
DENSITY MATRIX RENORMALIZATION GROUP STUDIES

OF STRONGLY CORRELATED SYSTEMS IN LOW

DIMENSIONS

by

Yixuan Huang

A dissertation submitted to the Department of Physics,

College of Natural Sciences and Mathematics

in partial fulfillment of the requirements for the degree of

Doctor of Philosphy

in Physics

Chair of Committee: Chin-Sen Ting

Committee Member: Pavan Hosur

Committee Member: Zhifeng Ren

Committee Member: Kevin E. Bassler

Committee Member: Nikolaos V. Tsekos

University of Houston
May 2020



Copyright 2020, Yixuan Huang



ACKNOWLEDGMENTS

I would like to thank my advisor Prof. C.S. Ting for providing me the opportunity to

work on numerical methods for strongly correlated systems, and the continuous support of

my study, research, patience, and motivation which is an excellence guidance throughout

my research. I would also like to thank Prof. D.N. Sheng for the numerous and fruitful

discussions about the implementations of numerical algorithms, the physical meaning of

the numerical observables, and their relations to the real materials and experiments. My

gratitude also goes to Prof. Pavan Hosur who has helped me a lot in understanding the

leading edge knowledge of the many-body physics. He has provided me with lots of insights

in the analytical approaches to different physical problems. Also, I would like to thank my

other dissertation committee members, Prof. Kevin E. Bassler, Prof. Zhifeng Ren, and Prof.

Nikolaos V. Tsekos for the professional comments and advice from their point of view, which

helps me a lot in improving my research. At last, I would like to thank my friends and

family for supporting me throughout my Ph.D. program and the helpful discussions on the

research-related issues.

iii



ABSTRACT

The density matrix renormalization group method (DMRG) is a powerful numerical method

for strongly correlated systems, which often cannot be solved analytically either by the

mean field approach or through perturbation. The DMRG was originally proposed as an

iterative search of the ground state in one dimension. With more researchers involved in the

development of the algorithms based on DMRG, now it has become an optimized unbiased

method for the strongly correlated problems. Compared with other numerical methods, the

DMRG has one drawback that it cannot handle the lattices in three dimension. However,

many materials with layered structure like the high-Tc superconductors can be approximated

by the two dimensional lattice, and some models can be simplified or transformed into lower

dimensions without losing information under certain situations. Here we have studied models

of the electron systems in one dimension, and the spin systems in two dimension with large

scale DMRG. For the Kondo lattice model we have found two charge-ordered phases in the

doped regime which have not been found before. We also investigate the spin-1
2

XY model

on the honeycomb lattice and identify a chiral spin liquid with additional chiral interactions.

The chiral spin liquid has a non-trivial topological order with chiral edge states. Regarding

the twisted bilayer graphene which is found experimentally to emerge a superconducting

phase at low temperature, we construct an auxiliary model and provide insights to the

exotic ferromagnetic Mott state that may exists in the twisted bilayer graphene. We also

try to study the Kondo impurity problem in the presence of a superconductor and discuss

the potential models with realistic interactions for future studies.
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Chapter 1

Introduction

1.1 Condensed matter physics and strongly correlated

systems

In condensed matter physics people study various states of matter. These states include

insulating state, metallic state, superconducting state, quantum hall states and so on. Most

matter involves large amount of atoms and particles. Although the behavior of every single

particle is governed by the physical laws like quantum mechanics and statistical mechanics,

together with the strong interactions between them they could form a new phase that is

beyond single particle physics [1].

Starting from the microscopic view, every material contains nuclei that have positive

charges, and electrons that have negative charges. The Hamiltonian of the whole system

includes the electromagnetic potential energy and the kinetic energy. The most difficulty of

solving the Hamiltonian is the ”exponential wall”: As the number of particles or variables

increases, the complexity or the number of possible states increases exponentially. Even

with the help of the most advanced computers in the world the system with more than

1



Figure 1.1: The crystal structure of Per2[M(mnt)2]. The conducting Per stack has a much
larger resistivity within the plane than perpendicular to the plane, making it an effective
one dimensional conducting chain.

thirty atoms can not be solved exactly, which is a very small number compared to the 1023

atoms in real materials.

For most solid we could consider the atoms as a periodic lattice plus a small vibration

about the lattice point. The electron’s wave function in a periodic lattice could be described

by the band theory. The band theory has predicted conductors, semiconductors, and insula-

tors successfully. It also explains many electronic transport properties such as conductivity

and magnetic susceptibility.

However, the band theory has neglected the Coulomb interactions between electrons,

thus is not suitable for materials with strong interactions. With the Fermi liquid theory

some interacting systems could be explained, but nowadays more and more states beyond

the Fermi liquid theory have been found in nature. In one dimension, the interactions

between electrons lead to a Tomonaga-Luttinger liquid [2], which is different from the Fermi

liquid. Other exotic states include the Mott insulator, high temperature superconductor,
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heavy Fermion materials, and so on. The common characteristic of those states is the strong

correlations between the electrons, which is why the system is called strongly correlated

systems.

The strongly correlated systems are studied using the lattice models which is based

on a discrete space. The lattice in the solid is automatically given by the atoms because

the atoms will stay in the equilibrium position in real space if we neglect the small vibra-

tions. Even though almost all materials are three dimensional in nature, the interactions in

some dimensions could be much weaker than other dimensions, thus resulting in an effec-

tive lower dimensional system. As an example given in Figure 1.1, This organic compound

Per2[M(mnt)2] [3] is often treated as quasi-one dimensional material because the distance

between the stack in the other two dimensions are much longer, thus the interactions are

much weaker.

In one dimension the lattice is either an open chain or a closed loop, while in two di-

mensions there could be various types of lattices such as triangle lattice, honeycomb lattice,

kagome lattice, and so on, as illustrated by Figure 1.2. The same Hamiltonian could have

completely different physics on different geometries.

In three dimensions the lattice could become more complicated. Physicists seek to un-

derstand the physical properties of matter with minimal model by capturing the important

role play of different interactions and lattice types. Most of the lattice models can not be

solved exactly, and because of the strong interactions between electrons, we can not use

perturbation theory to treat it as an effective one particle problem.

1.2 Numerical and analytical methods

In most cases, there are two basic routes to approximate the many-body wave functions

of the complicated lattice model in general. The first one is by mean field theory, which

3



Figure 1.2: Some common lattice configurations in two dimensions.

represents the interactions by the mean field interactions and results in an analytical solution

of the Hamiltonian. The advantage of the mean field theory is that we could have a better

understanding of the physics with the analytical solution, but sometimes the solution is

biased and not exact. Generally for a gapped system the quantum fluctuation corrections

to the mean field solutions are finite, thus giving some confidence in the validity for the

gapped cases. The second way is by numerical simulation. With more powerful computers

and developed numerical algorithms the strongly correlated systems could be solved with

higher precision.

In some situations, an exact analytical solution of the Hamiltonian can be achieved. The

exact analytical solution provides a helpful way to examine the validity of the numerical

calculations. In one dimension, the Bethe ansatz method is successful in solving the ba-

sic models such as antiferromagnetic Heisenberg model and Hubbard model. Under the

bosonization and Luttinger theory [2], all electronic systems in one dimension belong to

the universal class of Tomonaga-Luttinger liquid. In such case, all physical properties are

controlled by a single Luttinger parameter.

4



< ρ(r)ρ(0) >=
2

(2πα)2
cos(2kFx)(

α

r
)2K (1.1)

< O†CDW (r)OCDW (0) >=
e2ikF x

2(πα)2
(
α

r
)K+1 (1.2)

The examples of the density-density correlation functions and the charge density wave

correlation functions are given by Equation 1.1 and Equation 1.2, assuming the Hamiltonian

has spin SU(2) symmetry. Here K refers to the Luttinger parameter. These properties

provide us an efficient way to numerically calculate the Luttinger parameter of a specific

Hamiltonian in one dimension, and once the Luttinger parameter is known other physical

properties could be derived from Luttinger theory. In addition, the theory can help us

identify the phase transitions along with the numerical results.

For systems in two or more dimensions there is hardly an exact solution in general.

Instead, people use mean field theory to acquire a physical picture that is helpful in explaining

some of the phenomenon, such as the slave boson method [4], and the renormalized mean

field theory [5]. However, those methods are usually limited to a certain type of problem.

As the development of high performance cluster computing, the numerical algorithm has

improved a lot and become the most important way to approach the strongly correlated

systems. Below is the introduction of four main standard numerical methods. To these days

people are still searching for new algorithms based on these methods, but the validity and

accuracy of the new methods remain to be tested.

1. The exact diagonalization [6, 7]. For a finite size lattice of a given Hamiltonian, the

Hamiltonian is written in the form of one large matrix. The matrix is diagonalized using

iterative eigenvalue solver like the Lanczos or Davidson, and the physical observables are

obtained by the eigenvalues and eigenvectors. This algorithm is applicable for any type

5



of Hamiltonian, but it is limited by the lattice size of 64 sites for spin systems, and even

fewer for electron systems. Thus, it is hard to extrapolate the numerical results into the

thermodynamic limit.

2. The density matrix renormalization group [8, 9]. This algorithm is based on the

finite quantum entanglement representation of the ground state. It is developed based on

the numerical renormalization group method, which tends to restrict the dimension of the

Hamiltonian matrix by truncating the high energy states and acquire the ground state of a

larger size lattice, or even an infinite size. Although the algorithm can be used to calculate

larger size, the lattice is often restricted to one dimension or quasi-two dimensions, because

quantum entanglement of the ground state is proportional to the area between two partitions.

This is known as the area law. Nowadays there are other numerical algorithms based on

the density matrix renormalization group method that could calculate real two dimensional

systems such as the projected entangled pair states. More details of the density matrix

renormalization group method will be discussed in chapter 2.

3. The quantum Monte Carlo method [10]. This approach typically provides very accu-

rate solution to the non-frustrated interacting bosonic systems. Its advantages of being able

to deal with three dimensional lattices and finite temperature has made it popular for sim-

ulating various types of systems. However, the sign problem raised by the frustrations and

the anti-commutation rule of Fermionic systems makes it less accurate for certain materials

like the quantum spin liquids.

4. The dynamical mean field theory [11]. Instead of trying to calculate the ground state

of a many-body lattice Hamiltonian, we can map the Hamiltonian into an impurity model,

and the impurity model becomes easier to solve with various techniques. The mapping of the

Hamiltonian is more accurate for higher dimensions, and becomes exact in the limit of infinite

dimensions. Generally for a three dimensional system, the dynamical mean field theory can
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provide good predictions for the electronic properties like a phase transition between a Mott

insulating state and a metallic state, but for two and one dimensional systems, it becomes

less valid. Another limitation of this method is the impurity problem. We can not map the

impurity model because it doesn’t have the lattice symmetry.

1.3 Foundamental lattice models

1.3.1 The Hubbard model

When we consider electrons moving in a lattice, the correlations between the electrons

are very important. An electron can not hop to another state if that state is already occupied

by another electron because of the Pauli exclusion principle. In addition, the electron will

have less tendency of hopping to the nearby site if there are electrons there because of the

Coulomb repulsion. The simplest model containing Coulomb repulsive interactions between

electrons is the Hubbard model. The Hamiltonian of the Hubbard model [12] for single orbit

is

H =
∑
i,j

∑
σ

Tijc
†
iσcjσ +H.c.+ U

∑
i

ni↑ni↓ (1.3)

The first term in the Hamiltonian is the hopping term where c†i,σ refers to the creation

operator of an electron on site i with spin index σ, and the second term describes the onsite

Coulomb interactions. If we consider only nearest neighbor hopping, the hopping term∑
i,j Tij could be reduced to t

∑
<i,j>.

In one dimension, any finite positive U will result in a Mott insulator at half filling [13].

This Mott state is a spin density wave state with a uniform electron density and a non-

uniform spin density. Apart from the half filling, the system will always be metallic regardless
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of the magnitude of U [14]. If we include the nearest neighbor Coulomb repulsion term

V
∑

<i,j>

∑
σσ′ niσnjσ′ , the state could become insulating again [13, 15, 16]. The model that

includes not only the onsite Coulomb repulsion interactions is called the extended Hubbard

model. Depending on the strength and interaction type, the Mott state could be spin density

wave, charge density wave, or bond order wave [17]. In the charge density wave and bond

order wave state the electron density forms a standing wave like pattern. The difference

between them is that the peak of the standing wave is at the site for the charge density

wave, but it is in between the sites (at the bond) for the bond order wave.

Besides the Mott state, other interesting phenomenon like high Tc superconductors and

topological state can also emerge from the Hubbard model. When U � t and the system is

at less than half filling, the Hubbard model can be approximated by the t-J model [18]. The

Hamiltonian of t-J model is

H = t
∑
<i,j>

∑
σ

c†iσcjσ +H.c.+ J
∑
<i,j>

(
−→
Si ·
−→
Si −

ninj
4

) (1.4)

Here J = 4t2

U
is the antiferromagnetic interactions between nearest neighbor spins. The

t-J model has become the most important model to study the cuprate based high Tc super-

conductors [19]. The cuprate based high Tc superconductors have layered structure that is

similar to a two dimensional material. In numerical calculations, the electronic system in

real two dimensional lattice still remains a challenge. For instance, with the standard den-

sity matrix renormalization group method the calculations could be done on a cylindrical

geometry, with open boundary conditions in one direction and periodic boundary conditions

in another. However, the circumference of the cylinder is often restricted to several lattice

spacing, making it hard to extrapolate to the thermodynamic limit.

Because of the effective antiferromagnetic interactions between nearest neighbor spins,

the Hubbard model could induce frustrations with frustrated lattice such as the triangle

8



lattice. This could lead to a quantum spin liquid phase [20] with fractional quasi-particle

excitations. In the mean time, the materials with quantum-spin-liquid-like behavior are

being actively searched in experiments [21].

1.3.2 The Heisenberg model

In the Mott region where U � t at half filling, the electrons are localized at each lattice

point. With exactly one electron per site, the whole system could be described as an effective

spin-1
2

system. The simplest effective Hamiltonian is given as

H = J
∑
<i,j>

−→
Si ·
−→
Sj (1.5)

Depending of the sign of J , the model is called ferromagnetic Heisenberg model, or

antiferromagnetic Heisenberg model. This model is used to study the quantum magnetism

in materials. As an example in one dimension, at high temperature the system is in non-

magnetic thermal equilibrium state. As temperature decreases, the magnetic susceptibility

generally follows the Curie’s law which is inverse proportional to the temperature. However,

at zero temperature the ground state is a paramagnetic state with finite susceptibility. Using

numerical calculations we could obtain the magnetic susceptibility for various temperatures

as illustrated in Figure 1.3. The peak of the magnetic susceptibility shows the Curie limit.

If we extend the interactions to further neighboring sites, the competition between the

interactions will lead to other kinds of state. For example, a dimer phase can be found

with large next nearest neighbor interactions [22]. In two dimensional lattice, there could be

stripy phase [23], xy-plane Neel order [24], plaquette valence bond order [25], and so on.

Although the model looks simple, there is no analytical solution except for the one

dimension version. In addition, the extension of this Hamiltonian could result in many

exotic states that remains to be the hot topic in the field.
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Figure 1.3: The magnetic susceptibility for various temperatures in one dimensional Heisen-
berg model. The numerical results is obtained by density matrix renormalization group
method.

If we consider the spin to be spin-1 instead of spin-1
2
, a symmetry protected topological

phase emerges which is known as the Haldane phase [26] for spin-1 chain. This topological

phase can emerge for any integer number of spin, and is related to the quantum Hall effect.

For the extended Heisenberg model like including a next nearest neighbor spin interaction,

if the magnitude of the interaction has opposite sign, the Hamiltonian will be frustrated.

The frustration can also be achieved by putting the antiferromagnetic Heisenberg model in

a frustrated lattice. Instead of the magnetic ordered state for the ground state, a quantum

spin liquid state will emerge due to frustration [27]. The exotic properties [28, 29] of the

quantum spin liquid are relevant to both unconventional superconductivity [30, 31, 32] and

topological quantum computation [33].

Besides the Heisenberg interaction which consists of a two spin interaction, we can also

get other types of spin interaction from the higher order perturbation of the Hubbard model.
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In the presence of a staggered magnetic field, there could be an effective three spin chiral

interaction [34] that is defined as

Hχ = Jχ
∑

i,j,k∈4

−→
S i · (

−→
S j ×

−→
S k) (1.6)

The interaction could lead to a non-zero chirality that breaks the time reversal symmetry,

which is essential for the topological states like chiral spin liquid. Furthermore, there could

be a four spin ring exchange interaction [35] that competes with other interactions.

1.3.3 The Kondo model

In the study of inter-metallic elements, there are unpaired 4f or 5f electrons besides the

itinerant electrons. These electrons are in the inner shell of the atoms, making them harder

to contribute to the itinerant electrons. However, we could still consider them as magnetic

impurities that interact with the electron spins. For the simplest case consider only one

magnetic impurity that is represented by a localized spin-1
2
, the Hamiltonian is

H = −t
∑
<i,j>

∑
σ

c†iσcjσ +H.c.+ J
−→
S0 · −→s0 (1.7)

The second term in the Hamiltonian describes the spin-spin interaction where
−→
S0 denotes

the localized spin-1
2

at location 0 and −→s0 = 1
2

∑
α,β c

†
0,α
−→σ α,βc0,β (with Pauli matrices −→σ ) the

conduction electron spin.

The name of Kondo model originates from the experimental observation of an unexpected

rise in resistivity of a metal at low temperature, which was explained by Kondo [36] with

theoretical approaches, and later by Wilson [37] using numerical methods. More interesting

phenomenon appears when we consider two or more impurities and include the interactions

between them [38]. The interaction in the assumption of free electron bath can be derived
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Figure 1.4: The demonstration of the Kondo insulator. The finite energy needed to break
the singlet state and move an electron leads to an insulating ground state.

using perturbation theory, which is named as the RKKY interaction [39, 40, 41]. This

effective interaction is long-ranged between the the localized spins, with oscillations between

ferromagnetic and antiferromagnetic coupling.

If the compound contains lots of rare earth elements that have magnetic impurities, the

interactions will lead to significantly larger free electron mass, which is called the heavy

Fermion materials. The corresponding lattice model is called the Kondo lattice model, with

the Hamiltonian defined in one dimension as

H = −t
L−1∑
i=1,σ

c†i,σci+1,σ +H.c.+ J
L∑

i=1,σ

−→
Si · −→si (1.8)

Here the localized spins are periodically distributed on the lattice site. In the strong

coupling limit J � t at half filling, the ground state is the Kondo insulator. Because there

is one electron per site, every electron will form a spin singlet state with the localized spin

as illustrated in Figure 1.4.

The Kondo model or Kondo lattice model is also studied is the context of other phases like

the superconductivity. Experimentally the heavy Fermion superconductor has been found

for certain materials [42], and the Weyl-semimetal could also be driven by the correlations

with the magnetic impurities, which is identified as a new quantum material called the Weyl-

Kondo semimetal [43]. The topological Kondo insulator with nontrivial topology has also

12



been proposed theoretically in three dimensions [44], where the spin-orbit coupling plays an

important role in stabilizing those topological states.

If we allow the hopping between the f electrons and the itinerant electrons, the corre-

sponding model is called the Anderson impurity model or periodic Anderson model [45]. The

model is used to study the magnetic moment induced by the impurities in a non-magnetic

metal. The heavy Fermion property can also be obtained from the periodic Anderson model

because the Kondo lattice model is derived from the periodic Anderson model in the weak

coupling limit. However, in the periodic Anderson model there is fluctuation in the conduc-

tion electron density, but there is no such fluctuation in the Kondo model. Thus the two

models should be treated as different models.
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Chapter 2

Density Matrix Renormalization

Group Method

2.1 Introduction

The density matrix renormalization group (DMRG) is a numerical method for calculating

the ground state of the many-body Hamiltonian [8, 9]. The ground state is an eigenstate

with the lowest eigenvalue of the Hamiltonian, thus we can truncate the basis of the Hamil-

tonian by getting rid of the high energy states. Originally this idea was implemented as

the numerical renormalization group (NRG) [37], which directly truncates the basis based

on the energy. The NRG method is successful in predicting the physical properties of many

strongly interacting systems such as the unexpected rise of resistivity in low temperature

due to the magnetic impurity, which is known as the Kondo problem [37]. The numerical

result gives resistivity from zero to high temperature in consistence with the experimental

result. However, for a periodic lattice especially in finite size, the NRG method becomes less

accurate.

The algorithm of both DMRG and NRG shares the same logic. Here we first introduce
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the basic algorithm of the NRG method. The calculation starts with a small size system,

with the dimensions of the Hilbert space small enough for the computer to diagonalize. Take

the two spins Heisenberg model as an example, the Hilbert space is

H2 =
−→
S1 ·
−→
S2 =



1
4

0 0 0

0 −1
4

1
2

0

0 1
2
−1

4
0

0 0 0 1
4


(2.1)

The ground state is the singlet state with eigenvalue of −3
4
. The Hilbert space could be

truncated without losing the information of the ground state by applying a unitary matrix

transformation.

U =



0 0

1√
2

1√
2

1√
2
− 1√

2

0 0


H̃2 = U †H2U =

1
4

0

0 −3
4

 (2.2)

As shown in Equation 2.2, the unitary matrix is chosen by the eigenvectors associated

with the smallest two eigenvalues, and the dimensions of the Hilbert space are reduced. Then

we add another spin to the system by taking the tensor product of the two subspaces.

Hn = H̃n−1 ⊗ I +
−→
S̃ n−1 ⊗

−→
S n (2.3)

Any operator in the original subspace is truncated with the same unitary transformation

like
−→
S̃ z. In this way the overall dimensions of the Hilbert space are fixed at a certain number

and we can repeat the process until the energy per site converges. The general process is as

follows assuming there are D degrees of freedom per site.
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Figure 2.1: The whole system in DMRG is made of the system block and the environment
block, and each time there is one site added to each block.

1. Build the Hamiltonian matrix for two sites, add one site to the system, and diagonalize

the whole Hamiltonian.

2. Repeat until the dimension of the Hilbert space becomes larger than M .

3. Obtain the eigenvectors and the eigenvalues of the whole Hamiltonian and truncate it

by the unitary transformation containing M lowest eigenvalues.

4. After the truncation, add one site to the block, and then dimension is just D×M for

each block.

5. Repeat the process of 3 and 4 until the energy per site converges.

Based on the NRG algorithm, the DMRG algorithm tries to include the environment

and the coupling between the environment and the system. As a result, the Hamiltonian for

the DMRG algorithm contains two blocks, the system block and the environment block. As

shown in Figure 2.1, the tensor product of the two blocks is called the super Hamiltonian,

and there is one site added to each block every time the system is enlarged.

The truncation of the super Hamiltonian is based on the reduced density matrix, which

is defined as

ρs = Tre |Φ〉 〈Φ| (2.4)

[ρs]i,i′ = 〈i |ρs| i′〉 =
∑
j

〈ij |Φ〉 〈Φ| i′j〉 (2.5)
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where |Φ〉 =
∑

ij Φij |i〉 |j〉 refers to the ground state of the super Hamiltonian, |i〉 and

|j〉 refers to the indices of the system block and the environment block, respectively. In the

Equation 2.4, the reduced density matrix of the system block is calculated by tracing over

the environment block, and vice versa. After diagonalizing the reduced density matrix, the

block is truncated using the largest M eigenvalues of the reduced density matrix.

The eigenvalues of the reduced density matrix have the properties given by Equation 2.6

because of the normalization of the ground state.

∑
k

ωk = 1, ωk > 0 (2.6)

The ωk refers to the eigenvalue. In order to be able to continue the iteration the super

Hamiltonian needs to be truncated. The truncation error is defined as

W = 1−
m∑
k

ωk (2.7)

Here we keep the largest M eigenvalues of the reduced density matrix. In general, the

truncation error needs to be smaller than 10−5 for the validity of the ground state properties,

and 10−7 for the correlation functions or the excitation properties.

Using the algorithm stated above, we could obtain the numerical results for infinite size

system in one dimension, which is in the thermodynamic limit. For the finite size lattice,

the site is not added to each block during the algorithm. As shown in Figure 2.2, after the

desired lattice size is reached, we add one site to the environment block and remove one site

from the system block at the same time. In this way, the total sites of the super Hamiltonian

remain the same. When there is only one site in the system block, we start to add one site

to the system block, and remove one site from the environment block. One circulation of

this process is called a sweep.
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Figure 2.2: The schematic graph for the sweeping process in finite size DMRG algorithm,
where ’Sys’ refers to the system block and ’Env’ refers to the environment block.

For finite size DMRG, we can calculate various physical properties such as the correlation

function and the entanglement entropy besides the ground state energy during the sweep,

and determine the convergence by these properties. This advantage does not occur in the

infinite size DMRG algorithm because the lattice size always changes. As a result, the finite

size DMRG is used more often in the numerical calculations because it is more accurate.

2.2 Finite temperature DMRG

The conventional DMRG method can only calculate the ground state which is at zero

temperature, and very few low energy excited states. For thermodynamic properties such as

the specific heat for finite temperature, we need to apply DMRG to the transfer matrix [46],

which is related to the partition function.

Z = Tr(e−βH) = Tr(TN) =
∑
i

λNi (2.8)
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The transfer matrix T of the one dimensional lattice is given by Equation 2.8, assuming

the periodic boundary condition. N refers to the number of sites, and λi refers to the

eigenvalues of the transfer matrix. Because the N approaches infinity in the thermodynamic

limit, the partition function only depends on the largest eigenvalue, thus we only need to

calculate the largest eigenvalue in the algorithm.

The calculation of the transfer matrix is through the Suzuki-Trotter decomposition [47].

For nearest neighbor Hamiltonian we could separate the Hamiltonian into two terms, which

are the Hamiltonian acting on the even sites and the odd sites. The interactions on the even

sites commute with each other because the interactions are between nearest neighbor, but

the interactions between the even sites and odd sites don’t commute. The error introduced

by separating the Hamiltonian could be controlled by the factor L as derived in below.

ZL

= Tr(e−β
H1
L e−β

H2
L )L

= Tr(e−β
H1
L e−β

H2
L · · · e−β

H1
L e−β

H2
L )

=
∑

α1,α2···α2L

L∏
j=1

〈
α2j−1

∣∣∣e−βH1
L

∣∣∣α2j

〉〈
α2j

∣∣∣e−βH2
L

∣∣∣α2j+1

〉

=
∑

{α1···α2L}

N
2∏
i=1

L∏
j=1

〈s2i−1,2j−1s2i,2j−1| e−β
h2i−1
L |s2i−1,2js2i,2j〉 〈s2i,2js2i+1,2j| e−β

h2i
L |s2i,2j+1s2i+1,2j+1〉

(2.9)

The H1 and H2 in Equation 2.9 refers to the interaction terms on odd and even number

of sites, respectively. The Trotter error is neglectable as long as L is much larger than β, and

L is often regarded as the Trotter number to control the numerical error. The interaction

after the Trotter decomposition can be viewed by the schematic graph in Figure 2.3. There
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Figure 2.3: The schematic graph of the interactions in Trotter decomposition.

is an imaginary space with length of 2L as well as the real space. Because the interactions

are only among the four neighboring sites in the gray box, the decomposition is also called

the checkerboard decomposition.

If we take the interactions within the blue circle as the transfer matrix, the partition

function could be further reduced to Equation 2.10.

ZL =
∑

{α1···α2L}

N
2∏
i=1

T1T2 = Tr (T1T2)
N
2 = λ

N
2

max (2.10)

After we calculate the largest eigenvalue of the transfer matrix, the physical properties

such as the specific heat or the magnetic susceptibility per site can be obtained through the

partition function.
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2.3 DMRG in matrix product state

The accuracy of the DMRG method in calculating the ground state of the quantum

systems depends on the quantum entanglement of the bipartite blocks, which is represented

by the reduced density matrix. If we arrange the order of the eigenvalues of the reduced

density matrix from large to small, the quantum systems with faster decaying eigenvalues

will result in more accuracy in general as shown in Equation 2.7. This behavior in the

eigenvalue spectrum of the reduced density matrix can be quantified by the entanglement

entropy. The definition of the entanglement entropy is given as

S = −
∑
k

ωklnωk (2.11)

In the numerical simulations, the entanglement entropy of the exact ground state can

not be calculated because the exact ground state is unknown. However, the quantum entan-

glement is easier to control during the algorithm if we express the approximate ground state

numerically using the matrix product state [48].

In general any quantum state could be expressed as the product of matrices with the

help of single value decomposition (SVD). Assuming the open boundary condition of a finite

size lattice, the state |ψ〉 is derived in Equation 2.12.

|ψ〉 =
∑
{σi}

Cσ1,...,σL |σ1, ..., σL〉 =
∑
{σi}

∑
{ai}

Aσ1
a1
Aσ2
a1,a2
· · · AσL−1

aL−2,aL−1
AσLaL−1

|σ1, ..., σL〉 (2.12)

The index σi refers to the physical index that is determined by the local degrees of the

freedom given by the Hamiltonian, while the index ai refers to the bond whose dimensions

could be controlled during the DMRG algorithm. The quantum entanglement of the state is

proportional to the largest bond dimensions of ai. Similarly any operator could be expressed
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Figure 2.4: The schematic representation of the matrix product state and matrix product
operator.

in the same way.

Ô =
∑

{σi},{σ′i}

∑
{ai}

Aσ1,σ′1
a1

Aσ2,σ′2
a1,a2
· · · AσL−1,σ

′
L−1

aL−2,aL−1A
σL,σ

′
L

aL−1 |σ1, ..., σL〉 〈σ′1, ..., σ′L| (2.13)

The matrix elements of the matrix product operator are still operators, but those oper-

ators only act on the local sites. Thus the indices of every matrix is only summed by the

nearby matrix, and we can represent this matrix product state in Figure 2.4 similar to the

tensor network.

The algorithm is slightly different than the conventional DMRG. The initial state is

guessed with fixed lattice sites instead of growing iteratively. Usually the initial guess is a

Neel state or a randomized state. After that the sweeps from left to right and then right to

left are taken the same way as the conventional DMRG. Every time all but one matrix are

fixed, and we try to minimize the energy of the current state with the Lagrangian Multiplier.
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This step is a generalized eigenvalue problem, which is equivalent to the conventional DMRG

that adds one site to the block and remove one site from the other block.

During the sweeps the bond dimensions of the matrix product state are increased and

eventually fixed until the ground state converges. The advantage of the matrix product state

is that it automatically allows the long-ranged interacting terms in the Hamiltonian, which is

essential for calculations in two dimensional systems. The two dimensional lattice is always

treated as the one dimensional zigzag chain, where the nearest neighbor interactions in two

dimension becomes long-ranged in the chain. Because the long-ranged interactions will lead

to large quantum entanglement, usually the DMRG method is performed in the cylindrical

geometry, with the circumference much smaller than the height. In addition, the ansatz is

the same throughout the sweeps. The matrix product operator does not change because the

dimension of the physical bond is only determined by the local degrees of freedom.

In general, the matrix product operator representation of the operator is not unique. The

long-ranged interactions will lead to large dimensions of the matrix product operator, and

the calculation becomes more difficult. However, for certain types of long-ranged interactions

such as the exponentially decaying interactions, the corresponding matrix product operator

is rather small. These types of Hamiltonian are specifically suitable for the DMRG method

in matrix product state.

2.4 Other methods based on DMRG

The DMRG method based on the matrix product state is a variational method that is

stable and suitable for different types of systems. Nowadays it has become one of the stan-

dard numerical method in computational physics. Based on DMRG, people have developed

other algorithms that could deal with more complicated problems. The time evolving block

decimation (TEBD) algorithm [49] implements the time evolution operator acting on the
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matrix product state. It can be used in the non-equilibrium system or the quantum quench-

ing. The minimally entangled typical thermal states (METTS) [50, 51] and the purification

method [52, 49, 53] based on matrix product state can calculate two dimensional systems

at both low and high temperatures. Although the sampling process in METTS is usually

time-consuming and the purification method often requires larger computer memory, the

simulations on simple models such as the Heisenberg model are still reliable. The infinite

projected entangled pair state (iPEPS) [54] can be used for real two dimensional lattices

with infinite length in both directions, but the convergence of the iPEPS is sometimes hard

to control because there is no orthogonal center due to the tensor geometry.

The numerical accuracy of the algorithms based on matrix product state mainly depends

on the number of states kept during the single value decomposition (SVD) process. As

a result, different algorithms on the finite size lattice often have approximately the same

accuracy with the same computer resources. However, as the theoretical understanding

of the DMRG algorithm develops, the DMRG will play an important role in numerical

simulations of different fields in the future. For example, the topological properties such as

the edge state spectrum and topological quantum dimensions [55] could be obtained directly

from the DMRG, making it popular in the study of interacting topological systems.
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Chapter 3

The Kondo lattice model

3.1 Introduction

As a fundamental model for strongly correlated system describing heavy Fermion mate-

rials [56, 57, 58] and quantum magnetism [59], the Kondo lattice (KL) model [60, 61, 62] has

been intensively studied over the last decades, especially in one dimension [63, 64].

The strong correlations in the weak coupling between electrons and localized spins makes

it notoriously difficult for exact solutions. Thus numerical method becomes important in

order to determine the phase diagram.

The Hamiltonian of the Kondo lattice model in one dimension is given as

H = −t
∑
i,σ

c†i,σci+1,σ +H.c.+ J
∑
i

−→
Si · −→si (3.1)

The first term in the Hamiltonian is the hopping term where c†i,σ refers to the creation

operator of an electron on site i with spin index σ, the second term describes the spin-spin

interaction where
−→
Si denotes the localized spin-1

2
and −→si = 1

2

∑
α,β c

†
i,α
−→σ α,βci,β (with Pauli

matrices −→σ ) the conduction electron spin.

25



To calculate the ground state we use the U(1) DMRG method with open boundary

condition for lattice size up to L = 208. Calculations are performed using the ITensor

library [65]. Smaller sizes are also used for finite size extrapolation. The largest bond

dimension is 7,000 during the sweeps. 140 sweeps with increasing bond dimension were used

in order to reach stable and convergent ground state. The cutoff error during the last few

sweeps is 10−7. The hopping parameter t and the lattice spacing is set to unity to fix the

energy scale.

3.2 One dimensional phase diagram

At half filling, the insulating phase is caused by the formation of the Kondo singlet. In the

strong coupling limit, every electron forms a spin singlet state with the localized spin, and the

charge gap is determined by the energy needed to break the singlet state. Numerical studies

have shown that the finite charge gap exists for any finite J at half filling [66]. Similarly,

in the strong coupling limit, the spin gap is the energy difference between the singlet state

and the triplet state, which is J. As J decreases, the spin gap also decreases but it does not

vanish for any finite J.

The finite spin gap will result in the zero magnetic susceptibility at the zero temperature,

but when the temperature becomes comparable to the spin gap, the magnetic susceptibility

becomes finite due to the thermal fluctuations. Using the finite temperature DMRG method

we can study the temperature dependence of the uniform spin susceptibility.

The spin susceptibility is obtained by the change of the magnetization caused by a small

magnetic field. During the calculations 25 states are kept to reach the truncation error of

5× 10−4, and the minimum temperature is 0.01 with the Trotter number = 2000. As shown

in Figure 3.1(a), the spin susceptibility follows the Curie law at high temperature, and starts

to deviate as the temperature decreases. At T < 0.02 the spin susceptibility drops to nearly
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Figure 3.1: The uniform spin susceptbility of the one dimensional Kondo lattice model at half
filling for various temperatures in Figure 3.1(a). Figure 3.1(b) shows the same susceptbility
for the temperatures close to zero. The results are obtained at J = 1.

zero, which agrees with the finite spin gap in the ground state. The same susceptibility

for temperature close to zero is plotted in Figure 3.1(b). The spin gap of the ground state

is 0.08t, which is generally consistent with the corresponding temperature where the spin

susceptibility becomes finite.

Away from the half filling the ground state is metallic and the numerical simulations

become harder because of the gapless excitations. Here we have only calculated the ground

state properties in the doped regime.

In the extremely doped case where there is only one electron in the system, the localized

spins tend to be anti-parallel to the electron spins. Because the same spin hopping of the

electrons is energetically favorable, the localized spins align in one direction for the ground

state. This ferromagnetic state is named Nagoaka state [67] with any finite Kondo coupling

J. Additionally, in the atomic limit of the doped regime all electrons will form the Kondo

singlet with the localized spins. However, there are more localized spins than electrons. The

finite hopping term of the electrons results in an indirect ferromagnetic exchanges between
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Figure 3.2: The ground state phase diagram of the one dimensional Kondo lattice model.
The ferromagnetic (paramagnetic) state is represented by the blue (white) regime, and the
solid line at n = 1 is the Kondo insulator. The two dashed lines at n = 0.5 and n = 0.75
indicate the commensurate dimer phase and charge density wave phase, respectively.

the rest of the localized spins, and the ground state is also ferromagnetic.

The theoretical analysis is helpful to determine the ground state phase diagram. We

can determine the phase boundary of the ferromagnetic state by calculating the ground

state energy of different spin sectors because the total electron number and the total spin

in the z-direction are conserved quantum number. In the ferromagnetic state the ground

state energy is the same for different spin sectors, but for the paramagnetic state the ground

state energy in the Stotz = 0 sector has the lowest energy. Although in DMRG simulations

the ground state in larger spin sectors generally has less entanglement that will result in a
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quicker convergence and even lower ground state energy than the Stotz = 0 sector, we can

determine the phase boundary between the ferromagnetic state and the paramagnetic state

in an unbiased way.

As shown in Figure 3.2, the ferromagnetic state dominates the strong coupling and doped

regime. In the atomic limit where all electrons have formed spin singlet state with the

localized spins, the average magnetization is determined by Equation 3.2 where n is the

electron density. We found that this is true for the whole ferromagnetic regime.

< M >=
1

2
(1− n) (3.2)

There is a phase transition into the paramagnetic regime as J decreases, where the Kondo

singlet breaks down and the spins become strongly correlated because of the Ruderman-

Kittel-Kasuya-Yosida (RKKY) [39, 40, 41] interaction. The paramagnetic phase could be

described by the Tomonaga-Luttinger liquid (TLL) which is a universal class for interact-

ing Fermions in one dimension. All the correlation functions could be determined by the

Luttinger parameter. In the DMRG calculations, the open boundary of a finite size lattice

could induce Friedel oscillations [68], and the Luttinger parameter is numerically calculated

by fitting this charge oscillations. Other properties of the TLL could also be obtained nu-

merically such as the spin charge separation. We have found that the period of the electron

spin oscillations is always twice as the period of the charge oscillations.

Besides the ferromagnetic state in the strong coupling regime, there is a second ferromag-

netic regime in the intermediate coupling. The average magnetization of this ferromagnetic

state can still be determined by Equation 3.2, and the phase is also metallic. Although the

ground states of this two ferromagnetic regime show similar properties, in the intermediate

ferromagnetic regime a finite charge gap above the Fermi level is found for the electrons

with opposite spin value to the magnetization of the system [69]. This suggests that the
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mechanism driving the ferromagnetism for the two regimes might be different.

In the paramagnetic regime two insulating state are identified at the commensurate elec-

tron density of n = 1
2

and n = 3
4

in the weak coupling, which is discussed in the next two

sections (the results at n = 3
4

have been published [70]).

3.3 Charge density wave

Previous studies have mainly focused on the competition between the Kondo effect and

the RKKY interaction, while the effective Coulomb repulsion induced by the localized spins

was neglected. In the 1D bosonization theory, if the interaction is strong enough, the system

undergoes a phase transition from the TLL to an insulating phase. The TLL phase with

a large Fermi surface has been found in the weak coupling [68, 71, 72] of 1D KL model at

less than half filling. From DMRG studies, we find that the effective Coulomb repulsion is

strong enough to induce the charge ordered insulating phase at commensurate fillings.

In the KL model the charge order has been investigated in higher dimensions. Using the

dynamical mean field theory (DMFT) method and variational Monte Carlo method, a charge

density wave (CDW) in the weak coupling has been found in both two dimensions [73, 74, 75]

and infinite dimensions [76] at quarter fillings. The intriguing question remains whether the

charge order exists in one dimension, as the DMFT method generally gets less accurate in low

dimensions, especially in one dimension. Additionally, the charge order in higher dimensions

is stabilized by the Kondo singlet formation, which is different from the 1D case.

The origin of the effective repulsive interaction in a KL model is proposed by a strong-

coupling perturbation expansions [77]. However, for 1D the strong coupling region is domi-

nant by the Kondo effect which results in ferromagnetism [78, 69] at less than half filling, as

illustrated by Figure 3.2. And the CDW is identified at the commensurate filling of n = 3
4

in the weak coupling regime.
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The electron density in the CDW phase shows modulation in real space under the open

boundary condition as a result of spontaneous symmetry breaking. While the Mermin-

Wagner theorem [79] forbids any spontaneous breaking of continuous symmetry in 1D, CDW

only breaks the lattice translational symmetry which is discrete. In Figure 3.3(a) we show

〈Ni〉 at J = 0.9, L = 160. There are strong oscillations around the average electron density

with the amplitude ≈ 0.03. The oscillation decays very slowly away from the boundary and

remains finite in the middle of the chain. This allows us to define the order parameter as

A = limL→∞A (L/2) the amplitude of electron density oscillation in the middle.

The finite size extrapolation is needed to determine the order parameter in the large

system limit. The extrapolated order parameter is plotted against J in Figure 3.3(c). When

J is close to the critical point slightly above 1.0, the order parameter quickly rises from 0, and

then decreases slowly to 0 as J decreases. Figure 3.3(d) shows the finite size extrapolation

of the order parameter for various coupling. Inside the parameter range from J = 0.7 to 1.0

A (L/2) has a weak dependence of L, and remains a finite value as L goes to infinity.

The Fourier transform of the electron density in Figure 3.3(a) is plotted in Figure 3.3(b).

We have used the smoothed Fourier transform in order to minimize the effect caused by the

open boundary. The details of the window function that we use are discussed in Refs. [80, 81].

Here the CDW phase is dominant by a single peak at k = π
2
, which corresponds to the

oscillation period of 4 lattice spacing. There may be a superposition of other oscillation

frequency such as k = π
4
, but they all vanish in the thermodynamic limit as illustrated

later. The inset of Figure 3.3(b) shows the intensity of the dominant peak divided by the

lattice size. The intensity has a almost linear dependence of L and remains finite after the

extrapolation.

The structure factor N(k) of the charge ordered phase always scales as the order param-

eter multiplied by the lattice length. In the infinite chain limit, The order parameter defined
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Figure 3.3: (a) is the electron density at J = 0.9, L = 160, n = 3
4
. Only half of the lattice is

shown. (b) is Fourier transform of the density oscillation in (a). The dominant peak shows
up at k = π

2
. The inset of (b) shows the intensity of the k = π

2
peak divided by the length. (c)

is the J dependence of the oscillation amplitude in the middle after finite size extrapolation.
The extrapolation in (d) is conducted in this way. If the fitting agrees well with the power
decay of the Friedel oscillation in TLL then the order parameter is considered zero when
L → ∞, otherwise we use a least-square fit to the second order of polynomials in 1/L. For
J close to the transition we find it better to fit to 1/

√
L as the similar scaling in TLL.
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by the structure factor is essentially equivalent to the definition of the oscillation amplitude

in the middle of the chain. As shown in Figure 3.3(d) and the inset of Figure 3.3(b), the

order parameters both remain finite in the CDW phase.

The Luttinger parameter kL in the TLL of the 1D KL model shows a monotonic decrease

as J decreases at the fixed electron density [71, 72], indicating a strong repulsive interaction

between electrons in the weak coupling region. This could explain the formation of a CDW

under strong repulsion. However, in the limit of J → 0, the system goes back to free 1D

electrons with kL = 1. Thus it is natural to see a critical point where the effective repulsive

interaction isn’t strong enough to stabilize CDW, and the system goes back to TLL. In

the bosonization picture, the Umklapp type scattering term, which carries a fast oscillation

phase factor, only appears in the low energy effective Hamiltonian at special fillings [82].

Ψ†R,↑Ψ
†
R,↓ΨL,↑ΨL,↓ ∝ e−i4KF xei2

√
2φρ(x) (3.3)

If 4KF = 2π, corresponding to n = 1, the fast oscillation term becomes constant in

Equation 3.3 and enters in the low energy effective Hamiltonian. If kL < 1 then this term

is relevant in the renormalization procedure, and opens a gap in the charge sector. Higher

order terms of Umklapp scattering could also occur at other commensurate fillings. In our

case of n = 3
4
, the fourth power term of the Umklapp scattering can occur in the extremely

small value of kL <
1
16

. In fact, as we vary J at n = 3
4
, kL → 1

16
when the system is close to

the phase transition.

In order to determine the Luttinger parameter in the TLL phase, we compare the Friedel

oscillation [68] amplitude at the center for different lattice sizes. The methods that we used

to determine the Luttinger parameter are adopted from Ref. [81]. As shown in Figure 3.4(a),

we fit the log-log plot of the oscillation amplitude and find that for J = 1.1 the Luttinger

parameter is 0.067, which is very close to the critical value of 1
16

. This agrees with the
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the charge gap at n = 3

4
. Four examples of J are given for the least-square fit. The inset of

(b) shows the extrapolated charge gap for various J .
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assumption that the CDW is driven by the strong effective Coulomb repulsion. Near the

critical J, the oscillation decay rate is so slow that we cannot be sure whether or not the

oscillation will vanish in the limit of infinite long chain [81]. Although it is hard to determine

the exact critical value of J, the Luttinger parameter close to the transition point provides

another evidence of the emergence of the CDW.

Then we investigate the charge gap in the CDW. Figure 3.4(b) shows the J dependence

of the Charge gap at n = 3
4
, which is defined as

∆c = limL→∞[E0 (Ne = N + 2) + E0(Ne = N − 2)− 2E0 (Ne = N)] (3.4)

where the E0 (Ne) refers to the ground state energy of a given electron number. Here we

set N = 3
4
L to fix the electron density. We choose J carefully to avoid the ferromagnetic

region so that the ground state is always in the Stotalz = 0 subspace. The charge gaps

here only depend on the ground state energy calculated by the DMRG method, thus are

very reliable. In Figure 3.4(b), the charge gap is extrapolated by a least-square fit to the

second order of polynomials in 1/L. A non-zero value of the gap can be distinguished in the

thermodynamic limit. The inset of Figure 3.4(b) shows the extrapolated result of the charge

gap at different values of J . The gap reaches a maximum value at around J = 0.9, and has a

monotonic decreasing to 0 apart from the peak. Generally in a gapped phase the correlation

function either has an exponential decay or decays to a constant at large separations. The

electron density oscillation agrees with the latter case here. The emergence of a non-zero

charge gap is consistent with the CDW, and together with the CDW order parameter, we

can established the TLL-CDW phase boundary at J ≈ 1.1 and 0.7.

The measurement of the Zeeman field needed to close the charge gap could be used as a

scale of finite transition temperature Tc ∼ µBhc
k

. We found hc = 0.03 at J = 0.9, where the

CDW is also destroyed.

35



0

0.05

0.1

0.15

0.2

0 0.01 0.02 0.03 0.04

∆
c

1/L

J = 0.3
J = 0.4
J = 0.5

Figure 3.5: The finite size extrapolation of the charge gap at n = 1
4
.

The spin gap is defined in a similar way ∆s = E0 (Stotz = 1) − E0 (Stotz = 0) except that

E0 (Stotz = −1) is not needed due to the spin symmetry. We have calculated the spin gaps for

several J with different lattice sizes and the gap is always zero with an error bar in the order

of the truncation error. Although numerically we can never rule out a very tiny spin gap in

larger sizes, additional evidence to support the vanishing spin gap is found considering the

density oscillation period. The effective spin in one unit cell remains a half-integer number,

which resembles the spin-half Heisenberg model with gapless spin excitation.

The possible CDW phase at the commensurate filling of n = 1
4

is also investigated using

DMRG. Figure 3.5 shows the finite size extrapolation of the charge gap in the paramagnetic

region at n = 1
4
. The charge gap is defined the same as the one in the main text. We have

found no evidence of a charge gap for 0.5 > J > 0.3. We haven’t calculated the charge gap
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for J > 0.6 because the region is dominant by the ferromagnetic phase, while at n = 3
4

there

is no ferromagnetic phase for J < 1.2. In addition, we have fit the electron density oscillation

similar to the main text and found kL = 0.23 for J = 0.3. The Luttinger parameter is still

way above the critical value of 1
16

. We have found no charge order at n = 1
4

based on our

numerical results. For very small J < 0.2 it is hard for the algorithm to reach convergence,

and we do not rule out the possibility of different phase there.

We then turn to the correlation of the localized spins in the CDW. Unlike the charge part,

the total spin of the ground state preserves the SU(2) symmetry. The RKKY interaction

between the localized spins could lead to possible valence bond solid as it has been reported

in the 1D KL at quarter filling [83].

We first study the nearest neighbor correlation of the localized spins, i.e. 〈Si · Si+1〉.

Figure 3.6(a) shows that the correlation has k = π
2

oscillations with a superposition of

incommensurate oscillations with k = π
L

which is size dependent. Generally in a valence

bond solid, the dimer order described by the short-ranged spin correlation should be L

independent away from the boundary, as the example of the KL on the zigzag ladder at

half filling [84]. Quantum fluctuations will destroy any incommensurate order in 1D, so

the leading order at the weak coupling of n = 3
4

is just the charge order. The average

correlation of the nearest neighbor spins is antiferromagnetic, which is consistent with the

RKKY interaction close to half filling. Here the correlation of the localized spins cannot be

explained by the low energy effective Heisenberg model with RKKY couplings because of

the existence of charge fluctuations. We believe the k = π
2

oscillation of the localized spin

correlation is mainly induced by the k = π
2

CDW because of the antiferromagnetic coupling

between the electron spins and the localized spins.

For further illustration we study the dimer-dimer correlations which is defined as the two

point correlation functions of the localized spins 〈Ox ·Ox+i〉, where Ox = Sx · Sx+1 refers to
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Figure 3.6: The nearest-neighbor (Figure 3.6(a)) and long range dimer-dimer (Figure 3.6(b))
correlation of the localized spins at J = 0.9, L = 208, n = 3

4
. In (a) the average correlation

is around -2.0, which is L independent. The incommensurate oscillation refers to the upper
bound in the middle with k = π

L
. The amplitude of the incommensurate oscillations has

almost no dependence of the lattice length. The inset of (a) shows the dominant oscillation
of the correlation with a period of 4, which is the same period as the CDW. In (b) we calculate
the correlation at x = 29 to minimize the boundary effect. The plot uses logarithmic scale
on both axis in order to identify the decay mode. The dimer-dimer correlation also has an
oscillation period of 4. The 4 color dashed lines are nothing but the correlation of every four
points connected, because they each has a different pattern. The correlation functions of the
TLL are not shown here as they have monotonic power law decays which agrees with the
bosonization theory.
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the nearest neighbor spin correlation. The 〈Ox ·Ox+i〉 plotted in Figure 3.6(b) shows a decay

over distance, although in an oscillation fashion. The correlation is dominant by the blue

line, indicating a slow exponential decay. This is different from the TLL where correlation

functions generally has power law decays. It seems that the correlation saturates toward a

finite value for the green and red line at around i = 80, but after analyzing the dimer-dimer

correlation at different points, we find that it always ’saturates’ near the middle of the lattice.

The similar ’saturation’ is also found in the TLL phase at J = 2.1, n = 3
4
. We argue that this

is just an artificial effect due to finite size of system, as the correlation will have a monotonic

decay in the limit of an infinite chain. This is consistent with our conclusion that the phase

at n = 3
4

for weak J is dominant by the charge order.

To summarize this section, we have used the DMRG method to provide compelling

evidence for CDW at n = 3
4
, similar CDW is not found at the other commensurate filling of

n = 1
4
. The numerical results is consistent with the bosonization prediction near the phase

transition, suggesting that the CDW is driven by the effective Coulomb repulsion, which is

qualitatively different from the CDW in higher dimensions [73, 76], and at extremely small

J in 1D predicted recently [85]. We also find that CDW is insulating, while the phase at

incommensurate filling or generally in TLL is metallic. Under the existence of CDW, the

localized spin has formed a similar oscillation pattern, while preserving the total spin SU(2)

symmetry. Other magnetic orders like the antiferromagnetic order has not been found in

the CDW phase. Our results provide a simple mechanism of the charge order in 1D organic

compounds. The emergence of the CDW may have implications for the novel phase diagram

of the KL model in higher dimensions.
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the finite size lattice of L = 112. Only half of the lattice is shown.

3.4 Dimer order and bond order wave

The 1D KL model at quarter filling (n = 1
2
) has been investigated [83, 86] to realize a

dimerization of the localized spins induced by RKKY interaction, although there are some

controversy about the existence of true dimer order [87, 88]. Motivated by the experiments of

quasi-one dimensional organic compound (Per)2[Pt(mnt)2] [89, 3], we explore the nature of

this dimer order and provide detailed numerical evidence of the dimer order for the localized

spins. We also find a coexisting bond order wave (BOW) in this regime with simultaneously

phase transition along with the dimer state.

The simplest dimer state appears in the one dimensional Heisenberg model with nearest

and next nearest neighbor coupling. If the next nearest neighbor coupling is large enough

every neighboring pair of spins forms an independent singlet state [22]. The order parameter

of the dimer states < D > is defined by the difference of neighboring spin bonds as given in
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Equation 3.5, where Si refers to the localized spin at site i.

< D >= lim
L→∞

< D(L) >

< D(L) >=
L∑
i

(−1)iDi =
L∑
i

(−1)i < Si · Si+1 >

(3.5)

Using finite size DMRG, we show a robust dimer pattern in real space without any pinning

field in the intermediate coupling regime at n = 0.5 for the localized spins. As an example

given in Figure 3.7(a), the dimer order becomes almost uniform away from the boundary.

Besides the dimer order, the BOW is identified at the same regime with the order parameter

defined similarly as the dimer order.

< B >= lim
L→∞

< B(L) >

< B(L) >=
L∑
i

(−1)iBi =
L∑
iσ

(−1)i < C†iσ · Ci+1σ +H.c. >

(3.6)

As shown in Figure 3.7(b) the order parameter of BOW also becomes uniform away from

the boundary, suggesting that there are different orders for the electrons and the localized

spins.

The dimer orders are extrapolated into the thermodynamic limit using various lattice

sizes. As shown in Figure 3.8(a), in the dimer phase the dimer order has a slight decrease over

lattice sizes, and remains finite after the extrapolation. When J is above 1.2, the dimer order

becomes zero after the extrapolation. The extrapolated dimer order is given in Figure 3.8(b),

where the dimer order increases monotonically from 0 as J decreases from 1.2, which indicates

a quantum phase transition. The charge gap (defined in Equation 3.4) and the BOW order

parameter (defined in Equation 3.6) are extrapolated into the thermodynamic limit in a
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Figure 3.8: (a) refers to the finite size scaling of the dimer order for various J. We use a least-
square fit to the second order of polynomials in 1/L. The order parameter of the dimer phase
and bond order wave phase is plotted along with the charge gap in (b). These quantities are
obtained after finite size scaling similar to (a).

similar way. The charge gap becomes finite below J = 1.2, and reaches maximum at J = 0.5.

The BOW order also becomes finite below J = 1.2, and reaches maximum at J = 0.8. For

extremely small J the numerical results are hard to converge and we can not be sure whether

the charge gap and the order parameters goes to zero at the finite J. However, based on the

results we show a simultaneous quantum phase transition of localized spin dimer state and

electron BOW around J = 1.2.

The spin gap in this insulating phase is calculated for several J with different lattice

sizes and the gap is always zero with an error bar in the order of the truncation error. The

localized spins have form a dimer state, but similar to the case of n = 0.75 here the effective

electron spin in one unit cell is one half which is reasonable for the gapless spin excitation.

The entanglement entropy for the open boundary system can be studied in the framework
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Figure 3.9: The entanglement entropy at n = 0.5, J = 0.6 obtained by the finite size lattice
of L = 112. Only half of the lattice is shown. The dash line refers to the fitting using
Equation 3.7.

of the conformal field theory [90]. As shown in Figure 3.9, we plot the entanglement entropy

versus subsystem size in the insulating state at n = 0.5, J = 0.6 on a finite size lattice of

L = 112. The entanglement entropy shows a logarithmic dependence and follows the general

equation below.

S(x) =
c

6
ln[
L

π
sin(

xπ

L
)] + g (3.7)

Here S(x) is the entanglement entropy of the subsystem by cutting at site x. L is the

whole lattice size, c is the central charge, and g is a non-universal constant. The fitting gives

the central charge c ≈ 1, which is consistent with the gapless spin excitations.

The dimer order for the localized spins is a result of the RKKY interactions, which is a
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4
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with log sacle in the y-axis showing the correlation decay over distance.

long-ranged effective interaction with staggered signs. Thus we expect this dimer phase to

be different than the dimer phase that exists in the extended Heisenberg model. The spin

correlation functions of the localized spins is given by the red line in Figure 3.10(a), where

there exists strong spin correlations with slow power-law decay. The spin correlations have

a period of 4 which is doubled the period of the local dimer order. This is because the dimer

phase is caused by the quasi-long ranged correlations between localized spins instead of the

formation of singlet state between neighboring spins. The collective behavior of the localized

spins can be regarded as two spin spiral states with the same period but a phase shift of π
2
.

We further confirm the nature of this exotic dimer state by obtaining the dimer corre-

lations. As shown in Figure 3.10(b), the dimer correlation has an exponential decay over

distance, and it is much smaller than the spin correlation. This result is obtained under
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the open boundary condition on a finite size lattice. A more complete study of the dimer

correlation would be under the periodic boundary condition, but we have found that it is

hard to reach numerical convergence even for a small lattice of L = 32 under the periodic

boundary condition. However, the robust dimer order in the absence of pinning field and

the periodic pattern in spin correlation functions are consistent with the emergence of the

exotic dimer phase in this regime.

The organic compound (Per)2[Pt(mnt)2] is shown to be the experimental realization of

the one dimensional Kondo lattice [3], and could be best explained by our numerical results.

In particular, the perylene chain in the compound is metallic with quarter filled electrons

and the Pt(mnt)2 chain is insulating with half filled electrons that could be considered as

localized spins. The weak interactions between the electrons in these two different chains

make it an effective one dimensional weakly coupled Kondo lattice at n = 0.5. At low

temperature this compound shows a combination of spin-Peierls transition for the insulating

stack, and the CDW order for the metallic stack [91, 92, 93, 94, 89]. The experimental

measurement of different properties of the compound shows that the spin-Peierls and CDW

phase transition occurs at almost the same temperature [95, 96]. Our numerical results

also show a simultaneous phase transition at intermediate J. The only difference between

the BOW and the CDW is the position of the peak of the wave. For CDW the peak is

at the site, while for BOW the peak is at the bond. Thus they are hard to distinguish in

experiments. In addition, the spin-Peierls transition into the dimer phase agrees with the

finite dimer order identified in the intermediate regime.

We have identified a coexisting localized spin dimer order and electron BOW in the

intermediate J at n = 0.5. The localized spins are mediated by the RKKY long-ranged

interactions that results in a strongly correlated dimer state. This exotic dimer state is

qualitatively different from the dimer phase in the extended Heisenberg model where every
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neighboring spins form a singlet state. Our results show that the Kondo interactions between

electrons and localized spins can induced a simultaneous phase transition for both sides,

which agrees with the experimental findings on the organic compound (Per)2[Pt(mnt)2].

Although the results are restricted in one dimension, it provides a new mechanism of the

interaction driven phase transition and a hindsight to the Kondo physics.
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Chapter 4

The spin-12 XY honeycomb model

4.1 Topological phase of matter

As a concept in geometry, topology studies the invariance of continuous deformation

of space. In condensed matter physics, there are similar topological invariance defined in

the Brillouin zone of the reciprocal lattice, and it can be related to the physical properties

measured in experiments. Such examples include the Berry phase in the Aharonov-Bohm

effect [97], and the quantum Hall states with gapless edge excitations [98, 99].

The topological phase often has no conventional order parameter as opposed to the

charge density wave, superconducting state, magnetic ordering state, and so on. The famous

example is given by the Haldane phase in the one dimensional spin-1 Heisenberg model [26].

The Hamiltonian is given as

H = J
∑
i

(
−→
Si ·
−→
S i+1 +D(Szi )2) (4.1)

As shown in Figure 4.1, the spin gap closes as we vary the parameter D (assuming J =

1), suggesting a quantum phase transition. However, there is no spontaneously symmetry
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Figure 4.1: The schematic diagram of the gap in Haldane phase.

breaking and no magnetic order. The unique properties of the Haldane phase is that there

is a free effective spin-1
2

on each edge for a finite size lattice under the open boundary.

This kind of transition into a topologically non-trivial state is called the topological phase

transition. There is one type of topological states with non-abelian anyonic excitations,

which is a potential candidate for topological quantum computer [33].

Most topological states involve a gapped bulk and gapless edge excitations. For electronic

system this means that it is an insulator in the bulk and metallic on the edge. Similar

properties can be achieved in the spin systems with the help of frustration and competing

orders. This is regarded as the topological spin liquids [27].

The spin liquids feature a highly frustrated phase with long range ground state entan-

glement [100, 101] and fractionalized quasi-particle excitations [102, 103, 104] in the absence

of conventional order. Among various kinds of spin liquids, the chiral spin liquids (CSL),

which have gapped bulk and gapless chiral edge excitations, is proposed by Kalmeyer and

Laughlin [105]. It has a nontrivial topological order, and belongs to the same topological

class as the fractional quantum Hall states.

In recent years, there have been extensive studies to identify the CSL in realistic spin

models on different geometries such as Kagome [106, 107, 108, 109, 110], triangle [111, 23,
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112, 113], square [114, 115], and honeycomb lattices [116]. The CSL state has fractional chiral

edge excitations that could be determined by the Chern number through spin pump over

flux insertion in numerical calculations. It also has a non-trivial topological order associated

with the Chern number. In addition, the CSL has a non-zero chiral order that breaks the

time reversal symmetry, similar to the fractional quantum Hall states. The non-zero chiral

order is often used as the first clue that indicates a CSL.

4.2 Analytical prediction of the chiral spin liquid

Interestingly, for the spin-1
2

XY model on honeycomb lattice theoretical studies have

suggested the existence of a CSL in the highly frustrated regime that is generated by the

staggered Chern-Simons flux with nontrivial topology [117, 118]. Here we will map the

Hamiltonian of the spin XY model into the honeycomb Haldane model using Chern-Simons

fermionization following Ref. [117]. The Hamiltonian of the XY model is

H = J1

∑
〈i,j〉

(S+
i S
−
j + h.c.) + J2

∑
〈〈i,j〉〉

(S+
i S
−
j + h.c.) (4.2)

where J1 refers to the nearest neighbor coupling and J2 refers to the next nearest neighbor

coupling. The positive J1 and J2 will result in frustration in the ground state, and the

intermediate regime of J2 has the most frustration. The spin couplings are only in the

xy-plane.

The Chern-Simons fermionization which maps the spin operators by the spinless Fermion

operators attached to a string operator, is defined as

S(±)
r = c(±)

r e±i
∑
r′ 6=r arg[r−r′]n̂r′ (4.3)

where arg[r] is the angle of the vector r defined in two dimensions and n̂r is the number
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Figure 4.2: The illustrating plot of the XY model Hamiltonian after Chern-Simons fermion-
ization. The dash lines indicate a unit cell.

operator of the spinless fermion. The hard-core condition is automatically satisfied because

only one fermion is allowed per site. The spin up state corresponds to the one fermion state

and the spin down state corresponds to zero fermion state. Using Equation 4.3 we can derive

the Hamiltonian in terms of fermions hopping in the existence of a magnetic flux.

H = J1

∑
〈r,r′〉

c†rcr′e
iAr,r′ + J2

∑
〈〈r,r′〉〉

c†rcr′e
iAr,r′ + h.c. (4.4)

Here we have Ar,r′ =
∑

r′′(arg[r − r′′] − arg[r′ − r′′])n̂r′′ . The unique properties of Ar,r′

allow us to define the Chern-Simons magnetic field on site r as

Br = Ar+e1,r+e2 + Ar+e2,r+e3 + Ar+e3,r+e1 = 2πn̂r (4.5)

Looking for the mean-field solutions motivated by the numerical results of antiferromag-

netic ground state, we can gauge out the uniform component of the magnetic flux at half

filling, which corresponds to total Sz = 0 in terms of the spins. The resulting Hamiltonian
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has a staggered flux with net zero in the unit cell, as shown in Figure 4.2. In the interme-

diate regime of J2 this Hamiltonian could be mapped into the Holdane Hamiltonian with

nontrivial topological bands. This suggests that the ground state of the intermediate regime

of J2 is a non-uniform chiral spin liquid with antiferromagnetic ordering in the z direction

on the mean-field level.

4.3 Global phase diagram

Although the CSL is predicted analytically in the intermediate J2 regime, so far there is

no direct numerical evidence supporting this claim [119, 120, 24, 121, 122, 123, 124, 125],

leaving the possible existence of a CSL in the honeycomb XY model as an open question.

Aside from the possible CSL, the XY model itself is expected to have a rich phase dia-

gram because of the frustration induced by the next-nearest-neighbor coupling J2. As the

reminiscent of the debated intermediate phase in numerical studies, density matrix renor-

malization group (DMRG) [24, 123] and coupled cluster method [125] studies suggest an

Ising antiferromagnetic state. However, exact diagonalization (ED) [119, 126] and quantum

Monte Carlo method studies [120, 127] suggest a Bose-metal phase with spinon Fermi sur-

face [128]. A very recent numerical study using ED reveals an emergent chiral order but

the phase remains a topologically trivial chiral spin state [129]. Up to now, the theoretical

understanding of the phase diagram for honeycomb XY model is far from clear.

Using large scale DMRG [8, 9] method, we identify the global quantum phase diagram in

the presence of the nearest, next-nearest XY spin couplings and three-spins chiral interactions

−→
S i · (

−→
S j ×

−→
S k). We also provide strong numerical evidence of the long-sought CSL in the

extended spin-1
2

XY model on the honeycomb lattice and clarify the conditions for such a

phase to emerge (the results have been published [130]). While there are only magnetic

ordered phases in the absence of the chiral couplings, the CSL emerges with finite chiral
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interactions, where the minimum Jχ required for the emergence of the CSL appears in the

intermediate J2 regime. This suggests a possible multi-critical point in the phase diagram,

neighboring between Ising antiferromagnetic order, collinear/dimer order, and the CSL.

The CSL is identified in the extended regime above the XY-Neel state and the Ising

antiferromagnetic state induced by chiral interactions. We also obtain a chiral spin state at

large Jχ with finite chiral order. The chiral spin state shows peaks in the spin structure factor

that increase with system sizes, indicating a magnetic ordered state. The phases we find

without the chiral term agree with previous numerical studies using DMRG [24]. Our results

demonstrate the importance of the interplay between the frustration and chiral interactions,

which leads to a rich phase diagram.

We investigate the extended spin-1
2

XY model with a uniform scalar chiral term using

both infinite and finite size DMRG methods [65, 131] in the language of matrix product

states [48]. We use the cylindrical geometry with circumference up to 6 (8) unit cells in the

finite (infinite) size systems except for the calculations of spin gap, which is based on smaller

size tori.

The Hamiltonian of the XY model with chiral interactions is given as

H = J1

∑
〈i,j〉

(S+
i S
−
j + h.c.) + J2

∑
〈〈i,j〉〉

(S+
i S
−
j + h.c.)

+Jχ
∑

i,j,k∈4

−→
S i · (

−→
S j ×

−→
S k)

(4.6)

here 〈i, j〉 refers to the nearest-neighbor sites and 〈〈i, j〉〉 refers to the next-nearest-

neighbor sites. {i, j, k} in the summation
∑

∆ refers to the three neighboring sites of the

smallest triangle taken clockwise as shown in Figure 4.3. The chiral term could be derived as

an effective Hamiltonian of the extended Hubbard model with an additional Φ flux through

each elementary honeycomb [107, 116, 132, 34]. We set J1 = 1 as the unit for the energy
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Figure 4.3: The schematic phase diagram of the extended XY model for 0.1 < J2 < 0.6 and
0 < Jχ < 0.3, based on the results from cylindrical circumference of 4 unit cells. The CSL is
identified in the intermediate regime.
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scale, and use the spin U(1) symmetry for better convergence.

The ground state phase diagram is illustrated in Figure 4.3. We use spin structure factors

to identify magnetic ordered phases, and entanglement spectrum to identify the topological

ordered CSL. For larger Jχ, a magnetic ordered chiral spin state with nonzero scalar chiral

order is also identified.

The static spin structure in the Brillouin zone is defined as

S (−→q ) =
1

N

∑
i,j

〈−→
S i ·
−→
S j

〉
ei
−→q ·(−→r i−−→r j) (4.7)

In the XY-Neel phase there are peaks at the Brillouin zone Γ points in the static spin

structure as shown in the inset of Figure 4.4(a). The magnitude of the peak is plotted as a

function of Jχ in Figure 4.4(a). It decreases rapidly as Jχ increases, and disappears as the

system transits into the CSL at Jχ ≈ 0.15. Similarly, the peak for the collinear order at

various Jχ is given in Figure 4.4(b). The inset of Figure 4.4(b) shows the spin structure at

Jχ = 0.01 where the phase is dominant by the collinear order. The phase boundary could

be identified by the sudden drop and the disappearance of the peak at Jχ ≈ 0.06. In the

intermediate regime at J2 = 0.3 and small Jχ, the staggered on-site magnetization serves as

the order parameter as shown in Figure 4.4(c), where the three corresponding phases from

left to right are Ising antiferromagnetic state, CSL, and chiral spin state. This quantity

shows a sudden drop from the Ising antiferromagnetic state to the CSL at Jχ ≈ 0.04, which

determines the phase boundary as illustrated by the left dash line. The right dash line is

determined by the vanish of quasi-degenerate pattern in the entanglement spectrum.

In order to test the finite size effect we study larger systems in both x and y-directions.

While the CSL is robust in various sizes, the critical Jχ of the phase boundary between

the Ising antiferromagnetic state and the CSL in the intermediate regime may vary slightly.

Here we show one example at J2 = 0.3 in Figure 4.5. The critical Jχ increases by 0.01 as Lx
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Figure 4.4: (a) shows the peak value at Γ point in the spin structure S (q) at J2 = 0.2 for
various Jχ. The inset of (a) is the spin structure of the XY-Neel order at J2 = 0.2, Jχ = 0.06,
where there are clear peaks at the Γ points in the second Brillouin zone. (b) is the M point
peak value at J2 = 0.4 for various Jχ. The inset of (b) is the spin structure of the collinear
order at J2 = 0.4, Jχ = 0.01, where the dominant peak is located at the M points in the
second Brillouin zone. (c) shows the antiferromagnetic order (blue line) and the scalar
chiral order (red line) at J2 = 0.3 for various Jχ. (d) refers to the spin correlations at
J2 = 0.3 for various Jχ. The phases at Jχ = 0.01, 0.04, 0.08, and 0.14(0.25) refer to Ising
antiferromagnetic state, phase boundary, CSL, and chiral spin state respectively. The x0 is
chosen away from the open boundary, and x refers to the horizontal distance between the
two spins. The plots above are based on finite DMRG results with Ly = 4× 2.
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Figure 4.5: The staggered magnetization for various lengths in the x-direction (Fig-
ure 4.5(a)) and the y-direction (Figure 4.5(b)) in the intermediate regime. The phase tran-
sition from the Ising antiferromagnetic state to the CSL is determined by the sudden drop
of |〈Sz〉|. For the smallest size in (a) (Lx × Ly = 20× 3× 2) and (b) (Lx × Ly = 6× 4× 2)
we found that |〈Sz〉| = 0 at zero Jχ limit due to finite size effect.

increases from 20 to 30 while keeping Ly fixed, and it increases by 0.02 when Ly increases

from 4× 2 to 6× 2 with fixed Lx. The finite size scaling indicates that the phase transition

into CSL happens at Jχ > 0.06 in the thermodynamic limit.

Besides the magnetic order parameters, other properties such as the spin correlation,

the entanglement entropy and spectrum are also used to identify the phase boundary. We

have found consistence in those different measurements. As shown in Figure 4.4(d), the spin

correlations are strongly enhanced at Jχ ≈ 0.04 near the phase boundary between the Ising

antiferromagnetic phase and the CSL, while both phases have exponentially decaying spin

correlations. The phase boundary determined by the spin correlation is the same as the one

by the staggered magnetization.

Both CSL and the chiral spin state in the larger Jχ regime have a finite scalar chiral
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order that is defined as

〈χ〉 =
1

3N

∑
i,j,k∈4

−→
S i · (

−→
S j ×

−→
S k) (4.8)

As shown by the red curve in Figure 4.4(c), the chiral order increases monotonically with

the increase of Jχ in the CSL and chiral spin state, and saturates around 〈χ〉 ≈ 0.177. The

spin correlations in these two states are given in Figure 4.4(d) as examples at Jχ = 0.08, and

0.14(0.25) respectively, where they remain exponentially decay. However, the spin correlation

increases generally as Jχ increases. As shown in Figure 4.11(b), for the parameters we labeled

as chiral spin state, the spin structure factors show sharp peaks, with the magnitudes of the

peak values increasing with system sizes, suggesting a magnetic ordered state in the larger

Jχ regime. We also notice that the spin structure in this chiral spin state shares the same
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Figure 4.7: The creation of the edge by cutting the infinite long cylinder in half.

peaks as the tetrahedral phase [116, 133] as shown in Figure 4.6, and we do not rule out the

possibility of tetrahedral magnetic order in this regime.

The extended regime of J2 > 0.6 and J2 < 0.1 are not our main focus because we are

interested in the intermediate J2 regime with strong frustration, but we do find that the CSL

extends to a relatively large Jχ ≈ 0.5 at J2 = 0. This implies that the CSL could survive

even without the frustration induced by second nearest neighbor interactions in the XY

model, which may be interesting for future study. In the regime labeled as collinear/dimer,

we also find a non-magnetic dimer ground state in close competition with the collinear state

at Jχ > 0.55. As pointed out in Ref. [24], the actual ground state depends on the system

size and XC/YC geometry.

The phase near the critical point of J2 ≈ 0.36, Jχ ≈ 0.02 is hard to define numerically

because different spin orders are mixed together in the low energy spectrum, thus the spin

correlation is generally large. Here the phase boundary is measured by the unique properties

of the CSL through the entanglement spectrum as discussed below, and it will be marked

by the dash line as a guide to the eye in Figure 4.3.
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Figure 4.8: The matrix product state representations of the infinite long cylindrical system.

4.4 Numerical evidence of the chiral spin liquid

The CSL can be characterized by the twofold topological degenerate ground states, which

are called ground state in vacuum and spinon sectors [106, 134], respectively. The spinon

sector refers to a spin-1
2

excitation on the edge of the system, and the vacuum sector has no

such excitation. The excitation is gapless which is why the two states are degenerate. Using

infinite size DMRG with finite size in one direction under periodic boundary conditions and

infinite size in the other direction, we can obtain the ground state of the CSL with no edge.

The edge can be created by cutting the system in half, as shown in Figure 4.7. This is done

by cutting the bond which connects the neighboring matrix product state as illustrated in

Figure 4.8, and we can calculate the entanglement spectrum (ES) of the subsystem.

The ES of the system corresponds to the physical edge spectrum [135, 136, 137]. We can

express the low energy edge Hamiltonian of the configuration in Figure 4.7 as

Hedge(λ) = HL +HR +Hint(λ) (4.9)
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where λ is the interaction strength between the two subsystems, and the quantum en-

tanglement between the two subsystems as

ρL = TrR|G〉〈G| = e−HE (4.10)

where the ES are the eigenvalues of ρL, and |G〉 is the ground state of the edge Hamilto-

nian. The one dimensional free edge state could be described by the (1+1) conformal field

theory. The conformal invariant boundary states are in certain forms (Ishibashi states [138])

that allows us to make a connection between the edge Hamiltonian and the entanglement

Hamiltonian (HE) as [135]

ρLa ' Z−1
a P̂ae

−4τ0HLP̂a (4.11)

where a refers to any topological sector in general. Following the chiral SU(2)1 con-

formal field theory [139], the leading ES of a gapped CSL has the degeneracy pattern of

1,1,2,3,5,7... [140].

As shown in Figure 4.9(a) and (b), the ES in the CSL phase has such quasi-degenerate

pattern with decreasing momentum in the y-direction for each spin sector. The ES of the

spinon ground state has a symmetry about Sz = 1
2

which corresponds to a spinon at the edge

of the cylinder, while the one of the vacuum ground state has a symmetry about Sz = 0.

The ES is robust in the bulk part of the CSL phase for various parameters and system sizes.

However, as we approach the phase boundary, additional eigenstates may also mix in the

spectrum. As shown in Figure 4.10(a), the counting of the quasi-degenerate states in the

CSL is very clear in every spin sector. In Figure 4.10(b) we can still identify the counting

for S = 0 sector near the phase boundary, but additional low-lying eigenstates have already

mixed in the the S = −1 and 1 sector. As soon as the system enters the chiral spin state
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Figure 4.9: The ES for the spinon ground state (a) and the vacuum ground state (b)
in the CSL phase at J2 = 0.26, Jχ = 0.09, and the ES in the chiral spin state (c) at
J2 = 0.26, Jχ = 0.2 with different spin sectors. The spectrum is calculated using infinite
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. The quasi-degenerate eigenvalues are labeled by the

number below each momentum. Each spin sector is separated with the help of total Sz
conservation implemented in the algorithm.
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the counting disappears, as shown in Figure 4.10(c).

The main difference between the CSL and the chiral spin state is the topological edge

state that can be identified through the ES. An example of the ES in the chiral spin state

is also given in Figure 4.9(c), where the quasi-degenerate pattern disappears and additional

low-lying states emerge, as opposed to the ES in the CSL shown in Figure 4.9(a) and (b).

The phase boundary between these two states are determined mainly by the ES.

Besides the quasi-degenerate pattern of the ES there are other numerical methods to

identify the CSL, which are listed here for future study. These methods have been proven

to be unbiased and accurate ways to identify the CSL [137].

1. Insert a flux through the finite cylinder adiabatically and calculate the net spin transfer

from one edge to the other. The quantized net spin pump corresponds to the quantized Chern

number.
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2. Compute the quantum dimensions by entanglement entropy, and compare it with the

semion model based on conformal field theory.

3. Obtain the modular S and U matrix by applying a modular transformation on the

torus ground state, and compare it with the exact one of a chiral semion model.

The finite chiral order represents the time reversal symmetry breaking chiral current

in each small triangle, which is shown in Figure 4.4(c). The chiral order is significantly

enhanced as the system undergoes a phase transition from the Ising antiferromagnetic state

to the CSL. However, the spin correlation remains following exponential decay, as shown by

the line of Jχ = 0.08 in Figure 4.4(d). We further confirm the vanish of any conventional

spin order in the CSL by obtaining the spin structure in Figure 4.11(a), and comparing it

with the one in the chiral spin state in Figure 4.11(b). There is no significant peak in the

CSL phase as opposed to other magnetic phases.

In order to identify the excitation properties of the CSL, we obtain the spin-1 excitation

gap by the energy difference between the lowest state in S = 0 and 1 sector. To measure

the bulk excitation gap, we use the torus geometry to reduce the boundary effect. The finite

size scaling of the spin gap using rectangle like clusters is shown in Figure 4.11(c). The spin

gap decays slowly as the cluster grows, and remains finite after the extrapolation, suggest-

ing a gapped phase in the thermodynamic limit. In addition, we study the entanglement

entropy of the subsystems by cutting at different bonds. As shown in Figure 4.11(d), the

entropy becomes flat away from the boundary, which corresponds to a zero central charge

in the conformal field theory interpretation [90]. This supports a gapped CSL phase that is

consistent with the finite spin gap.

To summarize this section, we identify the long-sought CSL with the perturbation of

three-spins chiral interactions in the spin-1
2

XY model on the honeycomb lattice. The CSL

extends to the intermediate regime with a small Jχ, providing evidence of the important
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there is no peak as opposed to other magnetic phases. This result is based on the cluster of
20× 4× 2. (b) refers to the spin structure peaks with fixed kx = − 2π√

3
of various parameters.

The blue and red lines are obtained in the chiral spin state with clusters of 20 × 4 × 2 and
30 × 6 × 2, respectively. The magnitude of the peak increases as the cluster size increases.
The black and grey lines are obtained in the CSL with the same two clusters, where there is
no significant peak. (c) refers to the finite size scaling of the spin gap on the torus geometry
with clusters of 3 × 3 × 2, 4 × 3 × 2, 4 × 4 × 2, 6 × 4 × 2, and 8 × 5 × 2. (d) refers to the
entanglement entropy with various clusters on finite cylinders in the CSL phase. The x here
denotes the distance of the cut in the x direction. All of the results are obtained at J2 = 0.2.
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interplay between frustration and chiral interactions driving the CSL. Here, we demonstrate

that the chiral interactions are essential for the emergence of the CSL, because the minimum

critical Jχ of the phase transition is around 0.02, which is stable against the increasing of

system sizes.

A chiral spin state is also obtained at larger Jχ, which extends to the wider regime of J2.

The chiral spin state has a peak value for spin structure factor growing with system sizes.

Further studies include finding the exact nature of this chiral spin state, and the nature of

the phase transition into the CSL.

Experimentally, of all the honeycomb materials that show a quantum-spin-liquid-like

behavior [141, 142, 143], the Co-based compounds are mostly studied in the context of XY

model such as BaCo2 (PO4)2 [144, 145] and BaCo2 (AsO4)2 [146], thus it would be extremely

interesting to search for the quantum spin liquid in such model. On the other hand, the

results of CSL may be tested in cold atoms experiments [147, 148] because the spin XY

model could be mapped by the bosonic Kane-Mele model in the Mott regime [129, 149].
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Chapter 5

The magic angle physics in twisted

bilayer graphene

5.1 Constructing an effective two-leg ladder

The twisted bilayer graphene (TBG) refers to two graphene layers which rotates by a

small angle away from its superposition. At the angle of ∼ 1◦, there are some unexpected

physical properties and it is called the magic angle [150, 151, 152]. As a result, the low

energy band becomes quasi-flat, and the kinetic energy is reduced. Under the doping of

electrons the system becomes a superconductor at low temperature [153, 154, 155, 156, 157].

The effects of the correlations between the electrons becomes important in the TBG

because the kinetic energy is reduced, and it can be studied using the DMRG method.

However, even the single particle physic is not well understood [158]. The large scale moiré

pattern is formed under the magic angle and the unit cell becomes too large for the ab-initio

calculations [151]. In addition, the Wannier functions describing the TBG turn out to be

not so localized [159, 158], thus it is necessary to come up with alternative approaches that

can be used to understand the physics of magic angle in TBG.
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Here we define an auxiliary model that mimics the TBG model on both single particle

level and many particles level (the results have been published [160]). We show that the

two leg ladder with a periodic flux can lead to a quasi-flat low energy band, similar to the

magic angle TBG. With Coulomb repulsions inducing the correlations between the electrons

at half filling, the system becomes ferromagnetic for spins on each leg as well as between

two legs. In addition, this model provides hindsight to the study of 1D magnetism due to

electron correlations.

The low energy effective model of a TBG [152, 161] can be described by (~ = 1)

h1,2 = −iv0

 0 ∂x − i∂y

∂x + i∂y 0

 (5.1)

h⊥ =
γ0

3

2∑
n=0

eiδKn·r

 1 e−i
2πn

3

ei
2πn

3 1

 (5.2)

where h1,2 are Dirac Hamiltonians describing the individual layers and h⊥ couples them.

Here v0 is the Dirac velocity of the individual layers, γ0 is the interlayer coupling strength,

δK = Kθ −K is the vector that connects the Dirac points of the rotated and the unrotated

layers in momentum space, and δKn is δK rotated by an angle of 2πn/3. The vector δK

sets the length scale of the Moiré pattern which has a periodicity of 4π
3δK

. The bandwidth of

the low-energy bands changes as a function of the parameter α = γ0

v0δK
, and it decreases to

almost zero when α ∼ 1.

There are many features in the model of the TBG including a Dirac dispersion, a valley

degree of freedom, and the fact that it is a two dimensional system. Here we hope to

capture the essence of the TBG model by constructing an auxiliary Hamiltonian by replacing

Equation 5.1 and Equation 5.2 with
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h1,2 = − ∂2
x

2m
(5.3)

h⊥ = γ(x)eiφ(x) (5.4)

The auxiliary Hamiltonian is unrelated to the original TBG Hamiltonian but the inspi-

ration is obvious. We have replaced the individual graphene layers with one dimensional

free electrons while keeping the coupling term complex similar to that in the original TBG

Hamiltonian where each element of h⊥ is complex. We impose the condition γ(x) = γ(x+X)

and φ(x) = φ(x+X) so that h⊥ is periodic as in TBG where X is the period. To simplify, we

assume a constant flux per plaquette φ(x) = 2πx/X. Also, we assume that γ(x) is a slowly

varying function so that we can approximate it as γ(x) = γ0[1 + g cos(2πx/X)]. We can

show that the resulting low-energy band structure also has a quasi-flat feature for certain

value of γ0 similar to the α in the TBG model.

5.2 Ferromagnetic Mott state

To study the effect of electron-electron interactions on the auxiliary Hamiltonian, we

write the corresponding lattice version of the Hamiltonian as

H = −t
∑
j,σ,λ

c†j+1σλcjσλ +
∑
j,σ

γjc
†
jσ2cjσ1 + h.c.

+U
∑
j,λ

nj↑λnj↓λ

(5.5)

The operator cjσλ annihilates an electron on site j, on the leg with index λ = 1, 2 and

spin σ =↓, ↑. The hopping parameter between neighboring sites in each leg is t and between
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Figure 5.1: The Fourier transform of the electron density at various fillings, with the
dominant peaks remain at k = 2π

6
. The results are obtained at L = 144 in the quasi-flat

band regime.

the two legs by γj = γ0

(
1 + g cos 2πj

J

)
ei

2πj
J , where γ0 and g are constants. In our calculation,

we choose J to be 6 (which is X in the last section) without any loss of generality, and set

t = 1 to fix the energy scale. Interaction is added via an onsite Hubbard interaction of

strength U in the second line, where njσλ is the electron number operator. We are interested

in understanding the effect of interactions when the quasi-flat band is half-filled, so we fix

the electron density at n = 1
2J

.

Finite size DMRG method with open boundary conditions is used to calculate the ground

state properties. The calculations are performed using the ITensor library [65]. To minimize
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the finite-size effect we study systems of various lengths up to N = 240 × 2 with cutoff

error less than 10−9. The energy difference between two sweeps is less than 10−7 during

final sweeps. The total electron number and Sz conservation are implemented for better

convergence.

In order to stay in the quasi-flat band regime we fix γ0 = 0.49 and g = 0.1 so that

δBW ≈ 7.5 × 10−3 and ∆BG ≈ 4.89 × 10−2. For the onsite Hubbard term, we impose

the condition δBW . 〈U〉 < ∆BG, where 〈U〉 = U
∑

j,λ 〈nj↑λnj↓λ〉 is measured in the non-

interacting limit: We choose U = 0.4 which gives 〈U〉 /∆BG ≈ 0.18 and 〈U〉 /δBW ≈ 1.17.

As shown in Figure 5.2(a), as a result of interaction a commensurate charge density wave

emerges with the period of J.

Away from the boundary there exist strong oscillations around the average electron den-

sity, which is induced by the open boundary. Further analysis at different fillings with the

same interactions in Figure 5.1 shows that it is a commensurate charge density wave, because

the oscillation period is independent of the Fermi momentum, which is determined by the

electron density. Meanwhile the local spin value 〈Szi 〉 remains zero with an error bar in the

order of the truncation error for any finite U .

We calculate the charge gap defined as ∆c = limL→∞[E0 (Ne = N + 2) + E0(Ne = N −

2) − 2E0 (Ne = N)], where E0 (Ne) refers to the ground state energy of a given electron

number. We find ∆c = 0.0214, obtained after accounting for the finite-size scaling as shown

in Figure 5.3. The calculations of the charge gap only depend on the ground state energy

thus are very reliable. The charge gap remains finite after the scaling for U > 0.2, which

indicates a gapped phase.

The extrapolated charge gap increases monotonically as U increases, and saturates at

∆c = 0.0474 when U > 1, as shown in Figure 5.2(b). Also, it is seen that ∆c goes to

zero at U ≈ 0.1, signaling a metal-insulator transition. The spin gap is defined similarly as
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Figure 5.2: (a) refers to the electron density in real space. The electron density has a robust
oscillation pattern away from the boundary with the amplitude ≈ 0.03. Only half of the
lattice is shown. (b) refers to the charge gap for various U after the finite-size scaling.
The charge gap becomes finite for U > 0.2. (c) refers to the intra-chain spin correlations.
The correlations are the same for either chain. Here x = L

4
is chosen to be away from the

boundary to minimize the finite size effect. (d) refers to the inter-chain spin correlations
with only half of the lattice shown. All of the results above are obtained at n = 1

2J
.
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∆s = E0 (Stotz = 1)−E0 (Stotz = 0) except for the missing E0 (Stotz = −1) term because of the

spin U(1) symmetry. We find that ∆s = 0 (less than 10−6). The non-zero charge gap and a

zero spin gap at finite U is consistent with the Mott state at half-filling.

We next investigate the spin-spin correlations in this Mott state. The spin correlations

within each leg are defined as <
−→
S iλ ·

−→
S jλ > where

−→
S iλ is the total spin of the electrons on

site i of the λth chain. As shown in Figure 5.2(c),the spin-spin correlations oscillate with the

same period as the electron density, and are independent of the Fermi momentum as well.

However, the spin-spin correlation values are all positive between any two site, indicating a
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ferromagnetic ordering. A similar behavior is observed for the spin-spin correlation between

the two legs, although it is found to be weaker than the intra-leg correlation. This is shown

in Figure 5.2(d). This suggests that in the quasi-flat regime, the system is an unusual

ferromagnetic Mott insulator.

When the interaction is much smaller than the bandwidth, the system could be considered

as an effective one dimensional Hubbard chain and the state may become antiferromagnetic.

In order to study the phase transition we change the bandwidth while keeping the interaction

strength the same. The bandwidth is controlled by the parameters γ0 and g in our model.

To change it, we keep g fixed to the value used before (g = 0.1) and change γ0. Thus,

γ0 is a proxy for the bandwidth which can can be read off from Figure 5.4(c). As shown

in Figure 5.4(a), as γ0 is decreased (bandwidth is increased), the ferromangetic ordering

becomes antiferromagnetic. In the inset, we show the expected spin-spin correlation in

the limit when the two legs are completely uncoupled. It is clear, once the transition has

occurred, the spin-spin correlation quickly assumes the form expected for a single chain.

Thus, the emergence of the ferromagnetic phase only appears on a small bandwidth. A

better representation of the ferromagnetic-antiferromagnetic transition can be achieved by

the structure factor S (k) = 1
N

∑
i,j

〈−→
S i ·
−→
S j

〉
eik(xi−xj). We plot in Figure 5.4(b) S(k)

vs. k for different values of γ0. Presence of ferromagnetic ordering at larger values of γ0

(smaller bandwidth) is marked by a peak at k = 2π/6 representing the dominant frequency

of oscillations in the spin correlation. At smaller values of γ0 (larger bandwidth), another

peak emerges at k = 2π/12 signalling the presence of antiferromagnetic ordering. Around

γ0 ≈ 0.43, where the transition happens, we find both peaks present. The ferromagnetic to

antiferromangetic transition is also observed in spin-spin correlation between the two legs as

shown in Figure 5.2(c). In the charge sector, we find charge density waves with the same

periodicity as in the quasi-flat band regime. The charge gap decreases with decrease in γ0
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4
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(c) refers to the inter-chain spin correlations for various γ0, obtained with the finite length
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after the finite-size scaling. All of the results above are obtained at U = 0.4 and n = 1
2J

.
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(increase in bandwidth), as shown in Figure 5.4(d), except near γ0 = 0.43 where it shows

certain features. This is the same value at which the ferromagnetic to antiferromagnetic

transition appears in the spin sector.

Besides the onsite Coulomb interactions in Equation 5.5, we have tested other interactions

such as the next-nearest-neighbor Coulomb interactions, which is defined as

V
∑
j,σ,σ′,λ

njσλnj+1σ′λ (5.6)

As shown in Figure 5.5 the spin correlations become ferromagnetic for finite V, which is

similar to the one with only onsite Coulomb interactions, suggesting that the ferromagnetic

Mott state is robust against various types of Coulomb interactions.

In summary, we have shown that a two-leg ladder with a flux and a periodic coupling

term between the legs produces a low energy quasi-flat band similar to that in magic angle

TBG. In the presence of interaction, the ground state is a ferromagnetic Mott insulator. As

the band becomes more dispersive, the ground state changes into an antiferromagnetic Mott

insulator. In addition to providing clues to the physics of magic angle TBG, the model could

be relevant in the larger context of 1D correlations and magnetism.
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Chapter 6

The Kondo impurity in a

superconductor

6.1 Kondo screening in a superconductor

The Kondo screening refers to a magnetic impurity surrounded by electrons with oppo-

site spins. In normal metal where there are enough free electrons, the magnetic impurity

behaves as a non-magnetic impurity after the screening. However, in a superconductor, es-

pecially in s-wave superconductor, there are only cooper pairs instead of free electrons at

zero temperature. For s-wave superconductor the cooper pairs has singlet pairing, therefore

can not contribute to the screening of the magnetic impurity [162].

Alternatively, if the interactions between the magnetic impurity and the electrons are

strongly enough, one cooper pair will break and the magnetic impurity will form a spin

singlet state with one of the electrons. This quasi-particle state is known as the Yu-Shiba-

Rusinov (YSR) states [163, 164, 165, 166, 167]. The quasi-particle gap of the YSR states

lies in the superconducting gap, with two peaks located symmetrically about the center of

the superconducting gap due to particle-hole symmetry.
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We consider the single Kondo impurity [168] of spin-1
2

in an s-wave superconductor

where the Hamiltonian has two terms, the HBCS is the BCS Hamiltonian of the s-wave

superconductor and Himp is the interactions between the electrons and the impurity spin.

H = HBCS +Himp

HBCS =
∑
kσ

εkc
†
kσckσ −∆

∑
k

(c†k↑c
†
−k↓ +H.c.) (6.1)

Himp = J
−→
S ·

(
1

2Ns

∑
kk′σσ′

c†kσ
−→τ σσ′ck′σ′

)

ckσ is the electron annihilation operator at momentum k and spin σ , εk is the single

particle energy band dispersion, ∆ is the BCS gap parameter, J is the antiferromagnetic

exchange interaction between the Kondo impurity and the conduction electrons, S is the

impurity spin with S = 1
2
, Ns is the number of lattice sites, and τ is the Pauli matrix.

The Hamiltonian defined in the continuous three dimensional space is hard to diagonalize

numerically. Thus, we need to apply the spherical wave representation, then discretize the

states in a logarithmic way with respect to the momentum in radial direction [169, 170]. The

resulting Hamiltonian will be in one dimension, and only finite numbers of discrete states

are needed as we neglect the high energy states. This transformation was originally done by

Wilson for the Numerical Renormalization Group calculations of the Kondo problem [37].

The resulting Hamiltonian becomes
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H = Hk +H∆ +Himp

Hk =
1 + Λ−1

2

∑
σ

∞∑
n=0

Λ−n/2εn
(
f †nσfn+1σ +H.c.

)
H∆ = −∆

∞∑
n=0

(
f †n↑f

†
n↓ +H.c.

)
Himp =

J

2

−→
S ·
∑
σσ′

f †0σ
−→τ σσ′f0σ′ (6.2)

where Hk is the hopping term, H∆ is the pairing potential, and Himp is the interactions

that comes from the Himp in Equation 6.1. The f †n is the electron creation operator at

level n. Here n is not the lattice site number but the radial distance after the logarithmic

discretization, so we choose a different symbol for the electron operator. The density of states

of conduction electrons is renormalized by D = 1, and Λ is the logarithmic discretization

parameter. The εn is defined as

εn =
(
1− Λ−(n+1)

) (
1− Λ−(2n+1)

)−1/2 (
1− Λ−(2n+3)

)−1/2

The Hamiltonian acts on a half infinite chain with the impurity interaction term Himp

acting on the first site. In addition, the parameters in the hopping term Hk has an expo-

nential decay, making it possible to approximate the results using a finite length. For the

Λ = 2 that we choose, Ns = 68 sites is enough in the DMRG calculations. The total electron

number is not conserved because of the superconducting term, but we still have the electron

parity conservation as well as the total Sz conservation. During the final sweeping in the

DMRG process, 300 states are kept in order to achieve the truncation error less than 10−11.

In the limit of J → 0 the Kondo impurity becomes a free spin, and there should be no

screening from the electrons at all. As J increases, the screening will start to enhance. As
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Figure 6.2: The ground state energy of the singlet state and doublet state obtained by
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shown in Figure 6.1(a), the electron spins becomes finite with finite J. The site i here does

not represent the physical distance away from the impurity, it is the radial distance after

the logarithmic correction. In Figure 6.1(b) we find that the total electron spins increase

monotonically as J, indicating that the screening is enhanced.

6.2 Kondo singlet state and doublet state

In the strong coupling limit as opposed to the free spin limit, at zero temperature the

impurity spin will capture one electron and form the spin singlet state, and we refer it as

the Kondo singlet ground state. The state with the impurity spin in the spin doublet state
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is the Kondo double state. The Kondo singlet state has odd numbers of electrons because

all the other electrons have formed Cooper pairs, while the Kondo doublet state has even

number of electrons. Using the electron parity conservation, we can calculate the ground

state energy evolution of the two sub-space by varying the Kondo coupling J . As shown

in Figure 6.2, in the weak coupling case as J < Jc ≈ 0.405, the impurity spin could not

pair with any conduction electron, and thus the ground state has doublet degeneracy. For

J > Jc, it appears that the impurity spin can capture an electron from a Cooper pair and

form a singlet ground state.

The transition from Kondo doublet ground state to singlet ground state can be further

confirmed by the impurity spin square. If there is no conduction electrons, 〈(Szimp)2〉 is

just 0.25. Similarly, it is 0 if there exists no impurity. Thus, this quantity describes the

impurity contribution to the square of the total magnetic moment. As shown in Figure 6.3,

the quantity drops from 0.25 to 0 at the critical coupling strength of Jc ≈ 0.405.
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However, even if the impurity spin can not capture an electron the antiferromagnetic

coupling may result in partial screening. This can be seen from the spin correlations between

the impurity spin and the electron spins in Figure 6.4. For the Kondo singlet state because

there is one free electron that can not be paired, the correlation quickly drop to -0.75,

indicating the formation of a spin singlet state. In the Kondo doublet state the correlation

has a very slow decrease as J increases, which suggests a partial screening of the impurity

spin near the Jc.

Other studies of the Kondo impurity in the s-wave superconductor has found no partial

screening [162]. One of the reason for this is that the pairing potential may not be uniform

in real materials. To illustrate this idea, we consider the Hamiltonian with attractive onsite
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Coulomb interactions in a one dimensional chain. The Hamiltonian is

H = −t
∑
iσ

c†iσci+1σ + h.c.+ U
∑
i

ni↓ni↑ (6.3)

The hopping parameter t is set to 1, and U is negative. The Hamiltonian has total

electron number conservation which is different than Equation 6.2, thus the ground state

of this Hamiltonian for a finite system will always be in a certain electron number sector,

which leads to a zero superconducting order in the ground state. Here we calculate two

ground states of the same parameters with total electron number differed by two, and then

calculate the superconducting order parameter by taking the overlap of the two after applying

the s-wave superconducting operator. One of the example is given here in Figure 6.5 with

∆ ∼
〈
G(N + 2)

∣∣∣C†i,↑C†i,↓∣∣∣G(N)
〉

. The superconducting order has staggered pattern in real

space with inversion symmetry, and it increases as U decreases.

We find similar behavior of the superconducting order in the presence of a magnetic

impurity. The magnetic impurity is placed in the middle of the lattice with Himp =

J
−→
S ·

∑
σσ′

c†N/2,σ
−→τ σσ′fN/2,σ′ included in the Hamiltonian. As shown in Figure 6.6, the su-

perconducting order has the similar staggered pattern as Figure 6.5, and it also increases as

U decreases. There are some negative values of the superconducting order at certain sites due

to the truncation error, but we show that in general the pairing potential may not be uniform

with realistic electron-electron interactions involved. Recently the Hubbard model [171] and

the t-J model in two dimensions have been found to host a superconducting ground state in

the doped regime, and the Kondo screening in a superconductor can be studied with those

models as future directions.
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Figure 6.6: The superconducting order parameter with a magnetic impurity spin in the
middle (i = 51) for various onsite attractive interactions.

86



Chapter 7

Summary

The DMRG method has become a standard unbiased numerical method to study strongly

correlated systems in low dimensions. We have studied both electron and spin systems, ei-

ther in low dimensional lattices or by reducing the models in higher dimensions into the low

dimensional effective models. These models are related to the fundamental quantum models

that are of general interests to the condensed matter field, and can provide possible explana-

tions to the experimental results. The DMRG has been developed from the iterative ground

state solver for one dimensional lattice to a powerful numerical technique that can cope

with finite temperatures states, entanglement and topological properties, non-equilibrium

properties, and even real two dimensional systems with infinite lengths in both directions.

With increasing number of researchers engaging in the development of algorithms based on

DMRG, we believe it will become more useful in the studies of unresolved physical problems.

The analytical methods also plays an important role in understanding the underlining

physics in the strongly correlated systems. Although the many-body Hamiltonian usually

can not be solved exactly, the classification of different quantum states provides additional

methods to numerically determine the phase diagram. As two examples studied here, the

Kondo lattice model in one dimension is studied based on the Tomonaga-Luttinger liquid
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theory that predicts power-law decay correlation functions. The chiral spin liquid phase in

the honeycomb XY model is identified with the spectrum of the chiral edge state, which is

based on conformal field theory. With the help of these analytical methods, we can rely less

on the single particle picture of the model.

The main results for the studies in various models are summarized in the order of the

paper. In chapter 3, we study the ground state of the standard 1D Kondo lattice model

and identify two insulating phases in the doped region at weak coupling, the charge density

wave (CDW) and dimer/bond order wave phase. The CDW phase without bare repulsive

interaction between electrons serves as an important example of strong effective Coulomb

repulsion induced by the magnetic impurities, and the dimer/bond order wave phase shows a

simultaneous phase transition due to the interaction between the electrons and the localized

spins. It is the first time that a charge order is found in the standard 1D Kondo lattice

model.

The CDW phase of the Kondo lattice model has been found in two dimensions and

infinite dimensions, which is stabilized by the Kondo effect between electrons and localized

spins. However, it is qualitatively different from the CDW here in one dimension which is

driven by the effective repulsive interactions between electrons. There is also coexistence of

magnetic orders in the CDW for two and infinite dimensions but not one dimension. Here

we discover a new type of CDW phase in 1D Kondo lattice model, which means that though

it does not include bare repulsive interactions, the CDW is still driven by the effective

repulsive interactions. The dimer/bond order wave phase provides a possible mechanism

of the simultaneous Peierls and spin-Peierls transition found in the 1D organic compounds

(e.g. D2X where D is fluoranthene or perylene derivatives, and X is AsF6 or PF6), which is

considered as an experimental realization of the 1D Kondo lattice model.

These charge orders also exist in other fundamental 1D models like the Hubbard model
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and t-J model. The comparison of the charge orders in different models and the potential

novel phase of the mixed models (e.g. Kondo lattice model with Hubbard interaction) are

interesting starting points for future study. The emergence of these charge orders enriches

the phase diagram and may have implication for the effective repulsive interaction caused

by the magnetic impurities in higher dimensions.

In recent years, the chiral spin liquids (CSL) have been theoretically investigated and are

actively searched for in experiments. For the extended spin-1
2

XY model on honeycomb lat-

tice, theoretical studies have suggested the possible existence of CSL in the highly frustrated

regime generated by the staggered Chern-Simons flux with nontrivial topology, and since

then there have been extensive studies trying to identify the CSL numerically. However, so

far there are no direct numerical evidence supporting this claim.

In chapter 4, we provide strong numerical evidence of the long-sought CSL in the ex-

tended spin-1
2

XY model and clarify the conditions for such a phase to emerge. The global

phase diagram of the extended XY model with first-neighbor (J1), second-neighbor (J2) in-

teractions, and a three-spin chiral term (Jχ) is identified using large scale DMRG method.

We use the robust degeneracy pattern in the chiral entanglement spectrum as the fingerprint

for the emergence of the CSL. This method has been proven to be an unbiased and accurate

way to identify the CSL. The CSL emerges with finite chiral interactions and a finite spin

gap, where the minimum Jχ required appears in the highly frustrated regime of J2/J1. Our

results demonstrate the importance of the interplay between magnetic frustration and chi-

ral interactions, which leads to a rich phase diagram. Without the chiral interactions, the

magnetic frustration in the xy-plane alone would only result in an antiferromagnetic order

along the z-direction.

Experimentally, of all the honeycomb materials that are found to show a quantum-spin-

liquid-like behavior, the Co-based compounds are mostly studied in the context of spin-1
2
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XY model such as BaCo2(PO4)2 and BaCo2(AsO4)2. Our numerical results provide a

simple mechanism for the emergence of CSL via competing magnetic frustrations and chiral

interactions in these materials. The chiral interactions may be generated by a φ flux in every

elementary honeycomb. On the other hand, the results of CSL may be tested in cold atoms

experiments as the spin XY model could be mapped by the bosonic Kane-Mele model in the

Mott regime.

In chapter 5, we provide some insight into the physics of the magic angle twisted bilayer

graphene by using an unrelated model which is a two leg ladder with magnetic flux. Using

DMRG, we show that the latter can help us understand the phenomenon in the former.

Without the complex lattice structure and the Dirac dispersion, the two leg ladder only

maintains one unique property from the magic angle twisted bilayer graphene, which is the

quasi-flat band. When the Coulomb repulsive interactions are included in the Hamiltonian,

the state becomes a ferromagnetic Mott insulator. Numerical results show that with increas-

ing Coulomb interactions the phase transition occurs at the critical U with the interaction

larger than the band width, but smaller than the band gap. Thus, the phase transition is

not a result of mixing the two lowest bands. In addition, the ferromagnetic Mott state is not

a 4kF density wave which often exists in 1D Hubbard model, but a commensurate density

wave that does not depend on the Fermi momentum. The ferromagnetic Mott state changes

into an antiferromagnetic Mott state as the band becomes wider, which is consistent with

the antiferromagnetic ground state in the one dimensional Hubbard model at half filling.

The experiments of the twisted bilayer graphene has found that near the magic angle,

the state becomes a correlated insulator. Some theoretical studies have proposed that the

ground state should be ferromagnetic [172, 173] because of the unusual shape of the Wannier

functions, but there are other numerical results that support an antiferromagnetic ground

state [174]. It is interesting to observe a ferromagnetic insulating state in the auxiliary model
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that mimics the twisted bilayer graphene at the single particle level.

In chapter 6, we revisit some of the properties for the Kondo impurity in a superconductor,

and relate to other numerical studies of the quasi-particle states induced by the Kondo

impurity which is known as the Yu-Shiba-Rusinov state. The state is a result of breaking

a Cooper pair and forming a spin singlet state with the impurity spin. Other numerical

studies have used the effective spin-1
2

impurity in a s-wave superconductor which is given by

the BCS Hamiltonian, and we are able to reproduce most of the results at zero temperature

including the singlet state to doublet state phase transition. However, our DMRG results

show that there are correlations between the impurity spin and the electron spins even in the

doublet state, indicating a partial screening in the ground state, which is not found by other

studies. We believe that one of the reasons may be the non-uniform superconducting order

in the presence of the impurity spin and open boundary. The study of Kondo impurity in a

superconductor may be conducted on a realistic model with electron-electron interactions,

like the Hubbard model in two dimensions which is shown to have superconducting ground

state in the doped regime recently.
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[129] Kirill Plekhanov, Ivana Vasić, Alexandru Petrescu, Rajbir Nirwan, Guillaume Roux,

Walter Hofstetter, and Karyn Le Hur. Emergent chiral spin state in the mott phase

of a bosonic kane-mele-hubbard model. Physical review letters, 120(15):157201, 2018.

[130] Yixuan Huang, Xiao-yu Dong, DN Sheng, and CS Ting. Global phase diagram

and chiral spin liquids in the extended spin-1
2

honeycomb xy model. arXiv preprint

arXiv:1912.11156, 2019.

[131] Johannes Hauschild and Frank Pollmann. Efficient numerical simulations with Tensor

Networks: Tensor Network Python (TeNPy). SciPost Phys. Lect. Notes, page 5, 2018.

Code available from https://github.com/tenpy/tenpy.

106

https://github.com/tenpy/tenpy


[132] Olexei I Motrunich. Orbital magnetic field effects in spin liquid with spinon fermi sea:

Possible application to κ-(et) 2 cu 2 (c n) 3. Physical Review B, 73(15):155115, 2006.

[133] Ciarán Hickey, Lukasz Cincio, Zlatko Papić, and Arun Paramekanti. Emergence of
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