016. The axial stress 
is constant, pore pressure is the operating parameter and the confining pressure changes to keep 
the radial strain constant. The sample is deforming axially and with radial strain constant.   

In our laboratory studies of horizontal stress path coefficients, our test samples are 

subjected to the Uniaxial strain boundary condition (Figure 3-1).  The axial stress is kept constant 

(Δσ𝑣 = 0), the pore pressure (Δp𝑝) is the operating parameter, and the confining stress (Δσℎ) is 

the measuring parameter.  With change in pore pressure, the confining pressure changes to keep 

the radial strain constant, thus, satisfying the Uniaxial strain boundary condition (Riazi et al., ASTM 

2016). In the following sections we will describe the loading procedure for all samples in this 

chapter.  



29 
 

3.1 Test Procedure 
In Chapter 2, we presented our approach in preparing and consolidating the test sample 

to the representative reservoir conditions.  Following the consolidation process and after 

resetting sample dimensions to the value at the end of the consolidation step, the sample is ready 

to be loaded to the initial stress conditions of our study.  

A total of three stress path coefficient tests have been performed. Table 3-1 shows the 

initial conditions of each test.  

Table 3-1 Shows the initial conditions at the start of the pore pressure uniaxial strain tests for three samples 
under study. All samples start with similar values of mean effective stress and shear stress. The 
mean stress p’ is defined in Equation 3.6, and shear stress q is axial stress minus confining stress. 

SAMPLE 
E 

AXIAL STRESS 
(PSI) 

PORE 
PRESSURE 

(PSI) 

CONFINING 
STRESS 

(PSI) 

MEAN 
EFFECTIVE 

STRESS, p’ (PSI) 

SHEAR STRESS, 
q (PSI) 

PSP 213 7400 3000 5300 3000 2100 

PSP 214 7400 3250 5300 2750 1850 

PSP 215 7600 3000 5500 3200 2100 

 

Although the magnitudes of stresses at initial test stress conditions (p’ and q) for the 

samples are different, the stress path followed by each sample to reach the initial test stress 

conditions is the same. Figure 3-2 shows the stress path followed by the samples to reach initial 

test stress conditions. The first part of the stress path is ramping up the pore pressure while 

keeping the effective horizontal stress and the effective vertical stress constant. This step 

increases the total stresses while the keeping the effective stresses constant. The second part of 

the stress path involves increasing the confining stress while keeping the shear stress and pore 

pressure constant. This part is like an isostatic stress path. The last part is increasing the axial 

stress to reach the initial test conditions. This part is like a triaxial loading path. The ramping of 
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individual stresses is done in this order to minimize grain breakage and remain as far away from 

expected yield surface as possible (Figure 3-3).  

 

Figure 3-2 Shows the stress path followed to reach the initial stress conditions. First, the pore pressure is 
raised first followed by the confining stress, and the axial stress.  

 

Figure 3-3 Shows the stress path taken to reach initial test conditions in a mean effective stress – shear 
stress space. The pore pressure is ramped up first followed by confining stress and then axial stress 
to ensure maximum distance from the estimated yield surface. 

After reaching the initial test conditions, each sample is designed to undergo a different 

stress loading process. These tests are designed to study the effects of changing pore pressure 
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magnitude and direction (depletion and injection) cycle on the calculated stress path coefficients 

and hysteresis effects on repeat ramps. 

For the first test of sample PSP 213, Figure 3-4 depicts the stress path used.  This starts 

with a depletion or loading path by reducing the pore pressure from 3000 psi to 1000 psi. The 

confining stress also reduces to keep the radial strain constant. At the end of depletion, the 

sample is subjected to injection or unloading by increasing the pore pressure back to the same 

magnitude of 3000 psi. The confining stress reacts to changes in pore pressure and increases to a 

value higher than the initial value. Depletion-injection repeat ramps were conducted to study 

hysteresis effects in this stress path. The end points of depletion and injection during the repeat 

ramps were of the same magnitude as the first depletion - injection ramp.   

 

Figure 3-4 Application of pore pressure, axial stress and radial stress as a function of time. The axial stress 
is constant under the uniaxial strain boundary conditions. Test 1 constitutes depletion followed 
by injection. Multiple load-unload ramps have been performed. 

For the second test of sample PSP 214, Figure 3-5 shows the stress path cycle is reversed. 

The sample starts with injection by increasing the pore pressure from about 3250 psi to 4500 psi.  

The response of the confining stress increases to keep the radial strain constant. After this first 
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injection, the pore pressure was then reduced or depleted to 3000 psi. One more injection and 

depletion cycle with same pore pressure magnitude was performed to study hysteresis effect in 

this stress path.  The sample was then subjected to an additional depletion step to a final pressure 

of 1000 psi.  This is an additional 2000 psi depletion not previously experienced by this sample.  

 

Figure 3-5 Application of pore pressure, axial stress and radial stress as a function of time. The axial stress 
is constant under the uniaxial strain boundary conditions. The sample is depleted to new pore 
pressure levels at last depletion.  

For the third test of sample PSP 215, Figure 3-6 shows the magnitudes of the pore 

pressure depletion and injection were increased by 500 psi on each load and unload cycle. The 

objective is to compare the depletion and injection coefficient on repeat stress magnitudes that 

the sample had experienced before, and on new stress magnitudes that the sample had not 

experienced before. A total of five pore pressure depletion and four pore pressure injection ramps 

were performed in this test.  

At the end of last injection ramp, the peak confining stress is close to the axial stress. 

Therefore, the boundary condition changes from uniaxial strain to isostatic. The consequence of 

the change in boundary condition will be addressed in section 3.2.3.   

0

1000

2000

3000

4000

5000

6000

7000

8000

0 2000 4000 6000 8000 10000

ST
R

ES
S 

(P
SI

)

TIME (SECONDS)

PSP 214

PORE PRESSURE CONFINING STRESS AXIAL STRESS



33 
 

 

Figure 3-6 Application of pore pressure, axial stress and radial stress as a function of  time. Test 3 constitutes 
depletion followed by injection with varying amplitudes. At the last injection, the boundary 
stresses change from uniaxial strain to isostatic conditions.  

The changes in confining stress and pore pressure were recorded to be used in the 

calculation of the horizontal stress path coefficients (see Equation 3.3).  

In this section we detailed the loading procedure to initial test conditions and described 

the three stress path coefficient measurement tests with respect to their loading procedure. In 

the next section, we will provide a detailed analysis of the data.  

3.2 Data Analysis and Results 
This section covers the data analysis of the three stress path coefficient measurement 

tests. The stress path coefficients are calculated as  

𝛾ℎ =  
Δσ𝑐

Δp𝑝
 ,                                                                     (3.4) 

where 𝛾ℎ is the stress path coefficient, Δσ𝑐 is the change in confining stress, and Δp𝑝 is the 

change in pore pressure.  

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

0 5000 10000 15000 20000 25000 30000

ST
R

ES
S 

(P
SI

)

TIME (SECONDS)

PSP 215

PORE PRESSURE CONFINING STRESS AXIAL STRESS

Isostatic conditions 



34 
 

The stress path coefficient is equivalent to the slope of confining stress vs pore pressure. 

Data analysis is presented sequentially starting with Test 1 – PSP 213, then Test 2 – PSP 214 and 

Test 3 – PSP 215. The initial point for each stress path ramp is labeled.  

3.2.1 Test 1 – Depletion Followed by Injection 
Figure 3-7 shows the variation in pore pressure with time as multiple depletion and 

injection ramps are performed. The end points of each ramp are labeled to help the data 

interpretation and explanation.  

 

Figure 3-7 Shows pore pressure depletion and injection ramps for PSP 213. Three pore pressure depletion 
and two pore pressure injection ramps have been performed in test 1. Test 1 constitutes 
depletion followed by injection. 

Figure 3-8 shows a plot of confining stress vs pore pressure for the first depletion (1a to 

1b) and injection (1b to 1c) cycle. The slope or the horizontal stress path coefficient of the 

depletion ramp of 0.44 is lower than that of injection ramp of 0.70. On the first load-unload cycle, 
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the depletion and injection stress path coefficients are found to be different. The stress path 

coefficient of depletion is in fact lower than the injection coefficient.  

 

Figure 3-8 shows the initial depletion and injection ramps in a confining stress – pore pressure plot. The 
slope of the curve represents the horizontal stress path coefficient. The calculated depletion 
coefficient and injection coefficient for test 1 are shown. 

Figure 3-9 shows the confining stress vs pore pressure plot of all remaining cycles (1c to 

1f). The stress paths overlay each other. The depletion and injection coefficient values are equal 

(within error bars) to each other and to the coefficient value for the first injection stress path (1b 

to 1c). The depletion and injection coefficient values for all ramps are shown in Table 3-2. It is 

concluded from Table 3-2 that only the first depletion coefficient (path from 1a to 1b) is different 

than calculated coefficients from all subsequent load-unload ramps. For repeat stress paths after 

the first depletion ramp, the horizontal stress path coefficient remains the same for both 

depletion and injection ramps.  
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Figure 3-9 shows the plot of repeat depletion and injection ramps for test 1 - PSP 213. As can be seen, all 
ramps overlap each other with identical values of depletion and injection coefficients. 

Table 3-2 Horizontal stress path coefficients calculated from depletion and injection cycles for Test 1. The 
stress path coefficient for Depletion 1 ramp is smaller than subsequent load-unload ramps. 

STRESS PATH 
CHANGE IN PORE 
PRESSURE (PSI) 

CHANGE IN CONFINING 
STRESS (PSI) 

STRESS PATH 
COEFFICIENT 

DEPLETION 1 
(1a – 1b) 

-1996 -910 0.44 

INJECTION 1 
(1b-1c) 

1997 1419 0.71 

DEPLETION 2 
(1c-1d) 

-1996 -1384 0.70 

INJECTION 2 
(1d-1e) 

1998 1424 0.71 

DEPLETION 3 
(1e-1f) 

-1983 -1391 0.71 

 

The response of the rock under unloading might be different than under loading. If the 

loading and unloading stress paths are different for the same magnitude of stress change, the 

observed effect is known as hysteresis (Fjaer et al., 2008). The amount of hysteresis can be 

calculated from the difference of the internal energy density (internal energy per unit volume) 

between sample under loading and unloading stress path. The internal energy density is obtained 
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by integrating the area under the strain-strain curve for a given stress path (Guo et. al., 2018).The 

internal energy is expressed as 

∆𝑈𝑖 = ∫ 𝜎𝑑휀
𝜀𝑓

𝜀𝑖
 ,                                                               (3.5) 

where ∆𝑈𝑖  is the change in internal energy density, 휀𝑖  is the initial volume strain, 휀𝑓 is the final 

volume strain,  𝜎 is the mean effective stress, and, 𝑑휀 is the instantaneous change in volume 

strain. 

We used the mean effective stress (first effective stress invariant) and the volume strain 

(first strain invariant) to calculate the internal energy density and quantify the hysteresis. We used 

first stress and strain invariants to avoid directional dependence on the calculation of hysteresis 

energy. In our cylindrical test sample, the mean effective stress (p’) is calculated from the axial 

stress (𝜎𝑎) and confining (𝜎𝑐) stress, and pore pressure (pp) using the following equation 

𝑝′ =  (
𝜎𝑎+2𝜎𝑐

3
) −  𝑝𝑝 .                                                           (3.6) 

Figure 3-10 shows the volume strain response of the sample with respect to changing 

mean  effective stress during depletion and injection stress paths. The end points of each stage 

can be inferred from the attached labels.  
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Figure 3-10 Shows volume strain behavior of the sample under changing mean effective stress during 
depletion and injection stress paths for test 1. The first load-unload ramp (1a-1c) has large 
amount of irrecoverable strains compared to subsequent ramps. 

To compare each load-unload cycle against each other, we have initialized the mean 

effective stress and volume at the start of each load-unload cycle. Figure 3-11 and Figure 3-12 

show the hysteresis loop of the load-unload cycle with change in mean effective stress versus 

volume strain  for 1st and 2nd cycles respectively. 

 

Figure 3-11 Shows the hysteresis in the first pore pressure depletion - injection cycle of PSP 213. Due to 
large amount of irrecoverable strain, the hysteresis energy dissipated during this cycle is high. 
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Figure 3-12 Shows the hysteresis in the second depletion - injection cycle of test 1 - PSP 213. Due to small 
amount of irrecoverable strain, the hysteresis energy dissipated during this cycle is low. 

The calculated change in internal energy density normalized to the change in pore 

pressure of both load-unload cycles is presented in Table 3-3. As can be observed, the amount of 

hysteresis in the 1st cycle is more than 5 times larger than on the second cycle for same amount 

of pore pressure change.  This highlights the imposed pressure change in the first depletion-

injection or loading-unloading cycle was largely dissipated or not recovered.  The implication and 

correlation of larger hysteresis with smaller stress path coefficient will be discussed in Section 3.3.    

Table 3-3 Shows the amount of internal energy density change in each load-unload cycle for test 1 – PSP 
213. The hysteresis energy dissipated in 1st cycle is about six times larger than the 2nd cycle.  

Cycle Ramp 
Change in Internal energy Density 

(in. – lbf/in3) per unit pore pressure 
(x10-3) 

Hysteresis Energy 
(in. – lbf/in3) 

(x10-3) 

1 
Depletion (1a-1b) 3.0 

2.3 
Injection (1b-1c) 0.7 

2 
Depletion (1d-1e) 0.9 

0.4 
Injection (1e-1f) 0.5 

 

3.2.2 Test 2 – Injection Followed by Depletion 
Starting with a load ramp cycle with depletion, Test 1 showed the first depletion stress 

path coefficient is lowest. The coefficients from subsequent injection and depletion ramps 
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remained constant when the depletion and injection pressure magnitude stay the same. In Test 2 

– PSP 214, we want to assess the impact of starting the load ramp cycle with injection or 

unloading. We also want to determine how an additional depletion ramp with a lower pore 

pressure than prior  ramp cycles have experienced would impact the stress path coefficient.  

 

Figure 3-13 Shows pore pressure injection and depletion ramps for PSP 214. Three pore pressure depletion 
and two pore pressure injection ramps have been performed on PSP 214. Test 2 constitutes 
injection followed by depletion. The last depletion ramp takes sample to new depletion levels. 

Figure 3-14 shows the confining stress versus pore pressure plot for the first injection – 

depletion cycle (2a-2c). The injection ramp (2b-2b) and depletion ramp (2b-2c) overlap each 

other. The slope of the injection and depletion ramp is 0.76 and 0.73, respectively.  For this stress 

path, starting with injection and following with depletion, on the first unload-load cycle, the two 

stress path coefficients are found to be same. This observation is different than the first load-

unload cycle of Test 1 – PSP 213. Therefore, these results highlight the starting stress path 
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direction has a significant effect on the values of stress path coefficients for similar changes in 

pore pressure magnitudes.    

 

Figure 3-14 shows a plot of calculated depletion coefficient and injection coefficient for test 2 – PSP 214. 
The two initial depletion and injection stages are shown. Both the ramps overlay each other 
and the stress path coefficient value during injection and depletion are the similar. 

Figure 3-15 shows the plot of remaining ramp cycles.  For the second injection and 

depletion cycle (2c-2e), where the maximum and minimum pore pressure are the same as the 

first cycle, Ramps (2c-2d) and (2d-2e) overlay each other and with injection and depletion 

coefficient value of 0.75 and 0.74, respectively.  These are comparable with values for the first 

cycle.    

However, on the last depletion ramp (2e-2f) with pore pressure to 1000 psi and lower 

than previously experienced pressure value, the depletion stress path does not have the same 

slope as  all previous ramps.  The last depletion ramp (2e-2f) has a lower slope of 0.42.  

Coincidently, this depletion coefficient value is similar to the first depletion ramp in test 1 (Figure 
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3-8). The depletion and injection coefficient values for all ramps for test 2 are summarized in Table 

3-4.  

 

Figure 3-15 shows the plot of repeat depletion and injection ramps for test 2 - PSP 214. For ramp 2, 
depletion ramp and injection ramp overlap each other. However, depletion to new pore 
pressure levels (2e - 2f) has a smaller depletion coefficient.  

Table 3-4 Horizontal stress path coefficients calculated from injection and depletion cycles for test 2 are 
presented. The stress path coefficient on last depletion ramp is markedly different than other 
ramps.  

STRESS PATH 
CHANGE IN PORE 
PRESSURE (PSI) 

CHANGE IN RADIAL STRESS 
(PSI) 

STRESS PATH 
COEFFICIENT 

INJECTION 1 
(2a-2b) 

1253 963 0.76 

DEPLETION 1 
(2b-2c) 

-1501 1066 0.73 

INJECTION 2 
(2c-2d) 

1501 1126 0.75 

DEPLETION 2 
(2d-2e) 

-1502 -1089 0.74 

DEPLETION 3 
(2e-2f) 

-2001 -856 0.42 

 

Figure 3-16 shows the volume strain response of the sample with respect to changing 

mean effective stress during injection and depletion stress paths. The different stress paths can 

be inferred from the attached labels.  
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Figure 3-16 Shows the volume strain behavior of the sample under changing mean effective stress during  
depletion and injection stress paths for test 2. The last depletion ramp (2e - 2f) has larger 
amount of strain compared to other ramps.  

Similar to test 1, Figure 3-17 and Figure 3-18 show the hysteresis loop of the unload-load 

cycle with change in mean effective stress versus volume strain. Both cycles show no significant 

hysteresis since the curves almost overlay each other and the loop is closed. 

 

Figure 3-17 Shows the hysteresis in the 1st pore pressure injection - depletion cycle of test 2 – PSP 214. Both 
load-unload ramps overlay each other with minimal hysteresis energy in the 1st cycle. 
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Figure 3-18 Shows the hysteresis in the 2nd injection - depletion cycle of test 2 - PSP 214. Both load-unload 
ramps overlay each other with minimal hysteresis energy in the 2nd cycle. 

The calculated change in internal energy density normalized to the change in pore 

pressure of both unload-load cycles is presented in Table 3-5. As can be observed, the amount of 

hysteresis in both cycles of test 2 – PSP 214 are an order of magnitude lower than test 1 – PSP 

213. Therefore, no significant amount of hysteresis is observed during the unload-load cycles of 

test 2 – PSP 214.  

Table 3-5 Shows the amount of internal energy density change in each unload-load cycle for test 2 – PSP 
214. Hysteresis energy is calculated as the difference of the change in internal energy density on 
load and unload cycle. No significant hysteresis is observed in both cycles. 

Cycle Ramp 
Change in Internal energy Density 
(in. – lbf/in3) per unit per pressure 

(x10-3) 

Hysteresis Energy 
(in. – lbf/in3) 

(x10-3) 

1 
Injection (2a-2b) 0.4 

0.1 
Depletion (2b-2c) 0.3 

2 
Injection (2c-2d) 0.4 

0.0 
Depletion (2d-2e) 0.4 

 

However, the value of change in internal energy density for the last depletion ramp is 

2.7*10-3 (in. – lbf/in2) which is order of magnitude higher than the other ramps. This value of 

change in internal energy density for a last depletion (new depletion level not experienced by the 
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sample) is comparable to change in internal energy value of 3.0*10-3 (in. – lbf/in2) that of the first 

depletion cycle (new depletion level not experienced by the sample) of test 1 – PSP 213. A 

comparison of change in mean effective stress versus change in volume strain plots is shown in 

Figure 3-19. 

 

Figure 3-19 A comparison of change in mean effective stress vs change in volume strain plot of 1st depletion 
ramp of PSP 213 and last depletion ramp of PSP 214. Both ramps have similar amount of change 
in internal energy density which is evident from the overlapping stress- strain curves. 

3.2.3 Test 3 – Increasing Amplitude Depletion – Injection Cycles 
The stress path of test 3 – PSP 215 is similar to the above tests. We have added increasing 

amplitude of 500 psi to the load-unload ramps to understand the effects of multiple depletion 

and injection cycles. We will compare the repeat stress path ramps and the new (increased 

amplitude) stress path ramps to understand the material behavior.  

The stress path of test 3 – PSP 215 (Figure 3-20) starts with depletion ramp (500 psi of 

depletion) from point 3a to 3b. This is the initial depletion ramp.  From 3b, an injection stress path 

of repeat stress amplitude is followed from 3b to 3c. At 3c, a new injection stress path (500 psi of 

additional injection) is followed until 3d. We begin reducing pore pressure again on repeat 

depletion ramp (from 3d to 3e) and then additional new depletion of 500 psi (from 3e to 3f).  

0

200

400

600

800

1000

1200

1400

1600

0 2 4 6 8 10

C
H

A
N

G
E 

IN
 M

EA
N

 E
FF

EC
TI

V
E 

ST
R

ES
S 

(P
SI

)

VOLUME STRAIN (MILLISTRAINS)

COMPARISON OF NEW DEPLETION RAMPS OF 
PSP 213 AND PSP 214

PSP 214 last dep. PSP 213 first dep.

2e, 1a

2f
1b



46 
 

In summary, the test can be separated into two types of ramps: 

• Repeat ramps of either depletion of injection –  

o 3b-3c, 3d-3e, 3f-3g, 3h-3i, 3j-3k, 3l-3m, 3n-3o, and 3p-3q. 

• New ramps (increasing amplitude of 500 psi) of either depletion of injection –  

o 3a-3b, 3c-3d, 3e-3f, 3g-3h, 3i-3j, 3k-3l, 3m-3n, 3o-3p, and 3q-3r. 

The orange dashed lines show the separation of repeat ramps and new ramps on both 

depletion and injection stress paths. We present the data in the form of these two types of ramps 

to compare the material response under new stress paths and repeat stress paths.  

 

Figure 3-20 Application of pore pressure, axial stress and radial stress as a function of  time. Test 3 
constitutes depletion followed by injection with varying amplitudes to show impact of changing 
depletion and injection levels. 

Figure 3-21 shows a plot of the first injection – depletion cycle for test 2 – PSP 215. The 

depletion coefficient (0.51) is lower than the injection coefficient (0.73) similar to the 1st depletion 

injection cycle for test 1. The injection coefficient value on the new stress path is also same as the 
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injection coefficient value at the repeat stress path. We infer from this observation that for new 

injection stress paths, the injection coefficient does not change.  

 

Figure 3-21 shows a plot of calculated depletion coefficient and injection coefficient for test 3 – PSP 215. 
The initial depletion coefficient is small. The incremental injection stress path coefficient is same 
as the repeat injection coefficient. 

To simplify data representation, we have separated the depletion and injection ramps 

into two cases – one for repeat stress paths and the other for new incremental stress paths.  

For repeat depletion stress paths, the summary plot of repeat depletion stress paths is 

shown in Figure 3-22. The slope of depletion stress paths i.e., the depletion coefficient values are 

reported in Table 3-6. For all repeat ramps, the depletion coefficient values are similar and have 

a mean value of 0.73. For the injection stress paths, the summary plot is shown in Figure 3-23. 

Table 3-6 reports injection coefficient values for all repeat ramps. The injection coefficient values 

for all repeat ramps also have a mean value of 0.73 which is similar to the mean depletion 

coefficient value.  
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Figure 3-22 A summary plot of repeat stress paths of depletion for PSP 215. The beginning and end of the 
ramps are labeled. All the repeat ramps have similar slopes with mean value of 0.73.  

 

Figure 3-23 A summary plot of repeat stress paths of injection for PSP 215. The beginning and end of the 
ramps are labeled. All the repeat ramps have similar slopes with mean value of 0.73. 

For new depletion stress paths, a summary plot is shown in Figure 3-24. Table 3-6 

summarizes the depletion coefficient values for new depletion stress paths with a mean value of 

0.5. This is lower than the mean value of 0.73 for the repeat depletion stress paths. For new 
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the 4th new injection stress path (4o-4p).In this 4th new injection stress path, the confining stress 

value approaches the axial stress values towards the end of the ramp (Figure 3-6). Therefore, the 

sample is approaching an isostatic stress conditions (i.e., axial stress, and confining stresses are 

the same) during the pore pressure injection with uniaxial strain conditions. Since, the boundary 

conditions for last injection ramp is different compared to the other new injection ramps, the 

injection coefficient is expected to be different. The inferences from above summary plots 

complement the inferences obtained from Figure 3-8 and Figure 3-15.   

 

Figure 3-24 Shows a summary plot of new depletion stress paths for PSP 215. The beginning and end of 
each ramp are labeled. The depletion coefficient from new depletion stress paths is lower than 
repeat depletion stress paths.  

Table 3-6Error! Reference source not found. summarizes the depletion coefficient and 

injection coefficient values for the new incremental stress path ramps and repeat stress path 

ramps in both loading (depletion) and unloading directions (injection). Inferences from this test 

reinforce the results from test 1 and 2. During repeat stress paths of either depletion or injection, 

the stress path coefficients are equal to 0.73 ± 0.02 (within error bars). For new injection stress 

path, the injection coefficients are also equal to the repeat ramp stress path coefficients (within 
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isostatic (Figure 3-6). Therefore, the injection coefficient is different compared to other injection 

ramps. When the sample undergoes new incremental depletion to a pore pressure level it has not 

experienced before, the depletion coefficient falls to a range of 0.48 ± 0.05. 

 

Figure 3-25 Shows a summary plot of new injection stress paths for PSP 215. The beginning and end of each 
ramp are labeled. The injection coefficient from new injection stress paths is similar to the 
repeat injection stress paths except for the injection 4 stress path.  

Table 3-6 Shows the stress path coefficient values for the repeat stress path depletion and injection ramps 
as well as the new incremental stress path ramps. During new incremental depletion ramps the 
depletion coefficient is smaller whereas injection coefficient is similar.  

RAMP 
STRESS PATH REPEAT 
RAMP COEFFICIENT 

STRESS PATH NEW 
RAMP COEFFICIENT 

DEPLETION 1 ----- 0.51 

INJECTION 1 0.73 0.73 

DEPLETION 2 0.75 0.53 

INJECTION 2 0.73 0.70 

DEPLETION 3 0.73 0.51 

INJECTION 3 0.72 0.68 

DEPLETION 4 0.71 0.48 

INJECTION 4 0.71 0.63 

DEPLETION 5 0.70 0.47 

Figure 3-26 shows the volume strain response of the sample with respect to changing 

mean effective stress during injection and depletion stress paths. The different stress paths can 
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be inferred from the attached labels. As can be seen, for each new depletion stress path ramp, an 

associated value of plastic strain is observed upon unload via injection (some residual volume 

strain is seen at the end of injection cycles). The repeat depletion and injection ramps almost 

overlay each other. 

 

Figure 3-26 Shows a summary volume strain plot of PSP 215 under changing mean effective stress during 
depletion and injection stress paths. The beginning and end points of stress ramps are labeled.  

To calculate hysteresis for each new load-unload ramp (Figure 3-27), we have initialized 

the value of mean effective stress and volume strain at the start of each depletion ramp and 

closed the load-unload cycle at the end of repeat injection stress path. This method ensures a 

close load-unload hysteresis loop and we compare the accumulation of hysteresis when the initial 

pore pressure value (at the start of new depletion) is the same as the final pore pressure value (at 

the end of repeat injection).  
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Figure 3-27 Shows the load-unload cycle for calculation of hysteresis energy. The figures show a cumulative 
load-unload cycle consisting of both repeat depletion and new depletion ramps.  

The Hysteresis energy per unit pore pressure is calculated using the same procedure used 

for PSP 213 and PSP 214. An increasing trend in values of hysteresis energy per unit pore pressure 

is seen with successive load-unload cycle (Table 3-7). In the next section, we will discuss MCC 

modelling and movement of yield surface for explaining the behavior of lower depletion 

coefficient value for new depletion stress paths. 
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Table 3-7 Show the calculation of hysteresis energy per unit pore pressure for PSP 215. The hysteresis 
energy is marginally increasing with each successive load-unload ramp. 

Cycle Ramp 
Change in Internal energy Density 

(in. – lbf/in3) per unit pore pressure 
(x10-3) 

Hysteresis Energy 
(in. – lbf/in3) 

(x10-3) 

1 
Depletion 0.6 

0.4 
Injection 0.2 

2 
Depletion 0.9 

0.6 
Injection 0.3 

3 
Depletion 1.3 

0.6 
Injection 0.7 

4 
Depletion 1.8 

0.7 
Injection 1.1 

 

3.3 Modelling and Discussions  
In the previous section, we talked about the three pore pressure tests and discussed their 

results. The major inferences are:  

1. During the first depletion stress path to low pore pressure levels not experienced by the 

sample, the depletion stress path coefficient is low, ~ 0.5 ± 0.1. 

2. During reload depletion stress path to pore pressure levels experienced by the sample 

previously, the depletion stress path coefficient is high, ~0.7 ± 0.05. 

3. During the first injection stress path to high pore pressure levels not experienced by the 

sample, the injection stress path coefficient is high, ~0.7 ± 0.05. 

4. During reload injection stress path to pore pressure levels experienced by the sample 

previously, the injection stress path coefficient is high, ~0.7 ± 0.05. 

We observed that the stress path coefficient is low 0.5 ± 0.1, only for the case of new 

incremental depletion levels that the sample has not experienced before. For all other cases, the 

stress path coefficient is ~0.7 ± 0.05 whether it is on depletion stress path or injection stress path. 

This behavior is explained by following the yield surface during the both depletion and injection 

stress path.  
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The Modified Cam Clay (MCC) model (Roscoe et al., 1968) is used as the constitutive 

material model to fit the experimental data. To recap the loading procedure - is first pre-

consolidated isostatically to a mean effective stress of 4050 psi (Figure 2-11); then the sample is 

loaded to its initial stress condition through an isostatic stress path and then followed with a 

triaxial stress path (Figure 3-3). A MCC model is fit to this loading triaxial stress path to determine 

the yield surface or at the start of the pore pressure depletion-injection tests with the uniaxial 

strain boundary conditions. Figure 3-28 shows the yield surface of the pre-consolidated step by 

the calibrated MCC model and depicts the triaxial stress path in bringing the sample to its initial 

stress conditions (point 1a). Table 3-8 summarizes the MCC model parameter values used after 

matching with strain data of the experiment. Figure 3-29 shows the quality of the match between 

strain data and MCC model’s predictions.  

 

Figure 3-28 Shows the calibrated MCC model for triaxial stress path ramp of PSP 213. The yield surface is 
shown in blue; the critical state line is shown in green and the triaxial stress path is shown in red.  
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Figure 3-29 Shows the simulated strain data and experimental strain data plotted together. There is a good 
match between the two data sets indicating a good model fit. 

The next phase of modeling involves tracking the yield surface on depletion and injection 

stress paths. The MCC model parameters are shown in Table 3-8.  

Table 3-8 Shows the cam clay parameters used to fit the experimental data for the triaxial stress path and 
the uniaxial strain paths. 

 

Figure 3-30 shows the MCC model simulated yield surface for 1st depletion (1a – 1b), 1st 

injection (1b – 1c) and 2nd depletion (1c – 1d) of Test 1 or PSP 213. Each figure includes the stress 

paths taken by the sample, the yield surface position at the beginning of the test, and the critical 

state line shown on the mean effective stress vs shear stress plots on the left. The simulated axial 

strain data by MCC model and the measured axial strain data vs axial stress are plotted against 

each other on the right side to illustrate the quality of MCC model predictions. Since the test 
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Triaxial 0.017 0.016 0.77 4200 0.25 0.19 
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boundary condition is uniaxial strain, the radial strain is constant or change in radial strain is zero. 

Hence, volume strain is proportional or equal to the axial strain. This is the reason why we use the 

axial strain to model experimental data.  
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                                                              (C) 

Figure 3-30 Shows the MCC model fits for the 1st Depletion (A), 1st Injection (B) and 2nd Depletion stress 
path. A simulated yield surface with its critical state line and the stress path taken by the sample 
and with experimental axial strain data recorded from the lab measurements are plotted.  

The MCC model fit for PSP 214 is presented in appendix II. It shows the last depletion 

ramp has expanded the yield surface.  

At the end of triaxial stress path when the sample has reached initial conditions, it has an 

initial porosity. The triaxial stress path expands the previous yield surface created during the pre-

consolidation and the sample remembers the triaxial stress path and stress magnitude. This effect 

is referred to as stress memory effect or Kaiser effect (Kaiser, 1953). During new uniaxial strain 

depletion stress path, the sample has not experienced these stresses magnitudes under uniaxial 

strain boundary conditions before. Therefore, the sample yields in the new depletion stress path 

and the yield surface expands accompanied by plastic strains. Therefore, the new depletion 

coefficient value is low. During repeat depletion or injection stress paths within same pore 

pressure magnitudes, the sample remembers the stress magnitudes and the stress path. The final 

stress magnitude and the stress path during repeat depletion or injection is inside the previously 

expanded yield surface. Therefore, the sample behaves elastically with minimal plastic strain and 

the observed horizontal stress path coefficient for depletion and injection are high. Whenever the 

stress path or stress magnitude expand the yield surface, the sample deforms with plastic strains 
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and the depletion coefficient is low. For all other stress paths and stress magnitudes, the sample 

behaves elastically, and the horizontal stress path coefficient is high.  

The above observation can be explained by following the behavior of the sample during 

initial depletion compared to repeat depletion/injection.  

For each ramp in the uniaxial strain boundary conditions, we observe the sample 

response in the axial direction and the radial direction separately. In the axial direction, the 

sample can change dimensions under the uniaxial strain boundary conditions. The energy 

dissipated during this process is represented as: 

𝑑𝑈 =  𝑞 ∗  𝑑휀𝑎  ,                                                              (3.7) 

where 𝑑𝑈 is the dissipated or hysteresis energy, q is the shear stress, and 𝑑휀𝑎 is the axial strain. 

In the radial direction, the boundary conditions dictate that the radial dimensions remain 

constant. Due to changing shear stress induced by changing pore pressure along the vertical 

direction, a corresponding horizontal or confining stress reaction is created due to Poisson’s 

deformation effect. This resulted in a change in confining stress to maintain the constant radial 

strain boundary condition.  

During the first or new depletion, the sample has not experienced before the stress path 

of uniaxial strain or the increased stress magnitudes of mean effective stress and shear stress. The 

sample compacts (deforms axially) and  reduces porosity by reorienting grains and increasing 

grain contacts. The process generates irrecoverable strains and dissipates high amount of energy 

in the material (Figure 3-31). Therefore, there is less energy available to deform the sample in the 

radial direction or have smaller confining stress responses due to change in pore pressure. This 

helps explain the smaller depletion stress path coefficient measured when the sample 

experiences a new depletion stress level.  
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For repeat pore pressure injection - depletion ramps within same pore-pressure intervals, 

the sample has a stress memory of the ‘uniaxial strain’ stress path and the previous stress 

magnitudes of mean effective stress and shear stress due to Kaiser effect. As the sample porosity 

has already been reduced and the sample is stiffer (Figure 3-31), there is less energy dissipation 

due to axial deformation and the process is mostly elastic. Test results confirmed the hysteresis 

measured for such reload-unload ramps were nearly six times smaller than hysteresis for new 

depletion ramps. With more elastic energy available toa axially deform the sample, there is 

correspondingly more Poisson’s induced radial deformation. This induces a higher confining stress 

to maintain the constant radial strain boundary conditions. Hence, values of depletion 

coefficient/injection stress path coefficient on repeat ramps is high. When the sample is exposed 

to higher depletion stresses the first or the new depletion process is repeated.  

 

Figure 3-31 Shows a schematic of the matrix and grains. During initial depletion, sample compacts in axial 
direction and irrecoverable strains occur with dissipation of energy.  On initial injection, the 
sample response is elastic with no irrecoverable strain and associated dissipation of energy.  

3.4 Conclusions 
The geo-mechanical behavior of unconsolidated sands samples under uniaxial strain 

boundary conditions were studied to compare the horizontal stress path coefficients under 

depletion and injection. A consistent sample preparation technique has been described in detail 
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to prepare uniform and repeatable sand pack specimen. Three pore pressure uniaxial strain tests 

were conducted to obtain the depletion stress path coefficient and injection stress path 

coefficients. Hysteresis in loading – unloading stress cycle were studied and quantified. Expansion 

of MCC yield surface, and the physical mechanism of loss of porosity, grain reorientation and 

Poisson’s deformation induced horizontal force balance were used to explain the low value of 

initial depletion coefficient compared to the repeat depletion / injection coefficients. 

In the next chapter we will discuss the effect of injection and stress path directions on 

yielding behavior of unconsolidated sands.  
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4. YIELD SURFACE AND STRESS PATH DIRECTIONS 

In the previous section we evaluated stress path coefficient under different loading and 

unloading conditions to assess  the effect of depletion and injection in changing horizontal in-situ 

stress in unconsolidated sands. In this section, we will address the other half of the problem, that 

is, to investigate the effects of stress magnitudes and stress path directions on the yielding 

behavior of unconsolidated sands.  The focus is on high mean effective stress ranges 

representative of depleted reservoir in deep water.  

For geo-materials, such as unconsolidated sands, laboratory yield stress results are 

presented in the mean effective stress (p’) and shear stress (q) space (Lade et al., 1976).   

Equations (4.1) and (4.2) define q and p’ in terms of axial stress (𝜎1) and radial or confining stress 

(𝜎3) of the experiment.   

𝑞 =  (𝜎1 − 𝜎3)         (4.1) 

and 

𝑝′ =  (
𝜎1+2𝜎3

3
)  .      (4.2) 

Yield stress responses of unconsolidated sand are known to depend on (a) the stress path 

taken by the sample to reach at the initial stress point in the p’ and q plot, (b) the stress 

magnitudes or p’ and q values of this initial stress point, and (c) the stress path direction to be 

taken by the sample to reach at the yield stress point (Arya, 2018; Dessouki et al., 2020). The 

stress path direction traveling from a given stress point to another stress point (e.g., from the 

initial stress point to the yield stress point) can be defined by the relative change in q with the 

corresponding change in p’ or simply the ratio of Δq over Δp’. Another option is to use the stress 

path angle (θ) defined as :  
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𝜃 =  tan−1(
∆𝑞

∆𝑝′)  .     (4.3) 

In this thesis, loading stress paths are in -90° < θ < 90° and unloading stress paths are in 

90° ≤ θ ≤ 270°.  Figure 4-1 depicts the initial stress point, stress paths, and stress path angle used. 

 

Figure 4-1 Shows the loading stress path and unloading stress paths used in this study. The loading stress 
paths are in -90° < θ < 90° and unloading stress paths are in 90° ≤ θ ≤ 270°.  

The Introduction Chapter presented previous experimental studies in the areas loading 

and unloading yield behaviors for different geo-materials. In this chapter, we will present a 

detailed introduction to stress paths with emphasis on injection or unloading conditions for 

unconsolidated sands in high mean effective stress ranges. Most of the published works have 

focused on higher yield stress materials and without pore fluid effect as compared to 

unconsolidated sands. Previous studies published in unconsolidated sands by Hamoud (2012), 

Oldakwoski (1994) and Touhidi (1998) were in low effective stress regimes of less than 250 psi 

mean effective stress for applications in the Alberta oil sands. The current research work aims to 

understand the effects of injection on unconsolidated sands in depleted deep-water reservoir 

stress conditions. They are of  work focuses on much higher effective stress magnitudes in the 



63 
 

range of 2000 to 5000 psi mean effective stress. Figure 4-2 summarizes yield stress and mean 

effective stress ranges of previous studies and this study. 

 

Figure 4-2 Previous work on strength properties measurement on unconsolidated sands were done by 
researchers focused on the Alberta oil sands which have low effective stresses (< 250 psi). 
Current work focuses on higher stress magnitudes (> 2000 psi). 

This study aims to investigate the dependence of stress path magnitude and direction on 

the yielding behavior of unconsolidated sands under injection and predict yielding behavior under 

different stress path directions and magnitudes.  Three stress path directions have been tested 

with each stress path having different initial stress conditions. These stress paths include: one 

traditional triaxial loading stress path and two unloading stress paths to simulate injection. The 

stress paths taken to the different initial stress points were the same. The yield surfaces obtained 

from these three stress paths are analyzed  to develop a predictive model.  

All test samples were made using the same analogue sand material, dry sand packed 

method, and pre-consolidated procedure to reservoir conditions as described in Chapter 2.  In the 

following section the test loading procedure will be discussed in detail. 
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4.1 Test Procedure 
After test samples are made and pre-consolidated, we proceed to bring each test sample 

to its initial stress point.  The same stress path is used to bring each test sample to its initial stress 

point; therefore, possible effects of using different stress paths to different initial stress points 

are avoided.  Once the sample is at its desired initial stress point, we then load or unload the 

sample with the specified stress path direction to the yield stress condition.  We use three 

different stress path directions. These include: one triaxial loading stress path, and two unloading-

based stress paths.  The unloading tests consist of a constant axial stress and a constant shear 

stress.  

4.1.1 Loading-Based Yield Behavior 
The first stress path presented is the loading triaxial stress path. To determine this triaxial 

loading yield behavior or yield surface, we used 2 triaxial tests. A Multi-stage triaxial test to 

determine the loading-based yield surface for different initial mean effective stress point. A 

Single-stage triaxial test to verify the yield surface obtained from the Multi-stage triaxial test.  We 

start with the simpler Single-stage triaxial test to discuss the initial stress path in arriving to the 

initial stress point and then the triaxial stress path to the yield stress point.   

4.1.1.1 Single-Stage Triaxial Test 

The Single-stage triaxial test uses one sample to determine the yield stress point.  The 

stress path to get to the initial stress point is isostatic. From the initial stress point to the yield 

stress point, the stress path is known as loading “triaxial.” This consists of maintaining the 

confining stress of the initial stress point constant while increasing the axial stress to yield.  Figure 

4-3 shows the applied axial and confining stresses and the calculated shear stress versus time for 

this test. The sample is first loaded isostatically (with equal axial stress and confining pressure) to 

4350 psi.  After that point the confining stress of 4350 psi is held constant while the axial stress is 

increased to yield the sample. Figure 4-4 depicts the isostatic stress path to the initial stress point 
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and then the triaxial stress path from the initial stress point to the yield stress point in p’- q stress 

space.  The isostatic and triaxial stress path are “loading” since they have increasing p’ and with -

90° < θ < 90° (Figure 4-1).   

 

Figure 4-3 Shows the initial test conditions and load vs time plot single-stage triaxial test with a confining 
stress of 4350 psi. 

 

Figure 4-4 Shows the stress path followed by the single stage triaxial test in a mean effective stress - shear 
stress plane with the initial stress point and the yield stress point. 
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4.1.1.2 Multi - Stage Triaxial Test 

Kovari et al. (1975) introduced the “multiple failure” stage triaxial test.  It is also known 

as the Multi-stage Triaxial test.  A key advantage for this test is that it only needs one sample to 

determine the loading yield surface as a function of different initial stress points.  The Single-stage 

triaxial test uses one sample to determine each yield stress point for a given initial stress point.  

Therefore, multiple samples are needed to determine a yield surface from multiple initial stress 

points.  Many researchers (Kim et al., 1979; Crawford et al., 1987; Holt et al., 1991; Pagoulatos et 

al., 2004; Jambunathan, 2008; Taheri et al., 2008; Al-Salman et al., 2015; Bilal et al., 2017; and 

Dessouki et al., 2020) have validated that the Multi-stage Triaxial Testing procedure is an effective 

alternative to a series of single stage triaxial tests to determine the loading yield surface.    

The Multi-stage triaxial test follows similar stress paths as the Single-stage triaxial test.  

The test sample starts with an isostatic stress path to the first initial stress point and loads the 

sample with the triaxial stress path to yield. After that it unloads triaxially back to the first initial 

stress point, reloads isostatically to the second initial stress point and triaxially loads to the second 

yield stress point.  This process continues and repeats for other initial stress points and their 

corresponding yield stress points. Figure 4-5 shows the variation of applied loads (confining and 

axial stresses, and the corresponding calculated shear stress) with time.  A total of four “initial” 

confining stress stages namely – 1500 psi, 2000 psi, 2500 psi, and 3000 psi were performed to get 

the loading - based triaxial yield surface.  Figure 4-6  depicts these initial stress points, their loading 

stress paths and corresponding yield stress points in the p’-q plot. 
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Figure 4-5 Shows the application of confining stress and shear stress in the multi-stage triaxial test. 

 

Figure 4-6 Shows the stress path followed by each stage in the multi-stage triaxial test in a mean effective 
stress - shear stress space. 

In this section, we presented the loading procedure and stress path direction for triaxial 

stress path. In the following section, the unloading-based stress path directions will be covered.  

4.1.2 Unloading-Based Yield Behavior  
Unloading - based yield behavior also depends on the stress path bringing the sample to 

its initial stress point, the magnitudes of this initial stress point, and the “unloading” stress path 
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from this initial stress point to the yield stress point.  Stress path directions are called unloading 

in reference to decreasing nature of the mean effective stress or for stress path angle of 90° ≤ θ 

≤ 270° (see Figure 4-1).  In this section, we will describe the two unloading-based stress path 

directions used to determine unloading-based yield surfaces. 

During the injection phase, the pore pressure of the reservoir is increasing and therefore 

the mean effective stress on the rock matrix is decreasing. The reservoir stress path could either 

have increasing shear stress, constant shear stress or decreasing shear stress (Figure 4-7). For 

decreasing shear stress, we are moving away from the estimated yield surface as we unload both 

in mean effective stress and shear stress directions. Therefore, the material is not expected to 

yield during this stress path. For the other two cases of increasing shear stress or constant shear 

stress, we approach the yield surface when we are increasing pore pressure (i.e., reducing p’). 

Therefore, the material is expected to yield in these cases.  

Researchers in mining and tunneling industry have achieved controlled unload tests for 

two unloading stress paths namely - Constant Axial Stress Unloading Test (CASUT) and Constant 

Shear Stress Unloading Test (CSSUT). In the first stress path the shear stress increases with 

decreasing mean effective stress. This stress path is more representative of reservoir conditions. 

The second stress path has a constant shear stress with decreasing mean effective stress. This 

stress path brackets the lower limit of unloading tests. Therefore, we use these two unloading 

stress paths to compare the yield surface for loading and unloading tests.   
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Figure 4-7 Shows the different stress paths for loading and unloading. During injection, mean effective 
stress increases with either decreasing or constant or increasing shear stress. The most 
representative stress path for actual reservoir conditions is the increasing shear stress path.  

4.1.2.1 Constant Axial Stress Unloading Tests 

The first set of unloading-based tests is called the constant axial stress unloading test 

(CASUT).  A total of four such unload tests (Samples PSP 212, PSP 209, PSP 210, PSP 211) is 

completed to determine the unload yield surface at four different initial stress points. The stress 

path used to reach these initial stress points follows that of the single-stage triaxial test. This initial 

stress path consists of:  

• Start with isostatic load to the confining stress of 4350 psi.  

• Then load with triaxial stress path to the specified initial stress point. 

Load versus time plots for samples PSP 212, PSP 209, PSP 210 and PSP 211 are shown in Figure 

4-8, Figure 4-9, Figure 4-10, and Figure 4-11, respectively, to show the changes in axial stress 

and confining stress as we progress through the test. All samples in this section undergo this 

experimental protocol.   
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Table 4-1 summarizes the initial stress magnitudes of p’ and q for these four initial stress points 

and their corresponding applied axial (σ1) and confining (σ3) stresses. The axial stresses are 

selected to have a uniform shear stress difference of ~1000 psi.  

Once the sample has reached the desired initial stress point, the constant axial stress 

unloading stress path is as follows: 

• Unload sample by decreasing the confining stress at a rate of 0.5 psi per second while 

keeping the axial stress constant.  

• Terminate the unloading test when the axial strain gauges reach their measurement limit.  

• Load versus time plots for samples PSP 212, PSP 209, PSP 210 and PSP 211 are shown in 

Figure 4-8, Figure 4-9, Figure 4-10, and Figure 4-11, respectively, to show the changes in 

axial stress and confining stress as we progress through the test. All samples in this section 

undergo this experimental protocol.   

Table 4-1 A summary table of initial stress states for all constant axial stress unloading tests are shown. 

SAMPLE σ1 σ3 Initial p’ Initial q 

PSP 212 9300 4350 6000 4950 

PSP 209 8400 4350 5700 4050 

PSP 210 7350 4350 5350 3000 

PSP 211 6360 4350 5020 2010 
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Figure 4-8 Shows the load vs time plot for PSP 212. This test is performed at the constant axial stress value 

of 9300 psi with an initial confining stress of 4350 psi. 

 

Figure 4-9 Shows the load vs time plot for PSP 209. This test is performed at the constant axial stress value 

of 8400 psi with an initial confining stress of 4350 psi. 
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Figure 4-10 Shows the load vs time plot for PSP 210. This test is performed at the constant axial stress value 

of 7350 psi with an initial confining stress of 4350 psi. 

 

Figure 4-11 Shows the load vs time plot for PSP 211. This test is performed at the constant axial stress value 

of 6360 psi with an initial confining stress of 4350 psi. 

Figure 4-12 shows the combined plot of stress paths for tests in the set of constant axial 

stress unloading tests. The samples are isostatically loaded to 4350 psi and then triaxially loaded 
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to their pre-determined initial shear stress values. Then the sample is unloaded in a constant axial 

stress path as shown in the p’- q space.     

 

Figure 4-12 Shows a combined plot of stress path for constant axial stress tests. 

4.1.2.2 Constant Shear Stress Tests 

The second set of unloading based tests is called the constant shear stress unloading tests 

(CSSUT).  A total of three such unload tests (Samples PSP 207, PSP 205, and PSP 208) is completed 

to determine the unload yield surface at these three different initial stress points.  The stress path 

used to reach these initial stress points also follows that of the single-stage triaxial test. This initial 

stress path consists of:  

• Start with isostatic load to the confining stress of 4350 psi.  

• Then load with triaxial stress path to the specified initial stress point. 

Load versus time plots for samples PSP 212, PSP 209, PSP 210 and PSP 211 are shown in Figure 

4-8, Figure 4-9, Figure 4-10, and Figure 4-11, respectively, to show the changes in axial stress 

and confining stress as we progress through the test. All samples in this section undergo this 

experimental protocol.   
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Table 4-1 summarizes the initial stress magnitudes of p’ and q for these three initial stress points 

and their corresponding applied axial and confining stresses. The initial shear stresses of 4950, 

4050, and 3000 psi were chosen to have a uniform shear stress difference of ~1000 psi.  

Once the sample has reached the desired initial stress point, the constant shear stress 

unloading stress path is as follows: 

• Unload sample by decreasing the confining stress at a rate of 0.5 psi per second while 

keeping the shear stress constant. This is accomplished by controlling the axial load such 

that for a given confining stress change the system maintains the shear stress constant. 

• Terminate the unloading test when the axial strain gauges reach their measurement limit. 

Load versus time plots for samples PSP 207, PSP 205, and PSP 208 are shown in Figure 

4-13, Figure 4-14, and Figure 4-15, respectively, to show the changes in axial stress, shear stress 

and confining stress as we progress through the test.   

Table 4-2 Shows the initial stress states for samples where a constant shear stress test performed. 

SAMPLE σ1 σ3 Initial p’ Initial q 

PSP 207 9300 4350 6000 4950 

PSP 205 8400 4350 5700 4050 

PSP 208 7350 4350 5350 3000 
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Figure 4-13 Shows the load vs time plot for PSP 207. This test is performed at the constant shear stress 
value of 4950 psi. 

 

Figure 4-14 Shows the load vs time plot for PSP 205. This test is performed at the constant shear stress 
value of 4050 psi. 
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Figure 4-15 Shows the load vs time plot for PSP 208. This test is performed at the constant shear stress 
value of 3000 psi. 

Figure 4-16 shows the combined plot of stress paths for tests in the set of constant shear 

stress unloading tests. The samples are isostatically loaded to 4350 psi and then triaxially loaded 

to their pre-determined initial shear stress values. Then the sample is unloaded in a constant shear 

stress path as shown in the p’- q space.     

 

Figure 4-16 Shows a combined plot of stress path for constant axial stress tests. 
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In this section, we have covered the various tests that have been performed for this 

research work and their loading procedures. We performed two tests to map the loading based 

triaxial yield surface and two unloading stress path tests to map two unloading based yield 

surfaces. In the next section we will perform detailed analysis of the data gathered in the tests.  

4.2 Data Analysis  
In this section, we will detail the sample response to the stress paths mentioned in the 

previous section. We will characterize the response of samples into loading-based tests and the 

unloading-based tests, and then compare both types of yield surfaces. 

An important element of this analysis is using a consistent method to select the “yield 

stress” point.  Prakash et al. (2018) established the point of positive dilatancy as a suitable 

unloading point or yield stress point to map the loading based yield surface in a multi-stage triaxial 

test.  This point corresponds to the ratio of radial strain over axial strain of 0.5 or when the volume 

strain changes direction from compression to dilation. In this thesis, the point of positive dilatancy 

is used to determine the yield stress point for loading and when appropriate also for unloading 

tests.  Other yield point selection criteria, such as the maximum curvature of the mean effective 

stress versus volume strain curve, are also used.  The selection of yield or unloading point will be 

discussed in more details in each loading and unloading stress path tests.  

4.2.1 Loading-Based Yield Behavior 
As described in section 4.1.1, one multi-stage triaxial test and one single test triaxial test 

were performed on two samples to map the loading-based triaxial yield surface.  

4.2.1.1 Multi-Stage Triaxial Test 

Figure 4-17 shows the stress vs axial strain plot of the sample under the four triaxial stages 

of the multi-stage triaxial test (PSP 201). Individual loading stages were unloaded when the 

sample reached the point of positive dilatancy (Prakash et al., 2018). Figure 4-18  shows the values 



78 
 

of tangent strain ratio (ratio of change in radial strain to change in axial strain) during each stage. 

When the sample reaches the point of positive dilatancy, i.e. the tangent strain ratio reaches 0.5, 

the sample is unloaded or yielded. The value of shear stress at this point of unloading is selected 

as the yield stress point to map the loading based yield surface. 

 

Figure 4-17 Shows the stress vs strain plot for the multi-stage triaxial test. Four different confining stress 
stages - 1500 psi, 2000 psi, 2500 psi, and 3000 psi were performed. 

 

Figure 4-18 Shows the tangent strain ratio vs shear stress for all stages of the multi-stage triaxial test. The 
loading stage is unloaded when point of positive dilatancy (tangent strain ratio of 0.5) is reached.  
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On an effective mean stress – shear stress plane, the loading-based yield surface is shown 

in Figure 4-19. It is approximated to be a straight line passing through the origin with a slope of 

1.076. 

 

Figure 4-19 Loading-based yield surface calculated from yield points of the Multi-stage triaxial test. 

4.2.1.2 Single Stage Triaxial Test 

As mentioned in section 4.1.1, a single stage triaxial test (PSP 204) with a confining stress 

of 4350 psi was performed to validate the multi-stage triaxial test. Figure 4-20 shows the stress-

axial strain plot of this single stage triaxial test. The sample was loaded until the strain gauges 

reached their limit. As can be seen from the plot, a ductile failure with work hardening (Jaeger, 

2007) occurs in this test. Figure 4-21 shows the evolution of tangent strain ratio with applied shear 

stress. The value of yield stress at the point of positive dilatancy is 7400 psi.    
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Figure 4-20 Shows the stress-strain plot of the single stage triaxial test. The test was concluded when the 
axial strain sensor was at limit. 

 

Figure 4-21 Shows a plot of tangent strain ratio vs shear stress for the single stage triaxial test. This plot is 
used to pick the yield point i.e., the shear stress value when the tangent strain ratio reaches 0.5. 
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combined yield points on the mean effective stress – shear stress plane. The yield point of the 

single stage triaxial test aligns with the data from Multi-stage triaxial test validating the use of 

multi-stage triaxial test for measuring strength properties of unconsolidated sands.   

 

Figure 4-22 Shows a combined plot of tangent strain ratio and shear stress. Yield stress points from each 
stage of the multi-stage triaxial test and the single stage triaxial test are used to map the yield 
surface. 

 

Figure 4-23 The yield point from single stage triaxial test (SST) plotted on the multi-stage triaxial test (MST) 
yield surface shows perfect match. This observation validates the use of multi-stage triaxial test 
from determining loading-based yield surface. 
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4.2.2 Unloading Based Tests 
As described in section 4.1.2, a total of seven unloading based tests with two different 

stress paths directions were performed in this research work – four constant axial stress unloading 

tests and three constant shear stress unloading tests. For each stress path direction, a yield 

surface is mapped and then, all the yield surfaces will be compared against each other.  

4.2.2.1 Constant Axial Stress Unloading Tests 

The constant axial stress unloading tests (CASUT) are performed by decreasing the 

confining stress while keeping the axial stress constant. Therefore, the shear stress increases as 

the test progresses. Figure 4-24 shows the combined plot of shear stress vs axial strain for the 

four CASUT. Each test has different initial stress point which can be seen from the starting value 

of shear stress for each sample.  

 

Figure 4-24 The combined plot of four constant axial stress tests showing the evolution of axial strain with 
increase in shear stress. 

Since, the mean effective stress is decreasing with decreasing confining stress, a more 

appropriate stress strain plot is the mean effective stress vs volume strain plot which captures the 

volumetric behavior of the sample. Figure 4-25 shows the plot of mean effective stress and 
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volume strain. Note, negative volume strain represents expansion or increases in volume. In this 

plot, the volume strain shows a distinct change in slope for each sample.  

 

Figure 4-25 Shows the combined plot of four constant axial stress tests showing the evolution of volume 
strain with decrease in mean effective stress.  

The yield criteria used to pick yield points in this set of tests is the point of positive 

dilatancy which is the same as for the loading triaxial tests. Figure 4-26 shows the combined plot 

of tangent strain ratio and mean effective stress for all samples in this set. Curves for all samples 

pass through the point of positive dilatancy except for the test with the lowest initial shear stress 

(PSP 211). This type of behavior – starting out with high tangent strain ratio and decreasing until 

it starts to increase again - is seen in all samples except for PSP 212 (highest initial shear stress). 

An explanation for this observation is as follows– 

1. Higher value of mean effective stress makes the sample stronger whereas higher value of 

shear stress makes the sample weaker. 
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2. If the initial stress state of the sample is closer to the yield surface, the sample behaves 

similar to PSP 212 (which has the highest yield stress). It would start with a low value of 

tangent strain ratio and monotonically increase to point of positive dilatancy and beyond. 

3. If the initial stress state of the sample is farther away from the yield surface, the applied 

mean effective stress is higher than the required mean effective to support the applied 

shear stress. In such a case, reducing the mean effective stress does not effect a change 

in the sample response. The sample behaves as if it is unloading in both directions and 

the tangent strain ratio decreases.  

4. At some point during the unload test, the mean effective stress reaches a point similar to 

step 2. The value of mean effective stress is no longer higher than the required mean 

effective stress to support the applied shear stress. At this point, the tangent strain ratio 

changes direction and start to increase. 

5. This increase of tangent strain ratio takes place through the rest of the loading cycle 

where the sample continues to deform to sustain the increasing shear stress applied with 

a reduction in mean effective stress.  
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Figure 4-26 Shows the combined plot of tangent strain ratio vs mean effective stress for all tests in the set 
of constant axial stress tests. As can be seen, all the curves touch the point of positive dilatancy. 

The yield points used to map the unloading-based constant axial stress yield surface are 

inferred from the point of positive dilatancy. This point is also a close match with the point of 

maximum curvature in the volume strain behavior (Figure 4-256).  

In the mean effective stress - shear stress space, the yield points are plotted as shown in 

Figure 4-27. The slope of the unloading based constant axial stress yield surface is 1.077. The slope 

is similar to that of the triaxial loading based yield surface of 1.076 in Figure 4-23. However, the 

yield constant (q intercept at p’=0) is not zero as compared to the triaxial loading based yield 

surface.   
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Figure 4-27 Shows the yield points of the constant axial stress unloading tests in the mean effective stress 
- shear stress plane. The slope of the yield surface is 1.07, similar to the triaxial loading yield 
surface but the yield constant is different.  

The yield surface characteristics obtained from this suite of CASUT can be interpolated 

with the upper and lower bounds of the test conditions. It is important to emphasize that these 

unloading tests are for high mean effective stresses in the ranges of 4000 psi to 5400 psi (Figure 

4-27). Therefore, extrapolating the yield surface to the lower stress values near the origin must 

be substantiated with an experimental observation before we can do so with high degree of 

confidence.  

4.2.2.2 Constant Shear Stress Unloading Tests 

The constant shear stress unloading tests (CSSUT) are performed by decreasing the 

confining stress while keeping the shear stress constant. Therefore, the axial stress decreases as 

the test progresses. Figure 4-28 shows the combined plot of shear stress vs axial strain for the 

three tests. Each test has different initial stress conditions which can be seen from the starting 

shear stress value, and the shear stress stays constant as defined.  
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Figure 4-28 The combined plot of three constant shear stress unloading tests showing the evolution of axial 
strain as we progress through the tests. The shear stress maintains a constant value as it is a 
boundary condition for this set of tests.  

Since, the mean effective stress is decreasing with decreasing confining stress, a more 

appropriate stress strain plot is the mean effective stress vs volume strain plot which captures the 

volumetric behavior of the sample. Figure 4-29 shows the plot of mean effective stress and 

volume strain. These curves show the volume strains are negatives (volume expanding) from the 

start for all cases tested. These curves show as the mean effective stress reduces the 

corresponding volume strain expands. However, there is a distinct change in slope for each 

sample when a slight reduction of mean effective stress results in a large expansion of volume 

strain. This represents a large increase in the sample’s compliance which could represent the 

onset of yielding. 
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Figure 4-29 Shows the combined plot of three constant shear stress unloading tests showing the evolution 
of volume strain with decrease in mean effective stress. 

The yield criteria used to pick the yield points for this set of tests is different than the other two 

sets of tests. However, the volume strain behavior after the yield point is consistent in all three 

sets of tests. In the Figure 4-29, it is observed that volume strain monotonically decreases with 

decrease in mean stress. However, similar to PSP 211 (Figure 4-25), a change of slope is observed 

in all three test samples in this set. Therefore, the yield criteria of maximum curvature on volume 

strain is used to infer yield points to be mapped as yield surface.  

In the mean effective stress – shear stress space, the yield points are plotted as shown in 

Figure 4-30. The slope of the unloading based constant axial stress yield surface is 1.074. The slope 

is similar to that of the triaxial loading based yield surface. However, the yield constant is non -

zero compared to the triaxial loading based yield surface.   
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Figure 4-30 Shows the yield points of the constant shear stress unloading tests in the mean effective stress 
- shear stress plane. The slope of the yield surface is 1.07, similar to the triaxial loading yield 
surface but the coefficient is different. 

The yield surface characteristics obtained from this suite of CSSUT can be interpolated 

with the upper and lower bounds of the test conditions. Again, it is important to re-emphasize 

that these unloading stress are for high mean effective stress ranges of 3400 psi to 5000 psi.  

Therefore, extrapolating the yield surface to the lower stress values near the origin must be 

substantiated with an experimental observation before we can do so with high degree of 

confidence.  

In this section, we mapped three different yield surfaces for three different stress path 

directions – one loading and two unloading stress path directions. We discovered that the slopes 

of the three yield surfaces are equal while the yield constants are different. In the next section we 

will analyze this behavior to develop a global yield surface function.   

4.3 Discussions and Results 
In the previous section, we discovered that each of the three yield surfaces, described by 

a line, obtained from the experiments have similar slope but different yield constants. In this 

section, we will explore this behavior and develop a theory to explain this behavior. 
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Figure 4-31 depicts all yield surfaces obtained from our study in the p’- q space. These 

three loading and unloading yield surfaces have a similar slope but different yield constants for 

the range of mean effective stresses between 3000 psi and 6000 psi. The yield constants are of 

high significance. They show the dependence of yield surface on the stress path direction.  For 

example, at a given mean effective stress value of 5000 psi, if the sample is on a triaxial stress 

path it can support 5400 psi of shear stress. On a constant shear stress path, this value reduces to 

5000 psi. On a constant axial stress path, the shear stress reduces even further to 4600 psi. 

Therefore, the stress path being traversed is an important criterion to predict the yielding 

behavior of this unconsolidated sand material and in this high range of mean effective stresses.  

 

Figure 4-31 Shows the summary plot of the three yield surfaces obtained from experiments. All yield 
surfaces have similar slope with different yield constants. 

Figure 4-32 shows similar slopes of all tested yield surfaces arrived from different stress 

path directions. Starting with the triaxial loading with stress path angle, θ, of 71.56°; the constant 

axial stress unloading with θ of 123.69° and the constant shear stress unloading with θ of 180°; 

they bracket a large portion of practical loading and unloading stress paths. Therefore, it is 

reasonable to assume a minimum global yield surface within this range of stress path angle to 
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have the same slope. Moreover, all these different surface moves upward or downward 

depending on the value of yield constant. If one starts from an initial stress point (A), the shortest 

line to intersect this global minimum yield surface would be in the direction perpendicular to the 

slope of the yield surface, and the shortest distance would be the minimum yield constant.   

 

Figure 4-32 Shows the sample yielding behavior on different stress paths. The constant axial stress 
unloading test has the lowest yield surface while the triaxial loading stress path has the highest 
yield surface in this data set. 
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Figure 4-33 Shows the yield constant obtained from the yield surface plotted against the slope of the stress 
path angle. 

Figure 4-33 shows a plot of the stress path angle and the yield constant. Since, the 

dependence of yield constant on stress path angle is observed to be non-linear, a parabolic curve 

fit is used. The minimum yield constant for this parabolic fit occurs when the first derivative is set 

to zero. The value of stress path angle for this point is about 138 deg. This is the same stress path 

angle obtained by drawing a perpendicular to the yield surface. The yield constant for this stress 

path angle - ~( -800 psi) is the yield constant to accurately quantify the global minimum yield 

surface.  

Thus, for a given initial condition, test sample traversing along a stress path with a slope 

of ~139 degrees in the p’- q space will yield at the global minimum yield surface. Therefore, for 

the material tested in this research work and within the bounds of the stress path slopes of -180 

degrees (constant shear stress unloading) to +72 degrees triaxial loading), all yield surfaces are 

found to be parallel and the global minimum yield surface is found to intersect with a stress path 

of 140 degrees. The upper and lower bounds for these yield surfaces are the triaxial yield surface 

(~72 deg) and the global minimum yield surface (~138 deg), respectively.  
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With the above data defined, we want to predict the yield stress points for any stress 

paths at any initial stress points. We have represented the yield surface using a slope (m) and a 

yield constant (k) as: 

𝑞 = 𝑚𝑝′ + 𝑘 .      (4.4) 

We now represent the stress path direction and the initial condition using the following equation:  

(𝑞 − 𝑞𝑖) = tan 𝜃 ∗ (𝑝′ − 𝑝𝑖
′) ,     (4.5)   

where θ is the stress path angle, qi is the initial shear stress and pi is the initial mean effective 

stress.  A test sample starting at the initial stress point (pi , qi) and traversing along a stress path 

with angle θ will hit the yield surface at the intersection of equations 4-4 and 4-5. To find the 

solution to this system of linear equations we express the yield constant as a function of stress 

path angle θ with experimental data (Figure 4-33):  

𝑘 = 𝑓(𝜃) = 0.17 ∗ 𝜃2 − 48.8 ∗ 𝜃 + 2594.2 .   (4.5) 

The equation 4-5 can be rewritten as:  

𝑞 = 𝑚𝑝′ + 𝑓(𝜃) .           (4-6) 

The solution to the equations 4-4 ad 4-6 will be the yield point with:  

𝑝′ =
(𝑝′𝑖 ∗ tan 𝜃) − 𝑞𝑖+𝑓(𝜃)

tan 𝜃 −𝑚
       (4.7) 

and 

𝑞 =
(𝑝′

𝑖∗𝑚∗tan 𝜃) − (𝑚∗𝑞𝑖) +(tan 𝜃 ∗𝑓(𝜃) 

tan 𝜃 −𝑚
,    (4.8) 

where p’ is the yield mean effective stress, q is the yield shear stress, p’i is the initial mean effective 

stress, qi is the initial shear stress, m is the slope of the yield surface, and θ is stress path angle. 
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For the constant mean stress path where stress the path angle is 90 deg, the value of tan θ is 

undefined. Therefore, using L’Hopital’s rule, equation 4-7 reduces to:  

𝑝 =  𝑝𝑖        (4.9) 

and equation 4-8 reduces to   

𝑞 =  𝑝𝑖 ∗ 𝑚 + 𝑓(𝜃) .         (4.10) 

The equations 4-7 and 4-8 are the yield function equations. They can be used to calculate a yield 

point at any initial condition along any stress path angle.  

To gauge the impact of differences in yield points for loading and unloading stress paths, eight 

yield points are calculated with different stress path angles using one initial conditions and the 

yield function. Table 4-3 shows the difference in calculated yield points from a triaxial loading 

path and from the yield function, with different stress path angle. Figure 4-34 highlights the 

differences in prediction of yield points from a conventional loading triaxial yield surface and the 

yield function. For the unloading phase, there is a stark contrast with loading surface 

overestimating the yield points by more than 37 %.  

Therefore, the yield function generated yield surfaces should be used to calculate yield behavior 

of reservoir under unloading stress path.   
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Table 4-3 shows the calculated yield stresses for different stress path angles, the expected yield stress based 
on triaxial yield surface and difference between the two yield points. 

 

Stress 
path angle 

(Deg) 

Actual yield stress  

(psi) 

Expected yield stress 

(psi) 

Difference 

(psi) 

  p’ q p’ q p’ q 

Depletion 

71.56 6743 7228 6743 7228 0 0 

80 5687 5897 5736 6174 49 276 

85 5295 5371 5326 5734 31 362 

90 5000 4959 5000 5382 0 423 

Injection 

100 4585 4348 4500 4843 -86 495 

130 3896 3315 3496 3763 -400 448 

150 3500 2865 2955 3181 -546 315 

180 2492 2000 1857 2000 -635 0 
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Figure 4-34 Shows the yield points calculated from the yield function along different stress path angles. The 
triaxial yield surface predicted yield points significantly overestimate those predicted from the 
yield function in the unloading phase by maximum of 37%.  

4.4 Conclusions and Future Work 
Stress magnitude and stress path dependence on the yield behavior of unconsolidated 

sands is presented. A suite of rock strength experiments was conducted to understand the 

yielding behavior under different stress paths. Yield surfaces were mapped in the effective mean 

stress – shear stress space for the different stress paths. 

Following are the important conclusions – 

• Yield surfaces for all three sets of experiments were found to be different, parallel with 

different values of yield constants. 

θ, stress path angle 
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• A minimum global yield surface model is proposed in this work. The material will yield at 

the global minimum yield surface if the stress path traversed is perpendicular to the yield 

surfaces.  

• With two tests – one multi-stage triaxial test to determine the loading yield surface and 

one stress path to determine the minimum yield stress, in this specific order, we can 

bracket the upper and lower bounds for all yield surfaces.  

• With the presented yield function, the yield point of this material at any initial condition 

(within bounds of p’ and q are 2000 psi to 7000 psi) and all stress paths (within bounds -

180 deg to +72 deg) can be predicted.    

Future work includes 

• Validating the model with more stress paths and expanding the upper and lower bounds. 

• Including different materials to study if similar behavior is observed. 

• Building a global repository of different materials to quickly predict the yield stress of a 

material if the stress path is known.  
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5. COMBINED CONCLUSIONS AND FUTURE WORK 

Importance of injection geomechanics on rock properties are of particular significance 

during any fluid injection process in multiple industries (nuclear waste disposal, secondary and 

tertiary recovery in oil and gas industry, geothermal energy, waste-water disposal etc.). The effect 

of injection on changing the minimum in-situ stress with pore pressure and on yielding behavior 

of unconsolidated sands was investigated using a suite of experiments on unconsolidated sands 

analogue test samples. A consistent and uniform sample preparation technique has been 

presented to prepare representative samples for the target sub-surface unconsolidated sands 

reservoir.  

Changes in minimum in-situ stress with depletion and injection was quantified using 

horizontal stress path coefficients to simulate far field stresses in a laterally extensive reservoir 

(with no vertical stress arching). The horizontal stress path coefficient was lower on initial 

depletion stress paths compared to reload depletion and injection stress paths. Amount of 

hysteresis energy dissipated during the initial depletion – injection cycle to new depletion levels 

is about six times higher than the repeat depletion – injection cycle. Alteration of material 

properties and different Poisson’s deformation induced horizontal stresses for injection and 

depletion explain the lower value of depletion coefficient. The alteration of material signified by 

movement of yield surface was quantified using Modified Cam Clay Material Model.      

Effects of stress path direction on yield behavior was studied using three different stress 

paths - one loading based stress path direction and two unloading based path direction. The 

observed yield surfaces for three stress paths directions were different and parallel to each other 

with different yield constants in the mean effective stress – shear stress space. The yield behavior 

was found to be stress path direction dependent.  
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A global minimum yield surface model was proposed. Its slope is parallel to all other yield 

surfaces. The stress path direction that intersects this global minimum yield surface is at an angle 

perpendicular to the yield surface slope (of ~138 deg for our test specimen). The presented yield 

function in the previous section (equation 4-7 and 4-8) can be used to predict the yield points for 

any stress path (bounds of -180 deg to + 72 deg) and at any initial test stress point (bounds of p’ 

and q are 2000 psi to 7000 psi). This model can be interpolated within the bounds of stress paths 

tested in this work. Further validation with additional tests is required before it can be 

extrapolated outside the bounds of the tested conditions.  

Future work involves performing tests for different boundary conditions to determine the 

variation in stress path coefficients for different materials. More tests should be performed to 

validate the bounds of the global minimum yield surface model outside the tested conditions. This 

methodology can be adopted to characterize more geo-materials of interest.  
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6. APPENDIX 1 – MODIFIED CAM CLAY (MCC) MODEL  

The ability of a material to deform permanently under applied stress is called plasticity. 

The irrecoverable physical deformation that remains after load is removed is called plastic 

deformation. A material is yielding when the stress-strain behavior can no longer be expressed by 

Hooke’s Law. To describe the deformational response of the material under load up to and beyond 

yielding, an elasto-plastic model is used. This model captures the elastic response up to the yield 

point and then perfectly plastic response beyond it. (Wood, 1990). Following ingredients are 

required to build an elasto-plastic constitutive model:  

• Description of elastic behavior – elastic properties, 

• Initiation of plastic deformational behavior – yield surface criterion, 

• Mechanism of plastic deformation – plastic potential, 

• Magnitude of plastic deformation – hardening rule. 

The Modified Cam Clay model or MCC model is an example of an elasto-plastic model 

(Roscoe et al., 1968). The model predicts values of both - incremental elastic strain and 

incremental plastic strain, with changes in stress invariant values. 

The model is expressed in terms of an effective mean stress- shear stress plot (Figure 6-1). 

Effective mean stress is expressed as a function of the first invariant of the principal stress tensor. 

The first invariant of the principal stress tensor is  

𝐼1 =  𝜎1 +  𝜎2 + 𝜎3 .                  (6.1) 

The mean effective stress is expressed as a function of the first invariant: 

𝑝′ =  (
𝐼1

3
) .     (6.2) 
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Shear stress is expressed as a function of the second invariant of the stress deviation 

tensor as:  

𝑞 =  √3𝐽2 .     (6.3) 

The second invariant of the stress deviation tensor (Fung, 1994) is  

𝐽2 =
1

2
[(𝜎1 −

𝐼1

3
)

2
+ (𝜎2 −

𝐼1

3
)

2
+ (𝜎3 −

𝐼1

3
)

2
] .   (6.4) 

The yield surface is defined by two parameters, namely – critical state line with slope M and 

maximum isotropic consolidation stress P0. For triaxial conditions, 

𝑞 =  (𝜎1 − 𝜎3)         (6.5) 

and 

𝑝′ =  (
𝜎1+2𝜎3

3
) .       (6.6) 
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Figure 6-1 A graphical representation of MCC model with its yield surface, critical state line and maximum 
consolidation stress in a mean stress - shear stress plot. 

The slope of the critical state line is M. The critical state line is expressed as: 

𝑞 = 𝑀𝑝′ .          (6.7) 

P0 is the maximum value of consolidation stress experienced by the specimen. The yield 

surface equation is in the form of an ellipse. The critical state line intersects the yield surface with 

an effective mean stress value of 50% of the maximum isotropic consolidation stress.   

The yield surface is expressed in terms of shear stress - q, mean effective stress – p’, and 

consolidation stress – p0. (Borja, 1990) as: 

𝑓[𝑞, 𝑝′, 𝑝0] = 𝑞2 − 𝑀2𝑝′(𝑝0
′ −  𝑝′) = 0 .   (6.8) 

The total strain can be linearly separated into its component elastic and plastic strain. 

Total volume strain is expressed as (Chin, 1997): 

𝜕휀𝑣 = 𝜕휀𝑣
𝑒 + 𝜕휀𝑣

𝑝
              (6.9) 
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and the total shear strain is expressed as: 

𝜕휀𝑠 = 𝜕휀𝑠
𝑒 + 𝜕휀𝑠

𝑝
 .    (6.10) 

The model assumes that strain is purely elastic inside the yield surface and plastic strain 

start accumulating at the yield surface.  

When soft soil undergoes isotropic compression, the specific volume is related to the 

consolidation stress (Figure 6-2). Specific volume is defined as  

𝜈 = 1 + 𝑒      (6.11) 

or 

𝜈 =
1

1−𝜙
 ,     (6.12) 

where e is void ratio and φ is porosity.  

The relationship between specific volume and consolidation stress (Figure 6-2) on the compaction 

curve is as follows: 

𝜈 =
1

1−𝜙
= 𝜈𝑐 − 𝜆𝑙𝑛𝑝0      (6.13) 

and on the swelling curve is  

𝜈 =
1

1−𝜙
= 𝜈𝑠 − 𝜅𝑙𝑛𝑝0 .     (6.14) 
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Figure 6-2 A graphical representation of compaction and swelling curve. The slopes 𝜆 and 𝜅 are calculated 
from these curves.  

The material behavior is predicted through volume strain and shear strain. The elastic part 

of these strains is derived from the swelling curve. In the elastic region, the amount of volume 

strain is assumed to be equal to the amount of change in porosity. The elastic volume strain and 

shear strain are:  

[
𝛿휀𝑣

𝑒

𝛿휀𝑠
𝑒] = [

𝜅(1−𝜙)

𝑝′ 0

0
1

3𝐺

] [
𝜕𝑝′

𝜕𝑞
] .    (6.15) 

For calculating plastic strains, we define a plastic potential. The plastic potential χ relates 

plastic strain matrix to the stress matrix. The parameter g is scalar function which, when 

differentiated with respect to individual components of stress matrix, gives plastic strains. The 

plastic strain is expressed as: 

𝛿휀𝑖𝑗
𝑝

= 𝜕𝜒.
𝜕𝑔

𝜕𝜎𝑖𝑗
  .    (6.16) 

A flow rule is introduced to relate the plastic strain direction to the yield surface. The 

plastic potential equation above is a form of non-associated flow rule. If the plastic potential 
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calculation uses the yield surface function f instead of g, the flow rule will be called associated 

flow rule. The equation 6.16 can be rewritten as: 

𝛿휀𝑖𝑗
𝑝

= 𝜕𝜒.
𝜕𝑓

𝜕𝜎𝑖𝑗
 .     (6.17) 

The scalar function is the yield surface function if the plastic strain increment vector is 

normal to the yield surface. The scalar function is any other function that describes the direction 

of plastic strain increment vector if they are not perpendicular to yield surface.  

The ratio of the shear stress q to mean stress p is denoted as η. Using the plastic potential 

function and the associated flow rule the following matrix describes the plastic strain calculation. 

(Wood, 1990). Total plastic strains are: 

[
𝛿휀𝑣

𝑝

𝛿휀𝑠
𝑝] =

(𝜆−𝜅)(1−𝜙)

𝑝′(𝑀2+𝜂2)
[
𝑀2 − 𝜂2 2𝜂

2𝜂
4𝜂2

𝑀2−𝜂2

] [
𝜕𝑝′

𝜕𝑞
] .   (6.18) 
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7. APPENDIX II – MCC MODEL FITS 

In this section we will provide the MCC model fits for Test 2 – PSP 214.  

Table 7-1 shows the MCC Model parameter fits for PSP 214 on initial conditions, 1st injection, 1st depletion 
and last depletion ramps. 

 

 

Figure 7-1 Shows the calibrated MCC model for triaxial stress path ramp of PSP 214. The yield surface is 
shown in blue; the critical state line is shown in green and the triaxial stress path is shown in red. 

0

1000

2000

3000

4000

5000

6000

0 1000 2000 3000 4000 5000 6000

SH
EA

R
 S

TR
ES

S 
(P

SI
)

MEAN EFFECTIVE STRESS (PSI)

PSP 214 - STRESS PATH TO INITIAL CONDITIONS

YIELD 

SURFACE

TRIAXIAL 

STRESS PATH

CRITICAL STATE 

LINE

 MCC Model Parameters 

Stress path Lambda Kappa M Pre-consolidation 
Stress (psi) 

Porosity Poisson’s 
Ratio 

Triaxial 0.017 0.016 0.77 4200 0.27 0.21 

1st Injection 0.017 0.010 1.0 4400 0.25 0.18 

1st Depletion 0.017 0.010 1.0 4500 0.26 0.18 

Last Depletion 0.027 0.019 1.0 5200 0.23 0.18 

2a. Initial conditions  
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Figure 7-2 Shows the simulated strain data and experimental strain data plotted together. There is a good 
match between the two data sets indicating a good model fit. 
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(B) 

 

 

(C) 

Figure 7-3 Shows the MCC model fits for the 1st injection (A), 1st depletion (B) and last depletion stress path 
for PSP 214. A simulated yield surface with its critical state line and the stress path taken by the 
sample and with experimental axial strain data recorded from the lab measurements are plotted. 
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