
 

DYNAMIC AND STATIC ELASTIC PROPERTIES OF SEDIMENTARY ROCKS  

 

 

by 

Yang Wang 

 

 

 

 

 

 

 

A Dissertation submitted to the Department of Earth and Atmospheric Sciences,  

College of Natural Sciences and Mathematics  

in partial fulfillment of the requirements for the degree of  

 

 

Doctor of Philosophy  

 

in Geophysics 

 

 

 

 

 

 

Chair of Committee: Aibing Li 

 

Committee Member: De-hua Han 

 

Committee Member: Abhijit Mitra 

 

Committee Member: Qi Fu 

 

Committee Member: Jonny Wu 

 

 

University of Houston 

May 2020 

 



ii 

 

ACKNOWLEDGMENTS 

The six years I spent at the University of Houston were full of fruitful experiences. I 

owe my gratitude to the people who have offered help in my academic and personal growth.  

Foremost, I would like to express my deepest appreciation to my advisor, Dr. De-hua 

Han, for his support, guidance, encouragement, and constructive suggestions throughout my 

Ph.D. period. I greatly admire his attitude, logic, and enthusiasm towards science, which will 

continue to inspire me to keep on moving in the academic path. I would also like to thank the 

rest of my committee members, Dr. Aibing Li, Dr. Abhijit Mitra, Dr. Qi Fu, and Dr. Jonny 

Wu, for their constructive comments when reviewing my dissertation. 

I would like to express special thanks to Yonghao Zhang from PetroChina, Samir 

Aldin, Mumir Aldin, and Dr. Abhijit Mitra from MetaRock Laboratories, for generously 

offering me platforms to measure data for my research. I also thank Dr. Keith Katahara and 

Huw James for their time spent on discussing with me when I was only a beginner in rock 

mechanics. Also, special thanks to their efforts in correcting my peer-reviewed journal paper.  

Special thanks to Dr. Hu Li from Maxwell Dynamic, Inc, who always offered me 

spiritual and financial supports when I was in hard times. I would also like to show my 

gratitude to Dr. Luanxiao Zhao and Dr. Hui Li, who were supportive of my research and 

facilitated great collaborations.  

I will forever remember all the moments I spent together with the RPL colleagues, 

Min Sun, Dr. Fuyong Yan, Frank Chen, Dr. Zhengwei Xu, Jiali Ren, Qianqian Wei, Dr. Qi 

Huang, Dr. Hemin Yuan, Dr. Xuan Qin, and Teng Long. Many thanks to their accompanies. 

Additionally, I would like to give thanks to my roommate, Zhoulyu Rao, with whom I shared 

many unforgettable moments in daily life.  



iii 

 

I thank the Fluids/DHI consortium for the financial support and for providing us an 

excellent research environment. I would also like to thank the Department of Earth and 

Atmospheric Sciences at the University of Houston for providing a Teaching Assistant 

position for so many years, without which I could not have survived. I would like to express 

special thanks to Dr. Jinny Sisson and Dr. Daniel Hauptvogel for helping me improve my 

teaching skills.  

I could not have come this far without the endless love and support of my family. I 

would like to express the sincerest thanks to my parents for their patience, advice, and moral 

support. I also thank my sister and brother-in-law for their encouragement and support 

throughout this long process. I also thank my girlfriend for the excellent balance of life and 

study she has given to me. I appreciate her comprehension and inspiration.  

 

  



iv 

 

ABSTRACT 

Understanding the differences between static and dynamic elastic properties of 

underground rocks is essential for the successful hydraulic fracturing. For heterogeneous 

porous sedimentary rocks, static elastic properties can differ a lot from dynamic elastic 

properties even at the same stress level. We investigate the stress dependence of dynamic and 

static mechanical properties through laboratory measurements and micro-mechanical analysis 

on sandstone and shale samples. In general, static tests respond to the superpositions of the 

elastic, viscoelastic, and non-elastic properties along with a stress increment, whereas 

dynamic tests, with more than two orders of magnitude smaller strain amplitude, only reflect 

the elastic properties of rocks. As a result, the dynamic modulus is characteristically higher 

than the static modulus at almost any stress level, whereas the static Poisson’s ratio expresses 

a lower value at low stress and higher value at high stress in contrast to the dynamic Poisson’s 

ratio. The experimental results also suggest that intrinsic beddings of the anisotropic shales 

would have significant impacts on dynamic and static properties. The rock is generally stiffer 

in the bedding-parallel direction than in the bedding-normal direction. Considering the strong 

stress dependence of static properties, we propose two ways to determine static elasticity in 

the stress-strain curves: uniaxial load-unload experiments with a series of minor stress cycles 

and increasing-amplitude cyclic loading and unloading experiments. The first one offers an 

easy approach to investigate static properties of the rock matrix without microstructural 

effects. The second one documents the evolution of static elastic properties in great detail by 

considering the in-situ stress conditions and emphasizes that there exists a relatively elastic 

region with similar static properties regardless of the numbers of loaded or unloaded stress 
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cycles. The new approach is more effective than the traditional one, which is limited to the 

linear elastic region of the loading stress-strain curves. 
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1. INTRODUCTION 

1.1. Overview  

Within geoscience and geoengineering, the elastic properties such as bulk modulus, 

Young’s modulus, and Poisson’s ratio are crucial inputs for in-situ stress profile prediction 

(Higgins et al., 2008; Barree et al., 2009), borehole stability evaluation, and hydraulic 

fracturing design (Clark, 1949; Hubbert and Willis, 1957; Geertsma and De Klerk, 1969). For 

example, Figure 1.1 presents the 3D fracture geometry after pumping fracturing fluids in the 

borehole. The induced fracture would open in the direction perpendicular to the minimum 

horizontal principal stress (SHmin) and propagate along the direction of the other horizontal 

principal stress. If we view from the top of the borehole, the 3D fracture geometry can be 

simply expressed with a semi-ellipse with the fracture length of L and the fracture width of W. 

The fracture length-width ratio can be roughly calculated with the equation in Figure 1.1. In 

hydraulic fracturing, the fluids fracture the underground formation in a static manner. As a 

result, the input parameters, like Young’s modulus (E) and Poisson’s ratio (ν), are static 

elastic parameters.  

 
Figure 1.1. Fracture geometry in hydraulic fracturing (Geertsma and De Klerk, 1969). Note, Pp is the 

fluid fracturing pressure; SHmin is the minimum horizontal principal stress; L is the induced fracture 

length; W is the induced fracture width.  
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The only direct way to acquire such static elastic data is through laboratory 

measurements of rock cores, which are limited by the core availability and the high financial 

costs. The dynamic elastic properties, which can be derived from the full-waveform sonic logs 

and can cover a much broader aspect of the reservoirs, are frequently used to predict their 

static equivalents. For in-situ applications, corrections are necessary to convert the log-

derived or laboratory-measured dynamic properties to the static properties.  

1.1.1. Evolutions of correlations between dynamic and static properties 

    
Figure 1.2. Stress-strain relationships during a deviatoric stress load-unload cycle for (a) an aluminum 

sample and (b) a tight sandstone sample.  

 

Within the concept of linear elasticity, the stress-strain relationship of an isotropic and 

homogeneous medium satisfies Hooke’s law. As a result, the derived static mechanical 

parameters (i.e., Bulk modulus, Young’s modulus, and Poisson’s ratio) are identical with their 

dynamic equivalents (Fjær, 2019). For a continuum, like aluminum alloy and steel (Zisman, 

1933a; Bristow, 1960; Simmons and Brace, 1965; Cook and Hodgson, 1965), the equal 

relations are valid. Figure 1.2a presents the stress-strain relationships for aluminum during a 

deviatoric stress load-unload cycle. In general, whatever for the loading or unloading 

processes, the stress-strain curves are linear. After removing all the applied stress, there is no 

apparent hysteresis between the loading and unloading curves. Moreover, the static Young’s 
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modulus and Poisson’s ratio derived from the stress-strain curves are compared with the 

dynamic ones, as shown in Figure 1.3. From the first order, the dynamic parameters are equal 

to the static equivalents. However, for the Earth’s crust-forming sedimentary rocks, which are 

naturally heterogeneous and porous, the static mechanical properties can differ a lot from their 

dynamic elastic properties. Figure 1.2b exhibits the stress-strain relationships for a tight 

sandstone during a triaxial stress load-unload cycle. In contrast to Figure 1.2a, stress-strain 

curves for sandstone show more nonlinearity and hysteresis. Figure 1.4 summarizes the 

correlations between the dynamic and static parameters (i.e., Bulk modulus, Young’s 

modulus, and Poisson’s ratio) for sedimentary rocks (i.e., sandstone, limestone, and shale) 

from literature (van Heerden, 1987; Jizba and Nur, 1990; Yale and Jamieson, 1994; Higgins et 

al., 2008; Sone, 2012). The dynamic and static correlations do not abide by equal 

relationships for sedimentary rocks. 

 

Figure 1.3. Comparisons between dynamic and static elastic parameters (i.e., Young’s modulus and 

Poisson’s ratio) for an aluminum sample.  

 

The measurements of the static parameters of the Earth's crust-forming rocks started in 

1895 from the annual report of the Watertown Arsenal. The static tests of American granite in 

this report were taken under unilateral pressure in air (Zisman, 1933a). Later, Adams and 
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Coker (1906) found the static Young’s modulus of American granite ranging from 27.6 to 

43.4 GPa and the static Poisson’s ratio ranging from 0.20 to 0.26. Zisman (1933a, 1933b) 

began to investigate the relations between the statically and seismologically determined 

elastic constants of Quicy granite and Sudbury norite, as shown in Table 1.1, concluding that 

(1) the statically derived elastic constants (i.e., Young’s modulus and Poisson’s ratio) are 

smaller than the dynamic values; (2) the compressibility of uncovered rock is essentially the 

same as the seismically effective compressibility. Simmons and Brace (1965) measured 

several igneous and metamorphic rocks, concluding that compressibility calculated from 

ultrasonic wave velocities is within a few percent of that measured directly by using strain 

gauges. Walsh (1965a, 1965b, 1965c) investigated the relationships between dynamic and 

static compressibility, Young’s modulus, and Poisson’s ratio for granites, concluding that (1) 

static compressibility is generally greater than the dynamic one; (2) static Young’s modulus is 

lower than the dynamic one, except for the ones when the uniaxial stress is initially unloaded; 

(3) static Poisson’s ratio is lower at the low-stress level and is higher at the high-stress level 

than the dynamic one. Myung and Helander (1972) compared the dynamic Young’s moduli 

measured by full-wave sonic logs with those statically measured on 15 cores in the laboratory, 

generating an empirical relation, as shown in equation (1.1). King (1983) investigated 

dynamic and static Young’s moduli of 174 igneous and metamorphic rock samples from 

Canadian Shield. He gave an empirical relation similar to the one from Myung and Helander 

(1972), as shown in equation (1.2). 

1.30 29.17s dE E= −                                                                (1.1) 

1.26 29.50s dE E= −                                                                 (1.2) 
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Figure 1.4. Comparisons between dynamic and static (a) Bulk modulus, (b) Young’s modulus, and (c) 

Poisson’s ratio for sedimentary rocks (van Heerden, 1987; Jizba and Nur, 1990; Yale and Jamieson, 

1994; Higgins et al., 2008; Sone, 2012). 

 

Table 1.1. Comparisons between statically and seismologically determined elastic constants for Quincy 

granite and Sudbury norite (Zisman, 1933b). 

Sample Dynamic Static 

 E, GPa ν β, GPa-1 E, GPa ν β(covered) β(uncovered) 

Quincy Granite 43 0.33 0.0227 35 0.10 0.09 0.0216 

Sudbury Norite 88.2 0.27 0.0156 83.6 0.22 0.0286 0.0164 

 

In the 1980s, researchers began to explore correlations between dynamic and static 

elastic parameters of sedimentary rocks. Cheng and Johnston (1981) and Jizba and Nur (1990) 

investigated the stress-dependence of the dynamic and static bulk moduli for two sandstones, 

one limestone, and two oil shales. Yale and Jamieson (1994) measured the relationships 
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between dynamic and static properties (i.e., Young’s modulus and Poisson’s ratio), as shown 

in Figures 1.4b and 1.4c. Fjær (1999, 2009) measured and analyzed the relationships between 

dynamic and static Young’s moduli for loose sandstone. Higgins et al. (2008) compared the 

laboratory-measured static Young’s modulus and Poisson’s ratio with those measured from 

sonic logs for anisotropic Baxter shales, as shown in Figures 1.4b and 1.4c. Sone (2012) 

measured and collected the dynamic and static relationships for anisotropic shale.  

Moreover, many empirical relations between dynamic and static Young’s moduli were 

established in succession, attempting to form a generalization for applications under different 

geological circumstances. Savich (1984) showed that dynamic and static Young’s moduli of 

sedimentary rocks are related through equation (1.3).    

d

b

sE aE=                                                                         (1.3) 

Later, van Heerden (1987) measured 14 sedimentary rock samples, as shown in Figure 

1.4b, and found a similar relationship as equation (1.3). The coefficients a and b from both 

Savich (1984) and van Heerden (1987) are dependent on the applied stress. Montmayeur and 

Graves (1985, 1986) measured 13 consolidated reservoir cores and found the relationship 

between static and dynamic Young’s moduli as follow: 

40.81 2.0 10s

d

E
P

E

−= +                                                     (1.4) 

where P is the applied stress in psi. 

Eissa and Kazi (1988) collected 76 data points for sedimentary rocks from literature to 

generate the following relationship for dynamic and static Young’s moduli: 

 log 0.02 0.77log( )s dE E= +                                            (1.5) 

where ρ is bulk density in g/cm3. 
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Olsen et al. (2008) collected data points and summarized the ratios between dynamic 

and static Young’s moduli for different lithologies, as shown in Table 1.2. 

Table 1.2. Ratios between dynamic and static moduli for different lithologies (modified after Olsen et 

al. (2008)). 

 

Authors Dynamic/static modulus Lithology 

van Heerden (1987) 1-3 Dry sandstone 

Tutuncu and Sharma (1992) 1-6 Saturated sand 

Yale and Jamieson (1994) 1.15-1.7 Saturated carbonate 

Yale and Jamieson (1994) 1.1-1.4 Dry carbonate 

Henriksen et al. (1999) 2-4 Saturated chalk 

1.1.2. Influential factors of the dynamic and static differences 

For sedimentary rocks, there can be significant differences between static and dynamic 

elastic parameters (i.e., bulk modulus, Young’s modulus, and Poisson’s ratio). In general, the 

static modulus of sedimentary rocks is routinely lower than the dynamically derived one 

regardless of being from hydrostatic tests (Simmons and Brace, 1965; King, 1969; Cheng and 

Johnston, 1981; Jizba and Nur, 1990; Fjær, 1999; Li et al., 2019) or triaxial tests (van 

Heerden, 1987; Eissa and Kazi, 1988; Tutuncu and Sharma, 1992; Tutuncu et al., 1994; Plona 

and Cook, 1995; Fjær, 2009; Bhuiyan et al., 2013). However, as another critical input 

parameter for geo-mechanical modeling (Hubbert and Willis, 1957; Rickman et al., 2008), the 

static Poisson's ratio is relatively seldom mentioned in the literature to compare with the 

corresponding dynamic Poisson's ratio. The relationship between static and dynamic 

Poisson’s ratios remains ambiguous.  

The most important causes (Fjær, 2019) for dynamic and static differences of 

sedimentary rocks are as follows: 
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Strain rate and loading rate 

From the literature, the loading or strain rate has a significant influence on the 

mechanical properties of rocks (Kumar, 1968; Stowe and Ainsworth, 1968; Green and 

Perkins, 1968; Brace and Jones, 1971; Blanton, 1981; Okubo et al., 2006; Qi et al., 2009; 

Fuenkajorn and Kenkhunthod, 2010; Li et al., 2014; Alam et al., 2015). Stowe and Ainsworth 

(1968) reported the mechanical properties of Basalt, Granite, and Tuff for a wide range of 

loading rates from 1.0 to 1.60 × 107 psi/s, concluding that the elastic Young’s modulus and 

the ultimate compressive strength increase with the increasing loading rate. Fuenkajorn and 

Kenkhunthod (2010) found that the elastic modulus and the compressive strength tend to 

increase exponentially with the increasing loading rate from 0.001 to 10 MPa/s for three types 

of sandstones, as shown in Figures 1.5a and 1.5b.  

Green and Perkins (1968) observed that the compressive strength of basalt and tuff 

increases with the increasing strain rate from 10-4 ~ 104 /s. Qi et al. (2009) statically analyzed 

the effects of strain rate on the rock strength, which showed an increasing trend with the strain 

rate from 10-4 to 108 /s. Alam et al. (2015) investigated the characteristics of Kora sandstone 

under different strain rates upon uniaxial loading. Both the elastic modulus and the failure 

strength increase with the increasing strain rate, as shown in Figures 1.5c and 1.5d.   

There are two ways to express rock stiffness. One is based on stress-strain 

relationships, named as the static modulus. The other is based on velocities of elastic waves, 

defined as the dynamic modulus. For a linearly elastic material, like aluminum and steel, the 

corresponding static and dynamic moduli are equal. However, for heterogeneous materials 

such as granular rocks, there may be significant differences between static and dynamic 

moduli. 
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Figure 1.5. Effects of loading rate on (a) the elastic modulus and (b) the failure strength (Fuenkajorn 

and Kenkhunthod, 2010). Effects of strain rate on (c) the elastic modulus and (d) the failure strength 

(Alam et al., 2015). 

 

In the laboratory, the static tests are always associated with a finite strain rate with a 

typical value of 10-6/s (Jaeger et al., 1969; Fjær et al., 2013; Fjær, 2019). However, the strain 

rate associated with an elastic wave traveling through a rock volume can be expressed as: 

0 sin(2 )f  =                                                            (1.6) 

where f is the frequency; ε0 is the strain amplitude. 

The average strain rate associated with the elastic wave is then: 

0

0 0

1 2
cos(2 ) 4

T T
f

dt f dt f
T t T


   


= = =

                                  (1.7) 

where T = 1/f.  
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The strain amplitude of an elastic wave is typically within the range of 10-6 to 10-8 

(Batzle et al., 2006). Hence, there is a close relationship between the average strain rate and 

the frequency for different types of waves, as shown in Figure 1.6. In the laboratory, the 

central frequency of the ultrasonic waves is typically within the range of 5 ×105 to 1.0 × 106 

Hz, giving an average strain rate in the order of 10-1 to 100. By comparison, the strain rate, 

commonly used in the rock mechanics tests, corresponds to the strain rate of an elastic wave 

with a frequency of 1 Hz, as shown with the green arrow in Figure 1.6. As a result, in contrast 

to dynamic moduli derived from ultrasonic wave velocities, dynamic moduli derived from 

seismic wave velocities may be closer to static moduli measured from static tests. Thus, the 

strain rate is not necessarily the most important cause of the difference between static and 

dynamic moduli.  

 
Figure 1.6. Relationships between the average strain rate and the typical frequencies for common wave 

types (Fjær, 2019).  

 

Drainage condition 

As shown in Figure 1.7, an open system is a fluid-saturated rock with open 

boundaries, which is defined as the drained condition. Under drained conditions, the pore 

fluid in the pore space can flow out or in of the system when the porous rock is compressed or 
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extended. In contrast, the undrained condition refers to a closed rock-fluid system. In such a 

system, the pore fluid is not allowed to flow out or in of the considered volume. Once a fluid-

saturated rock is compressed in a closed system (Figure 1.7), the pore pressure will increase, 

which will resist the compression of the rock, making the rock stiffer. 

 
Figure 1.7. Schematic diagram illustrating the undrained and drained conditions (modified after Mossop, 

2012). pc is the confining pressure; pf is the pore pressure.  

 

Gassmann (1951) defined the dynamic elastic properties of fluid-saturated rocks when 

rocks are undrained. He also defined the static elastic properties when fluid-saturated rocks 

are drained. The impacts of drainage conditions are well described by the Biot-Gassmann 

equations, assuming the pore space is connected in an isotropic, linearly elastic rock 

(Gassmann, 1951; Biot, 1955, 1956a, 1956b):  

  

2(1 )

(1 )

fr

s
fr f

frr

s s

K

K
K K K

KK

K K
 

−

= +

+ − −

                                              (1.8) 

frG G=                                                                                       (1.9) 
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where K and G are the bulk and shear moduli under undrained conditions; Kfr and Gfr are the 

bulk and shear moduli under drained conditions; Kf and Ks are the bulk moduli of the fluid and 

the solid frame; Φ is porosity. 

In the Biot-Gassmann relation, the difference between dynamic and static elastic 

properties of rocks is associated with whether the rock-fluid system is open or closed. Figure 

1.8 illustrates the differences between drained and undrained elastic properties, according to 

the Biot-Gassmann equations. The differences present increasing trends with the increase of 

the porosity.  

 
Figure 1.8. Differences between drained and undrained elastic properties f, according to the Biot-

Gassmann theory (Fjær, 2019).  

 

However, the dynamic elastic properties can also be derived when fluid-saturated 

rocks are drained. Figure 1.9 presents correlations between static and dynamic elastic 

properties when dynamic properties are measured under both drained and undrained 

conditions (Yale and Jamieson, 1994). There are small differences in dynamic Young’s 

modulus between drained and undrained conditions (Figure 1.9a). However, when the rocks 

are saturated under the undrained conditions, the dynamic Young’s modulus would increase 

with the injected water, whereas the dynamic shear modulus is unaffected. As a result, the 
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dynamic Poisson’s ratio under an undrained condition is characteristically higher than the one 

under a drained condition (Figure 1.9b). The difference in dynamic Poisson’s ratio between 

drained and undrained conditions is nearly comparable to the difference between static and 

dynamic-drained Poisson’s ratios. As a result, the dynamic Poisson’s ratio measured under 

undrained conditions somewhat matches the static Poisson’s ratio.  

    
Figure 1.9. Impacts of drainage conditions on relationships between static and dynamic (a) Young’s 

modulus and (b) Poisson’s ratio (Yale and Jamieson, 1994). Note: the dynamic elastic properties are 

measured under both drained and undrained conditions.  

 

If the rock is tested at room-dry condition, the low compressibility of gas will not 

induce any significant fluctuations of pore pressure under undrained conditions. The drainage 

conditions are not important. If the rock is fully saturated, to eliminate the possible impacts 

from drainage conditions in the dynamic-static difference, the test conditions for static 

properties should be similar to those for dynamic properties, that is, undrained conditions.  

Heterogeneities 

Rocks with sedimentary origin are mostly heterogeneous. A variety of geological 

processes alters the mineral compositions and the rock texture. Thus, rock engineering 

behaviors might differ a lot from one location to another. Even for core plugs drilled from a 

uniform formation, there may be significant variations in rock stiffness and failure strength 
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(Del Greco et al., 1991; Schei et al., 2000; Liang et al., 2007; Tziallas et al., 2013; Fjær and 

Nes, 2014; Fjær, 2019). 

Heterogeneous rocks underground usually consist of alternating stiff and soft layers 

with varying thickness (Liakas et al., 2017). The static stiffness of such a rock volume is 

effectively a combination of the stiffness, thickness, and relative amount of each sub-volume 

(Backus, 1962). In contrast, the dynamic stiffness, derived from the elastic wave velocities, is 

dependent on the composition and the ratio of the wavelength relative to the layer spacing. 

Marion and Coudin (1992) confirmed this statement through an experimental study on 

stratified media composed of plastic and steel, as shown in Figure 1.10.      

 
Figure 1.10. Waveforms recorded at a frequency of 0.5 MHz for a sample with one-third of plastic and 

two-thirds of steel (Marion and Coudin (1992)). RT indicates the short-wavelength approximation, and 

EMT shows the long-wavelength approximation.  

 

When the elastic wave propagates in a direction perpendicular to the layers, the 

induced stress can be considered as uniform throughout the rock volume. If the wave 

frequency is sufficiently low (i.e., the wavelength is much larger than the layer thickness), the 

effective stiffness sensed from such elastic wave would be the same as the static stiffness. The 

effective stiffness is given by the Reuss average (Reuss, 1929) as:   
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where fi represents the volume fraction of each constituent; Mi is the elastic stiffness of each 

component; Mst is the static stiffness; Mdyn is the dynamic stiffness.  

In the short-wavelength approximation, when the elastic wave frequency is 

sufficiently high, the wave will sense each layer individually, and the total travel time is an 

arithmetic weighted average of the travel times throughout all layers. The dynamic stiffness 

will be larger than the static stiffness: 

2 1

i i i
dyn i i st

i ii i

f f
M f M

M M




− −
   

=     
  

                                           (1.11) 

where fi represents the volume fraction of each constituent; ρi is the density of each 

component; Mi is the elastic stiffness of each component; Mst is the static stiffness; Mdyn is the 

dynamic stiffness.  

Frequency 

In general, the frequency of the static mechanical tests is roughly between 0 and 0.05 

Hz (Tutuncu et al., 1998a). In contrast, the frequency of the dynamic tests can range from 

several Hz (seismic waves) to 106 Hz (ultrasonic waves), as shown in Figure 1.6. 

Elastic waves in the Earth's materials are subjected to attenuation and dispersion 

within a broad range of frequencies and scales (Müller et al., 2010). Laboratory measurements 

show that there is hardly any attenuation or dispersion in dry sedimentary rocks when they are 

measured below the ultrasonic frequencies (Bourbié et al., 1992).  

It is commonly accepted that the flow of fluid in the pore space and within the grain 

contacts causes attenuation and dispersion. Spencer (1981) performed forced-deformation 
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tests at frequencies ranging from 1 Hz to 4 kHz to measure the fluid effects on Navajo 

sandstone. Murphy (1982) studied the frequency-dependent wave attenuation for Massilon 

sandstones in a frequency range from 300 Hz to 14 kHz. Yin et al. (1992) conducted 

resonance-bar measurements on Berea sandstones in the processes of increasing and 

decreasing brine saturation, concluding that the wave attenuation is associated with the 

saturation degree as well as the saturation history. Batzle et al. (2006) investigated P- and S-

wave velocities and attenuations of sandstone and carbonate samples in a frequency ranging 

from 5 Hz to 800 kHz by using the forced-deformation and pulse transmission techniques, 

concluding that velocity dispersion and attenuation are strongly related to fluid mobility. The 

fluid-dependent attenuation and dispersion of granular rocks can be explained by the 

mechanism known as wave-induced fluid flow (Biot, 1956a, 1956b; Müller et al., 2010). 

When an elastic wave travels through a granular rock, the fluids tend to be squeezed in and 

out of the pore space or the grain contacts (Palmer and Traviolia, 1980; Mavko and Nur, 

1979; Murphy et al., 1986). If the measurements are performed at a low-frequency range, the 

fluids have enough time to flow into the bulk pore space for equilibrium. The relaxed and 

drained properties of rocks will be measured. In contrast, if the measurements are conducted 

at the high-frequency range, the fluids cannot be sufficient to flow, resulting in an unrelaxed 

or undrained state. The ultrasonic and mechanical properties are generally undrained and 

unrelaxed properties. The rock tends to exhibit a stiffer behavior in the unrelaxed state in 

contrast to that in the relaxed state (Winkler, 1983; Murphy et al., 1986). 

Seldom researches focus on comparing the static elastic properties with the dynamic 

properties derived from the full-frequency range. Tutuncu et al. (1998a) discussed Young’s 

moduli and Poisson’s ratios from ultrasonic (0.05, 0.1, 0.18, and 1.0 MHz), low-frequency (1 
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- 2 kHz), and static (0.001 - 0.05 Hz) measurements and found Eultrasonic > Elog > Elow-freq > 

Estatic and νlog > νultrasonic ≈ νlow-freq > νstatic, as shown in Figure 1.11. Holt et al. (2015) presented 

Young’s moduli from seismic to ultrasonic frequency measurements as well as from static 

measurements for Mancos shales, concluding that dynamic moduli measured at seismic 

frequency are significantly smaller than those at an ultrasonic frequency but relatively similar 

as those from static cycling tests.  

    
Figure 1.11. Frequency dependence for (a) Young’s modulus and (b) Poisson’s ratio (Tutuncu et al., 

1998a).  

 

Anisotropy 

In conventional reservoirs, to some extent, it is reasonable to estimate static elastic 

properties by assuming isotropic medium, as shown in Figure 1.12(a). The dynamic-static 

transform in such reservoirs is direction-independent. However, in unconventional reservoirs, 

the assumption of isotropy may not apply (Higgins et al., 2008; Barree et al., 2009). Potential 

errors of estimated static properties will result from ignoring the effects of anisotropy. In 

organic-rich shales, the alignment of flaky clay particles and the bedding-parallel lamination 

of organic matter are the main contributors to the intrinsic anisotropy (Kaarsberg, 1959; 

Sayers, 1999; Cholach and Schmitt, 2006). From the aspect of dynamic mechanical property 

(Figure 1.12b), the propagation and polarization of the elastic P- and S-waves are governed by 
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orientation of such laminations to a great extent, giving rise to two Young’s moduli and three 

Poisson’s ratios (Lo et al., 1986; Vernik and Liu, 1997). From the static aspects (Figure 

1.12b), two Young’s moduli and three Poisson’s ratios can also be derived if the strain gauges 

are carefully attached to the sample during laboratory measurements. It has been well 

accepted that the bedding-parallel Young’s modulus is much higher than its bedding-normal 

counterpart dynamically (Lo et al., 1986; Sayers, 2013b; Zhao et al., 2016) and statically 

(Chenevert and Gatlin, 1965; McLamore and Gray, 1967; Niandou et al., 1997; Holt et al., 

2015; Ong et al., 2016; Meléndez-Martínez and Schmitt, 2016; Ramos et al., 2019). However, 

the relationship between Poisson’s ratios is rarely discussed in the literature. Moreover, when 

dealing with shale reservoirs characterized by transverse isotropy, it should be specified 

which pairs of directional Young’s moduli and Poisson’s ratios are considered before 

processing dynamic-static transforms for the use of hydraulic fracturing. Figure 1.13 shows 

the correlations for anisotropic Young’s moduli and Poisson’s ratios in Baxter shales with 

transversely isotropic structure. In general, there will be different correlation results for 

Young’s moduli and Poisson’s ratios in the bedding-normal and bedding-parallel directions 

(Higgins et al., 2008).  

    
Figure 1.12. Schematic of the stress distributions in (a) an isotropic medium and (b) a transversely 

isotropic medium.   
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Figure 1.13. Correlations for anisotropic (a) Young’s moduli and (b) Poisson’s ratios of Baxter shale 

samples (after Higgins et al., 2008). 

 

Another challenge in shale reservoirs with intrinsic anisotropy lies in the fact that the 

in-situ stress regime is rarely isotropic (Warpinski and Teufel, 1989). Due to tectonics, there 

exist three possible anisotropic stress regimes underground: normal faulting, thrust faulting, 

and strike-slip faulting (Anderson, 1905). Limited by the pseudo-triaxial test system where 

axial stress must be equal to or greater than the lateral stress and the two lateral stresses being 

equal, it is challenging to accurately simulate any of the three stress regimes in the laboratory 

(Barree et al., 2009). Apart from these limitations, we are tempted to investigate how the 

anisotropic stress regime with respect to beddings affects the dynamic and static properties by 

applying the maximum principal stress along the bedding-normal and bedding-parallel 

direction, respectively. 

Strain amplitude 

The difference in strain amplitude of the dynamic and static tests is considered to the 

primary cause for the differences between the dynamic and static properties (Walsh, 1965b, 

1965c; Hilbert et al., 1994; Yale and Jamieson, 1994; Tutuncu et al., 1998a, 1998b; Fjær et 

al., 2013; Holt et al., 2013). The static tests, characterized by strain amplitude of 10-3 ~ 10-5, 

could intentionally be affected by the microstructural alternations upon stress load or unload. 
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In contrast, the dynamic tests with a strain amplitude less than 10-6 are not influenced by some 

viscoelastic or non-elastic deformations like frictional sliding (Walsh, 1966; Gordon and 

Davis, 1968; Heap and Faulkner, 2008). As a result, the static properties are the accumulative 

properties of rocks in response to elastic, viscoelastic, and non-elastic deformations within a 

specific stress range. In contrast, the elastic wave propagation only records the elastic 

response at a specific stress level. 

1.2. Challenges and motivations 

 (1) Many empirical relationships (Savich, 1984; van Heerden, 1987; Eissa and Kazi, 

1988; Yale et al., 1995; Olsen et al. 2008) between static and dynamic moduli have been 

established, attempting to form a generalization for applications in other geological fields. In 

most cases, these relationships are limited to a specific formation where the core samples are 

drilled. Due to the strong heterogeneity of sedimentary formations, both the dynamic and 

static properties are dependent on the location, the burial depth, the mineral composition, the 

cementation, and the pore geometry.  

       
Figure 1.14. (a) Different types of static Young’s moduli derived from the stress-strain curves (Barree 

et al., 2009); (b) The method for obtaining static elastic Young’s modulus from Zisman (1933a). 

 

(2) In the empirical relationships, it is difficult to figure out which portion of the 

stress-strain curves are picked up to derive the static elastic parameters, in consideration of 
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their strong stress-dependence. In rock mechanics, there are typically two types of static 

elastic moduli: the tangent modulus (E1, E2, E3, E4 in Figure 1.14a) and the secant modulus 

(E5 in Figure 1.14a). The values of both moduli are dependent on the stress level and the 

stress path. Additionally, in rock mechanics literature, the static elastic Young's modulus and 

Poisson’s ratio are generally derived by linearly fitting the portion at 50 % of the failure 

strength in the loading stress-strain or strain-strain curves for sandstones and shales (Jaeger et 

al., 1969; Kovari et al., 1983; Islam and Skalle, 2013), as shown in Figure 1.15. However, on 

the one hand, it is not guaranteed to find the relatively linear portion at 50 % of peak stress for 

all sedimentary rocks. On the other hand, the portion at 50 % of peak stress might not be a 

generalized representation of in-situ static properties of sedimentary rocks. Zisman (1933a) 

suggested a method to derive the static elastic modulus at the mean load by averaging the 

slopes of A1A2 and B1B2. Cook and Hodgson (1965), Hilbert et al. (1994), and Plona and 

Cook (1995) suggested setting a series of minor stress cycles along with the loading and 

unloading stress-strain curves to find the elastic modulus. Overall, it is still ambiguous to find 

the static elastic parameters from the stress-strain curves.  

(3) It has been well reported that the static modulus, determined from static stress-

strain testing, is characteristically lower than the dynamic modulus determined from 

ultrasonic, logging, and seismic velocities (Zisman, 1933a, 1933b; Simmons and Brace, 1965; 

King, 1969; Hilbert et al., 1994; Yale and Jamieson, 1994; Plona and Cook, 1995; Tutuncu et 

al., 1998a, 1998b; Fjær, 1999, 2009; Kamali-Asl et al., 2018a; Lozovyi and Bauer, 2019). 

However, as another critical input parameter for geo-mechanical modeling (Hubbert and 

Willis, 1957; Rickman et al., 2008), the static Poisson's ratio is relatively seldom mentioned in 

the literature to compare with the corresponding dynamic Poisson's ratio. 
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Figure 1.15. Elastic property estimation techniques of shales for (a) Young’s modulus and (b) Poisson’s 

ratio (Islam and Skalle, 2013).  

 

 (4) For transversely isotropic shales, both dynamic and static tests can derive five 

independent mechanical parameters. It is still questionable how to establish a complete set of 

dynamic-static correlations in the bedding-normal and bedding-parallel directions by using 

the laboratory methods.  

The ambiguity and challenges in evaluations of static and dynamic elastic properties 

motivate me to perform laboratory measurements on several sandstone and shale samples and 

to analyze the hidden micro-mechanisms with the assistance of the thin section images and 

the X-ray diffraction results. We attempt to enhance our knowledge of dynamic and static 

mechanical properties in sedimentary rocks by answering the following questions: 

1. What role does the applied stress state (i.e., hydrostatic, uniaxial, or deviatoric stress 

conditions) play in the dynamic and static properties?  

2. How do the stress magnitude, history, and cycles affect the dynamic and static 

mechanical properties? 

3. What are the hidden micro-mechanisms of the stress dependence of static 

mechanical properties? 
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4. How does the intrinsic anisotropy in anisotropic shales influence the dynamic and 

static mechanical properties? 

5. How can we experimentally characterize the evolutions of static elastic properties in 

consideration of their strong stress dependence? 

1.3. Thesis outline 

In Chapter 2, we introduce the theoretical backgrounds for analyzing the stress-strain 

curves and deriving the dynamic and static mechanical parameters. The isotropic and 

anisotropic forms of Hooke’s law are separately described. Special attention is on how relates 

the elastic parameters from stress-strain curves to those from ultrasonic velocities. 

In Chapter 3, we introduce the basic physical parameters, like porosity, grain density, 

and bulk density, for the selected sandstone and shale samples. Then, the pseudo-triaxial 

testing system is described, including how to measure stresses and strain, how to measure 

ultrasonic velocities and the uncertainties of the system. Finally, the performed tests for each 

sample are summarized. 

In Chapter 4, we comparatively investigate the effects of stress state, magnitude, and 

load-unload history on the dynamic and static moduli through laboratory measurements on 

three outcrop sandstone samples. Firstly, we describe the microstructures and mineral 

compositions of the selected samples based on the thin section images and X-ray diffraction 

(XRD) analysis. Next, the impacts of stress state (hydrostatic or triaxial), magnitude, and 

history on the dynamic and static moduli are measured and comparatively analyzed in 

conjunction with providing potential microstructural mechanisms.  

Considering the strong stress dependence of static mechanical properties in porous 

sandstone, we propose two methods to characterize the evolutions of static elastic properties. 
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In Chapter 5, we set up a series of minor stress cycles along the ascent and descent of the 

uniaxial load-unload curves to explore the roles of minor stress cycles in finding the elastic 

properties of one porous and one tight sandstone samples. Firstly, we describe the differences 

in the granular microstructure of the selected porous and tight sandstone samples. Secondly, 

we present the preliminary results, including ultrasonic velocities and strains in response to 

the applied uniaxial stress, relationships between dynamic and static mechanical parameters 

(i.e., Young's modulus and Poisson's ratio). Following this, we generalize the stress-strain 

behaviors of two sandstone samples and analyze the hidden micro-mechanisms section by 

section by proposing an axial grain contact model and a frictional slip model. Moreover, the 

different dynamic-static behaviors between porous and tight sandstone samples are analyzed. 

In Chapter 6, we propose a method to experimentally quantify and find the intrinsic 

static elastic properties by setting up increasing-amplitude cyclic loading and unloading on 

one field tight sandstone sample. Firstly, we describe how we set up the confining pressure, 

which is related to the in-situ horizontal stress. Secondly, we present the data and analyze the 

static Young’s modulus and Poisson’s ratio as functions of the cycle number and the 

deviatoric stress. Finally, we put all static Young’s moduli and Poisson’s ratios from different 

cycles but at the same stress level together to constrain the elastic portion in the stress-strain 

curves.  

Lastly, in Chapter 7, we attempt to investigate the anisotropic dynamic and static 

behaviors in organic-rich shales. Firstly, we describe the microstructure and the mineralogical 

compositions in the shale samples. In the next section, we present the anisotropic strain 

responses and the anisotropic dynamic and static properties (i.e., Young’s modulus and 

Poisson’s ratio). Following this, we offer two physical models to analyze the impacts of 
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anisotropy, stress magnitude, and stress history, considering microstructural information in 

view.  
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2. THEORETICAL BACKGROUND 

2.1. Stress-strain relations for an isotropic material 

An isotropic material can be considered to be equivalent in all directions. In other 

words, in an isotropic material, the relationship between axial stress and axial strain should be 

the same as that between lateral stress and lateral strain, etc. Commonly, the stress-strain 

relationships for isotropic materials are expressed with the form of linear elasticity, the basic 

assumption of which is that the components of strain are linear functions of the components of 

stress (Jaeger et al., 1969; Mavko et al., 2009). In general, the stress and strain in an isotropic, 

linear elastic material, can be related by Hooke’s law as follows (Timoshenko and Goodier, 

1934):  

2ij ij ij   = +                                                             (2.1) 

where σij are components of the stress tensor; εij are components of the strain tensor; εαα is the 

volumetric strain (sum over repeated index). δij = 0, if i ≠ j. δij = 1, if i = j. 

 
Figure 2.1. Schematic geometry used to characterize an isotropic rock in the principal coordinate system. 

 

In the principal coordinate system, as shown in Figure 2.1, Hooke’s law takes the 

form: 

1 1 2 3( 2 )     = + + +                                            (2.2)        
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2 1 2 3( 2 )     = + + +                                           (2.3) 

3 1 2 3( 2 )     = + + +                                          (2.4) 

The two elastic moduli appearing in equations (2.2) - (2.4), λ and μ, are known as the 

Lamé parameters (Mavko et al., 2009).   

1 2 3vol   = + +                                                        (2.5) 

1 12vol  = +                                                        (2.6) 

2 22vol  = +                                                       (2.7) 

3 32vol  = +                                                       (2.8) 

1 2 3 1 2 33 2 ( ) (3 2 )vol vol           = + + = + + + = +              (2.9) 

The volumetric strain is therefore related to the hydrostatic stress (σ) by: 

1 2
( )

3 3
vol volK     = = +                                                       (2.10) 

where K is the bulk modulus, which is defined as the ratio of the mean stress to the volumetric 

strain under hydrostatic stress conditions. The bulk modulus is the reciprocal of the 

compressibility, β, which is widely used to describe the volumetric compliance of a liquid, 

solid, or gas.  

Hooke’s law in equations (2.2) - (2.4) gives the stresses as functions of the strains in 

the principal coordinate system. These equations can be inverted by using (2.10) to eliminate 

εαα from equations (2.6) - (2.8), which gives: 

1 1 2 3
(3 2 ) 2 (3 2 ) 2 (3 2 )

   
   

        

+
= − −

+ + +
                     (2.11) 

2 1 2 3
2 (3 2 ) (3 2 ) 2 (3 2 )

   
   

        

+
= − + −

+ + +
                   (2.12) 
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3 1 2 3
2 (3 2 ) 2 (3 2 ) (3 2 )

   
   

        

+
= − − +

+ + +
                  (2.13) 

If we consider a uniaxial stress state in the third principal direction, Young’s modulus, 

E, is defined as the ratio of this stress to the strain that results in the same direction, that is, 

3
1 2

3

(3 2 )
, 0E

   
 

  

+
= = = =

+
                                                 (2.14) 

Poisson’s ratio, ν, is defined as the negative of the ratio of the transverse strain to the 

axial strain in a uniaxial stress condition, that is,  

1 2
1 2

3 3

, 0
2( )

  
  

   
= − = − = = =

+
                                       (2.15) 

Shear modulus, μ, is defined as the ratio of the shear stress to the shear strain, 

according to Equation (2.1) when i ≠ j: 

,
2

ij

ij

i j





=                                                                             (2.16) 

From the energy perspective, the following relations should always hold. 

0; 0; 0; 1 0.5K E    −                                       (2.17) 

In rocks, Poisson’s ratio is typically a positive number. Poisson’s ratio with a value of 

0.5 can mean an infinitely incompressible rock (not possible) or a liquid. A suspension of 

particles in the fluid, or extremely soft, water-saturated sediments can have Poisson’s ratio 

approaching 0.5 (Hamilton, 1971; Domenico, 1977; Han, 1986). 

Although numerous elastic parameters can be defined for an isotropic material, only 

two of them are independent. Table 2.1 lists the relationships among elastic constants in an 

isotropic material (Birch, 1961; Davis and Selvadurai, 1996; Mavko et al., 2009). 
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Table 2.1. Relationships among elastic constants in an isotropic material (Birch, 1961; Davis and 

Selvadurai, 1996; Mavko et al., 2009). 
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2.2. Stress-strain relations for an anisotropic material 

Most rocks with sedimentary origins in the Earth’s crust exhibit some degrees of 

anisotropy due to the continuous geologic deposition (Hoek, 1964). For such rocks, the elastic 

properties measured in different directions would, in general, differ from one another. In 

contrast to the situation for an isotropic rock, the Hooke’s law for an anisotropic rock will 

have more than two independent elastic constants. Generally, for an anisotropic, linear, and 

elastic rock, Hooke’s law could be expressed with a second-order stress tensor (σij), a second-

order strain tensor (εkl), together with a fourth-order stiffness tensor (cijkl).  

ij ijkl klc =                                                                       (2.18) 

where σij and εkl have nine components, respectively. The fourth-rank tensor, cijkl, has a total 

of 81 components, which are known as the elastic stiffnesses.  
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Not all 81 components in the elastic stiffness tensor are independent. The symmetry of 

stresses and strains implies that: 

  ijkl jikl ijlk jilkc c c c= = =                                                                 (2.19) 

which reduces the independent components to 36. Then, the elastic stiffness tensor is expressed 

with a 6 × 6 matrix with 36 stiffness components. 

11 12 13 14 15 16

21 22 23 24 25 26

31 32 33 34 35 36

41 42 43 44 45 46

51 52 53 54 55 56

61 62 63 64 65 66

ijkl

c c c c c c

c c c c c c

c c c c c c
c

c c c c c c

c c c c c c

c c c c c c

 
 
 
 

=  
 
 
 
  

                                        (2.20) 

With the Voigt notation (Auld, 1973; Nye, 1985), the stress and strain tensors are 

converted into 1 × 6 column vectors.  

1 11

2 22

3 33

4 23

5 13

6 12

 

 

 


 

 

 

= 
 

=
 
 =

=  
= 

 =
 

=  

     

1 11

2 22

3 33

4 23

5 13

6 12

2

2

2

 

 

 


 

 

 

= 
 

=
 
 =

=  
= 

 =
 

=  

                                              (2.21) 

By using the Voigt notation, the Hooke’s law is written as: 

1 111 12 13 14 15 16

2 221 22 23 24 25 26

3 331 32 33 34 35 36

41 42 43 44 45 464 4

51 52 53 54 55 565 5

61 62 63 64 65 666 6

c c c c c c

c c c c c c

c c c c c c

c c c c c c

c c c c c c

c c c c c c

 

 

 

 

 

 

    
    
    
    

=    
    
    
    

        

                               (2.22) 

Additionally, from the energy aspect, there exists a unique strain energy potential in 

the elastic stiffness tensor. Therefore, the following relationship is satisfied: 
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ijkl klijc c=                                                                               (2.23) 

The Voigt stiffness matrix is symmetric. So, at most only twenty-one of the stiffness 

coefficients can be independent. And Hooke’s law can be written in the Voigt notation as: 

1 111 12 13 14 15 16

2 212 22 23 24 25 26

3 313 23 33 34 35 36

14 24 34 44 45 464 4

15 25 35 45 55 565 5

16 26 36 46 56 666 6

c c c c c c

c c c c c c

c c c c c c

c c c c c c

c c c c c c

c c c c c c

 

 

 

 

 

 

    
    
    
    

=    
    
    
    

        

                          (2.24) 

Equation (2.18) gives the stresses as functions of the strains. Alternatively, the strains 

can be expressed as a linear combination of the stresses as: 

ij ijkl kls =                                                                   (2.25) 

The fourth-order tensor, sijkl, is the elastic compliance tensor, which has the same 

symmetry as the corresponding stiffness tensor, cijkl.  

Conversely, Hooke’s law can be represented in terms of the elastic compliance tensor, 

sijkl, with 21 independent elements: 

1 111 12 13 14 15 16

2 212 22 23 24 25 26

3 313 23 33 34 35 36

14 24 34 44 45 464 4

15 25 35 45 55 565 5

16 26 36 46 56 666 6

s s s s s s

s s s s s s

s s s s s s

s s s s s s

s s s s s s

s s s s s s

 

 

 

 

 

 

    
    
    
    

=    
    
    
    

        

                                      (2.26) 

Here, we list Voigt stiffness or compliance matrices for several common anisotropy 

classes. 

The structure of the Voigt elastic stiffness matrix for an isotropic linear elastic rock 

can be expressed with two independent constants with the following form: 
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11 12 12

12 11 12

12 12 11

12 11 44

44

44

44

0 0 0

0 0 0

0 0 0
, 2

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

c c c

c c c

c c c
c c c

c

c

c

 
 
 
 

= − 
 
 
 
  

                          (2.27) 

The relationships between the elastic stiffnesses, c, and Lamé parameters, λ and μ, in 

an isotropic linear elastic rock are: 

11 2c  = +                                                                 (2.28) 

12c =                                                                         (2.29) 

44c =                                                                        (2.30) 

The elastic compliance components can correspondingly be written in terms of the 

stiffnesses as follows: 

11 12
11

11 12 11 12( )( 2 )

c c
s

c c c c

+
=

− +
                                           (2.31) 

44

44

1
s

c
=                                                                      (2.32) 

The Voigt elastic stiffness matrix for a rock with cubic symmetry in a Cartesian 

coordinate system has the following form: 

11 12 12

12 11 12

12 12 11

44

44

44

0 0 0

0 0 0

0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

c c c

c c c

c c c

c

c

c

 
 
 
 
 
 
 
 
  

                                     (2.33) 
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The corresponding components of the nonzero cubic compliance tensor can be 

represented in terms of the stiffnesses: 

11 12
11

11 12 11 12( )( 2 )

c c
s

c c c c

+
=

− +
                                                    (2.34) 

12
12

11 12 11 12( )( 2 )

c
s

c c c c

−
=

− +
                                                     (2.35) 

44

44

1
s

c
=                                                                                (2.36) 

The Voigt elastic stiffness matrix for a rock with orthorhombic symmetry in a 

Cartesian coordinate system has the following form: 

11 12 13

12 22 23

13 23 33

44

55

66

0 0 0

0 0 0

0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

c c c

c c c

c c c

c

c

c

 
 
 
 
 
 
 
 
  

                                               (2.37) 

In reference to a transversely isotropic (TI) or hexagonal rock, the axis of rotational 

symmetry lies along the X3-axis, and the isotropic bedding plane is in the X1-X2 plane, as 

shown in Figure 2.2. The Voigt stiffness matrix can be described with five independent 

stiffnesses as follow: 

11 12 13

12 11 13

13 13 33

12 11 66

44

44

66

0 0 0

0 0 0

0 0 0
, 2

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

c c c

c c c

c c c
c c c

c

c

c

 
 
 
 

= − 
 
 
 
  

                           (2.38) 
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Figure 2.2. Schematic geometry used to characterize a transversely isotropic rock with the rotational 

symmetry parallel to the X3-axis. The X1-X2 plane is the bedding or isotropic plane. θ is the angle of 

propagation with respect to the bedding-normal direction (X3-axis). 

 

The Voigt compliance matrix can be described with five independent compliances as 

follow: 

11 12 13

12 11 13

13 13 33

12 11 66

44

44

66

0 0 0

0 0 0

0 0 0 1
,

0 0 0 0 0 2

0 0 0 0 0

0 0 0 0 0

s s s

s s s

s s s
s s s

s

s

s

 
 
 
 

= − 
 
 
 
  

                            (2.39) 

The relations among the stiffness and compliance elements are as follows: 

33
11 12 2

33 11 12 13( ) 2

c
s s

c c c c
+ =

+ −
                                                  (2.40) 

11 12

11 12

1
s s

c c
− =

−
                                                                   (2.41) 

13
13 2

33 11 12 13( ) 2

c
s

c c c c
= −

+ −
                                                       (2.42) 

11 12
33 2

33 11 12 13( ) 2

c c
s

c c c c

+
=

+ −
                                                        (2.43) 
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44

44

1
s

c
=                                                                                 (2.44) 

For a linear elastic rock with transversely isotropic symmetry, the following relations 

must hold: 

2

44 11 12 11 12 33 130, , ( ) 2c c c c c c c  +                                     (2.45) 

For an anisotropic rock with the axis of X3 as the rotational symmetry, all directions 

perpendicular to this axis are elastically equivalent. Therefore, the two Young’s moduli, E11 

and E22, within the isotropic plane, are equal. Likewise, it must be true that G13 = G23 and ν13 = 

ν23 (Love, 1892). The Voigt compliance matrix can be expressed in terms of five independent 

parameters: E11, E33, ν12, ν13, and G13 as follows: 

3112

11 11 33

3112

11 11 33

13 13

11 11 33

31

13

12

1
0 0 0

1
0 0 0

1
0 0 0

1
0 0 0 0 0

1
0 0 0 0 0

1
0 0 0 0 0

ij

E E E

E E E

E E E
s

G

G

G





 

 
− − 

 
 
− − 
 
 
− − 
 =
 
 
 
 
 
 
 
 
  

                                      (2.46) 

where,  

13 31

11 33E E

 
=                                                                              (2.47) 

13 31 44G G c= =                                                                        (2.48) 
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11
12 66

122(1 )

E
G c


= =

+
                                                             (2.49) 

The bounds of Poisson’s ratios of TI medium are defined as: 

1/21/2

33 11
12 31 13

11 33

1, ,
E E

E E
  

  
     

   
                                 (2.50) 

Because 
1

ij ijc s−= , and the direct expressions between stiffness and compliance 

coefficients are also available (Lubarda and Chen, 2008; Sayers, 2013b), the Voigt stiffness 

matrix is expressed as follows: 

11 31 13 11 12 31 13 11 31 12 31

11 12 31 13 11 31 13 11 31 12 31

2

11 31 12 31 11 31 12 31 33 12

31

13

12

(1 ) ( ) ( )
0 0 0

( ) (1 ) ( )
0 0 0

( ) ( ) (1 )
0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

ij

E E E

E E E

E E Ec

G

G

G

       

       

      

− + + 
   
 

− − + 
   
 

+ + −=  
   
 
 
 
 
 

            (2.51) 

where, 

 
2

12 13 31 12 13 311 2 2      = − − −                                                 (2.52) 

The relationships between the engineering parameters and the elastic stiffness 

constants for a transversely isotropic rock are: 

2 2

13 11 12 12 33 12 13
11 11 2

33 11 13

( ) ( )c c c c c c c
E c

c c c

− + + − +
= +

−
                                           (2.53) 

2 2 2 2 2

11 33 13 12 11 13 33 12 13
33 332 2

11 12 11 12

2 2 2c c c c c c c c c
E c

c c c c

+ − −
= = −

− +
                             2.54) 
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2

33 12 13
12 2

33 11 13

c c c

c c c


−
=

−
                                                                                   (2.55) 

13 11 12 13 13
31 2 2

11 12 11 12

c c c c c

c c c c


−
= =

− +
                                                               (2.56) 

13 11 12
13 2

33 11 13

( )c c c

c c c


−
=

−
                                                                                (2.57) 

Additionally, bulk modulus for a transversely isotropic rock (Lo et al., 1986) can also 

be determined as: 

 

2

33 11 12 13

11 33 12 13

( ) 2

2 4

c c c c
K

c c c c

+ −
=

+ + −
                                                                  (2.58) 

2.3. Phase velocities for isotropic and transversely isotropic rocks  

In an isotropic linear elastic rock, the phase velocities of wave propagation are given 

by: 

11
P

c
v


=                                                                (2.59) 

44
S

c
v


=                                                               (2.60) 

where vP and vS are the P- and S-wave velocities; ρ is the bulk density. 

In an anisotropic rock with transversely isotropic symmetry, generally, there are three 

modes of wave propagation with mutually orthogonal polarizations. The wave surface is 

rotationally symmetric about the X3-axis. The phase velocities of the three modes in any plane 

containing the symmetry axis are as follows: 

Quasi-longitudinal mode: 
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2 2

11 33 44sin cos

2
P

c c c M
v

 



+ + +
=                                       (2.61) 

Quasi-shear mode: 

2 2

11 33 44sin cos

2
SV

c c c M
v

 



+ + −
=                                     (2.62) 

Pure shear mode: 

2 2

66 44sin cos
SH

c c
v

 



+
=                                                      (2.63) 

where  

2 2 2 2 2

11 44 33 44 13 44[( )sin ( )cos ] ( ) sin 2M c c c c c c  = − − − + +                      (2.64) 

θ is the angle between the wave propagation and the X3-axis of symmetry, as shown in 

Figure 2.2. For example, θ = 0º means that the wave propagates along the X3-axis. 

Correspondingly, the five independent elastic stiffness constants can be related to the 

ultrasonic wave velocities (vP(0º), vP(90º), vP(45º), vSH(90º), and vSH(0º) = vSV(0º)) by using 

Christoffel equations (Cheadle et al., 1991).  

2

11 (90 )Pc v=                                                                     (2.65) 

2

33 (0 )Pc v=                                                                      (2.66) 

2

66 (90 )SHc v=                                                                  (2.67) 

2

44 (0 )Sc v=                                                                      (2.68) 

2

12 11 2 (90 )SHc c v= −                                                        (2.69) 

2 4 2

13 44 11 33 44 11 44 33 444 (45 ) 2 (45 )( 2 ) ( )( )P Pc c v v c c c c c c c = − +  −  + + + + +              (2.70) 
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Thomsen’s parameters have been extensively used to evaluate the anisotropy of a 

transversely isotropic medium. Five independent stiffness constants could be derived from 

lab-measured bulk density and phase velocities. Thus, Thomsen’s anisotropy parameters 

(Thomsen, 1986) could be defined as: 

11 33

332

c c

c


−
=                                                                       (2.71) 

66 44

442

c c

c


−
=                                                                      (2.72) 

2 2

13 44 33 44

33 33 44

( ) ( )

2 ( )

c c c c

c c c


+ − −
=

−
                                            (2.73) 

2.4. Summary 

In rock mechanical tests, for isotropic sandstones, the volumetric strain (εvol) of a 

cylindrical sample is defined as εvol = εa + 2εr, where εa is the axial strain, and εr is the radial 

strain. The static bulk modulus (Ks) is defined as the ratio between hydrostatic stress (σ) and 

volumetric strain (εvol) increments under hydrostatic stress conditions. The static Young’s 

modulus (Es) is defined as the ratio between deviatoric stress (σd) and axial strain (εa) 

increments in a uniaxial stress state. The static Poisson’s ratio is referred to as minus the ratio 

of the lateral strain (εr) to the axial strain (εa) in a uniaxial stress state (Jaeger et al., 1969; 

Mavko et al., 2009). The equations are expressed as: 

s

vol

K





=


                                                                                            (2.74) 

d
s

a

E





=


                                                                                             (2.75) 

r
s

a







= −


                                                                                           (2.76) 
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One objective of this research is to investigate the static Young’s modulus or Poisson's 

ratio as a function of the applied stress. It is difficult to derive the elastic Young’s modulus or 

Poisson’s ratio from the stress-strain or strain-strain curves due to their nonlinearity. 

Therefore, the static Young’s modulus and Poisson’s ratio derived here are referred to as the 

apparent Young’s modulus and Poisson’s ratio. Moreover, the apparent Young’s modulus and 

Poisson’s ratio are obtained based on the stress and strain increments between two adjacent 

ultrasonic velocity measurements.  

In the laboratory measurements of elastic moduli of sandstones, a typical prerequisite 

is assuming the sample to be elastically isotropic. Accordingly, the dynamic bulk modulus 

(Kd), Young’s modulus (Ed), and Poisson’s ratio (νd) can be expressed in terms of P- and S-

wave velocities (vP and vS, respectively), as well as the bulk density (ρ) as: 

2
2 4

( )
3

S
d P

v
K v= −                                                                                     (2.77) 

2 2
2

2 2

3 4
( )P S

d S

P S

v v
E v

v v


−
=

−
                                                                                (2.78) 

2

2

( / ) 2

2( / ) 1

P S
d

P S

v v

v v


−
=

−
                                                                                    (2.79) 

Although the bulk density of the samples might change with the hydrostatic, uniaxial, 

and deviatoric stress load-unload, we do not consider the density changes in the calculations 

of dynamic bulk modulus, Young’s modulus, and Poisson’s ratio. 

For anisotropic shales, definitions of what is meant by "Young’s modulus" and 

"Poisson’s ratio" are required in consideration of the nonlinear deformation characteristics of 

rocks. We define static Young’s modulus as the rate of changes of axial strain with deviatoric 

stress. In contrast, we define static Poisson’s ratio as the negative rate of changes of radial 
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strain with axial strain within any stress ranges (Jaeger et al., 1969). The static Young’s 

moduli are derived by linearly fitting the stress-strain curves between two adjacent ultrasonic 

velocity measurements. The same method is used for calculating the static Poisson’s ratios by 

using the radial strain-axial strain curves. With the assumption of transverse isotropy, we can 

obtain one bedding-normal static Young’s modulus (EV_st) and one static Poisson’s ratio 

(νVH_st) for the vertical plug. In comparison, we can obtain one bedding-parallel static Young’s 

modulus (EH_st) and two static Poisson’s ratios (νHH_st and νHV_st) for the horizontal plug.  

In general, the dynamic Young’s moduli and Poisson’s ratios can be expressed with 

the Voigt-reduced stiffnesses (Lo et al., 1986; Mavko et al., 2009; Sayers, 2013a; Meléndez-

Martínez and Schmitt, 2016), according to equations (2.53) - (2.58), as shown below. 
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where EV_dyn and EH_dyn are the dynamic bedding-normal and bedding-parallel Young’s 

modulus, satisfying EH_dyn > EV_dyn. νVH_dyn, νHV_dyn, and νHH_dyn are three dynamic Poisson’s ratios 

that give the lateral strain induced by imposing a longitudinal strain in the directions indicated 

by the second and the first subscripts, respectively.  
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Additionally, the Voigt stiffnesses for the transversely isotropic medium can be 

determined from measurements of the ultrasonic wave velocities and bulk density, as shown 

from equations (2.65) to (2.70).  
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3. SAMPLE DESCRIPTION AND EXPERIMENTAL METHODOLOGY 

3.1. Introduction 

The mechanical properties of a piece of sedimentary rock are highly dependent on its 

mineral composition, its mineral grain texture (including grain size, grain shape, and grain 

arrangements), the cementation (clay-cemented or calcite-cemented), the pore structure, and 

any cracks that might have been induced during its long geological history by diagenesis or 

tectonic stresses (Jaeger et al., 1969). Consequently, sedimentary rock is heterogeneous. The 

mechanical properties of rock might differ not only between different types of sedimentary 

rocks but also between different specimens of the same rock. Different from the properties of 

homogeneous engineering materials, like aluminum and steel, the mechanical properties of 

sedimentary rocks remain ambiguous. For this reason, to provide proper mechanical 

parameters for the field applications, laboratory measurements for sedimentary rock samples 

necessarily play a significant role.   

The basic types of laboratory test apparatus, which are routinely used to measure the 

mechanical properties of rocks, include the hydrostatic test system (Zimmerman et al., 1986; 

Hart and Wang, 2001; Lockner and Stanchits, 2002), the pseudo-triaxial test system (Tullis 

and Tullis, 1986; Paterson and Wong, 2005), the true-triaxial test system (Hojem and Cook, 

1968; Mogi, 1971; Hunsche and Albrecht, 1990; Sayers et al., 1990; Haimson and Chang, 

2000), the Brazilian test system (Hobbs, 1964), and the bending test system (Pomeroy and 

Morgans, 1956; Price, 1964; Coviello et al., 2005). The Brazilian test and the bending test 

tend to create tensile stress within a rock, which is typically used to measure Young’s 

modulus (E) and tensile strength. Although Young’s modulus and tensile strength derived 

from the above two tests might be more relevant to the in-situ applications, the focus of this 
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research is on the mechanical properties of rocks under compression conditions. For the 

traditional compression tests, there are generally four categories: hydrostatic compression, 

uniaxial compression, pseudo-triaxial compression, and true-triaxial compression.  

When a homogeneous rock is placed in a pressure vessel filled with hydraulic fluids, a 

state of hydrostatic stress is reached throughout the rock body. For this boundary condition, 

according to equation (2.10), the ratio between the hydrostatic stress (σm) and the volumetric 

strain (εvol) of the rock would give the bulk modulus (K) of the rock. Figure 3.1 expresses the 

non-uniform stress distributions in a homogeneous cube when taking the rest three 

compression tests. In the uniaxial compression tests, σ1 and σ2 are equal to zero, and the axial 

stress (σ3) is the controlled, independent variable, whereas the axial strain (ε3) is the 

dependent variable. According to equations (2.14) and (2.15), this test is used to determine 

Young’s modulus (E) and Poisson’s ratio (ν). In the pseudo-triaxial tests, all three stresses are 

compressive, with the axial stress more compressive than the two lateral stresses (σ3 > σ2 = 

σ1 > 0). Such a stress state can be achieved by using cylindrical rock samples. The cylinder is 

subjected to uniaxial compression by hydraulic pistons, in the presence of hydrostatic 

compression applied by hydraulic fluids (Jaeger et al., 1969). The difference between the 

axial stress (σ3) and the hydrostatic stress (σ2 = σ1) is defined as the deviatoric stress (σd). In 

the subsurface, it is particularly common that two principal stresses in the lateral direction are 

of equal magnitude. However, in most cases, three principal stresses may differ a lot. The 

pseudo-triaxial tests, then, restrict the investigation of the effects of the intermediate principal 

stress. To investigate the mechanical behaviors of rocks over the full range of stresses, it is 

desirable to conduct the true-triaxial compression tests on cubic rock samples.  
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Figure 3.1. Cubic specimen under (a) uniaxial stress, (b) pseudo-triaxial stress, and (c) true-triaxial stress 

conditions. 

   

Two categories of sedimentary rock samples, including sandstone samples (i.e., four 

outcrop sandstone and two field sandstone) and shale samples (a pair of Eagle Ford outcrop 

shale samples), are purposely selected and described. In Section 3.2, only the basic physical 

parameters, like porosity and grain density, are introduced. The microstructural textures and 

the mineralogical compositions of each sample are analyzed from Chapters 4 to 7. 

Additionally, two pseudo-triaxial testing systems are used for the measurements of the 

acoustic and mechanical properties of the selected samples. In Section 3.3, we separately 

introduce the components of two apparatuses. Moreover, we summarize the performed tests 

on each sample in Section 3.4.  

3.2. Sample description 

3.2.1. Sandstone samples 

Four outcrop sandstone samples (i.e., Idaho Gray, Berea1, Berea2, and Tight) are 

purposely selected for this study. Idaho Gray, Berea, and Tight sandstones were formed in the 

Upper Miocene, Upper Devonian, and Pennsylvanian periods, respectively (Imlay, 1952; 

Kimmel, 1982; Catacosinos and Daniels, 1991). Additionally, two tight sandstone samples 

(i.e., Ls1, Ls2) drilled from an offshore field in the Eastern China Sea are selected.  
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Table 3.1. Basic parameters of the selected sandstone samples, with uncertainties 

. 
Sample Length 

(mm) 

Diameter 

(mm) 

Effective Porosity 

(%) 

Grain density 

(g/cm3) 

Bulk density 

(g/cm3) 

Idaho Gray 51.42 ± 0.02 37.57 ± 0.02 33.31 ± 0.05 2.57 ± 0.01 1.72 ± 0.01 

Berea1 50.64 ± 0.02 36.92 ± 0.02 23.22 ± 0.05 2.62 ± 0.01 2.01 ± 0.01 

Berea2 50.83 ± 0.02 25.1 ± 0.02 19.9 ± 0.05 2.63 ± 0.01 2.10 ± 0.01 

Tight 50.04 ± 0.02 37.66 ± 0.02 4.86 ± 0.05 2.64 ± 0.01 2.51 ± 0.01 

Ls1 42.39 ± 0.02 25.75 ± 0.02 4.86 ± 0.05 2.68 ± 0.01 2.51 ± 0.01 

Ls2 31.44 ± 0.02 25.44 ± 0.02 5.34 ± 0.05 2.63 ± 0.01 2.49 ± 0.01 

 

The received sandstone samples are cut cylindrically with a length to diameter ratio of 

~1.4:1 for Idaho Gray, Berea1, and Tight sandstones, ~2:1 for Berea2 sandstone, and ~1.5:1 

for Ls1 and Ls2 sandstones (Table 3.1). The ends of the cylindrical samples are ground flat 

with a tolerance of ± 2.5 × 10-3 cm. The cylindrical samples, then, are placed in an oven by 

keeping the temperature of 65 ℃. When the sample mass has no change, we consider that the 

samples have realized relatively dry conditions. Effective porosity, grain density, and bulk 

density are measured using the helium porosimeter at Rock Physics Laboratory in Houston 

(Table 3.1). The differences in porosity among samples, to some extent, make it suitable for 

comparative studies.     

3.2.2. Shale samples 

One set of cylindrical shale plugs, coming from the outcrop of Eagle Ford shale play, 

is selected for the experimental researches. Eagle Ford shale outcrop was formed in the Late 

Cretaceous (Anstey, 1995). There exist one vertical and one horizontal plug, cutting 

adjacently from the same shale block at orientations perpendicular and parallel to the layers. 
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The vertical and horizontal plugs are abbreviated as "V" and "H" in the following figures. 

Each plug is prepared according to the ISRM standards (Kovari et al., 1983) by cutting the 

length-to-diameter ratio of roughly 2:1, to eliminate any length effect on the compressive 

strength. The ends of each plug are ground flat and parallel to a tolerance of ± 2.5×10-3 cm. 

Effective porosity and grain density are measured using the porosimeter, according to Boyle’s 

law, in the Rock Physics Laboratory. The results are shown in Table 3.2. 

Table 3.2. Basic parameters of the selected shale samples, with uncertainties. 

 

Samples 
Length 

(mm) 

Diameter 

(mm) 

Porosity 

(%) 

Grain density 

(g/cm3) 

Bulk density 

(g/cm3) 

Eagle Ford_V 49.5 ± 0.02 25.4 ± 0.02 9.17 ± 0.05 2.43 ± 0.01 2.21 ± 0.01 

Eagle Ford_H 49.4 ± 0.02 25.4 ± 0.02 10.04 ± 0.05 2.45 ± 0.01 2.20 ± 0.01 

*Note: "V" and "H" denote vertical and horizontal plugs, respectively.  

 

Furthermore, the cross-polarized thin section and the powder X-ray diffraction (XRD) 

analysis are taken to characterize the granular microstructure and the mineralogical 

compositions. The results will be shown in Chapters 4 - 7.  

3.3. Triaxial test system 

3.3.1. Introduction of NER AutoLab 1500 

All the measurements for sandstone samples are conducted using a servo-hydraulically 

controlled triaxial testing system (AutoLab 1500 from New England Research Inc.), which 

can simultaneously perform both static and dynamic measurements on the same sample 

(Figure 3.2). The cylindrical sample is jacketed by a rubber sleeve to ensure dry conditions. 

The wrapped sample is placed between two endcaps. The tube wraps the sample and two 

endcaps together to prevent potential sliding at the contacts during the process of applying 

stress. A pair of linear variable differential transformers (LVDTs) is clamped at the ends of 

the two endcaps to measure the axial displacements, the average of which is used to derive the 
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axial strain (εa). Another pair of LVDTs, held by a radial bridge, is placed at the mid-length of 

the sample to measure radial displacements, the average of which is used to derive the radial 

strain (εr). It should be noted that two small holes are drilled but not penetrated in the rubber 

sleeve to allow the close attachment between the sample surface and the radial LVDTs. 

Before installment, the LVDTs are calibrated using a screw micrometer. Additionally, before 

testing the sandstone samples, a standard aluminum is tested using the same system to 

calibrate the system stiffness. The resolution of LVDTs is 3.0 × 10-4 mm /0.002 V. The 

precision of the measured strain is conservatively 2.5 %.  

 
Figure 3.2. Schematic of the parts inside of the pressure vessel of a servo-hydraulically controlled 

triaxial testing system (AutoLab 1500).  

 

Each endcap includes two parts: the standard platen and the titanium buffer (Figure 

3.2). Piezoelectric transducers (PZTs) for one P-wave (P) and two S-waves (S1 and S2) are 

housed in the empty holes, inside of the standard platen, to convert an electrical pulse into 

ultrasonic waves transmitting through the sample. The central frequency for all PZTs is 1.0 

MHz. Thus, the first-arrival travel times of the ultrasonic waves can be recorded. Because 
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PZTs cannot directly suffer from stress, titanium stacks are nested in front of the standard 

platens to act as buffers. The buffer times for P-, S1- and S2-waves are measured by keeping 

the titanium buffers contacting before installing the sample into the vessel.  

Figure 3.3 shows the ultrasonic waveforms of P-, S1-, and S2-waves under hydrostatic 

stress (σ) of 5 MPa and 20 MPa for Idaho Gray, Berea1, and Tight sandstones. The solid 

vertical lines denote the first-arrival times picked up in the waveforms. The travel times 

through each sample are the differences between the first-arrival times and the buffer times. 

Additionally, regardless of being from hydrostatic or triaxial tests, the sample lengths should 

be corrected with the axial strains measured from the axial LVDTs. The calibrated first-arrival 

time, together with the corrected sample length, is used to derive the ultrasonic wave 

velocities. From Figures 3.3b and 3.3c, the first-arrival times of S1- and S2-waves for each 

sample are about equal, which indicates that the selected sandstone samples are almost 

isotropic. Hence, S1- and S2-wave velocities are averaged to calculate the S-wave velocities 

for the following calculations. In Figure 3.3, the dashed vertical lines give the conservative 

estimates of the measurement uncertainty of the first-arrival time. The errors of the P- and S-

wave velocities are simply analyzed using the uncertainty of the first-arrival travel time 

picking. In general, the error for vP is ± 1 %, and for vS is ± 2 %. 
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Figure 3.3. Waveforms of ultrasonic (a) P-, (b) S1-, and (c) S2-waves under hydrostatic stress (σ) of 5 

MPa and 20 MPa for three sandstone samples. Solid vertical lines denote first-arrival picks, while dashed 

vertical lines give the conservative estimates of the manual picking uncertainty.   
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3.3.2. Introduction of MR-RM 3000 System 

The estimations of mechanical properties of the selected shale plugs are conducted 

using the servo-controlled MR-RM 3000 Rock Mechanics Testing System manufactured by 

MetaRock Laboratories. Figure 3.4a shows the schematic of the sample assembly, 

subsequently placed inside a confining vessel, with instrumentation for axial and radial 

deformation measurement, load cell for the deviatoric stress measurement, and finally, the 

piezoelectric transducers for ultrasonic velocity measurement. A pair of Linear Variable 

Differential Transformer (LVDT) is clamped at the ends of two platens to measure the axial 

displacements, the average of which is used to estimate axial strain throughout the entire 

duration of the experiment. A cantilever bridge mounted with four 300 ohms strain gauges 

(Figure 3.4b) is used to measure the radial displacement in two orthogonal directions for 

estimation of radial strain. As the samples are transversely isotropic, two orthogonal radial 

strains measured on the vertical plug are supposed to be approximately equal due to the 

isotropic bedding. However, in the horizontal plug, the radial strain gauges are carefully 

mounted to ensure that one pair of gauges is oriented parallel to bedding. At the same time, 

the other is oriented perpendicular to bedding (Figure 3.4c). It should be noted that we use the 

benchtop equipment to determine the bedding orientation of the horizontal shale sample at 

atmospheric conditions (Yan et al., 2014). The horizontal sample is placed between a pair of 

platens, mounted with P- and S-wave transducers. Then we rotate the sample to find where 

the phase and the arrival-time of the S-wave exhibit the most significant differences. The 

orientation with the largest S-wave velocity should be the bedding plane orientation. The 

radial strains thus measured are referred to as εr1 and εr2 from this point onward. The load cell 

measures the deviatoric stress (the difference between the total axial stress and confining 
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pressure acting on the sample) exerted on the plug. The measured stress and strain allow 

estimation of static mechanical properties, i.e., Young’s modulus and Poisson’s ratio.  

 
Figure 3.4. (a) Schematic of the servo-controlled triaxial test system from MetaRock Laboratories 

(Gokaraju et al., 2018); (b) cantilever bridge amounted with two pairs of orthogonal radial strain gauges; 

(c) radial strain gauges attached on the surfaces of the horizontal plug with εr1 denoting the bedding-

parallel radial strain and εr2 indicating the bedding-normal radial strain. 

 

The piezoelectric transducers (PZT) of 1.0 MHz resonant frequency are mounted 

inside of the top and bottom platens (Figure 3.4a). They are capable of measuring one P-wave 

and two orthogonally polarized S-wave velocities. The ultrasonic pulse transmission 

technique is adopted (Birch, 1960). Before placing the cylindrical sample into the vessel, the 

platens with PZTs are put together to obtain the buffer times for P- and S-waves. After 

placing the plug between the platens, the first arrival times of P- and S-waves at different 

stress magnitude are recorded. It should be noted that the first-arrival of the P-wave is clear, 

with ± 1 % error, while the measurement error of the S-wave first-arrival is about ± 2 %. The 

scheme of ultrasonic velocity data acquisition for both plugs is shown in Figure 3.5. In the 

vertical plug, two measured S-wave velocities are the same. In the horizontal plug, however, 

one S-wave is polarized parallel to bedding (vSH(90°)) while the other is polarizing normal to 
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bedding (vSV(90°)). More importantly, one off-axis P-wave velocity (vP(45°)) is measured in 

the plane 45 degrees to the vertical axis of the vertical plug with a pair of P-wave transducers 

(Sharf-Aldin et al., 2013), as shown in Figure 3.5. 

 
Figure 3.5. Scheme of measured vertical P- and S-wave velocities in the vertical and horizontal shale 

plug.  

 

Furthermore, the transducers used in the measurements are point sources, so all the 

measured velocities are group velocities. For waves propagating parallel or normal to 

symmetry axis (θ = 0° or 90°), the group velocity equals the phase velocity. And the off-axis 

P-wave velocity (vP(45°)) has been converted to phase velocity (Thomsen, 1986) before 

applying into calculating the anisotropic dynamic Young’s moduli and Poisson’s ratios. The 

angles (0°, 45°, 90°) refer to the phase-velocity angle θ concerning the bedding-normal 

symmetry axis, as shown in Figure 2.2.  

3.4. Performed tests 

All the dynamic and static measurements are performed at room-dry conditions. Table 

3.3 summarizes the performed compression tests on each sample.  

Hydrostatic compression tests: After placing the entire sample assembly inside the 

confining vessel, a hydrostatic gap between the hydraulic piston and the top of the standard 

platen exists (Figures 3.2 and 3.4a), which enables the sample under hydrostatic stress 
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conditions when the confining vessel is filled with hydraulic oil. The hydrostatic load-unload 

tests are controlled by a constant stress rate with a value of 0.2 MPa/s for the Idaho Gray, 

Berea1, and Tight sandstones with AutoLab 1500. Ultrasonic P- and S-wave velocities are 

measured at each stress interval of ~5 MPa. These tests are used to comparatively investigate 

the dynamic and static bulk moduli of sandstones, considering the differences in porosity and 

mineral compositions of the three samples, which will be introduced in Chapter 4. In addition, 

the hydrostatic load-unload tests are executed for the vertical and horizontal Eagle Ford shale 

samples (i.e., Eagle Ford_V and Eagle Ford_H) using MR-RM 3000 rock mechanics testing 

system. The hydrostatic loading and unloading are performed at a constant rate of 0.0069 

MPa/s. 

Table 3.3. The performed compression tests on each sedimentary sample. 

 

Samples 

Compression tests 

Hydrostatic Uniaxial stress Pseudo-Triaxial stress 

Idaho Gray One load-unload cycle \ One load-unload cycle 

Berea1 One load-unload cycle \ Two load-unload cycles 

Berea2 \ 
Load-unload cycle with 

minor stress cycles 
\ 

Tight One load-unload cycle \ Two load-unload cycles 

Ls1 \ \ 
Increasing-amplitude cyclic loading and 

unloading 

Ls2 \ 
Load-unload cycle with 

minor stress cycles 
\ 

Eagle Ford_V One load-unload cycle \ One load-unload cycle and reload to failure 

Eagle Ford_H One load-unload cycle \ One load-unload cycle and reload to failure 

 

Uniaxial compression tests: We use AutoLab 1500 to perform uniaxial compression 

tests on two sandstone samples (i.e., Berea2 and Ls2) by setting a series of minor stress cycles 

along the ascent and descent of the stress-strain curve. The uniaxial load or unload in these 

tests is controlled by a constant stress rate of 0.05 MPa/s. Experimental procedures and results 
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are shown in Chapter 5. The objectives of these tests are to investigate how the static 

properties (i.e., Young’s modulus and Poisson’s ratio) are associated with their dynamic 

properties.   

Triaxial stress tests: Except for the Berea2 and Ls2 samples, triaxial stress tests are 

conducted on the rest samples, although the constant confining pressure and the stress path are 

different. For the Idaho Gray, Berea1, and Tight sandstones, the triaxial stress load-unload 

cycles are set by keeping ta constant confining pressure of ~20 MPa to comparatively 

investigate the dynamic and static Young’s moduli. Due to the weakness of the Idaho Gray 

sandstone, only one low-stress cycle is carried out, while two deviatoric stress load-unload 

cycles are performed for both Berea2 and Tight sandstones. The maximum stresses for the 

cyclic tests are slightly below 50 % of the compressive failure strengths. This part will be 

introduced in Chapter 4. 

We perform increasing-amplitude cyclic loading and unloading experiments on one 

field sandstone sample. The confining pressure is set according to the formation depth where 

this sample is drilled. The purpose of this type of experiment is to characterize the evolutions 

of static elastic properties, which will be introduced in Chapter 6.  

We set a triaxial load-unload cycle for the Eagle Ford shales, with the maximum stress 

below the compressive failure strength. Subsequently, the shale samples are reloaded to 

failure. During the triaxial stress tests, the confining pressure is kept at 13.8 MPa. The triaxial 

tests are controlled by a constant strain rate of 10-6/s. The analysis of these two shale samples 

is in Chapter 7. 
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4. STRESS DEPENDENCE OF DYNAMIC AND STATIC MODULI FOR 

SANDSTONES 

4.1. Introduction   

Within geoscience and geoengineering, quantitatively investigating the relations 

between static and dynamic elastic properties (e.g., bulk or Young’s modulus) of the reservoir 

rocks are crucial for hydrocarbon reservoir characterization and drilling engineering (Jizba 

and Nur, 1990; Yale et al., 1995; Blake and Faulkner, 2016). In the past decades, relationships 

between static and dynamic moduli have been established, but they were seldom useful in 

other reservoir formations considering the significant reservoir heterogeneity and different in-

situ stress conditions (Savich, 1984; van Heerden, 1987; Eissa and Kazi, 1988; Yale et al., 

1995). In general, the dynamic and static properties of formation rocks are complex functions 

of porosity, stress state, rock microstructures, and other controlling factors (Fjær, 2019). This 

work aims to experimentally investigate the effects of stress state (hydrostatic or deviatoric), 

hydrostatic or deviatoric stress magnitude, and stress history on static and dynamic elastic 

moduli by performing a series of experiments on three typical sandstones (Wang et al., 

2020a).  

To some extent, we mimic two types of in-situ stress state: hydrostatic stress and 

triaxial stress conditions. From the perspective of static deformations, the rock stiffness is 

expressed by different moduli under different stress regimes. According to the strict 

definitions, the statically derived modulus under hydrostatic stress conditions is referred to as 

static bulk modulus, whereas that under uniaxial stress condition is defined as static Young’s 

modulus (Mavko et al., 2009). In rock mechanics, the modulus under triaxial stress condition 

is frequently equivalent to static Young’s modulus (Jaeger et al., 1969). So far, it is still 
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unclear how to quantify dynamic-static correlations without specifying a stress state during 

the static tests. However, it has been generally accepted that the static modulus of room-dry 

sandstones is routinely lower than the dynamically derived one regardless of being from 

hydrostatic (Simmons and Brace, 1965; King, 1969; Cheng and Johnston, 1981; Jizba and 

Nur, 1990; Fjær, 1999; Li et al., 2019) or triaxial tests (van Heerden, 1987; Eissa and Kazi, 

1988; Tutuncu and Sharma, 1992; Tutuncu et al., 1994; Plona and Cook, 1995; Fjær, 2009; 

Bhuiyan et al., 2013). Generally, the static measurements are characterized by strain 

amplitude (10-5 - 10-3) that are orders of magnitude greater than those induced by elastic wave 

propagation (10-7 - 10-6) used in dynamic measurements (Winkler et al., 1979; Vernik, 2016; 

Katahara et al., 2017). The strain amplitude difference in the two types of measurements 

might take a dominant role for the dynamic-static discrepancy (Martin and Haupt, 1994; 

Tutuncu et al., 1998a).  

Within the elastic regime, the dynamic moduli will increase with elevated hydrostatic 

stress and deviatoric stress. However, the changing morphologies of the static moduli depend 

on the deployed stress state (e.g., hydrostatic stress or deviatoric stress conditions). In most 

porous sandstones, the static bulk modulus showed an increasing trend with the hydrostatic 

pressure ranging from atmospheric pressure to ~200 MPa (Simmons and Brace, 1965; King, 

1969; Cheng and Johnston, 1981; Jizba and Nur, 1990). Fjær (1999) found that the static 

Young’s moduli of weak sandstones decreased with the increasing uniaxial stress, which was 

ascribed to the additional non-elastic strains induced by stick-slip sliding along grain 

boundaries and closed micro-crack surfaces. Fjær (2009) performed a series of triaxial tests 

on a dry Castlegate sandstone and concluded that the static moduli increased with the 

increasing deviatoric stress in the low-stress regime, then decreased at higher deviatoric 
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stress. The distinct stress-dependences of the static moduli might be controlled by different 

microstructural mechanisms, which brings about great challenges in the quantitative 

characterization of dynamic-static relations. 

Furthermore, hydrocarbon production would induce substantial depletion of fluid 

pressure, which, in turn, can affect the state of stress within and surrounding the reservoir 

(Salz, 1977; Teufel et al., 1991; Segall and Fitzgerald, 1998; Sone, 2012). The stress 

fluctuation might affect the in-situ modulus. We set deviatoric load-unload cycles to 

investigate the potential roles of stress history in the elastic responses of the sedimentary 

rocks. Many authors have made efforts in this aspect in the past 30 years (Holt and Kenter, 

1992; Plona and Cook, 1995; Sone, 2012; Holt et al., 2013; Li et al., 2019). Holt and Kenter 

(1992) compared the stress-strain curves of synthetic sandstones from two types of tests: 

direct loading and reloading after a loading-unloading cycle, concluding that the reloading 

modulus was much lower than the direct-loading modulus. However, Sone (2012) compared 

the static moduli during the first pressure loading and the subsequent unloading/reloading, 

determining that the first loading static modulus was, on average, about 20% lower than the 

unloading/reloading static modulus. Holt et al. (2013) reported a set of loading-unloading 

triaxial tests on sandstones and concluded that the dynamic-static discrepancy vanished at the 

turning points. And the unloading moduli were higher than the loading ones.  

So far, the data reported on sandstones reveal that the relation between dynamic and 

static moduli is not only influenced by intrinsic properties such as porosity, minerals, 

microstructure, but also affected by measurement conditions such as stress magnitude and 

stress load-unload history. Such ambiguous relations might mislead us to derive static 

petroleum-engineering parameters from dynamic elastic parameters. Therefore, to 
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experimentally analyze the dynamic-static relation, three sandstones with different porosities 

are purposely selected to perform dynamic and static measurements under different 

conditions. We first describe the microstructures and mineral compositions of the selected 

samples based on the thin section images and X-ray diffraction (XRD) analysis. Then, the 

effects of stress state (hydrostatic or triaxial), hydrostatic or deviatoric stress magnitude, and 

stress history on the dynamic and static moduli are measured and comparatively analyzed in 

conjunction with providing potential microstructural mechanisms.  

4.2. Sample description and experimental methodology 

4.2.1. Sample description  

 
Figure 4.1. Compositional components of the investigated sandstone samples based on the XRD analysis 

(Wang et al., 2020a). 

 

Three outcrop sandstone samples (i.e., Idaho Gray, Berea1, and Tight) are purposely 

selected for this study. Idaho Gray, Berea1, and Tight sandstones were formed in the Upper 

Miocene, Upper Devonian, and Pennsylvanian periods, respectively (Imlay, 1952; Kimmel, 

1982; Catacosinos and Daniels, 1991). The mineral compositions of the three samples are 

characterized using the X-ray diffraction (XRD) analysis, the results of which are presented in 

Figure 4.1. The Idaho Gray sandstone consists of nearly equal amounts of quartz, K-feldspar, 
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and plagioclase, but has relatively low clay minerals (~1.5 %). The Berea sandstone can be 

defined as quartz sandstone with medium clay content (~5.6 %). The stiff components in the 

Tight sandstone are mainly composed of quartz, K-feldspar, and plagioclase, while the high 

amount of soft clay minerals (~12.3 %) is mostly mixed layer illite-smectite with minor 

amounts of chlorite and kaolinite.  

 
Figure 4.2. Thin section images under the plane-polarized light for (a) Idaho Gray, (b) Berea1, and (c) 

Tight sandstones (Wang et al., 2020a). 

 

Meanwhile, the thin section images taken under plane-polarized light are used to 

analyze the granular microstructures. Note that thin sections are impregnated with blue epoxy. 

The Idaho Gray sandstone (Figure 4.2a) is weakly cemented and poorly to moderately sorted. 

The grains are mainly sub-angular to angular, with line grain-to-grain contacts. The Berea1 

sandstone is primarily comprised of monocrystalline and polycrystalline quartz cemented by 

argillaceous clay (Figure 4.2b). The framework grains are mainly sub-rounded to rounded, 

with numerous dot-line grain-to-grain contacts. In contrast to the Idaho Gray sandstone, less 

pore space filled with blue epoxy can be observed in the Berea sandstone. The thin section 

image for Tight sandstone is taken at a scale of 500 μm (Figure 4.2c). The grains consist 
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primarily of equal amounts of quartz and feldspar. The grains are sub-rounded or sub-angular, 

with concavo-convex grain contacts, exhibiting obvious asperities. A significant amount of 

clay minerals is deposited at grain contacts, making relatively small intergranular pore space. 

4.2.2. Experimental procedures 

Both dynamic and static measurements for three core samples are performed at the 

room-dry condition. The applied stress state includes hydrostatic and triaxial load-unload.  

Initially, the entire sample assembly is placed inside the confining vessel. In this stage, there 

is a hydrostatic gap between the hydraulic piston and the top of the standard platen (Figure 

3.2), which enables the sample under hydrostatic stress conditions when the vessel is filled 

with hydraulic oil. The hydrostatic load-unload tests are controlled by a constant stress rate 

with a value of 0.2 MPa/s. The hydrostatic stress (σ) is applied up to ~20 MPa for the Idaho 

Gray sandstone and ~40 MPa for the Berea1 and Tight sandstones, and then subsequently 

decreases to ~5 MPa. The hydrostatic stress is then elevated up to 20 MPa and held constant 

for the following triaxial cycling tests. After that, we control the axial stress pump to move 

the hydraulic piston (Figure 3.2). Once the piston touches the top platen, the deviatoric stress 

will increase. Here, the deviatoric stress (σd) is recorded, which is defined as the difference 

between the axial stress (σa) and the hydrostatic stress (σ). Under triaxial stress conditions, 

due to the weakness of the Idaho Gray sandstone, only one low-stress cycle is carried out with 

a maximum stress of ~18 MPa, while two deviatoric stress load-unload cycles are performed 

for both Berea1 and Tight sandstones: one is a low-stress cycle with a maximum stress of ~28 

MPa, the other is a high-stress cycle with a maximum stress of ~48 MPa for the Berea1 

sandstone and ~58 MPa for the Tight sandstone. The deviatoric load-unload cyclic tests are 

performed with a constant stress rate of 0.02 MPa/s. After the deviatoric tests, all three 
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samples are compressed to failure at the same state of confining pressure (~20 MPa). The 

failure strength is 39 MPa, 96.8 MPa, and 118.2 MPa for Idaho Gray, Berea1, and Tight 

sandstone, respectively. Therefore, the maximum stress during the deviatoric stress cycles is 

slightly below 50 % of the compressive failure strength. Additionally, ultrasonic P- and S-

wave velocities are measured at each stress interval of ~5 MPa under both hydrostatic and 

triaxial stress conditions.  

Besides, we need to keep in mind that depressurization could close the soft 

microstructure of rock samples during performing hydrostatic load-unload experiments. That 

is, the microstructure and the general sample description (e.g., effective porosity, density) at 

room conditions are the only representatives for hydrostatic experiments. This suggests that 

the difference between static-dynamic relations during hydrostatic cycles and the ones during 

deviatoric cycles shall be partially due to those permanently closable fractures. 

4.3. Experimental results  

4.3.1. Strain response to hydrostatic and deviatoric stress 

Figure 4.3 shows the relationship between the volumetric strain and the hydrostatic 

stress (σ) in a load-unload cycle for three sandstone samples. For comparison purposes, we 

use reference stress for all three samples of 5 MPa and subtract the strain values at this stress 

from the total strain readings to ensure that all volumetric strains start from zero. Regardless 

of the stress load or unload phase, the entire stress-strain curves are not linear, especially at 

relatively low hydrostatic stress conditions. Small amounts of creeps, visible on the loading 

curves, are due to halting the stress loading to carry out the ultrasonic velocity measurements. 

When the hydrostatic stress reaches 20 MPa, the volumetric strains are 3.17 × 10-3 for the 

Idaho Gray sandstone, 3.15 × 10-3 for the Berea1 sandstone, and 2.49 × 10-3 for the Tight 
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sandstone. When the hydrostatic stress reaches 40 MPa, the volumetric strains are 5.87 × 10-3 

for the Berea sandstone and 4.34 × 10-3 for the Tight sandstone. In contrast to the volumetric 

strains at hydrostatic stress of 20 MPa and 40 MPa for the Berea1 and Tight sandstones, the 

elevated hydrostatic stress would induce more volume decreases for samples with much 

higher porosity. Once the pressure is reduced, the volumetric strains decrease following much 

steeper trends than the loading curves (hysteresis). After reducing the hydrostatic stress back 

to 5 MPa, the strain curves do not return to their original value prior to the hydrostatic 

loading, leaving a significant amount of irreversible volumetric strain. Moreover, the Berea1 

sandstone exhibits more significant hysteresis compared to the Tight sandstone (Figures 4.3b 

and 4.3c).   

 
Figure 4.3. Relations between the volumetric strain (εvol) and the hydrostatic stress (σ) at a hydrostatic 

load-unload cycle for (a) Idaho Gray, (b) Berea1, and (c) Tight sandstones. Note that the gray dashed 

lines show the linear portions in the loading curves, and pC denotes the critical crack-closure pressure 

(Wang et al., 2020a).  

 

Figure 4.4 displays the relationships between the axial strain (εa) and the deviatoric 

stress (σd) during load-unload cycles. The hydrostatic stress is always kept at 20 MPa for 

those cycling tests. For comparison purposes, a reference deviatoric stress is taken at 2 MPa, 
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and the strain values at this stress are subtracted from the total strain readings to ensure that 

all axial strains start from 0 MPa.  

Regardless of being from the low-stress or high-stress cycles, the stress-strain curves 

display non-linearity, especially at low stress and when approaching the maximum deviatoric 

stress at a high-stress cycle (Figures 4.4b and 4.4c). As the deviatoric stress reaches 18 MPa, 

the axial strain reaches 1.28 × 10-3 for the Idaho Gray sandstone, 0.79 × 10-3 for the Berea1 

sandstone, and 0.43 × 10-3 for the Tight sandstone. Overall, at the given deviatoric stress 

magnitude, the axial deformation is higher for the more porous sandstone. When the 

deviatoric stress is reduced, the axial strains do not follow the loading curves and display a 

significant hysteresis (Figure 4.4). As the high-stress deviatoric loading is carried out, the 

stress-strain curves closely follow the unloading curves recorded during the first low-stress 

cycle (Figures 4.4b and 4.4c). As the deviatoric stress is reduced back to 2 MPa, more 

hysteresis and irrecoverable strains are recorded. 

 
Figure 4.4. The deviatoric stress (σd) as a function of the axial strain (εa) in deviatoric load-unload loops 

for (a) Idaho Gray, (b) Berea1, and (c) Tight sandstones. Note that the gray solid lines and ‘E50% at σ50%’ 

denote the static Young’s modulus derived at 50 % of the failure strength (Wang et al., 2020a). 
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4.3.2. Ultrasonic velocity properties  

Figure 4.5 shows the ultrasonic P- and S-wave velocities (vP & vS) as a function of the 

hydrostatic stress (σ) in a hydrostatic load-unload cycle, including estimates of measurement 

uncertainties. As shown in Figure 4.5, both P- and S-wave velocities increase with the 

decreasing porosity. When reaching 20 MPa hydrostatic stress, the P-wave velocity increases 

by 2.9 % for the Idaho Gray sandstone. When reaching 40 MPa hydrostatic stress, it increases 

by 16.7 % for the Berea1 sandstone, and by 18.2 % for the Tight sandstone. The S-wave 

velocity also displays increasing trends for the same hydrostatic stress loading, i.e., increase 

by 4.4 %, 19.1 %, and 14.3 %, respectively. At 20 MPa hydrostatic stress, the highest porosity 

Idaho Gray sandstone exhibits the smallest relative increase in P- and S-wave velocities. 

Upon unloading, both P- and S-wave velocities decrease back following a less steep trend 

compared to the loading part of the cycle.  

 
Figure 4.5. (a) P-, and (b) S-wave velocities (vP & vS) as a function of the hydrostatic stress (σ) under 

hydrostatic load-unload tests. The error analysis (gray bars) is involved (Wang et al., 2020a).   

 

Figure 4.6 demonstrates the P- and S-wave velocities (vP & vS) as a function of the 

deviatoric stress (σd) during the load-unload cycles. In the low-stress cycle, ultrasonic 
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velocities in the Idaho Gray sandstone hardly increase with the increasing deviatoric stress, 

whereas (1) the P-wave velocity increases by 2.89 % for the Berea1 sandstone, and by 2.13 % 

for the Tight sandstone; and (2) the S-wave velocity increases by 0.91 % for the Berea1 

sandstone, and by 0.98 % for the Tight sandstone. Upon unloading in the low-stress cycle, 

both P- and S-wave velocities nearly overlap with the values recorded during loading for the 

three selected sandstones. The error bars also overlap together, which is difficult to 

distinguish. In the high-stress cycle, the P-wave velocities initially increase following the 

loading velocities in the low-stress cycle. Still, they tend to level off after exceeding the 

maximum stress reached during the previous stress cycle. The S-wave velocities firstly follow 

the previous increasing trend. Still, beyond the maximum stress reached in the last cycle, they 

tend to level off for the Tight sandstone, but decrease for the Berea1 sandstone. Upon 

unloading, both velocity types follow a decreasing trend with lower values than during the 

loading part of the cycle, suggesting that both samples are damaged in the high-stress cycle.  

 
Figure 4.6. (a) P-, and (b) S-wave velocities (vP & vS) as a function of the deviatoric stress (σd) in 

deviatoric load-unload cycles. The error analysis (gray bars) is involved (Wang et al., 2020a).  
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The applied stress field governs ultrasonic wave velocities in sandstones. During the 

hydrostatic load-unload cycle, the axial strain (Figure 4.3) and the velocities (Figure 4.5) have 

exhibited irrecoverable microstructure changes. Thus, it is difficult to compare the velocities 

in two stress states directly. However, when comparing Figures 4.5 and 4.6, we conclude that 

the P- and S-wave velocities may be more sensitive to the hydrostatic stress than to the 

deviatoric stress, especially for the Berea and Tight sandstones. Furthermore, regardless of 

loading type (hydrostatic or triaxial), ultrasonic wave velocities in the Idaho Gray sandstone 

with the highest porosity (33.3 %) exhibit the smallest sensitivity to stress changes.  

4.3.3. Comparison of dynamic and static moduli  

Figure 4.7 displays the evolution of the dynamic and static bulk moduli (Kd & Ks) for 

the three sandstone samples derived from the hydrostatic load-unload cycle. Upon hydrostatic 

stress loading, both dynamic and static moduli exhibit increasing trends for the Berea and 

Tight sandstones, whereas for the Idaho Gray sandstone, these moduli remain virtually 

unaffected. In contrast, the dynamic bulk modulus increases from 9.5 GPa to 12.2 GPa for the 

Berea1 sandstone and from 19.4 GPa to 28.2 GPa for the Tight sandstone, whereas the static 

bulk modulus increases from 4.4 GPa to 9.9 GPa for the Berea sandstone and from 5.7 GPa to 

14.3 GPa for the Tight sandstone. Therefore, within a certain hydrostatic stress range, the 

static bulk modulus exhibits more stress sensitivity than the dynamic bulk modulus. When the 

hydrostatic stress is initially reduced, the static bulk modulus jumps to high values closer to or 

even higher than the dynamic ones for all three samples. With the continued unload, the static 

moduli decrease. Upon unloading, the unloading moduli are higher than the loading ones 

dynamically and statically for both the Berea1 and Tight sandstones. Additionally, at the 

initial loading stress, although the dynamic bulk moduli of the three samples exhibit 
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significant differences, the static bulk moduli all start from a similar value of ~5 GPa, 

regardless of the original porosity of each sandstone sample.  

 
Figure 4.7. Dynamic and static bulk moduli (Kd & Ks) as a function of the hydrostatic stress (σ) in the 

hydrostatic load-unload cycle for (a) Idaho gray, (b) Berea, and (c) Tight sandstones (Wang et al., 2020a).  

 

Figure 4.8 shows the dynamic and static Young’s moduli (Ed & Es) as a function of the 

deviatoric stress (σd) during the deviatoric load-unload cycles. The hydrostatic stress is kept at 

20 MPa for all three samples. In the process of the first loading, the dynamic Young’s 

modulus remains almost constant for the Idaho Gray sandstone and increases for both the 

Berea1 and Tight sandstones. However, static Young’s modulus decreases with the increasing 

deviatoric stress for all three samples. Especially at the initial load stress, the static moduli 

exhibit a sharp drop for all samples. The ratios of dynamic to static Young’s moduli increase 

for all three sandstones with increasing deviatoric stress: from 0.98 to 1.4 for the Idaho Gray 

sandstone, from 1.23 to 1.83 for the Berea1 sandstone, and from 0.88 to 1.74 for the Tight 

sandstone. When the load is initially reversed, the static moduli jump to higher values and 

then decrease back to initially stressed values, which are much smaller than the pre-loaded 

values.  
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Figure 4.8. Dynamic and static Young’s moduli (Ed & Es) as a function of the deviatoric stress (σd) in 

triaxial load-unload cycles for (a) Idaho gray, (b) Berea, and (c) Tight sandstones (Wang et al., 2020a).  

   
At higher stress during the second loading cycle, the dynamic moduli for the Berea1 

and Tight sandstones initially increase. Beyond the maximum stress reached during the first 

cycle, they tend to level off for Tight sandstone, whereas they slightly drop for the Berea1 

sandstone. The static Young’s modulus nearly follows the same decreasing path as that in the 

process of the first loading (Figures 4.8b and 4.8c). When the deviatoric stress exceeds the 

maximum stress reached during the first cycle, the static moduli continue to decrease, leading 

to more contrast between the dynamic and static moduli. Upon unloading, the static moduli 

drop again. Note that the unloading moduli at the maximum stress reached during this second 

load cycle are comparable to the dynamic moduli measured at that stress level, and are 

significantly higher than the static moduli recorded during the loading stage of the cycle. As 

shown in Figure 4.8, for all cycles, the curve representing the static moduli exhibits a 

bowknot shape, reflecting the contrast between load and unload static moduli at the same 

stress level, i.e., unload moduli are higher than the load moduli at the high-stress magnitude, 

while load moduli are higher than the unload moduli at the low-stress magnitude.     
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Bulk moduli determined under hydrostatic stress conditions and Young’s moduli 

determined under deviatoric stress conditions exhibit contrasting behaviors (Figures 4.7 and 

4.8). In the process of stress loading (hydrostatic or deviatoric), the contrast between dynamic 

and static bulk modulus either decreases with or remains unaffected by the increasing 

hydrostatic stress magnitude. The contrast between dynamic and static Young’s modulus 

increases with increasing deviatoric stress. In addition, in the process of stress unloading 

(hydrostatic or deviatoric), the contrast between dynamic and static modulus (bulk or Young’s 

modulus) decreases with the increasing stress magnitude to become comparable at the high-

stress magnitude. Finally, except for some singular values at the initial load (Figure 4.8c) or 

unload (Figures 4.7b, 4.8b, and 4.8c), whatever for the loading or unloading modulus, the 

dynamic modulus is higher than the static equivalent.  

4.4. Discussion 

From the experimental results mentioned above, the derived moduli based on the 

stress-strain curves are highly dependent on the applied stress state (i.e., hydrostatic or 

deviatoric stress conditions). The static bulk modulus is derived under hydrostatic stress 

conditions, whereas the static Young’s modulus is derived under deviatoric stress conditions 

(Tutuncu et al., 1998a; Mavko et al., 2009). In contrast, the deviatoric stress conditions might 

be more approaching the in-situ stress state. However, both moduli are essential inputs in geo-

mechanical modeling. In the following section, we attempt to analyze the hidden micro-

mechanisms of the stress- and stress history-dependences of the dynamic and static moduli.  

4.4.1. Micro-mechanism of the stress-dependence of dynamic and static moduli 

Sandstones are generally cemented granular rocks, as shown in Figure 4.2. Their 

matrix (solid phase) is composed of mineral grains in intimate contact with each other. These 
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contacts can be cemented through diagenetic processes over geological time scales, leading to 

the formation of free or cemented grain boundaries, equant pores, compliant pores, and 

intergranular cracks. After zooming in the thin section image of the Berea1 sandstone 

reported in Figure 4.9a, we observe that the grain surfaces are not perfectly smooth, i.e., 

asperities and rugosity can be seen. In sandstones with such complex microstructures, a 

pressure or stress increment will induce elastic and recoverable deformations as well as non-

elastic and irrecoverable processes such as frictional slips along grain boundaries or closed 

crack surfaces (Fjær, 2019). Both elastic and non-elastic processes may contribute to the non-

linear and hysteretic strain response to the applied stress.     

 
Figure 4.9. (a) Thin section image with obvious interlocking asperities at the scale of 10 μm for the 

Berea1 sandstone; (b) Stress distribution at a grain contact before frictional sliding. N and S denote 

normal and threshold shear stress across the grain contact to accomplish frictional slip; (c) Stress 

distribution and induced cracks at a grain contact after frictional sliding. N’ and S’ denote normal and 

shear stress across the grain contact after frictional slip; (d) Stress distribution at the grain contact after 

an initial stress reversal (Wang et al., 2020a).   

 

The randomly distributed and oriented pre-existing micro-cracks tend to be closed 

under hydrostatic stress loading. The compliant pores, which are weak at low hydrostatic 

stress conditions, tend to be compressed or closed. The neighboring mineral grains that are 
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initially not in contact at room pressure tend to be pushed together and progressively close. 

The areas of point-to-point or line grain contacts are enlarged at elevated pressures, leading to 

an increase in the coordination number and a decrease in porosity (Mavko et al., 2009). 

Ultimately, these processes make the rock mechanically stiffer. Commonly, the quasi-static 

bulk modulus (Kquasi) can be derived from the slope of the linear increment of volumetric 

strain with the hydrostatic stress after the above compliant cracks have closed (Walsh, 1965b; 

Mavko and Nur, 1978; Ahrens et al., 2018). The critical crack-closure pressure (pC) is derived 

by drawing a linear line (Figure 4.3) in the loading hydrostatic stress-volumetric strain curves 

(Figure 4.3). The values of critical pressure and quasi-static bulk modulus are shown in Table 

4.1.  

Table 4.1. Quasi-static bulk modulus and ‘common’ static Young’s modulus at characteristic stress level. 

Note pC is the critical crack-closure pressure, and σ50% is the deviatoric stress at 50 % of the failure 

strength.  

 

Sample 
pC 

(MPa) 

Kquasi 

(GPa) 

σ50% 

(MPa) 

E50% 

(GPa) 

Idaho Gray 17.1 ± 1.0 5.5 ± 0.4 19.5 ± 1.0 11.4 ± 0.4 

Berea 30.1 ± 1.0 9.2 ± 0.4 48.4 ± 1.0 12.1 ± 0.4 

Tight 25.1 ± 1.0 12.5 ± 0.4 59.6 ± 1.0 21.4 ± 0.4 

 

After reducing the hydrostatic stress back to 5 MPa, there is apparent hysteresis 

between the loading and unloading volumetric strain curves (Figure 4.3) and between the 

loading and unloading velocities (Figure 4.5). As a result, except for the elastic compaction, 

there might exist some viscoelastic or non-elastic processes during the hydrostatic stress 

loading. Based on the experimental data, we cannot quantitatively determine which kind of 

process (i.e., elastic, viscoelastic, or non-elastic) dominates the increasing trends of the 

dynamic and static bulk modulus upon stress loading. Additionally, comparing Figures 4.3b 
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and 4.3c, in higher stress cycles, more hysteresis can be found. It might indicate that more 

viscoelastic or non-elastic processes take place, and more energy is dissipated at higher stress 

magnitude.  

When the initially applied confining pressure is beyond the critical-crack closure 

pressure, the compliant pores or cracks will be closed (Han, 1986). For the three sandstone 

samples, the initially applied confining pressure is approximately 20 MPa under triaxial tests, 

which is larger or a little lower than the critical-crack closure pressures of the three samples, 

as shown in Table 4.1. Therefore, prior to applying deviatoric stress, the initial confining 

pressure would close all the compliant cracks in the Idaho Gray sandstone and a large part of 

the compliant cracks in the Berea and Tight sandstone. The additionally applied deviatoric 

stress tends to break the force balance along those internal contact surfaces and induce energy 

dissipation and non-elastic strain through asperity crushing or frictional slip (Nihei et al., 

2000; Stroisz and Fjær, 2012; Fjær et al., 2013; Fjær, 2019). We would consider a grain 

contact area to explain the frictional slip process (Figure 11b). Initially, two mineral grains are 

not contacting with a smooth pattern, but through interlocking asperities. This interlocked 

structure might offer a logical explanation for the abnormally high static moduli at the initial 

deviatoric load in Figure 4.8. The stress distribution at the grain contact is illustrated in Figure 

4.9b. The normal stress (N) is proportional to the applied deviatoric stress (σd). According to 

Coulomb’s theory (Jaeger et al., 1969), the shear stress (S) across the contact surface is 

proportional to the normal stress (N). The asperity crushing and frictional slip across grain 

boundaries will not be activated until the shear stress exceeds the static frictional force. Once 

slip occurs at grain contacts, as shown in Figure 4.9c, the shear stress drops to a much lower 

value (S') and remains approximately constant (Plona and Cook, 1995; Nihei et al., 2000; 
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Wang et al., 2018a), but is still proportional to the new value of normal stress (N'). Once a slip 

event is complete, the grains remain locked together with static friction and will not move 

until the shear stress overcomes it. Frictional sliding is likely to open up grain boundaries to 

form micro-cracks or crack-like pores subparallel to the loading direction (Brace et al., 1966; 

Nihei et al., 2000), as shown in Figure 4.9c. The inelastic strain and the induced micro-cracks 

in the process of frictional slip will decrease the stiffness of the rock. For sedimentary rocks 

with strong heterogeneity, the threshold shear stress (S) for activation of frictional slips may 

vary a lot from one grain boundary to another. As a result, in the process of deviatoric 

loading, frictional slip events recur at different grain contacts, giving rise to the observed 

decreasing trend for the static Young’s modulus in Figure 4.8. It should be noted that similar 

slippages will occur not only along with grain boundaries but also along the surfaces of closed 

micro-cracks (Walsh, 1965a; Moss and Gupta, 1982; Plona and Cook, 1995; Tutuncu et al., 

1998a; Fjær, 1999; Nihei et al., 2000; David et al., 2012). 

Gordon and Davis (1968) and Winkler et al. (1979) show that inelastic processes like 

frictional sliding would not affect the measurements of elastic parameters when the strain 

amplitude is less than 10-6. In the dynamic measurements with a central frequency of 1.0 MHz, 

the strain amplitude of propagating elastic waves in rocks is limited to the range of 10-6 to 10-7. 

Consequently, the small strain amplitude of propagating elastic waves arguably does not affect 

the static elastic moduli. However, in the static tests, the strain amplitude is typical of the orders 

of 10-3 to 10-5 (Winkler et al., 1979; Vernik, 2016; Katahara et al., 2017), which would enhance 

the effects of inelastic processes on the static moduli. Therefore, the dynamic tests measure the 

relatively elastic properties of the rocks, whereas the static tests accumulate the elastic, 

viscoelastic, and non-elastic properties within a certain stress or strain ranges. The static 
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modulus presents more sensitivity to the pressure or stress changes under both hydrostatic and 

deviatoric stress conditions. In general, the dynamic modulus is higher than the static equivalent. 

Similar conclusions have been drawn from many previous studies (Simmons and Brace, 1965; 

King, 1969; Cheng and Johnston, 1981; van Heerden, 1987; Eissa and Kazi, 1988; Jizba and 

Nur, 1990; Tutuncu et al., 1992, 1994; Plona and Cook, 1995; Fjær, 1999, 2009; Li et al., 2019). 

Noticeably, the possible stress-induced anisotropy (Nur and Simmons, 1969) at high-stress 

levels is neglected when comparing the dynamic and static moduli. 

Additionally, comparing the dynamic and static aspects, the sandstone sample with the 

largest porosity (i.e., Idaho Gray sandstone) exhibits the smallest variation of modulus under 

both hydrostatic and deviatoric stress conditions. The modified Voigt-Reuss bounds 

empirically provide the upper and lower limits of elastic properties when porosity is smaller 

than the critical porosity (40 % for sandstones) (Han, 1986; Han and Batzle, 2004). The 

distance between the modified Voigt and Reuss bounds at a certain porosity exhibits the 

potential variation range of the elastic properties under stress loading. With the increase of 

porosity, the variability decreases.  

4.4.2. Effect of stress history on the static modulus    

Furthermore, asperity crushing and frictional sliding, and the induced non-elastic 

strains and micro-cracking are strongly dependent on the stress path and stress history (i.e., 

load or unload) (Fjær, 2019). At the maximum stress reached for each load-unload cycle in 

Figures 4.3 and 4.4, the maximum non-elastic strains have been accumulated in the rock. 

Once the loading direction is reversed, those strains are not released until reversed frictional 

slip at the grain boundaries or along closed cracks is achieved (Tutuncu et al., 1998a). We 

would consider the same grain contact area (Figure 4.9d). When the loading is reversed 
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(unloading), the magnitude of the shear stress (S) decreases to zero. It then increases again 

after the reversal of its direction of the application while slip occurs. As a result, the shear 

stress at the grain boundary changes by twice the threshold value to realize the reversed slip, 

which leads to that the strain at the initial unload follows a curve much steeper than the 

loading curve in Figures 4.3 and 4.4. It should be noted that this delayed strain response exists 

at other grain boundaries or closed crack surfaces. Therefore, the unloading curves under both 

hydrostatic and deviatoric stress conditions do not follow the loading curves, giving rise to a 

measurable hysteresis in the measured moduli.  

We pick up the static moduli at the same stress magnitude but in the load and unload 

sections separately to illustrate the dependence on the stress history, as shown in Figure 4.10. 

Under hydrostatic stress conditions in Figure 4.10a, the static bulk modulus from the loading 

curve is systematically lower than that from the unloading curve. The discrepancy between 

the load and unload moduli decreases with the decreasing hydrostatic stress. The maximum 

difference occurs at the initial unload, which is attributed to the reversed frictional slipping 

process discussed above. Under triaxial stress conditions in Figure 4.10b, the unloading 

Young’s modulus is higher than its loading counterpart at the relatively high-stress 

magnitude, whereas their relation is opposite at low-stress magnitude. At the turning points of 

the load-unload cycles (load-to-unload or unload-to-reload), the unloading and loading moduli 

exhibit the largest discrepancy, which is caused by the delayed strains associated with stress 

reversal.  
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Figure 4.10. (a) Cross-plot between the static bulk moduli upon hydrostatic stress unload and load; (b) 

Cross-plot between the static Young’s moduli upon deviatoric stress unload and load. The dark blue line 

denotes the one to one correspondence (Wang et al., 2020a). 

 

The strong dependence of the static moduli on the stress magnitude and prior stress 

history triggers the question of which static modulus (loading or unloading) is more relevant 

at the reservoir scale. The static Young’s modulus is commonly derived by linearly fitting the 

loading stress-strain curve at 50% of the failure stress (Kovari et al., 1983). The values at this 

characteristic stress level (σ50%) are shown in Table 4.1. However, this might mostly 

underestimate the true static Young’s modulus considering the decreasing trend and its 

sensitivity to stress magnitude and prior stress history. After diagenesis over geological time 

scales, the grain boundaries of sandstone heal (van Noort et al., 2008). The shear strain energy 

accumulated at grain boundaries progressively cancels. When the direction of application of 

the stress is reversed, the static modulus reflects the rock bulk properties without the impact 

of frictional slip and shear displacements (Walsh, 1965a; Plona and Cook, 1995). Thus, the 

static modulus derived at the initial stress reversal (switching from loading to unloading) is 

hypothesized to be mechanically equivalent to the in-situ modulus.   
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4.5. Summary 

The measured results on the selected sandstones with complex microstructures show 

that the applied stress would induce not only elastic deformations but also non-elastic 

deformations, depending on stress magnitude. Those induced non-elastic strains potentially 

through asperity crushing and frictional sliding are responsible for the nonlinear and 

hysteresis behaviors under both hydrostatic and triaxial conditions. In contrast to the dynamic 

measurements with strain amplitude of less than 10-6, the microstructural effects are enhanced 

during the static measurements, which are characterized by strain amplitude of 10-3. The 

dynamically derived modulus is systematically higher than the static modulus at almost any 

stress magnitude under either hydrostatic or triaxial conditions. Upon hydrostatic load, the 

static bulk modulus tends to approach the dynamic one due to the Hertzian compactions, 

whereas, upon deviatoric load, the static Young’s modulus deviates from the dynamic 

Young’s modulus due to the frictional slips at grain boundaries or closed micro-crack 

surfaces. 

The activation of non-elastic processes like frictional slips and the correspondingly 

induced irrecoverable strains rely on the stress load-unload path, causing the derived static 

modulus strongly depending on the stress history. At the initial stress reversal, the reversed 

frictional sliding along grain boundaries will not take place until the shear stress across the 

grain contact is accumulated enough to overcome the static friction in the opposite direction. 

The delayed strain response to the negative stress increment not only makes the dynamic-

static ratio approach one at the initial unload but also results in a higher unloading static 

modulus in contrast to the loading one, especially at the high-stress magnitude 
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5. EFFECTS OF MINOR STRESS CYCLES ON STATIC MECHANICAL 

PROPERTIES OF SANDSTONES 

5.1. Introduction 

Understanding the dynamic-static correlations of sedimentary rocks (e.g., sandstone) 

is of critical importance for the characterization of the mechanical properties of the Earth’s 

subsurface rocks (Zisman, 1933a, 1933b; Ide, 1936; Howarth, 1984; Fjær, 1999, 2009, 2019). 

Many underground engineering works, like hydrocarbon development (Rickman et al., 2008; 

Zhao et al., 2020), CO2 sequestration (Li et al., 2009), geothermal production (Swenson and 

Hardeman, 1997), and radioactive waste disposal (Tsang et al., 2005), highly rely on the 

accurate correlations between the dynamic and static mechanical parameters. Within the 

concept of linear elasticity, the stress-strain relationship of an isotropic and homogeneous 

medium satisfies Hooke’s law. As a result, the derived static mechanical parameters (i.e., 

Young’s modulus and Poisson’s ratio) are identical with their dynamic equivalents (Fjær, 

2019). For a continuum, like aluminum alloy and steel (Zisman, 1933a; Cook and Hodgson, 

1965), the equal relations are valid. However, for the Earth crust-forming rocks, which are 

naturally heterogeneous and porous, the static mechanical properties can differ a lot from their 

dynamic elastic properties (Hilbert et al., 1994; Yale and Jamieson, 1994; Plona and Cook, 

1995; Tutuncu et al., 1998a, 1998b; Olsen et al., 2008; Blake et al., 2019; Lozovyi and Bauer, 

2019). In the laboratory, we execute cyclic tests with constant stress amplitude (2 MPa) along 

the ascent and descent of the uniaxial stress-strain curve to explore the stress-dependence of 

the dynamic and static mechanical properties of two sandstones. Moreover, we select one 

porous and one tight sandstone samples to comparatively investigate the role of granular 

microstructure in the dynamic-static correlations.  
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It has been well reported that the static Young's modulus, determined from static 

stress-strain testing, is characteristically lower than the dynamic Young’s modulus determined 

from ultrasonic, logging, and seismic velocities (Zisman, 1933a, 1933b; Hilbert et al., 1994; 

Yale and Jamieson, 1994; Plona and Cook, 1995; Tutuncu et al., 1998a, 1998b; Fjær, 1999, 

2009; Kamali-Asl et al., 2018a; Lozovyi and Bauer, 2019). Many empirical relations (Savich, 

1984; van Heerden, 1987; Eissa and Kazi, 1988; Yale et al., 1995) between the dynamic and 

static Young’s moduli are established, attempting to form a generalization for applications 

under different geological circumstances. However, as another critical input parameter for 

geo-mechanical modeling (Hubbert and Willis, 1957; Rickman et al., 2008), the static 

Poisson's ratio is relatively seldom mentioned in the literature to compare with the 

corresponding dynamic Poisson's ratio. Zisman (1933a) pointed out that the static Poisson’s 

ratios of Quincy granite and Sudbury norite were smaller than the respective seismological or 

dynamical values, which is attributed to the increased yielding of the rock caused by 

deformation of numerous cracks and cavities. Walsh (1965c) found that the static Poisson’s 

ratio of Westerly granite was lower than the intrinsic value at low stress, and rose above the 

intrinsic value at high stress, which is due to possible sliding along closed crack surfaces. 

Tutuncu et al. (1998a) reported the dynamic and static Poisson’s ratios for several tight gas 

sandstones and did not gain a fixed relationship between them. Fjær et al. (2005) noticed that 

the dynamic Poisson’s ratio of Castlegate sandstone was relatively constant (≈ 0.18) 

throughout the failure test. In contrast, the static Poisson's ratio rose from approximately 0.02 

at the initial test up to about 1.6 at the failure point. Up to this day, the relationship between 

dynamic and static Poisson’s ratios for sedimentary rocks remains to be ambiguous.  
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Another issue encountered in dynamic and static correlations rests in which portion of 

the stress-strain curve should be picked up to derive the static mechanical parameters, in 

consideration of their strong stress-dependence (Zisman, 1933a; Howarth, 1984). In rock 

mechanics literature, the static Young's modulus and Poisson's ratio are generally derived by 

linearly fitting the portion at 50 % of the failure strength in the loading stress-strain or strain-

strain curves (Hilbert et al., 1994; Plona and Cook, 1995). However, on the one hand, it is not 

guaranteed to find the relatively linear portion at 50 % of peak stress for all sedimentary 

rocks. On the other hand, the portion at 50 % of peak stress might not be a generalized 

representation of in-situ static properties of sedimentary rocks. It is of considerable 

significance to explore the relations among static mechanical parameters derived from 

different portions of the loading or unloading stress-strain curves before making comparisons 

with the dynamic mechanical parameters. Major and minor stress cycle tests are suggested to 

be a favorable tool for such explorations. Cook and Hodgson (1965) executed uniaxial 

compression tests on an Australian sandstone and a South African quartzite by setting a major 

cycle along with a series of minor stress cycles. Only relationships of the static Young’s 

modulus between the major and minor cycles were analyzed, whereas the dynamic properties 

and the Poisson’s ratio relationships were not involved. Plona and Cook (1995) investigated 

the dynamic and static Young’s modulus of a dry Castlegate sandstone based on a series of 

stress-cycling measurements. But the radial strain was not measured, giving rise to the lack of 

analysis of the relations between dynamic and static Poisson’s ratios. From the experimental 

viewpoint, we carefully carry out major and minor stress cycle tests on one porous and one 

tight sandstone samples to investigate which portion of the stress-strain curve is representative 

of the elasticity of rocks.  
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Furthermore, once the relationships between the dynamic and static mechanical 

properties are experimentally analyzed, it is unavoidable to probe into the hidden micro-

mechanisms behind their differences. The difference in strain amplitude is highly accepted to 

be the primary cause of the dynamic-static differences (Hilbert et al., 1994; Tutuncu et al., 

1998a; Fjær et al., 2013; Holt et al., 2013; Fjær, 2019). The microstructural effects are 

enhanced during the static tests, which are characterized by strain amplitudes of 10-3 - 10-5 that 

are orders of magnitude larger than those during the dynamic measurements (Vernik, 2016). 

Many micromechanical models have ever been proposed to explain the characteristics of the 

stress-strain curves. Griffith (1921) used the conceptual model of a two-dimensional rock 

containing a collection of randomly oriented elliptical cracks to find a crack growth criterion 

due to compressive loads. Brace and Bombolakis (1963) modified the Griffith theory and 

suggested that the extension of cracks within the rock would decrease the slope of stress-

strain curves under compressive stress conditions. Walsh (1965b, 1965c) developed the 

frictional slip model based on the responses of sliding cracks and elliptical cracks under 

uniaxial compression conditions to explain the stress-dependence of the static Young’s 

modulus and Poisson’s ratio. Martin and Chandler (1994) have investigated different stages of 

the stress-strain curve of brittle rocks in the process of compressing to failure. Fjær (1999) 

created a mathematical model to explain the dynamic-static modulus discrepancy by dividing 

the stress-induced deformations into elastic deformation, non-elastic deformation due to 

normal loading, and non-elastic deformation due to shear deformation. Indeed, it is difficult to 

characterize the stress-strain curves using only one micro-mechanism, and different 

microstructure effects might dominate different segments in the curves. In this research, we 

generalize the axial and radial strains in response to the applied stress and divide the stress-
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strain curves into several portions. The predominated micro-mechanisms in each portion are 

analyzed based on the theories of crack closure, axial grain compaction, and frictional slips.    

With the objectives mentioned above, the outline of this paper is as follows. Firstly, 

we describe the differences in the granular microstructure of the selected porous and tight 

sandstone samples. Then we introduce the servo-hydraulically controlled triaxial testing 

system and the experimental procedures. Secondly, we present the preliminary results, 

including ultrasonic velocities and strains in response to the applied uniaxial stress, 

relationships between dynamic and static mechanical parameters (i.e., Young's modulus and 

Poisson's ratio). Following this, we generalize the stress-strain behaviors of two sandstone 

samples and analyze the hidden micro-mechanisms section by section by proposing an axial 

grain contact model and a frictional slip model. Moreover, the different dynamic-static 

behaviors between porous and tight sandstone samples are analyzed. Finally, concluding 

remarks are given.  

5.2. Experimental methods 

5.2.1. Rock sample characteristics  

Table 5.1. Mineralogical compositions of the selected sandstone samples based on the in-house XRD 

analysis. 

 

Sample 
Clay 

(vol%) 

Quartz 

(vol%) 

Feldspar 

(vol%) 

Calcite 

(vol%) 

Pyrite 

(vol%) 

Berea2 6 80 12 2 / 

Ls2 tight 9.5 54.7 33.8 / 2 

 

In the present case, one outcrop Berea sandstone sample and one tight sandstone 

sample drilled from an offshore field in the Eastern China Sea are selected. In-house X-ray 

diffraction (XRD) analysis (Table 5.1) shows that the solid matrix of both samples is 
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dominated by quartz or feldspar. Quartz contributes 80 and 54.7 vol%, whereas feldspar 

contributes 12 and 33.8 vol% for Berea2 and Ls2 sandstone samples, respectively. The clay 

content in Tight sandstone is a little bit higher than that in Berea sandstone. Moreover, 2 vol% 

pyrite minerals are found in Ls2 sandstone. Concurrently, the casting thin section images 

under the plane-polarized light conditions are taken for two samples to probe the granular 

microstructure (Figure 5.1). By contrast, Berea2 sandstone is better sorted than Ls2 sandstone. 

At the same image scale of 100 μm, the grain size in Tight sandstone is much larger than that 

in Berea2 sandstone. Most grains in Berea2 sandstone are rounded or sub-rounded, whereas 

those in Ls2 sandstone are angular. Fine grains are cemented together by argillaceous clay in 

Berea2 sandstone, exhibiting dot-line or line-line grain-to-grain contacts. In contrast, sand-

size quartz or feldspar are cemented by clay or pyrite, together with concavo-convex grain 

contacts in Ls2 sandstone. Furthermore, intergranular pores are more developed in Berea2 

sandstone in comparison to Ls2 sandstone. Some pre-existing micro-cracks can be found at 

the areas of grain contacts in both samples. 

    
Figure 5.1. Thin section images taken under the plane-polarized light for (a) Berea2 and (b) Ls2 tight 

sandstones. 
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5.2.2. Experimental procedures 

 
Figure 5.2. The experimental procedures of the uniaxial compression tests, including a major load-

unload cycle with several minor unload-load or load-unload cycles. Note: the stress amplitude for each 

minor cycle is 2 MPa.  

 

We use this system to perform uniaxial compression tests on two sandstone samples. 

All the measurements are conducted at room-dry conditions. The uniaxial load or unload in 

these tests is controlled by a constant stress rate of 0.05 MPa/s. Figure 5.2 shows the 

experimental procedures and the points halting for ultrasonic velocity measurements. Initially, 

the hydraulic piston is driven by hydraulic fluids to touch the upper standard platen and exert 

a pre-stress of ~2 MPa on the tested samples, which guarantees good contacts between the 

sample and endcaps. The axial stress is loaded to 6 MPa for Berea2 sandstone, followed by an 

unload-load cycle with the stress amplitude of 2 MPa. Subsequently, such 2 MPa unload-load 

cycles are set at uniaxial stress of 8, 10, 15, 20, and 25 MPa for Berea2 sandstone. For Ls2 

sandstone, such unload-load cycles are carried out at uniaxial stress of 6, 8, 10, 15, 20, 25, 32, 

and 40 MPa. The maximum uniaxial stress (i.e., 25 MPa for Berea2 sandstone and 40 MPa for 

Ls2 sandstone) is not beyond 50 % of their UCS values (~52 MPa for Berea2 sandstone 

(Hilbert et al., 1994) and ~84 MPa for Ls2 sandstone (value from uniaxial failure test)). It 
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should be noted that in each minor cycle, the unloading part is termed as 'unload arm', 

whereas the loading part is termed as 'load arm'.    

During the major uniaxial unload with minor load-unload cycles, the stress amplitude 

in each cycle is 2 MPa. Such 2 MPa load-unload cycles are set at uniaxial stress of 23, 18, 13, 

8, 6, and 4 MPa for Berea2 sandstone, and 38, 30, 23, 18, 13, 8, 6, and 4 MPa for Ls2 

sandstone. It is worthwhile to mention that the minor load-unload cycles during the major 

unload and the minor unload-load cycles during the major load are within the same stress 

ranges, as shown with the dotted lines in Figure 5.2.    

Here, three types of static Young’s modulus and Poisson’s ratio are derived. Type 1 is 

termed as 'Es(Major load) ', 'Es(Major unload) ', 'νs(Major load)', or 'νs(Major unload)', which 

are derived by linearly fitting the portion between two adjacent minor cycles. Type 2 is 

termed as 'Es(Unload arm)' or 'νs(Unload arm)', which is derived by linearly fitting the 'unload 

arm' in each minor stress cycle. Type 3 is termed as 'Es(Load arm)' or 'νs(Load arm)', which is 

derived by linearly fitting the 'load arm' in each minor stress cycle. 

5.3. Experimental results 

5.3.1. Ultrasonic velocity properties  

Figure 5.3 exhibits the evolutions of the ultrasonic P- and S-wave velocities (vP and vS, 

respectively) with the uniaxial stress (σa) during the major load-unload for Berea2 and Ls2 

sandstone samples. Both P- and S-wave velocities are measured at the points starting the 

minor cycles and at the turning points of minor unload-load or load-unload, as shown in 

Figure 5.3.  

Overall, both P- and S-wave velocities increase with the increasing axial stress and 

decrease with the decreasing axial stress for both sandstone samples. From the preset 2 MPa 
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axial stress to the maximum stress, P-wave velocity (Figure 5.3a) increases by 0.70 and 0.34 

km/s, whereas S-wave velocity (Figure 5.3b) increases by 0.28 and 0.10 km/s for Berea2 and 

Ls2 sandstone samples, respectively. While dividing the velocity increments by vP and vS at 

the preset stress level, the increment fraction of P-wave velocity is 26.7 % and 9 %, whereas 

the increment fraction of S-wave velocity is 16.5 % and 4 % for Berea2 and Ls2 sandstone, 

respectively. Within the same stress range, P-wave velocity is more sensitive to the increasing 

stress in contrast to S-wave velocity for both samples. In addition, for Berea2 sandstone with 

relatively high porosity, both P- and S-wave velocities exhibit more sensitivity to the 

increasing stress by comparing with Ls2 sandstone. 

 
Figure 5.3. (a) P- and (b) S-wave velocities (vP and vS) as a function of the axial stress (σa) during the 

major load-unload cycle with minor stress cycles for Berea2 and Ls2 tight sandstone samples.  

 

During the major unload, both P- and S-wave velocities exhibit decreasing trends with 

the decreasing axial stress. For Berea2 sandstone, the unloading velocities are slightly lower 

than the loading ones at almost any stress level. There is obvious velocity hysteresis. 

However, for Ls2 tight sandstone, the unloading P-wave velocity is slightly higher than the 

loading one, whereas the unloading and loading S-wave velocities are nearly overlapping 
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together. Noticeably, although many minor cycles are set, the ultrasonic velocities measured 

at the turning points in those minor cycles do not affect the increasing or decreasing trends of 

P- and S-wave velocities during the major uniaxial load or unload.  

5.3.2. Axial strain in response to the uniaxial stress 

During the uniaxial compression, the rock is compressed in the axial direction, 

whereas it is expanded in the radial direction (Jaeger et al., 1969). The right parts in Figures 

5.4 and 5.5 show the axial strain (εa) in response to the applied uniaxial stress (σa) during the 

major load-unload with minor cycles for Berea2 and Ls2 sandstone samples, respectively. For 

Berea sandstone with 19.9 % porosity in Figure 5.4, overall, the curves between the axial 

stress (σa) and axial strain (εa) are nonlinear whatever for the major uniaxial load or the major 

uniaxial unload. The major load curve is concave upward, accompanying with a pronounced 

toe within the initial 10 MPa stress range. In contrast, the major unload curve follows much 

steeper slopes and does not go back to the origin when the uniaxial stress is decreased back to 

2 MPa, leaving an irreversible axial strain of 0.6 × 10-3. The minor unload-load cycles 

demonstrate much steeper slopes than the major load or unload curves. The deviations of 

minor cycles from the major load curve are more distinct within the first 10 MPa uniaxial 

stress and at stress level approaching the maximum stress. The minor cycles at the maximum 

stress from both major loading and unloading processes show approximately equal slopes and 

overlap with the initial portion of the major unload curve. With the subsequent unload, the 

deviations of the minor cycles from the major unload curve exhibit increasing trends. 

Noticeably, the curves of the minor cycles within the same uniaxial stress range, from the 

major loading and unloading processes, are approximately parallel. Moreover, hysteresis 
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within the minor stress cycles is more evident at low-stress level, especially within the first 10 

MPa uniaxial stress range.   

For Ls2 tight sandstone with 5.34 % porosity in Figure 5.5, the σa-εa curves for both 

major load and unload reveal nonlinear behaviors with pronounced curvatures at low-stress 

levels. Both the major load and unload curves are concave upward. After reducing the 

uniaxial stress back to 2 MPa, the axial strain does not return to its original value prior to the 

uniaxial load, leaving a significant amount of irreversible axial strain with a value of 0.3 × 

10-3. By comparing with Figure 5.4, the minor unload-load or load-unload cycles for Tight 

sandstone do not exhibit as much departure from the major curves as that for Berea2 

sandstone. Especially at the uniaxial stress lower than 10 MPa, the minor cycles nearly 

overlap with the major load curve. During the major load, the departure of minor cycles from 

the major load curve shows an increasing trend, whereas, during the major unload, it also 

demonstrates an increasing trend with the decreasing uniaxial stress. Again, within the same 

uniaxial stress range, the pair of minor cycles in the major load and unload curves are 

approximately parallel.    

 
Figure 5.4. The axial (εa) and radial strains (εr) in response to the applied uniaxial stress (σa) during the 

major load-unload cycle with minor stress cycles for Berea2 sandstone sample.  
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Figure 5.5. The axial (εa) and radial strains (εr) in response to the applied uniaxial stress (σa) during the 

major load-unload cycle with minor stress cycles for Ls2 tight sandstone sample. 

 

5.3.3. Radial strain in response to the uniaxial stress 

Radial strain components under uniaxial conditions are favorable for the micro-

mechanical analysis (i.e., crack formation and development, frictional sliding) (Brace et al., 

1966; Zoback and Byerlee, 1975; Brace, 1978; Kranz, 1983). The left parts in Figures 5.4 and 

5.5 exhibit the radial strain (εr) characteristics in response to the applied uniaxial stress (σa) for 

Berea2 and Ls2 sandstone samples, respectively. 

For Berea2 sandstone with 19.9 % porosity in Figure 5.4, when the uniaxial stress is 

lower than 10 MPa during the major load, the radial strain nearly exhibits no change with the 

increasing stress. During that time of period, the rock is compressed in the axial direction but 

does not expand in the radial direction, although the rock is unconfined. Beyond 10 MPa 

uniaxial stress, there is an abrupt curvature in the σa-εr curve, indicating that the rock expands 

with an accelerated rate in the radial direction until the uniaxial stress reaches the maximum 

(~25 MPa). The minor unload-load cycles approximately overlap with the major load curve 

within the initial 10 MPa, and then increasingly depart from the major curve with the 

increasing uniaxial stress. The minor cycle at the maximum stress shows pronounced 
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hysteresis, whereas the unload and load curves nearly overlap together in other minor cycles. 

In contrast to the major load curve, the major unload curve is relatively linear, ending with 

some degree of irreversible strains in the radial direction after decreasing the uniaxial stress 

back to 2 MPa. Moreover, the minor load-unload cycle at the initial unload tends to overlap 

with the major unload curve, and then increasingly deviate from the major unload curve 

accompanied by the decreasing stress. 

For Ls2 sandstone with 5.34 % porosity in Figure 5.5, the major load curve is concave 

downward. The minor unload-load cycles initially overlap with the major load curve and then 

gradually deviate from it with the increasing curvature during the major load. In contrast, the 

major unload curve follows a relatively linear path to retrieve. After reducing the uniaxial 

stress back to 2 MPa, obvious hysteresis can be seen between the loading and unloading 

curves, accompanied by irreversible radial strain with a value of -0.12 × 10-3 at 2 MPa 

uniaxial stress. When the uniaxial stress is unloaded from the maximum stress, the initial two 

minor load-unload cycles overlay with the major unload curve. Subsequently, the minor 

cycles exhibit growing deviations from the major unload curve with the decreasing uniaxial 

stress. Regardless of being from the major load or unload, the minor cycles do not reveal 

obvious hysteresis.  

5.3.4. Dynamic and static Young’s modulus relationship  

Dynamic Young’s modulus (Ed) and Poisson’s ratio (νd) are calculated using equations 

(2.78) and (2.79). In contrast, static Young’s modulus (Es) and Poisson’s ratio (νs) are the 

slopes of the σa-εa and εa-εr curves within a certain stress range according to equations (2.75) 

and (2.76). We exhibit the contrasts between dynamic and static Young’s moduli in Figures 
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5.6 and 5.7, whereas we show the differences between dynamic and static Poisson’s ratios for 

two sandstone samples in Figures 5.8 and 5.9.  

Whatever for the major load-unload cycle or the minor cycles, both dynamic and static 

Young’s moduli increase with the increasing stress and decrease with the decreasing stress. 

From Figure 5.6, for Berea2 sandstone with 19.9 % porosity, static Young’s moduli 

determined from the major load-unload cycle are generally lower than the ones from the 

minor cycles and the dynamic Young’s moduli. At low-stress level, static Young’s moduli 

determined from the minor cycles are characteristically lower than dynamic Young’s moduli, 

whereas, at high-stress level (beyond ~20 MPa), they are approaching to or even higher than 

dynamic Young’s moduli. During the major load with minor unload-load cycles (Figure 5.6a), 

when reaching the maximum uniaxial stress (~25 MPa), the dynamic Young’s modulus 

increases by 43.5 %, the static Young’s modulus from the major load increases by 121.3 %, 

and the static Young’s modulus from the minor cycles increases by 59.7 % ('Unload arm') and 

82.7 % ('Load arm'). When the uniaxial load is initially reversed at the maximum stress, the 

static Young's modulus exhibits a high value closer to or slightly higher than the dynamic 

Young’s modulus (Figure 5.6b). During the major unload with minor load-unload cycles 

(Figure 5.6b), when the uniaxial stress is unloaded back to ~2 MPa, the dynamic Young’s 

modulus decreases by 27.1 %, the static Young’s modulus from the major unload decreases 

by 64.2 %, and the static Young’s modulus from the minor cycles decreases by 51.9 % ('Load 

arm') and 33.6 % ('Unload arm'). In general, regardless of being from the loading or unloading 

process, the static moduli exhibit more stress sensitivity in contrast to the dynamically derived 

moduli. Moreover, the static Young’s modulus derived from the 'unload arm' in each minor 

unload-load or load-unload cycle is slightly larger and reveals more stress-dependence in 
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contrast to that from the 'load arm'. By comparing Figures 5.6a and 5.6b, at the same stress 

level, static Young’s moduli derived from the major unload are higher than those from the 

major load dynamically and statically.      

For the tight sandstone sample with 5.34 % porosity in Figure 5.7, dynamic Young's 

moduli are higher than static ones at almost any stress magnitude, regardless of being derived 

from the major or minor cycles. At the low-stress level of the major load (below ~10 MPa), 

static Young’s moduli from both the major load and minor cycles are essentially the same. 

With the increasing uniaxial stress, the discrepancy between static Young’s moduli from the 

major load and the minor cycles increases (Figure 5.7a). When reaching the maximum stress 

(~40 MPa), the dynamic Young’s modulus increases by 14.2 %, whereas the static Young’s 

moduli from the major load and the minor stress cycles increase by 39.5 % (Major load), 

70.2 % ('Unload arm'), and 56 % ('Load arm'), respectively. When the uniaxial stress is 

initially unloaded (Figure 5.7b), static moduli derived from the major unload and the minor 

load-unload cycles exhibit values approaching the dynamic modulus. When the uniaxial stress 

is reduced back to ~2 MPa, the dynamic Young’s modulus decreases by 11.4 %, while the 

static Young’s modulus decreases by 45.9 % for the major unload, 42.9 % for the 'load arm' of 

the minor cycles, and 38.4 % for the 'unload arm' of the minor cycles. Generally, the static 

Young’s modulus is more sensitive to the stress load or unload than the dynamic Young’s 

modulus, resulting in the gradually decreasing dynamic-static modulus discrepancy in going 

from the low to high-stress level. Furthermore, the static modulus from the 'unload arm' of 

each minor cycle is slightly larger than that from the 'load arm'. It is noticeable that the static 

modulus from the major unload is much higher than that from the major load at the same 

stress level. 
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Figure 5.6. Dynamic and static Young’s modulus (Ed & Es) as a function of the applied uniaxial stress 

(σa) during (a) the major load with minor cycles and (b) the major unload with minor cycles for Berea2 

sandstone sample with 19.9 % porosity. Note that 'Load arm' and 'Unload arm' denote the loading and 

unloading portions in each minor stress cycle.  

 
Figure 5.7. Dynamic and static Young’s modulus (Ed & Es) as a function of the applied uniaxial stress 

(σa) during (a) the major load with minor cycles and (b) the major unload with minor cycles for Ls2 tight 

sandstone sample with 5.34 % porosity. Note that 'Load arm' and 'Unload arm' denote the loading and 

unloading portions in each minor stress cycle.  

 

5.3.5. Dynamic and static Poisson’s ratio relationship  

For Berea2 sandstone in Figure 5.8a, from the preset 2 MPa stress to the maximum 

stress, the dynamic Poisson’s ratio (νd) follows a nonlinear trend to increase with an increment 
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of 56.7 %, whereas the static Poisson’s ratio determined from the major load curve (i.e., 

νs(Major load)) increases from a value approaching 0 to a value almost twice of the dynamic 

Poisson’s ratio. A 226.8 % increase in νs(Unload arm) and a 356.7 % increase in νs(Load arm) 

are observed over the whole stress range. All three static Poisson's ratios are lower than their 

dynamic equivalents at low-stress magnitude. However, beyond ~20 MPa, the static Poisson's 

ratios begin to be larger than the dynamic one. Static Poisson’s ratios derived from the minor 

stress cycles satisfy: νs(Unload arm) > νs(Load arm). When the maximum uniaxial stress is 

initially reversed during the major unload in Figure 5.8b, all three static Poisson’s ratios 

abruptly drop to values closer to the dynamic equivalent. With subsequent unload, νs(Major 

unload) decreases slightly with values a little bit greater than the dynamic one and then 

decreases sharply to ~0.1 below 10 MPa uniaxial stress. νs(Unload arm) and νs(Load arm) 

from the minor load-unload cycles have similar values and follow relatively linear trends to 

decrease with the decreasing uniaxial stress. The stress-sensitivity during the major unload 

satisfies: Δνs(Unload arm) ≈ Δνs(Load arm) > Δνs(Major unload) > Δνd. By comparing 

Figures 5.8a and 5.8b at the same stress magnitude, the unloading dynamic Poisson's ratio is 

slightly greater than the loading one, and the static Poisson's ratio from the major unload 

curve is greater than that from the major load curve. However, static Poisson’s ratios from the 

minor load-unload cycles during the major unload are lower than those from the minor 

unload-load cycles during the major load.        

For the tight sandstone sample in Figure 5.9, the dynamic Poisson’s ratio (νd) exhibits 

a relatively linear increasing or decreasing trend during the major load or unload. The 

unloading dynamic Poisson’s ratio is a little bit larger than the loading one at the same stress 

magnitude. νs(Major load) sharply increases from a value lower than the dynamic Poisson’s 
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ratio to a value much greater than the dynamic Poisson’s ratio within the initial 10 MPa stress 

range in Figure 5.9a and then drops a little with the increasing uniaxial stress. Beyond 15 MPa 

stress, νs(Major load) continues to increase linearly by following a much smaller slope. At the 

maximum stress (i.e., 40 MPa), νs(Major load) is nearly twice the dynamic Poisson's ratio. 

νs(Load arm) linearly increases to a value slightly larger than the dynamic Poisson’s ratio 

within the initial 10 MPa stress and then follows almost the same increasing trend of the 

dynamic Poisson’s ratio to increase until the uniaxial stress is 25 MPa. Beyond that stress, the 

increasing trend is curved and follows a much steeper slope. At the maximum stress, νs(Load 

arm) is much higher than the dynamic Poisson’s ratio and is closer to νs(Major load). 

νs(Unload arm) follows a jagged trend to increase from a value lower than the dynamic 

Poisson’s ratio to a value approaching the dynamic Poisson’s ratio. The increments of all 

Poisson’s ratios over the major stress load satisfy: Δνs(Major load) > Δνs(Load arm) > Δνd > 

Δνs(Unload arm).  

 
Figure 5.8. Dynamic and static Poisson’s ratio (νd & νs) as a function of the applied uniaxial stress (σa) 

during (a) the major load with minor cycles and (b) the major unload with minor cycles for Berea2 

sandstone sample with 19.9 % porosity. Note that 'Load arm' and 'Unload arm' denote the loading and 

unloading portions in each minor stress cycle.  
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When the maximum stress is initially reversed in Figure 5.9b, νs(Major unload) drops 

to a value slightly lower than the dynamic Poisson’s ratio and then almost remains constant 

until the uniaxial stress is reduced to 8 MPa. Subsequently, νs(Major unload) decreases to a 

value equal to the dynamic Poisson's ratio. νs(Load arm) follows a relatively linear trend to 

reduce from a value much higher than the dynamic Poisson’s ratio to a value closer to the 

dynamic Poisson’s ratio. Overall, νs(Unload arm) nearly decreases along with the decreasing 

trend of the dynamic Poisson's ratio.  

 
Figure 5.9. Dynamic and static Poisson’s ratio (νd & νs) as a function of the applied uniaxial stress (σa) 

during (a) the major load with minor unload-load cycles and (b) the major unload with minor load-

unload cycles for tight sandstone sample with 5.34 % porosity. Note that 'Load arm' and 'Unload arm' 

denote the loading and unloading portions in each minor stress cycle.  

 

5.4. Discussion 

The studied sandstones are a heterogeneous mixture of the mineral grains (i.e., quartz, 

feldspar), the argillaceous or siliceous cementation, and the intergranular pores, as shown with 

the thin section images in Figure 5.1. Over the geological time scale, the mineral grains are 

intimately compacted and cemented together to form the rock frame. During such compaction 

or diagenesis processes, the presence of grain boundaries, compliant pores, and intergranular 
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microcracks is unavoidable (Kranz, 1983; Ge et al., 2020). Moreover, some visible 

intragranular cracks and dissolution pores are shown inside of the mineral grains (Figure 5.1). 

The complex microstructure randomly distributes inside of each sandstone and reaches a 

stable state at a specific stress condition. When applying a minute additional stress on the 

rock, some elastic and recoverable deformations, accompanied by some viscoelastic and 

nonelastic deformations (Tutuncu et al., 1998a, 1998b; Fjær et al., 2013; Fjær, 2019), will be 

induced toward the above-mentioned microstructure, which results in the nonlinear and 

hysteretic behaviors between the stress load-unload curves. In general, the effective static 

property of a heterogeneous sandstone is an accumulation of elastic, viscoelastic, and 

nonelastic deformations.  

 
Figure 5.10. Schematic of the stress-strain relations during the major load-unload cycle with minor stress 

cycles. A-B-C-D-E denotes the major uniaxial load-unload cycle, whereas G-H-G and G'-H'-G' indicate 

the minor stress cycles on the ascent and descent of the major cycle, respectively. 

 

Moreover, the granular microstructure of sandstones might vary a lot due to the degree 

of compaction and diagenesis. The stress-strain curves of the selected porous and tight 

sandstones exhibit either similarities or differences in Figures 5.4 and 5.5. We summarize 

their nonlinear and hysteric behaviors with a schematic of stress-strain relations in Figure 5.10 

by dividing the curve into several segments. A-B-C-D-E denotes the major uniaxial load-
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unload cycle, whereas G-H-G and G'-H'-G' indicate the minor stress cycles on the ascent and 

descent of the major cycle, respectively.   

To investigate the hidden micro-mechanisms behind the dynamic and static behaviors 

of the studied sandstone samples, a two-grain contact model and a three-grain frictional slip 

model are proposed in Figure 5.11 to assist the microstructural interpretations. Upon uniaxial 

loading and unloading, different micro-mechanisms might take control of dynamic and static 

behaviors. Therefore, the schematic of stress-strain relations in Figure 5.10 is analyzed section 

by section, accompanied by the analysis of the dynamic and static behaviors shown through 

Figures 5.6 to 5.9. 

5.4.1. Generalized static behaviors of both porous and tight sandstones 

Static behaviors during the major load-unload cycle  

A-B: upon initial uniaxial loading (i.e., stress is less than ~10 MPa), the sample 

compacts rapidly in the axial direction. The curve between the axial stress and axial strain 

exhibits the typical curvature, which might be mainly attributed to the closure of the pre-

existing cracks with the long axis perpendicular to the loading direction (Walsh, 1965a, 

1965b; Brace et al., 1966; Howarth, 1984). Some slight divergence between the cylindrical 

sample ends and the loading piston can also be a possible reason for the above curvature 

(Cook and Hodgson, 1965). Aside from the above processes resulting in the nonlinear stress-

strain relations, upon the initial loading, the mineral grains get compacted better by enlarging 

the grain contact area (Mindlin, 1949; Walton, 1987; Mavko et al., 2009), as shown in Figure 

5.11a. Different from the crack closure, the grain compaction is an elastic process which will 

lead to a linear strain response to the applied stress. Either the closing of cracks or the better 
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grain contact will give rise to the increasing trends of the dynamic and static Young’s 

modulus within the initial ~10 MPa stress range, as shown in Figures 5.6 and 5.7. 

During an unconfined, uniaxial loading, the axial compression will be accompanied by 

the radial expansion. However, upon the initial loading in Figure 5.10, the radial deformation 

is very small and almost linearly responds to the applied uniaxial stress. It indicates that 

within the first 10 MPa, no cracks open, and no shear slips occur in the radial direction, which 

is more distinct for Berea sandstone. The small radial strain also explains the extremely small 

static Poisson’s ratio during the initial loading (Walsh, 1965a) in Figure 5.8.  

B-C: in contrast to the stress-strain and strain-strain relations in section A-B, the σa-εa 

curve in section B-C is more linear, whereas the εr-εa curve is more curved (Figures 5.4, 5.5, 

and 5.10). As is well known, the flat cracks oriented with their long axis parallel to the 

direction of the uniaxial stress mostly affect the radial strain component (Zoback and Byerlee, 

1975). The fact, that the radial strain component progressively curves from point B, indicates 

the beginning of the accelerated formation and accumulation of the axially oriented cracks, 

which are attributed to the frictional sliding along grain boundaries or the closed crack 

surfaces. Here, the frictional slip behavior is explained with the frictional slip model based on 

the junctions of three-grain boundaries, two of which are inclined with an angle of α to the 

radial direction and one is in the axial direction (Brace et al., 1966; Zoback and Byerlee, 

1975), as shown in Figure 5.11b. Initially, three mineral grains do not contact with a smooth 

pattern but through interlocking asperities. The rocks, containing a vast majority of grain 

boundaries, present a stable and relatively elastic state through the static frictions along the 

grain boundaries. The additionally applied axial stress tends to disturb the above stress 

balance by resolving shear stress along the grain boundaries (Figures 5.11b1 and 5.11b2). 
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Once the induced shear stress exceeds the opposing static frictional stress, sliding along grain 

boundaries occurs, together with the formations of tensile cracks at either end of the oriented 

grain boundary (Figure 5.11b2) (Walsh, 1965b, 1965c; Moss and Gupta, 1982; Plona and 

Cook, 1995; Nihei et al., 2000; David et al., 2012). Such similar processes occur at the 

surfaces of the Griffith cracks, which are presumed to close under small compressive stress 

(McClintock and Walsh, 1963; Cook and Hodgson, 1965). It is worthwhile to mention that 

the threshold shear stress to activate frictional slips depends on the normal stress and the 

coefficient of friction across the grain boundary or crack surfaces, as well as their random 

orientations (the angle of α). Thus, in sedimentary rock, the frictional slips at different grain 

boundaries and closed crack surfaces would combine to produce the progressive curvature of 

the curve between the axial and radial strains. As a result, towards the maximum stress, the 

static Poisson’s ratio exhibits an increasing trend with values much higher than the dynamic 

one for both Berea and Tight sandstone samples (Figures 5.8 and 5.9).  

 
Figure 5.11. (a) Axial grain contact model (modified after Mindlin (1949)); (b) Frictional slip model 

based on the junctions of three-grain boundaries (modified after Brace et al. (1966) and Zoback and 

Byerlee (1975)).  
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The progressively frictional slips from point B to C are proven by the hysteresis of the 

major cycles and by the greater moduli of the minor stress cycles. The frictional slips and the 

induced tensile cracks would gradually soften the rock. However, the static Young’s modulus 

for both rocks in Figures 5.6 and 5.7 increases with the increasing uniaxial stress. This 

suggests that grain compaction (Figure 5.11a) concurrently happens in the axial direction and 

dominates the increase of the stiffness of the rock. 

Toward the greatest stress, the pre-existing Griffith cracks and the induced tensile 

cracks might extend to damage the rock (Jaeger et al., 1969; Heap and Faulkner, 2008), 

although the grain compaction makes the rocks behave stiffer and stiffer in the axial direction. 

The evidence of the crack extension only exists in Berea sandstone, which shows much 

smaller unloading P- and S-wave velocities than the loading ones in Figure 5.3. 

C-D: upon uniaxial loading to the maximum stress, the maximum viscoelastic or non-

elastic strains have been accumulated in the rock. The rock reaches a relatively stable state 

through static frictions along grain boundaries and cracks surfaces. As the loading direction is 

reversed, those strains cannot be released until the backsliding along the grain boundaries and 

crack surfaces is achieved by overcoming the static frictional forces (Walsh, 1965a, 1965b; 

Moss and Gupta, 1982; Tutuncu et al., 1998a, 1998b; Nihei et al., 2000; David et al., 2012; 

Fjær, 2019). If we consider the same grain boundaries in Figure 5.11b, double threshold shear 

stress at the grain boundary is needed to activate the backsliding. As a result, the initial part of 

the unloading curve is characterized by a much steeper slope. The rock is deforming 

elastically from point C to D. The static Young’s modulus and Poisson’s ratio derived from 

the initial unloading portion approach their dynamic equivalents, as shown through Figures 

5.6 to 5.9.  
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D-E: at point D, the applied uniaxial stress is small enough to allow the backsliding, as 

shown in Figure 5.11b. Upon further unloading, the frictional slips in the reversed sense 

gradually take place along grain boundaries or crack surfaces with different orientations, 

giving rise to the decreasing static Young’s modulus from a value closer to the dynamic 

equivalent (Figures 5.6 and 5.7). At the end of the major unloading, the relation between the 

axial stress and the axial strain exhibits curvature again, which might be put down to the 

reopening of the intergranular cracks normal to the direction of the uniaxial stress.  

Static behaviors during the minor stress cycles  

G-H-G or G'-H'-G': the minor stress cycles at some uniaxial stress condition along the 

ascent (i.e., G-H-G) or decent (i.e., G'-H'-G') of a major load-unload cycle present greater 

slope and less hysteresis than the major cycle (i.e., A-B-C-D-E). The small stress change (i.e., 

2 MPa) within the minor cycles is insufficient to cause sliding across the grain boundaries or 

the closed crack surfaces. From the energy point of view, the energy loss is proportional to the 

area between the loading and unloading curves in a stress-strain diagram (Jaeger et al., 1969; 

Tutuncu et al., 1998a). Nearly no energy is consumed on frictional work during each minor 

cycle, whereas a mass of energy flows into the rock during the major cycle that is expended 

on progressive frictional work, resulting in the obvious hysteresis between the loading and 

unloading curves in Figures 5.4 and 5.5.  

Static Young’s moduli determined from minor stress cycles are consistently greater 

than those derived from the major stress load-unload cycle. They essentially are more 

approaching the corresponding dynamic equivalents for both Berea and Tight sandstone 

samples (Figures 5.6 and 5.7). These phenomena are again consistent with the concept that 

minor stress changes do not produce backsliding along grain boundaries or crack surfaces. 
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Furthermore, regardless of being from the load or unload arm in minor stress cycles, the static 

moduli rise with the increasing uniaxial stress and decrease with the decreasing stress, which 

might be ascribed to the reduction of frictional sliding events at high-stress magnitude (Cook 

and Hodgson, 1965; Walsh, 1966; Gordon and Davis, 1968; Winkler et al., 1979).  

5.4.2. Differences of static behaviors between porous and tight sandstones 

A-C: By comparing Figures 5.4 and 5.5, the σa-εa curve of the porous Berea sandstone 

exhibits more curvatures than that of the tight sandstone. As a result, from the pre-set 2 MPa 

to the maximum stress, the static Young’s modulus shows a larger increment fraction for 

Berea sandstone in contrast to Tight sandstone. In porous sandstone, more soft pores are 

involved for compaction, once the uniaxial stress is applied. Additionally, the well-sorted 

grains in Berea sandstone tend to be easier to experience Hertzian compactions (Mindlin, 

1949; Walton, 1987; Mavko et al., 2009) than the poorly sorted grains in Tight sandstone. The 

σa-εr curve of the porous Berea sandstone shows more nonlinearity than that of the tight 

sandstone upon uniaxial loading (Figures 5.4 and 5.5). For Tight sandstone, when the uniaxial 

stress is 10 MPa, the static Poisson’s ratio begins to exceed the dynamic Poisson’s ratio. 

However, for Berea sandstone, within the initial 10 MPa, there is hardly any radial 

deformations. The static Poisson’s ratio does not go beyond the dynamic Poisson’s ratio until 

the uniaxial stress is larger than 20 MPa. Therefore, the poorly sorted grains in Tight 

sandstone might more easily execute frictional slips and create axially oriented tensile cracks 

to increase the static Poisson’s ratio above the dynamic one.      

D-E: For the static Poisson's ratio derived from the major unload curves, Berea and 

Tight sandstone reveal different changing morphologies, as shown in Figures 5.8 and 5.9. At 

the high-stress level, the static Poisson's ratio of Berea sandstone decreases gently, whereas it 
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drops with an accelerated rate at the low-stress level. This phenomenon might be attributed to 

an increment of the reversed sliding events at the low-stress level. For Tight sandstone, the 

static Poisson's ratio does not drop until the uniaxial stress is unloaded to ~10 MPa. Since the 

frictional slips along grain boundaries might create asperity crushing and wear, a way to 

explain the constant static Poisson's ratio might be that the wear particles are trapped in the 

tensile cracks to prevent their closing during the backsliding (Scholz and Kranz, 1974). 

E-A: After unloading back to point A, the irrecoverable axial strain is greater than the 

irrecoverable radial strain for both Berea and Tight sandstone samples, giving rise to the 

volume decrease of the samples after a uniaxial load-unload cycle. By comparing Figures 5.4 

and 5.5, the volume reduction for Berea sandstone with larger porosity is more than that for 

Tight sandstone with less porosity, although the applied maximum stress is different for two 

samples. This might be explained by that for Berea sandstone containing more pre-existing 

cracks (indicate by the more curvature from point A to B), more closed cracks are left for 

reopening at point E. If the uniaxial load-unload process is taken control by some elastic and 

viscoelastic processes (Tutuncu et al., 1998b), point E will go back to point A after waiting for 

enough time. If there are some permanent damages during the uniaxial loading, point E would 

never return to the origin. However, this statement is not proven by this experimental study. 

G-H-G or G'-H'-G': Towards the maximum stress for Tight sandstone in Figure 5.9, 

static Poisson’s ratios from the unload or load arm of minor stress cycles are generally lower 

than those from the major load and are closer to the corresponding dynamic Poisson’s ratios. 

Upon uniaxial unloading, static Poisson’s ratios determined from both the minor cycles and 

the major unload are somewhat equal. All these phenomena of Poisson’s ratio in Tight 

sandstone are possibly associated with the retardation of backsliding during the minor stress 
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changes, which prevent the tensile cracks from being closed. For Berea sandstone in Figure 

5.8, at the low-stress magnitude, static Poisson's ratios determined from the major load and 

the minor cycles overlap together and show small values, which might be associated with the 

closing of pre-existing cracks with the major axis perpendicular to the loading direction. At 

high-stress magnitude, static Poisson's ratios from the minor cycles tend to be less affected by 

the induced axial tensile cracks from the frictional slips and approach the dynamic Poisson’s 

ratio. Upon unloading, the decompaction of mineral grains and the reopening of the cracks 

would produce large axial displacements, whereas the lateral displacement in each minor 

cycle is small because the retardation of backsliding prevents the closing of the induced 

tensile cracks. As a result, static Poisson’s ratios from the minor cycles deviate from the 

dynamic Poisson’s ratio with a more rapid rate in contrast to those from the major unload.  

5.4.3. Comparison between the dynamic and static behaviors 

Overall, values of Young’s modulus for Berea and Tight sandstone samples derived 

from the velocities of ultrasonic wave propagation, are generally found to be in excess of 

those measured in the major uniaxial load-unload cycle (Figures 5.6 and 5.7). This 

observation is consistent with most previous experimental results for igneous rocks (Zisman, 

1933a, 1933b; Blake et al., 2019; Kang et al., 2019) or sedimentary rocks (van Heerden, 1987; 

Eissa and Kazi, 1988; Hilbert et al., 1994; Yale et al., 1995; Plona and Cook, 1995; Tutuncu 

et al., 1998a, 1998b; Fjær, 1999; Olsen et al., 2008; Fjær, 2009; Kamali-Asl et al., 2018a; 

Lozovyi and Bauer, 2019). Upon loading, the static Young's modulus exhibits a more 

accelerated increasing trend in contrast to the dynamic Young's modulus, resulting in the 

reduced dynamic-static modulus discrepancy. At the initial unload, the static Young's 

modulus approximately equals to its dynamic equivalent. Upon continued unloading, the 
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dynamic-static modulus discrepancy gradually increases caused by the more rapid decrease of 

the static Young’s modulus.  

From Figures 5.8 and 5.9, it is difficult to gain a generalized relation of the dynamic 

and static Poisson’s ratio for two sandstone samples. Upon uniaxial loading, for both 

sandstone samples, the static Poisson’s ratio determined from the major load curve widely 

increases from a value lower than the dynamic Poisson’s ratio to a value much higher than the 

dynamic Poisson’s ratio, which is consistent with the experimental result on Westerly granite 

from Walsh (1965c). At the initial stress reversal, the static Poisson’s ratio rapidly drops to a 

value closer to the dynamic Poisson’s ratio. Upon continued unloading, the static Poisson’s 

ratio exponentially decreases for Berea sandstone, leading to the increased dynamic-static 

Poisson’s ratio discrepancy at low stress, whereas the static Poisson’s ratio for Tight 

sandstone is approximately identical with the decreasing dynamic Poisson’s ratio.  

In general, the static properties (i.e., Young’s modulus and Poisson’s ratio) of 

sedimentary rocks present more increments or reductions along with the stress load or unload 

by comparing with the dynamic properties calculated from the ultrasonic velocities. The 

difference in strain amplitude of the dynamic and static tests is considered to the primary 

cause for the differences between the dynamic and static properties (Walsh, 1965b, 1965c; 

Hilbert et al., 1994; Yale and Jamieson, 1994; Tutuncu et al., 1998a; Fjær et al., 2013; Holt et 

al., 2013). The static tests, characterized by strain amplitude of 10-3 ~ 10-5, could intentionally 

be affected by the microstructural alternations upon stress load or unload, while the dynamic 

tests with a strain amplitude less than 10-6 are not influenced by some viscoelastic or non-

elastic deformations like frictional sliding (Walsh, 1966; Gordon and Davis, 1968; Heap and 

Faulkner, 2008). As a result, the static properties are the accumulative properties of the rocks 
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in response to elastic, viscoelastic, and non-elastic deformations within a certain stress range, 

whereas the elastic wave propagation only records the elastic response at a certain stress level.  

The minor stress cycles along the ascent and descent of the major load-unload cycle, 

to some extent, certify the effect of strain amplitude (Cook and Hodgson, 1965; Tutuncu et 

al., 1998a; Holt et al., 2013). At a certain stress magnitude, the static Young's modulus and 

Poisson's ratio, determined from both the load and unload arm in each minor cycle, 

substantially depart from those from the major load-unload cycle, and tend to agree with the 

dynamic equivalents with a close approximation. The only exception is the relation between 

the dynamic and static Poisson’s ratio for Berea sandstone during the major load with minor 

stress cycles (Figure 5.8). The phenomena are roughly compatible with the experimental 

results from Plona and Cook (1995) on Castlegate sandstone and from Hilbert et al. (1994) on 

Berea sandstone.  

In underground engineering works, what we attempt to predict by using the dynamic 

data are the static elastic properties of rocks (Heap and Faulkner, 2008). However, the 

laboratory pseudo-triaxial tests universally provide the apparent static properties due to the 

nonlinearity and hysteresis of the stress-strain curves (Tutuncu et al., 1998a, 1998b). Our 

experimental results and micro-mechanical analysis indicate that the viscoelastic and non-

elastic deformations will be greatly diminished at each minor stress cycle if the stress-

amplitude of each cycle is small enough. Hence, although the minor load-unload curves are 

somewhat hysteretic and stress-dependent, perfect elasticity in this region can be achieved at a 

certain stress level. In contrast to the previous approach that has generally been limited to the 

linear elastic region of the stress-strain curve around 50 % of the failure strength, the minor 
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stress cycle tests at the in-situ stress condition allow the static elastic properties to be 

documented for accurate dynamic-static correlations.    

5.5. Summary 

The uniaxial compression tests on one porous and one tight sandstone suggest that the 

static Young’s modulus is systematically lower than the dynamic Young’s modulus at almost 

any stress level. The static Poisson’s ratio spans a wider range, indicating a lower value at the 

low-stress level and a higher value at a high-stress level in contrast to the dynamic Poisson’s 

ratio. By comparing, both the dynamic and static properties in the porous sandstone express 

more sensitivity to the applied stress than those in the tight sandstone. 

We perform minor stress cyclic tests along the ascent and descent of the uniaxial load-

unload curves. The experimental results suggest that the static mechanical properties derived 

from the minor stress cycles are stress-dependent. At a certain stress level, the static 

parameters from a minor stress cycle are more approaching their dynamic counterparts in 

contrast to those from the major load-unload cycle.  

In general, the static tests record the accumulation of not only elastic deformations but 

also viscoelastic and non-elastic deformations under uniaxial compression, whereas the 

dynamic tests, to some extent, reflect the elastic properties at a certain stress level. We 

generalize the stress-strain curve morphology of both sandstones and analyze the potential 

micro-mechanisms segment by segment, accompanied by the axial grain contact model and 

the frictional slip model. Upon uniaxial loading and unloading, the grain compaction and 

decompaction predominate the increasing and decreasing trends of the static Young’s 

modulus, while the frictional slips along grain boundaries and crack surfaces dominate the 

increasing and decreasing static Poisson’s ratio. At the initial uniaxial unload and at the minor 
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stress cycles, there are no frictional slips, resulting in that the static parameters approach their 

dynamic counterparts. From both experimental and micro-mechanical perspective, the minor 

cycle tests at a certain stress level offer a preferable approach to determine the static elastic 

properties of rocks to make correlations with the dynamic elastic properties.   
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6. QUANTIFYING EVOLUTIONS OF STATIC ELASTIC PROPERTIES 

UPON CYCLIC LOADING AND UNLOADING 

6.1. Introduction 

Formation rocks underground deform statically. The only direct way to acquire such 

static data is via laboratory measurements of rock samples. However, under compressive 

stress conditions, most granular rocks express high stress-sensitivity, which makes it 

challenging to find the elasticity for usages in the underground projects, like in-situ stress 

prediction and hydraulic fracturing design (Barree et al., 2009). It is crucial to investigate the 

evolutions of static moduli with the applied stress and find the representative portions of 

elasticity. 

Zisman (1933a) suggested a method to derive static elastic modulus at the mean load 

by averaging the slopes along the ascent and descent of the stress-strain curves. Walsh (1965) 

suggested that the static Young’s modulus derived at the initial unload under uniaxial tests 

represents the elastic property for an uncracked solid. Cook and Hodgson (1965) suggested 

determining the elastic modulus by setting a series of minor stress cycles along the loading 

and unloading stress-strain curves. Heap and Faulkner (2008) reported tangent moduli for an 

unloading cycle, which are the same as those for the subsequent loading cycles. These moduli 

are treated to be static elastic properties as rock approaches failure.  

In this research, we set up a cyclic loading and unloading with increasing stress 

amplitudes for a tight sandstone sample. We attempt to investigate the roles of stress level and 

stress cycles in the evolutions of static Young’s modulus. Moreover, the potential elastic 

moduli are comparatively investigated. 
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6.2. Experimental methodology 

In this study, one tight sandstone (i.e., Ls1 sandstone) drilled from an offshore field in 

the Eastern China Sea is selected. The formation depth for this sample is ~3761.4 m. After 

roughly estimating with a pressure gradient of ~23 MPa/km in offshore fields, the overburden 

pressure (σv) is ~86.5 MPa. The horizontal stress (σh) then is roughly 22 MPa (using σh = ν/(1-

ν) × σv, where Poisson’s ratio (ν) is ~0.2 from ultrasonic measurements). We perform 

increasing-amplitude cyclic loading and unloading experiments on the tight sandstone by 

keeping the confining pressure of ~22 MPa.  

The received sandstone sample is cut cylindrically with a length to diameter ratio of 

~1.5:1. The sample ends are ground flat with a tolerance of ± 0.0025 mm. The cylindrical 

sample, then, is placing in an oven and keeping the temperature of 65 ℃, until the sample 

mass does not change. All experiments are performed under ambient laboratory conditions 

with a temperature of ~25 ℃. Subsequently, the effective porosity and grain density are 

measured using the helium porosimeter, with values of 4.86 % and 2.64 g/cm3. Bulk density is 

calculated by measuring the mass and volume of the dried sample, with a value of 2.51 g/cm3. 

We use the servo-hydraulically controlled triaxial testing system (AutoLab 1500) to 

carry out the cyclic experiments (Figure 3.2). Initially, the cylindrical sample is placed 

between two end platens of the same diameter as the sample. A rubber sleeve, holding the 

sample and endcaps together, on the one hand, is used to protect the sample from confining 

oil invasion, and on the other hand, helps reduce the problem of ‘end effects’ (Hawkes, 1970). 

The sample assembly is then placed inside of the confining vessel. The hydraulic oil is filled 

with the vessel by driving the hydraulic pump to add the hydrostatic stress (i.e., confining 

pressure) up to 22 MPa. Subsequently, the confining pressure remains 22 MPa. The hydraulic 
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piston is moved to apply axial load on the sample by controlling the axial stress pump. The 

load rate is approximately 0.05 MPa/s. Increasing-amplitude cyclic loading and unloading 

experiments are performed on the sample (Figure 6.1). The stress amplitude of cycles is 5, 10, 

15, 20, 25, and 30 MPa. And the corresponding cycle numbers are 1, 2, 3, 4, 5, and 6. 

 
Figure 6.1. Experimental procedures, including increasing-amplitude cyclic loading and unloading. 

Note, the confining pressure remains 22 MPa.  

 

One pair of Linear Variable Differential Transformers (LVDTs) is clamped at the ends 

of two platens, whereas the other pair, held by a radial bridge, is mounted at the mid-length of 

the sample. A load cell transducer is placed at the bottom of the confining vessel to monitor 

the deviatoric load. During the experiments, axial and radial strains (εa and εr), and deviatoric 

stress (σd) are continuously recorded. Additionally, piezoelectric transducers (PZTs) for P- 

and S-waves are housed inside of two platens to convert an electrical pulse into ultrasonic 

waves transmitting through the sample (Birch, 1960). In this way, ultrasonic P- and S-wave 

velocities (vP and vS) are measured. The deviatoric load halts for velocity measurements only 

at the maximum stress of each loading cycle and at the minimum stress of each unloading 

cycle.   
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The static Young’s modulus (Es) is defined as the ratio of the deviatoric stress (σd) 

increments to the axial strain (εa) increments under triaxial stress conditions (Equation (2.75)). 

The static Poisson’s ratio (νs) is referred to as the ratio of the radial strain (εr) increments to 

the axial strain (εa) increments under triaxial stress conditions (Equation (2.76)). The stress 

interval for calculating the static mechanical parameters is 5 MPa. Meanwhile, the dynamic 

Young’s modulus (Ed) and Poisson’s ratio (νd) are derived by using Equations (2.78) and 

(2.79) with the assumption of the isotropic medium. 

6.3. Experimental results 

6.3.1. Ultrasonic velocities upon cyclic loading and unloading 

Figure 6.2 exhibits P- and S-wave velocities (vP and vS) as a function of the deviatoric 

stress (σd), accompanying with uncertainty analysis. vP and vS, measured at the maximum 

stress of each cycle, show increments of 0.217 km/s and 0.085 km/s, respectively, when the 

largest stress magnitude is achieved during the cyclic loading. In contrast, vP and vS, measured 

at the minimum stress of each cycle, exhibit decrements of 0.036 km/s and 0.050 km/s, 

respectively, when the largest stress magnitude is reached during the cyclic unloading (Figure 

6.2). Both unloading vP and vS are slightly higher than the loading ones, which indicates no 

visible damages are created in the sample during the cyclic loading and unloading 

experiments.  

In experimental measurements, sandstones are, from the first order, considered to be 

an isotropic medium. However, it is pertinent to note that the experimentally induced 

microcracking upon stress load will encourage the anisotropic fabric within the sandstone 

samples, resulting in the development of anisotropic properties (Sayers et al., 1990; Sinha et 

al., 1995; Sayers, 2002; Lockner and Beeler, 2003; Weng et al., 2008). In our study, the 
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unloading velocities are higher than the loading ones, which encourages us to assume isotropy 

within the rock sample. If velocity changes in the radial direction are required, more elaborate 

experimental instruments would be required. 

 
Figure 6.2. P- and S-wave velocities (vP & vS) as a function of the deviatoric stress (σd) for Ls1 tight 

sandstone, accompanying with uncertainty analysis. 

 

6.3.2. Strains in response to increasing-amplitude cyclic loading and unloading 

Stress-strain relationships upon increasing-amplitude cyclic loading 

Figure 6.3 shows the axial strains (εa) in response to the applied deviatoric stress (σd) 

upon increasing-amplitude cyclic loading for Ls1 tight sandstone. The loading and unloading 

curves in each cycle are defined to be 'Load arm' and 'Unload arm', respectively. Both the 

loading and unloading curves are not linear but with variable slopes. When we consider the 

cycle with the largest stress amplitude (30 MPa for Ls1 sandstone), both curves are concave 

upward, accompanied by a pronounced toe within the initial 15 MPa. In Figure 6.3, the 

'Unload arm' does not follow the ‘load arm’ to retrieve but deviates below to form a hysteretic 

loop. The hysteresis between load and unload arms increases with the increasing stress 

amplitude.  
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Figure 6.3 exhibits the radial strains (εr) in response to the applied deviatoric stress 

(σd) upon increasing-amplitude cyclic loading for Ls1 sandstone. In each load-unload cycle, 

the curves show zigzag patterns. The 'Load arm' is a little bit steeper than the 'Unload arm' in 

each load-unload cycle. The 'Load arm' in each cycle starts from the end strain of the previous 

cycle. The load-unload hysteresis generally increases with the increasing stress amplitude. 

However, in the last cycle, the loading and unloading curves almost overlap together without 

apparent hysteresis. 

 
Figure 6.3. Axial and radial strains in response to the increasing-amplitude cyclic loading for Ls1 

sandstone.  

 

Stress-strain relationships upon increasing-amplitude cyclic unloading 

Figure 6.4 shows the axial strains (εa) in response to the applied deviatoric stress (σd) 

upon increasing-amplitude cyclic unloading for Ls1 sandstone. The confining pressure 

remains 22 MPa. The unloading and loading curves in each cycle are referred to as 'Unload 

arm' and 'Load arm', respectively. The stress-strain curves are not linear. With the increasing 

stress amplitude, the nonlinearity becomes more and more prominent. In each unload-load 

cycle, the 'Load arm' and 'Unload arm' nearly overlap together. The unload-load hysteresis of 

Ls1 sandstone is not so apparent. 
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Figure 6.4. Axial and radial strains in response to the increasing-amplitude cyclic unloading for Ls1 

sandstone.  

 

Figure 6.4 exhibits the radial strains (εr) in response to the applied deviatoric stress 

(σd) upon increasing-amplitude cyclic unloading for Ls1 sandstone. The radial strains 

nonlinearly respond to the applied deviatoric stress, especially for the stress cycle with the 

largest stress amplitude. In Figure 6.4, the radial strains respond to the applied stress in a 

zigzag pattern. There do not exist apparent irrecoverable strains and unload-load hysteresis 

except for the last cycle with the largest stress amplitude.    

6.3.3. Evolutions of static mechanical parameters 

Static Young’s modulus upon cyclic loading 

The evolutions of dynamic and static Young’s modulus are plotted concerning the 

cycle number and the deviatoric stress level upon increasing-amplitude cyclic loading in 

Figure 6.5. It should be noted that the cycle number is not an independent variable because 

the stress amplitude increases with each successive cycle. It is also pertinent to note that the 

static Young’s modulus is derived by linearly fitting the stress-strain curve within 5 MPa 

deviatoric stress range. Figure 6.5a exhibits static Young’s moduli from the 'Load arm' of the 
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load-unload cycles, whereas Figure 6.5b shows static Young’s moduli from the 'Unload arm' 

of the load-unload cycles.  

    
Figure 6.5. Evolutions of static Young’s moduli from (a) 'Load arm' and (b) 'Unload arm' concerning 

the cycle number and the deviatoric stress level upon increasing-amplitude cyclic loading for Ls1 

sandstone.  

 

Regardless of being from the 'Load arm' or 'Unload arm', the derived static Young’s 

moduli are characteristically lower than the dynamic ones. The dynamic Young’s modulus, 

measured at the maximum stress of each cycle, exhibits a slightly increasing trend with the 

increasing cycle number. The static Young’s moduli from both the 'Load arm' and 'Unload 

arm' show slightly decreasing trends with the increasing cycle number at relatively low-stress 

levels (12, 17, and 22 MPa). When the deviatoric stress is beyond 22 MPa, the static Young’s 

modulus from ‘Load arm’ begins to increase with the increasing cycle number, whereas that 

from 'Unload arm' decreases with the increasing cycle number with a steeper slope. When the 

deviatoric stress is beyond 22 MPa, static moduli from the initial unload of cycles 4, 5, and 6 

are more approaching the corresponding dynamic moduli (Figure 6.5b). At a specific load-

unload cycle, static moduli from both 'Load arm' and 'Unload arm' increase with the 

increasing deviatoric stress. By comparing with the dynamic moduli, static moduli exhibit 

more stress-sensitivity.  
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Static Young’s modulus upon cyclic unloading 

Figure 6.6 exhibits the dynamic and static Young’s modulus as a function of the cycle 

number and the deviatoric stress level upon increasing-amplitude cyclic unloading. The static 

Young’s modulus is derived by linearly fitting the stress-strain curve within 5 MPa deviatoric 

stress range. Figure 6.6a exhibits static Young’s moduli from the 'Unload arm' of the unload-

load cycles, whereas Figure 6.6b shows static Young’s moduli from the ‘Load arm’ of the 

unload-load cycles.  

The dynamic Young’s modulus, measured at the minimum stress of each cycle, 

generally decreases with the decreasing deviatoric stress. The static Young’s modulus is 

systematically lower than the dynamic counterpart and exhibits more complex evolutions 

concerning the cycle number and the deviatoric stress. In Figure 6.6a, the static Young’s 

modulus, derived within the stress range from 37 to 32 MPa, fluctuates around a value close 

to the dynamic modulus with the increasing cycle number. When the deviatoric stress is 

below 27 MPa, the derived static moduli almost remain constant with the increasing number 

of stress cycle. At a specific unload-load stress cycle, the static Young’s modulus from the 

'Unload arm' decreases from a value closer to the dynamic counterpart with the decreasing 

stress. 

In Figure 6.6b, when the deviatoric stress is beyond 27 MPa, the derived static 

Young’s moduli show decreasing trends with the increasing cycle number. When the stress is 

between 17 and 27 MPa, the static moduli almost remain constant or show slightly increasing 

trends with the increasing cycle number. When the stress is lower than 17 MPa, the static 

Young’s modulus generally decreases again with the increasing cycle number. At a specific 
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unload-load cycle, the static Young’s modulus from the 'Load arm' systematically decreases 

with the decreasing deviatoric stress level.  

    
Figure 6.6. Evolutions of static Young’s moduli from (a) 'Unload arm' and (b) 'Load arm' concerning 

the cycle number and the deviatoric stress level upon increasing-amplitude cyclic unloading for Ls1 

sandstone. 

 

Static Poisson’s ratio upon cyclic loading 

    
Figure 6.7. Evolutions of static Poisson’s ratios from (a) 'Load arm' and (b) 'Unload arm' concerning the 

cycle number and the deviatoric stress level upon increasing-amplitude cyclic loading for Ls1 sandstone. 

 

The evolutions of the dynamic and static Poisson’s ratio concerning the cycle number 

and the deviatoric stress upon increasing-amplitude cyclic loading are shown in Figure 6.7. It 

should be noted that the static Poisson’s ratio is derived by linearly fitting the curve between 

axial and radial strains within 5 MPa deviatoric stress range. The dynamic Poisson’s ratio is 

calculated with velocities measured at the maximum stress of each cycle. Figure 6.7a shows 
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the static Poisson’s ratios from the 'Load arm', while Figure 6.7b shows those from the 

'Unload arm'.  

In Figure 6.7a, upon increasing-amplitude cyclic loading, static Poisson’s ratios 

derived from the 'Load arm' are characteristically lower than the corresponding dynamic ones. 

The dynamic Poisson’s ratio slightly increases with increasing deviatoric stress. However, the 

static Poisson’s ratio at a specific load-unload cycle exhibits more increments with the 

increasing deviatoric stress. If we consider cycle 6, the static Poisson’s ratio varies from a 

value close to 0 to a value approaching the corresponding dynamic Poisson’s ratio. At specific 

deviatoric stress (≤ 20 MPa), the static Poisson’s ratio almost remains constant with the 

increasing cycle number. In contrast, when the deviatoric stress is beyond 22 MPa, the static 

Poisson’s ratio starts to increase with the increasing cycle number.   

In Figure 6.7b, static Poisson’s ratios from the 'Unload arm' are lower than the 

corresponding dynamic Poisson’s ratios, except for those derived from the initial unload when 

the deviatoric stress is 27, 32, or 37 MPa. The dynamic Poisson’s ratio shows a slightly 

increasing trend upon increasing-amplitude cyclic loading. The static Poisson’s ratio increases 

from a value closer to 0 to a value approaching the dynamic Poisson’s ratio with the 

increasing deviatoric stress in a specific load-unload cycle. However, at a certain stress level, 

the variation of static Poisson’s ratio is weird. With the increase of cycle number, the static 

Poisson’s ratio initially drops from a value closer to the dynamic Poisson’s ratio and then 

remains almost constant or slightly increases.   

Static Poisson’s ratio upon cyclic unloading 

Figure 6.8 shows static and dynamic Poisson’s ratio as a function of the cycle number 

and the deviatoric stress upon increasing-amplitude cyclic unloading for Ls1 tight sandstone. 



122 

 

The static Poisson’s ratio is derived by linearly fitting the curve between axial and radial 

strains within 5 MPa deviatoric stress range. The dynamic Poisson’s ratio is calculated with 

velocities measured at the minimum stress of each unload-load cycle.  

In Figure 6.8a, the static Poisson’s ratio, derived from the 'Unload arm' when the 

deviatoric stress is 37 MPa, fluctuates above the dynamic Poisson’s ratio. When the deviatoric 

stress is lower than 37 MPa, the static Poisson’s ratio is characteristically lower than the 

dynamic equivalent and remains constant or slightly fluctuates with the increasing cycle 

number. At a specific unload-load cycle, the static Poisson’s ratio drops from a value close to 

the dynamic one to a value approaching 0 with the decrease of the deviatoric stress.  

In Figure 6.8b, the static Poisson’s ratio when the deviatoric stress is above 22 MPa is 

approaching the dynamic one by exhibiting slight fluctuations or decreases with the 

increasing number of stress cycles. When the deviatoric stress is equal to or less than 22 MPa, 

the static Poisson’s ratio is much less than the dynamic one. At a specific unload-load stress 

cycle, the static Poisson’s ratio from the ‘Load arm’ generally decreases with the decrease of 

the deviatoric stress.  

    
Figure 6.8. Evolutions of static Poisson’s ratios from (a) 'Unload arm' and (b) 'Load arm' concerning the 

cycle number and the deviatoric stress level upon increasing-amplitude cyclic unloading for Ls1 

sandstone. 
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6.4. Determination of static elastic properties 

Within the concept of linear elasticity, for an isotropic and homogeneous material, the 

stress-strain relations are satisfied with Hooke’s law. In this case, whatever during loading or 

unloading, the stress-strain curves are linear. The unloading curve would follow the same path 

as the loading curve with no hysteresis (Zisman, 1933a; Bristow, 1960; Simmons and Brace, 

1965; Cook and Hodgson, 1965). Therefore, the energy stored in the material during the 

loading process would be totally released during the unloading process. However, perfectly 

linear elasticity does not strictly exist in the case of sedimentary rocks. A stress increment not 

only induces elastic, recoverable deformations, it also creates viscoelastic or non-elastic 

processes, such as frictional slips along grain boundaries or crack surfaces. Once the applied 

stress is removed, there is apparent hysteresis, which implies that some of the energy stored 

during the loading process has been dissipated into the material to create new crack surfaces 

(Tutuncu et al., 1998a, 1998b).  

Considering the nonlinearity and hysteresis in the loading and unloading stress-strain 

curves of sedimentary rocks, it is challenging to determine which portion in the curves should 

be picked up to derive the static mechanical properties. In petroleum engineering, it is highly 

accepted that the static elastic Young’s modulus and Poisson’s ratio should be derived by 

linearly fitting the portion around 50 % of the failure strength in the loading curves (Jaeger et 

al., 1969; Kovari et al., 1983; Islam and Skalle., 2013). However, it is unwarrantable to 

always find the relatively linear portion at 50 % of the failure strength for all rock samples 

during the compressive failure tests.  
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Figure 6.9. Assume that there exists a relatively elastic region upon increasing-amplitude cyclic loading 

and unloading.  

 

We carry out increasing-amplitude cyclic loading and unloading experiments on one 

field sandstone, as shown in Figure 6.2. Both axial and radial strains in response to the applied 

deviatoric stress exhibit apparent nonlinearity and hysteresis, as shown in Figures 6.3 and 6.4. 

Hence, the derived static mechanical properties from the stress-strain or strain-strain 

relationships are strongly dependent on the stress magnitude, as shown from Figures 6.5 

through 6.8. However, if similar static properties are reproducible during both loading and the 

subsequent unloading, we assume these static properties can provide reasonable 

approximations of the perfect elasticity, as shown in Figure 6.9.  

Figures 6.10a and 6.10b exhibit variations of the static Young’s modulus and 

Poisson’s ratio derived from ‘Load arm’ and ‘Unload arm’ upon increasing-amplitude cyclic 

loading and unloading, but derived from a constant stress range. From Figure 6.10a, static 

Young’s moduli at relatively low deviatoric stress (σd < 22MPa) vary much less than those at 

the high-stress level. From this aspect, the static Young’s modulus derived below deviatoric 

stress of 22 MPa might be good representations of perfect elasticity for Ls1 tight sandstone, 

although apparent nonlinearity of the stress-strain curves is presented when the deviatoric 
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stress is lower than 22 MPa in Figures 6.4 and 6.5. Then, we use the static Poisson’s ratios as 

another constraint, as shown in Figure 6.10b. Except for those derived when the deviatoric 

stress is between 17 and 22 MPa, the static Poisson’s ratios at other deviatoric stress levels 

exhibit much larger variations. With information from both static Young’s modulus and 

Poisson’s ratio, for the selected tight sandstone sample, we believe that there exists a perfectly 

elastic region when the deviatoric stress is within 17 and 22 MPa. The static elastic properties 

from this region are not affected by the applied stress cycles, which can be used to correlate 

with the dynamic elastic properties.   

    
Figure 6.10. Static (a) Young’s modulus and (b) Poisson’s ratio derived from the same deviatoric stress 

but different stress cycles.  

 

6.5. Summary 

The static properties in sandstones are strongly dependent on the applied stress. To 

find the static elastic properties for field application, we perform triaxial increasing-amplitude 

cyclic loading and unloading experiments on one tight field sample. The results suggest that 

the static Young’s modulus and Poisson’s ratio are complex functions of the applied stress 

cycle number and the stress magnitude. More importantly, after comparing the static 

mechanical parameters derived from different cycles but the same stress range, there exist one 
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stress region that the derived static properties are similar. We conclude that the static 

properties from this region can be representative of the intrinsic elasticity of the rock. 
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7. ANISOTROPIC DYNAMIC AND STATIC MECHANICAL 

PROPERTIES OF ORGANIC-RICH SHALE 

7.1. Introduction 

In the last few decades, the unconventional shale plays have drawn attention 

worldwide (Vernik and Nur, 1992). Because of the extremely low porosity and permeability 

in contrast to the conventional reservoirs, extracting hydrocarbon economically from these 

unconventional shales requires the applications of horizontal drilling and hydraulic fracturing 

(Clark, 1949; Hubbert and Willis, 1957). To successfully fracture a shale formation and 

extract hydrocarbon economically, it is essential to predict the induced fracture geometry 

(Geertsma and De Klerk, 1969). In-situ stress profile (Higgins et al., 2008; Barree et al., 2009; 

Zhang et al., 2018) and mechanical properties of the subsurface, such as static Young’s 

modulus and Poisson’s ratio, are key to predict fracture geometry (Abousleiman et al., 2007; 

Barree et al., 2009). However, direct measurements of such parameters are limited by the core 

availability and budget. The dynamic elastic properties, which can be derived from the sonic 

logs and can cover a much broader aspect of the reservoirs, are frequently used to predict their 

static equivalents.  

In conventional reservoirs, to some extent, it is reasonable to estimate the static elastic 

properties by assuming isotropic medium. The dynamic-static transform in such reservoirs is 

direction-independent. However, in unconventional reservoirs, the assumption of isotropy, as 

derived from conventional reservoirs, may not apply (Higgins et al., 2008; Barree et al., 

2009). Potential errors of estimated static properties will result from ignoring the anisotropy. 

In organic-rich shales, the alignment of flaky clay particles and the bedding-parallel 

lamination of organic matter are considered as the main contributors to the intrinsic 
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anisotropy (Kaarsberg, 1959; Sayers, 1999; Cholach and Schmitt, 2006). From the aspect of 

dynamic mechanical property, the propagation and polarization of the elastic P- and S-waves 

are governed by orientation of such laminations to a great extent, giving rise to two Young’s 

moduli and three Poisson’s ratios (Lo et al., 1986; Vernik and Liu, 1997). From the static 

aspects, two Young’s moduli and three Poisson’s ratios can also be derived if the strain 

gauges are carefully attached to the sample during laboratory measurement. It has been well-

accepted that the bedding-parallel Young’s modulus is much greater than its bedding-normal 

counterpart dynamically (Lo et al., 1986; Sayers, 2013b; Zhao et al., 2016) and statically 

(Chenevert and Gatlin, 1965; McLamore and Gray, 1967; Niandou et al., 1997; Holt et al., 

2015; Ong et al., 2016; Meléndez-Martínez and Schmitt, 2016; Ramos et al., 2019). However, 

the relationship between two different Poisson’s ratios is rarely discussed in the literature. 

One objective of this research is to investigate the relationships among anisotropic Young’s 

moduli and Poisson’s ratios dynamically and statically. Moreover, when dealing with shale 

reservoirs characterized by transverse isotropy, it should be specified which pairs of 

directional Young’s moduli and Poisson’s ratios are considered before processing dynamic-

static transforms for the use of hydraulic fracturing.  

Another challenge in shale reservoirs with intrinsic anisotropy lies in the fact that the 

in-situ stress regime is rarely isotropic (Warpinski and Teufel, 1989). Due to tectonics, there 

exist three possible anisotropic stress regimes underground - normal faulting, thrust faulting, 

and strike-slip faulting (Anderson, 1905). Limited by the pseudo-triaxial test system where 

axial stress must be equal to or greater than the lateral stress and the two lateral stresses being 

equal, it is challenging to exactly simulate any of the three stress regimes in the laboratory 

(Barree et al., 2009). Apart from these limitations, we attempt to investigate how the 
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anisotropic stress regime with respect to beddings affects the dynamic and static properties by 

applying the maximum principal stress along the bedding-normal and bedding-parallel 

direction, respectively. 

Regardless of orientation, the relationship between the dynamic and static mechanical 

properties are heavily impacted by the stress magnitude (Zisman, 1933a, 1933b; Simmons and 

Brace, 1965; Cheng and Johnston, 1981; Holt et al., 2012; Ramos et al., 2019; Shitrit et al., 

2019) and stress load-unload paths (Plona and Cook, 1995; Holt, 1999; Sone and Zoback, 

2013; Kamali-Asl et al., 2018b). The stress sensitivity varies significantly with the direction 

of measurements dynamically or statically (Niandou et al., 1997; Meléndez-Martínez and 

Schmitt, 2016) due to the presence of intrinsic anisotropy. In a specified loading direction, the 

stress dependence of dynamic and static measurements differs significantly. The static 

properties, characterized by large strain amplitude (10-3 to 10-5) are more sensitive to the 

microstructure alternations (e.g., crack closure or open, frictional sliding) than the dynamic 

properties, characterized by small strain amplitude, around 10-6 (Walsh, 1965b, 1965c; 

Tutuncu et al., 1998a; Fjær, 1999, 2009, 2019). Whether the static moduli increase (Cheng 

and Johnston, 1981) or decrease (Holt et al., 2012) with stress increase, it is widely accepted 

that the stress-insensitive dynamic modulus is the upper limit of the static equivalent (Holt et 

al., 2012; Wang et al., 2018b). However, for Poisson’s ratio, such studies are rare. Walsh 

(1965c) observed that at the low-stress level, the static Poisson’s ratio is lower than the 

dynamic one, while possible sliding of one crack face relative to others tends to increase the 

static Poisson’s ratio compared to the dynamic one at higher stress values. Barree et al. (2009) 

concluded that the static Poisson’s ratio lies between 96 % of the low-stress dynamic value 

and 93 % of the high-stress dynamic value.  
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Finally, many authors have made efforts to systematically explore the effects of stress 

load-unload history on the dynamic-static relationship to satisfy the needs in hydraulic 

fracturing (Holt and Kenter, 1992; Plona and Cook, 1995; Holt et al., 2012; Sone and Zoback, 

2013; Li et al., 2019). Plona and Cook (1995) measured the static moduli of Castlegate 

sandstone by setting a major cycle and several minor cycles, concluding that the moduli from 

minor cycles were approaching the dynamic values. Sone and Zoback (2013) compared the 

static moduli upon the stress load and upon the stress unload/reload, illustrating that static 

modulus upon stress load was averagely 20 % lower than that upon stress unload/reload. 

Almost all the results agree with Walsh’s statement that the unloading process is more 

approaching elasticity than the loading process, and at the initial stress reversal, the rock 

expresses purely elastic properties (Walsh, 1965b, 1965c).    

Although dynamic-static transforms are significant in stress profile prediction and 

hydraulic fracturing simulation, the effects of anisotropy, stress magnitude, and stress history 

on dynamic and static mechanical properties are still unclear. We undertake an experimental 

study to improve our understanding in this direction. We drill two cylindrical shale plugs 

oriented normal and parallel to bedding to perform both dynamic and static measurements 

under triaxial cyclic loading tests. Firstly, we describe the microstructure and the 

mineralogical compositions of the selected shales through thin section images and XRD 

analysis. Then we introduce the pseudo-triaxial test system and the experimental procedures. 

Following this, we exhibit the anisotropic strain responses and the anisotropic dynamic and 

static properties upon triaxial load-unload-reload. Then, we present two physical models to 

analyze the impacts of anisotropy, stress magnitude, and stress history, considering 

microstructural information in view.  
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7.2. Sample description and experimental methodology 

7.2.1. Microstructural characteristics  

One outcrop Eagle Ford shale block with distinct layers is selected for the 

experimental work. Two cylindrical plugs are then cut from this block at orientations 

perpendicular and parallel to the layers, respectively, and are referred to as vertical and 

horizontal plugs and are abbreviated as "V" and "H" in the following figures. According to the 

ISRM standards (Kovari et al., 1983), each plug is cut with the length to diameter ratio of 2:1. 

The ends of the cylindrical plugs are ground flat with a tolerance of ± 2.5×10-3 cm. Effective 

porosity and grain density are measured using the porosimeter, according to Boyle’s law, in 

the Rock Physics Laboratory. The results are shown in Table 3.1.  

The cross-polarized thin section images and the powder X-ray diffraction (XRD) 

analysis are conducted to characterize the granular microstructure and composition of these 

two plugs, as shown in Figure 7.1. For the vertical plug (Figure 7.1a), the brown clay 

minerals, the black organic matter, and the white calcite grains are intertwined. For the 

horizontal plug (Figure 7.1b), the organic and the calcareous lamina are alternately layered. 

The black organic layers have a thickness of around 0.3 mm, while the thickness of the calcite 

layers varies from ~0.1 mm to ~0.2 mm. Moreover, there exist pronounced micro-cracks with 

the long axis parallel to the organic bedding.  

Both shale plugs can be classified as calcite-rich shales with relatively low clay 

content, as seen in the XRD analysis (Figure 7.1c). The volume fraction of each component in 

the vertical and horizontal plugs is similar, which indicates that the selected plugs are 

representative. By assuming a kerogen density of 1.3 g/cm3, a clay density of 2.66 g/cm3, a 

quartz density of 2.65 g/cm3, a calcite density of 2.70 g/cm3, and a dolomite density of 2.87 
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g/cm3 (Mavko et al., 2009), the kerogen volume fraction for the vertical and horizontal plugs 

is estimated to be 18.4 % and 16.8 %, respectively.  

    

 
Figure 7.1. The thin section images under the cross-polarized lights for (a) the vertical plug and (b) the 

horizontal plug with visible bedding planes and micro-cracks; (c) the XRD analysis for both plugs, 

which are defined as calcite-rich shales (Wang et al., 2020b). 

 

7.2.2. Experimental procedure 

First, the cylindrical shale plugs are placed in the oven at a temperature of 65 ℃ until 

the sample weight does not change. After drying, the basic parameters in Table 3.1 are 

measured. The cylindrical plug is then wrapped in a rubber sleeve and mounted between the 

top and bottom platens, as shown in Figure 3.4a. All the measurements are conducted at the 

room-dried condition at room temperature. The entire sample assembly is then placed inside 

the confining vessel, and the vessel is filled with confining fluid by controlling the confining 

pressure pump to increase the hydrostatic pressure up to 56 MPa for both plugs. Then, the 
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hydrostatic pressure is unloaded back to 13.8 MPa and kept constant in the subsequent triaxial 

loading phase. The hydrostatic loading and unloading are performed at a constant rate of 

0.0069 MPa/s. After that, we control the axial stress pump to exert deviatoric stress upon the 

plugs. First, a triaxial load-unload cycle is conducted in which the unloading is performed at 

deviatoric stress of 34.5 MPa, followed by unloading and, finally, reloading the sample to 

failure. It should be noted that the triaxial tests are controlled by a constant strain rate of 10-

6/s. During the entire experiment, ultrasonic P- and S-wave velocities are measured at an 

interval of ~7 MPa to calculate the dynamic mechanical properties.  

7.3. Experimental results 

7.3.1. Anisotropic strain responses to deviatoric load-unload-reload   

According to the sign convention used in the rock mechanics community, compression 

is defined as positive, while expansion is negative (Jaeger et al., 1969). The axial and radial 

strains in response to the applied deviatoric stress (σd) are shown in Figures 7.2 and 7.3. 

Measured strains for both samples are displayed using the same scale. 

Figure 7.2 displays the axial and radial strains as a function of deviatoric stress for 

load and unload for both shale plugs. With the assumption of transversely isotropy, the radial 

strains measured in two orthogonal directions on the vertical plug are approximately equal 

and are averaged to estimate the radial strain (εr). However, in the horizontal plug, the 

bedding-parallel radial strain (εr1) and bedding-normal radial strain (εr2) are different, once 

again, due to the rock material exhibiting transverse isotropy and are shown separately for 

comparisons. When the deviatoric stress is increased till 34.47 MPa, the bedding-normal axial 

strain (εa) is around 2.02 ‰, while the bedding-parallel radial strain (εr) is nearly -0.53 ‰ for 

the vertical plug. At the same deviatoric stress, the bedding-parallel axial strain (εa) of the 
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horizontal plug is about 1.18 ‰, the bedding-parallel radial strain (εr1) is around -0.087 ‰, 

and the bedding-normal radial strain (εr2) is around -0.62 ‰. Apparently, the same stress 

magnitude would induce more deformations in the bedding-normal direction in contrast to the 

bedding-parallel direction (i.e., εa(vertical) > εa(horizontal), εr2 > εr1). Once the deviatoric stress 

is unloaded, all strains decrease following different paths while compared with deviatoric 

stress loading. It is obvious from Figure 7.2 that within same stress range, the bedding-normal 

axial strain (denoted by red curves in Figure 7.2) for the vertical plug exhibits more hysteresis 

than the bedding-parallel axial strain (denoted by black curves in Figure 7.2) for the 

horizontal plug. The bedding-normal radial strain (εr2) shows more hysteresis than the 

bedding-parallel one (εr1) in the horizontal plug. 

 
Figure 7.2. The axial (εa) and radial strains (εr) in response to the deviatoric stress (σd) in the process of 

the triaxial load-unload cycle for the vertical and horizontal plugs. Confining pressure (pc) is kept at 

13.8 MPa during the triaxial cycles.   

 

Upon complete unloading of deviatoric stress, most of the strains do not entirely go 

back to the origins, leaving behind apparently irreversible strains. The irreversible strains are 

~0.19 ‰ for the bedding-normal axial strain, ~0 ‰ for the bedding-parallel axial strain, ~-

0.14 ‰ for the bedding-parallel radial strain in the vertical plug, ~0 ‰ for the bedding-
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parallel radial strain in the horizontal plug, and ~-0.31 ‰ for the bedding-normal radial strain 

in the horizontal plug. 

    
Figure 7.3. The axial (εa) and radial strains (εr) in response to the deviatoric stress (σd) in the process of 

triaxial reload to failure for (a) the vertical plug and (b) the horizontal plug (Wang et al., 2020b).   

 

Figure 7.3 demonstrates the axial, radial, and volumetric strains in response to the 

applied deviatoric stress for the entire duration of the test, i.e., until after the sample failure. 

Following the classical rock mechanics, the volumetric strain is defined as the sum of one 

axial and two radial strains and mathematically expressed as εvol = εa + εr1 + εr2. Again, with the 

assumption of transversely isotropy, two orthogonal radial strains in the vertical plug are 

equal. Hence an average radial strain (εr) is used for vertical plug while two radial strains (εr1 

and εr2) are shown separately for the horizontal plug in Figure 7.3b. Overall, all strains are 

linear up to certain deviatoric stress value (yield stress) and respond nonlinearly beyond that 

point. The vertical plug fails when the deviatoric stress reaches around 134 MPa, with the 

bedding-normal axial strain of ~14.1 ‰ and the bedding-parallel radial strain of ~-5.1 ‰, as 

shown in Figure 7.3a. However, in the horizontal plug, the failure strength is around 174 MPa 

with a bedding-parallel axial strain of ~10.46 ‰. The bedding-parallel radial strain (εr1) is ~-

3.1 ‰ in the horizontal plug while the bedding-normal radial strain (εr2) is ~-5.8‰. Upon 

failure, the vertical plug continues to shorten axially with dramatic expansions in the radial 
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direction. However, once the horizontal plug is failed, there is a slight increase in bedding-

parallel radial strain (εr1) while the bedding-normal radial strain (εr2) decreases for a while 

followed by a significant increase. Furthermore, the volumetric strain in the vertical plug first 

exhibits compression, which then quickly changes to expansion, while the volumetric strain in 

the horizontal plug only exhibits compression after failure.  

The general characteristics of the stress-strain responses for both samples can be 

summarized as follows: 

(1) At the same deviatoric stress magnitude, there are different strain responses between 

the bedding-normal and bedding-parallel directions. As a result, the static mechanical 

properties derived from the stress-strain responses in transversely isotropic shales are 

direction-dependent. In general, the material is more compliant in the bedding-normal 

direction than in the bedding-parallel direction.  

(2) In the linearly elastic regime, the stress-strain curves should be linear from the first 

order and should have no hysteresis in a load-unload cycle. This might be valid for a 

homogeneous material like aluminum (Fjær, 1999, 2019). However, for Eagle Ford 

shales, the stress-strain curves are not perfectly linear but with apparent hysteresis in a 

deviatoric stress cycle, as shown in Figures 7.2 and 7.3. The nonlinear and hysteresis 

behavior implies that the derived static mechanical properties are not constants but the 

function of deviatoric stress magnitude and stress load-unload history.  

(3) We limit the analysis within nonlinear elastic or viscoelastic stages of deformation. As 

already mentioned, during the process of reloading to failure (Figure 7.3), after a 

certain stress value, the rocks have exceeded elastic deformation. There is a relatively 

linear portion in the curve between deviatoric stress and axial strain towards the 
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beginning of reloading. We draw a dashed line along this linear portion and extend it 

to find the point where the curve shows a large deviation (Brace et al., 1966). This 

point is defined as "End of elasticity". For the vertical plug, the stress value at this 

point is around 83 MPa, while for the horizontal plug, it is around 98 MPa. To 

conveniently compare the dynamic and static properties in two shale plugs, we set 83 

MPa as the endpoint of our subsequent analysis.        

7.3.2. Anisotropic dynamic and static properties   

Dynamic and static Young’s modulus 

Figures 7.4 and 7.5 display the dynamic and static Young’s modulus as a function of 

deviatoric stress load-unload-reload for the vertical and horizontal plugs. We find that, 

regardless of the measurement being dynamic or static, the bedding-parallel Young’s modulus 

(EH) is apparently larger than the bedding-normal one (EV). In both figures, the dynamic 

Young’s moduli (i.e., EV_dyn and EH_dyn) increase with the stress load and decrease with the 

stress unload. By contrast, EV_dyn is more sensitive to stress variation. For example, in the 

process of stress reload, EV_dyn increases from 26.1 to 27.3 GPa, while EH_dyn increases from 

38.31 to 38.42 GPa. The static Young’s moduli (i.e., EV_st and EH_st) decrease dramatically with 

the elevated stress, as shown in Figures 7.4a and 7.4b. When the deviatoric stress is initially 

reversed, the static modulus instantaneously jumps to a value approaching even beyond the 

dynamic modulus, as shown by the blue circles in Figures 7.5(b) and 7.6(b). As the stress 

unload continues, the static modulus hence decreases from a much higher value. At the initial 

reload, the static Young’s modulus almost follows the same trend as observed in the initial 

loading cycle. Subsequently, as the deviatoric stress goes beyond the peak stress in the triaxial 

load-unload cycle, the modulus continues to decrease, as shown in Figures 7.4c and 7.5c. 
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Figure 7.4. Evolutions of the dynamic and static Young’s moduli for the vertical shale in the processes 

of stress (a) load, (b) unload, and (c) reload.  

 

 
Figure 7.5. Evolutions of the dynamic and static Young’s moduli for the horizontal shale in the processes 

of stress (a) load, (b) unload, and (c) reload.  

 

Additionally, for both vertical or horizontal plugs, at almost all stress conditions in 

Figures 7.4 and 7.5, the dynamic Young’s modulus acts as the upper bound of the static 

equivalent. Within the same stress range, the decreasing magnitude of the static Young’s 

modulus is much larger than the increment of the dynamic Young’s modulus. For instance, in 

the process of reloading (i.e., stress ranges from 0 to 83 MPa), EV_st decreases by 7.84 GPa 
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while EV_dyn only increases by 1.2 GPa, and EH_st decreases by 4.93 GPa while EH_dyn only 

increases by 0.1 GPa.  

Dynamic and static Poisson’s ratio 

 
Figure 7.6. Evolutions of the dynamic and static Poisson’s ratios for the vertical shale in the processes 

of stress (a) load, (b) unload, and (c) reload.  

 

Figures 7.6 and 7.7 show the dynamic and static Poisson’s ratios as a function of stress 

load-unload-reload for the vertical and horizontal plugs. By contrast, from both dynamic and 

static aspects, νHV > νVH > νHH is always satisfied at any stress magnitude. νHV > νVH is in 

accordance with the relation in a transversely isotropic medium, that is νHV/EH = νVH/EV, 

because EH > EV is always satisfied. νHV > νHH indicates that it is easier to extend in the 

bedding-normal direction than in the bedding-parallel direction when applying deviatoric 

stress along with bedding in the horizontal plug. From the dynamic aspect, Poisson’s ratios 

involving both the bedding-normal and bedding-parallel strains (i.e., νVH_dyn and νHV_dyn) 

increase with the increasing deviatoric stress and decrease with the decreasing stress. In 

contrast, Poisson’s ratio involving the bedding-parallel strains (i.e., νHH_dyn) decreases with the 

increasing stress and increases with the decreasing stress. In contrast to the dynamic Poisson’s 
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ratios, the statically derived ones express random distributions with the variations of 

deviatoric stress. νVH_st initially decreases and then slightly increases with loading. When the 

deviatoric stress is reversed, it decreases to a value closer to the dynamic Poisson’s ratio and 

then almost remains constant with the stress unload. In the process of stress reload, it shows 

an increasing trend for the entire duration. νHV_st increases from value beyond 0.4 and then 

decreases back to around 0.4 during loading. At the initial stress unload, it decreases to a 

value lower than the dynamic Poisson’s ratio and then increases to values approaching the 

dynamic one with the continued unload. In the process of stress reload, it fluctuates around a 

constant value. νHH_st shows an increasing trend from a value equal to the dynamic Poisson’s 

ratio with elevated stress. When the deviatoric stress is reversed, it drops back to a value 

closer to the dynamic Poisson’s ratio and then again shows an increasing trend with the stress 

unload. At the initial reload, it drops back to a value a little higher than the dynamic Poisson’s 

ratio. It then dramatically increases to a high value to fluctuate with the continued stress 

reload.  

 
Figure 7.7. Evolutions of the dynamic and static Poisson’s ratios for the horizontal shale in the processes 

of stress (a) load, (b) unload, and (c) reload.  
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7.4. Discussions 

Because of the extremely low porosity and permeability of the unconventional shale 

reservoirs, extracting economic hydrocarbon flows from such reservoirs requires the 

applications of horizontal drilling and hydraulic fracture stimulation techniques (Clark, 1949; 

Hubbert and Willis, 1957). A better understanding of the mechanical properties, such as 

Young’s modulus and Poisson’s ratio, is required in predicting the in-situ stress profile, 

evaluating brittleness, and optimizing horizontal well and hydraulic fracture designs (Higgins 

et al., 2008; Rickman et al., 2008; Waters et al., 2011). To this end, the experimental results 

presented above can be utilized in improving our understanding of mechanical properties and 

its variation with stress as observed during reservoir development and production, as well as 

the relationship between static and dynamic mechanical properties. Specifically, we propose 

two physical models to explain the effects of anisotropy, stress magnitude, and stress history 

on the dynamic-static correlations. 

7.4.1. Physical models to interpret anisotropic dynamic-static correlations 

Based on the microstructural characterizations in Figure 7.1a and 7.1b, the vertical and 

horizontal plugs can be simply abstracted with the layered models shown in Figures 7.8a and 

7.8c, respectively, with a dark color denoting the stiff calcite layers and a light color 

indicating the soft organic layers. Micro-cracks with extremely narrow openings are assumed 

to be distributed in the organic layers with the long axis parallel to beddings. The thickness of 

the organic layers is around 0.3 mm, while the stiff layers have a thickness ranging from 0.1 

mm to 0.2 mm. When the elastic wave with the resonant frequency of 1.0 MHz penetrates 

along the bedding-normal direction, the wavelength is approximately 3.7 mm, which is more 

than ten times the layer thickness. The individual layers hence can be treated to be 



142 

 

homogeneous and isotropic. However, the entire rock sample is still transversely isotropic 

because of the layer contrasts (Backus, 1962). In the long-wavelength limit, EH > EV and νHV > 

νVH are warranted for finely stratified rocks. As shown in Figures 7.4 and 7.5, the bedding-

parallel dynamic Young’s modulus (EH_dyn) is around 12 GPa larger than the bedding-normal 

dynamic Young’s modulus (EV_dyn), while the dynamic Poisson’s ratios involving both the 

bedding-normal and bedding-parallel strains exhibit as high as 0.3 differences (νHV_dyn > 

νVH_dyn). In the static measurements, when the applied deviatoric stress is bedding-normal, all 

the layers are under iso-stress conditions. The effective compressibility of a stack of 

alternating layers depends on a combination of the compressibility of individual layers. It falls 

somewhere between the compressibility of the stiffest and softest layer, approaching the value 

of the softest one (i.e., organic layer) (Mavko et al., 2009). When the deviatoric stress is 

applied in the bedding-parallel direction, all the layers are under iso-strain conditions. The 

effective stiffness depends on a combination of the individual stiffness of the layers. It falls 

between the stiffness of the stiffest and softest layer, approaching the value of the stiffest one 

(i.e., calcite layer) (Mavko et al., 2009; Fjær, 2019). As a result, the bedding-normal stiffness 

is controlled by the stiffness of the relatively soft organic layers, while the bedding-parallel 

stiffness is dominated by the stiffness of the relatively stiff calcite layers. Therefore, the static 

bedding-parallel Young’s modulus (EH_st) is larger than the bedding-normal one (EV_st) at any 

stress level, as shown in Figures 7.4 and 7.5. Besides, within the elastic or viscoelastic regime, 

at a certain stress level, the static Poisson’s ratios exhibit the same relationship as the dynamic 

Poisson’s ratios, which is νHV_st > νVH_st. 
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Figure 7.8. (a) Physical layered models for the vertical shale, (b) The microcrack closure and frictional 

sliding after applying the bedding-normal deviatoric stress, (c) Physical layered models for the 

horizontal shale, (d) The frictional sliding after applying the bedding-parallel deviatoric stress.  

 

With the above analysis, anisotropy is a potential pitfall while comparing the dynamic 

and static properties (Fjær, 2019). Ignoring anisotropy might result in large errors in 

predicting the static elastic properties by using the log-derived velocities in field applications. 

Take the dynamic elastic properties of Eagle Ford shale in the bedding-normal direction for 

example, at the peak stress of the deviatoric load-unload cycle. If we ignore the effects of 

anisotropy, the dynamic Young’s modulus will be overestimated by 4 %, while the dynamic 

Poisson’s ratio will be underestimated by 3 %. In practice, it is quite expensive to get good 

sonic log measurements in the highly deviated or horizontal borehole to establish a complete 

set of anisotropic dynamic stiffness tensor. However, petrophysicists normally employ 

Stoneley waves in the vertical borehole (Tang, 2003) to estimate C66 and use the dipole sonic 

log (Haldorsen et al., 2006) to get C44. By using the empirical correlations between Gamma 

and Epsilon, they can derive Epsilon to estimate C33. Additionally, Helbig (1983) proposed a 

reasonable way to predict C13 by assuming elliptical anisotropy. These may significantly 

improve the estimates in contrast to the assumption of isotropy. Furthermore, it should be 
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specified which directional parameters are necessary for the usage in estimating stress profiles 

and designing hydraulic fracturing.  

7.4.2. Stress magnitude dependence of the dynamic-static relationship 

From a microstructural point of view, sedimentary rocks are heterogeneous media 

consisting of minerals as well as defects such as soft pores, microcracks, and grain boundaries 

(Vernik and Liu, 1997). In organic-rich shales, most of the pre-existing micro-cracks tend to 

have a preferred alignment in the organic beddings (Sayers, 2013a; Zhao et al., 2018). The 

grain contact surfaces in the stiff calcite layers are not perfectly smooth but with asperities. 

Compared to the hydrostatic stress, the deviatoric stress tends to enforce grain compactions in 

the load-parallel direction and decompactions in the load-normal direction. Additionally, it 

will induce viscoelastic or inelastic processes, such as frictional sliding, dislocation of grains, 

and axial microcracking, to alter the microstructure of the rock. The stress sensitivity of these 

microstructures might be the physical reason behind the static elastic properties being highly 

stress-dependent.  

When the deviatoric stress is applied in the bedding-normal direction, as shown in 

Figure 7.8b, the stress initially tends to close the bedding-normal micro-cracks and to enlarge 

the grain contact areas. Simultaneously, the shear force at the closed crack surfaces and the 

grain contact areas are enhanced to overcome the static friction. Once the movements occur, 

the frictional force, needed to maintain the movements, decreases to a much smaller value 

with damped oscillations (Farkas et al., 2005). It should be noted that due to the strong 

heterogeneity, different grain contacts or crack surfaces need different threshold values for 

conversion from static to dynamic friction. With the elevated deviatoric stress, similar 

conversions gradually appear. As a result, the bedding-normal static Young’s modulus (EV_st) 
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shows a decreasing trend, as seen in Figures 7.4a and 7.4c. Frictional sliding along the oblique 

cracks can induce minor tensile cracks at the crack tips (Walsh, 1965b, 1965c; Brace et al., 

1966), as shown in Figure 7.8b. The shear slip along grain boundaries might decrease while 

approaching the boundary tips and end with the opening of the grain contacts. Moreover, 

vertical grain contacts might be directly opened by elevated deviatoric stress. All these micro-

mechanisms probably explain the increment of the static Poisson’s ratio (νVH_st), as shown in 

Figure 7.6a and 7.6c. 

The mechanisms are somewhat different when the deviatoric stress is applied in the 

bedding-parallel direction, as shown in Figure 7.8d. The applied stress is prone to be 

concentrated on the stiff layers, which may enforce more grain compactions. The bedding-

parallel static Young’s modulus (EH_st), therefore, shows an initial increment as in Figure 7.5a. 

By applying more stress, the frictional sliding along the grain boundaries is induced 

progressively, which gives rise to the decreasing trends of EH_st. Besides, the stress 

concentration may force the interlocked asperities of the grains to dislocate, which induces 

permanent lateral deformations. The static Poisson’s ratios (νHV_st and νHH_st) hence show 

abnormal high values; for instance, νHV_st is approaching 0.5. 

The static measurements, characterized by strain amplitude of 10-3 to 10-5, are more 

sensitive to the microstructural alternations in contrast to the dynamic measurements, which 

are characterized by strain amplitude of 10-6 to 10-7. For example, on a small grain contact 

area, the frictional slip will be induced once the shear force exceeds the static friction. 

Following the frictional slip, the grain contact area retains its original form observed before 

the slip. The dynamic measurements could not monitor too much stiffness change in the 

contact area (Walsh, 1966; Winkler et al., 1979). However, the static measurements 
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characterize the elastic deformation during the process of frictional slip. As a result, the 

dynamic modulus can serve as the upper bound of the static one. Furthermore, with the 

elevated stress, the ratio of dynamic to static Young’s modulus shows an increasing trend 

independent of orientation with respect to bedding, as shown in Figure 7.9.  

 
Figure 7.9. The ratio of dynamic to static Young’s modulus as a function of the deviatoric stress in the 

processes of stress load-unload-reload for (a) the vertical plug and (b) the horizontal plug.  

 

In the dynamic elastic property measurement, the ultrasonic elastic wave with the 

resonant frequency of 1.0 MHz travels along the plug axis. In addition to the applied 

confining pressure on the surface of the plug, the plug matrix itself will provide an additional 

confined boundary. In contrast, the plug matrix has no confining effects on the measurement 

of static Poisson’s ratio. As a result, the dynamic Poisson’s ratios are possibly lower than the 

static. Overall, the static Poisson’s ratios show increasing trends with elevated stress, although 

they fluctuate, especially at high-stress magnitude. As mentioned by Walsh (1965c), possible 

frictional sliding along closed crack surfaces is found to increase Poisson’s ratio at the high-

stress level. From Figure 7.10, the ratio of dynamic to static Poisson’s ratio is almost always 

smaller than 1.  
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Figure 7.10. Ratio of dynamic to static Poisson’s ratio as a function of the deviatoric stress in the 

processes of stress load-unload-reload for (a) νVH in the vertical plug, (b) νHV in the horizontal plug, and 

(c) νHH in the horizontal plug.  

 

7.4.3. Stress history effects on static properties 

Another interesting observation that can be observed from Figures 7.4, 7.5, 7.6, and 

7.7 is that the static elastic properties are highly dependent on the deviatoric load-unload-

reload histories. Figures 7.11a and 7.11b show the relationship between static Young’s 

modulus and Poisson’s ratio between stress load and stress unload. In general, at the initial 

stress reversal, the unload modulus is much higher than the load one while the unload 

Poisson’s ratio is much lower than the load one. With decreasing stress, the relation between 

the unload and load elastic properties tends to approach and even exceeds the 1:1 correlation 

line. Figure 7.11c and 7.11d display the same relationship between stress load and stress 

reload in the deviatoric stress range of 0 to 40 MPa. The scatters mainly distribute around the 

1:1 correlation line except for νHH. 

The discrepancy between the unload and load static properties can be explained from 

the aspect of frictional sliding. At the peak stress, the rock is "healed" with no shear strains 

(Holt and Kenter, 1992). The grains and closed micro-cracks are held together through static 
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frictions. Once the deviatoric stress is reversed, the frictional sliding events attempt to take 

place in an opposite manner, which will be prevented by the static friction. As mentioned by 

Walsh (1965b), a twofold threshold shear force is needed to realize the sliding reversal on the 

same crack surface. In other words, the accumulated strains at the maximum stress may not be 

relaxed immediately until the sliding reversal occurs. The static Young’s modulus and 

Poisson’s ratio would approach or even become equal to their dynamic equivalents at the 

turning point between stress load and stress unload (Plona and Cook, 1995; Fjær, 2019). As 

the stress unload continues, the strain always has a delayed response to the decreasing stress.   

 
Figure 7.11. Correlations between stress load and stress unload for (a) the static Young’s modulus and 

(b) the static Poisson’s ratio. Correlations between stress load and stress reload for (c) the static Young’s 

modulus and (d) the static Poisson’s ratio. The black dashed lines denote the 1:1 correlation.  

 

Additionally, following the well-known Kaiser effect, once the rock has experienced a 

stress load-unload cycle, it will not produce any new cracks in the process of stress reload 

until the stress exceeds the previous maximum stress level (Holcomb, 1993). This is one 
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possible explanation for the phenomena that in the process of stress reload, the static Young’s 

moduli and Poisson’s ratios initially follow the same trend as observed in the stress load.  

7.5. Summary 

The experimental results suggest that the dynamic and static properties of the organic-

rich Eagle Ford shale are heavily impacted by the intrinsic anisotropy, the anisotropic stress 

magnitude, and the stress history. From both dynamic and static aspects, at almost any stress 

condition, the bedding-parallel Young’s modulus is higher than the bedding-normal one. In 

contrast, Poisson’s ratios satisfy the relations: νHV > νVH > νHH, which are partly attributed to 

the relatively stiffer properties in the bedding-parallel direction than in the bedding-normal 

direction. 

Considering the complex microstructures in organic-rich shales, the applied stress, 

whatever in the bedding-normal or bedding-parallel directions, would induce not only elastic 

deformations but also viscoelastic or non-elastic deformations, such as micro-crack closure or 

open, frictional slips along grain boundaries or crack surfaces, which give rise to the nonlinear 

and hysteric behaviors in the stress-strain curves. Generally, the static measurements are more 

sensitive to the microstructural alternations than the dynamic measurements, caused by the 

significant strain amplitude differences. In a specific stress load orientation with respect to 

beddings, the dynamic Young’s modulus is the upper limit of the static equivalent. To some 

extent, the dynamic Poisson’s ratio is the lower limit of the static one. With elevated or 

decreasing stress, the static properties express more stress-sensitivity than the dynamic 

properties. Upon stress load, static moduli express dramatically decreasing trends while static 

Poisson’s ratios display somewhat increasing trends or unstable fluctuations. Moreover, 

because of the complex TI structure in organic-rich shales, with the elevated stress, different 
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non-elastic processes would be activated in the bedding-normal and bedding-parallel 

directions. As a result, the stress dependence of static properties differs a lot in the bedding-

normal and bedding-parallel directions.  

Some of the induced viscoelastic or non-elastic processes like frictional slips strongly 

rely on the stress load-unload-reload history. At the initial stress reversal, the reversed 

frictional sliding will not take place until the shear stress across the grain contact or crack 

surface is accumulated enough to overcome the static friction in the opposite direction. The 

delayed strain response to the negative stress increment results in a higher unloading static 

modulus and lower unloading static Poisson’s ratio in contrast to the loading ones. After the 

stress load-unload cycle, the rock almost recovers its original state and shows similar modulus 

or Poisson’s ratio upon stress reload to the same stress magnitude.   
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CONCLUSIONS 

1. Both dynamic and static tests in the laboratory measure the effective properties of 

rocks. However, due to the difference in strain amplitude of dynamic and static tests, they can 

record different information of rocks in consideration of the complex microstructure. In 

general, dynamic tests only reflect the elastic properties. In contrast, static tests, with more 

than two orders of magnitude greater strain amplitude, respond to the accumulations of the 

elastic, viscoelastic, and non-elastic properties, once a stress increment is applied to rocks. 

2. From the experimental aspect, whatever for the bulk or Young’s modulus, the 

dynamically derived one is characteristically greater than the static one at almost any stress 

condition. This experimental result is consistent with the previous conclusions in the 

literature. However, we find the static Poisson’s ratio for sandstones spans a wider range, 

exhibiting a lower value at the low-stress level and a higher value at the high-stress level in 

contrast to the dynamic Poisson’s ratio. For anisotropic shales, the experimental results 

suggest that all three static Poisson’s ratios are greater than their dynamic counterparts at 

almost any deviatoric stress level. 

3. The bedding orientation with respect to the applied stress direction in organic-rich 

shale would have significant impacts on the dynamic and static properties. The bedding-

parallel direction is generally stiffer than the bedding-normal direction. Therefore, it is 

reasonable to expect the bedding-parallel modulus to be greater than the bedding-normal one, 

both dynamically and statically. 

4. Static mechanical properties are more dependent on the applied stress magnitude 

and history. We owe this dependence to frictional sliding along grain boundaries or closed 

crack surfaces. In general, rocks behave elastically when the grains or cracks are held together 
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through static frictions. Once the applied stress makes the shear force at the grain contact area 

exceed the threshold value, static friction is converted to dynamic friction, which produces 

hysteresis and nonlinearity in the stress-strain curves. Due to the heterogeneity of sedimentary 

rocks, such frictional sliding events will progressively occur at different grain boundaries 

upon loading or unloading. However, at the initial unloading, the grains and cracks are held 

together through static frictions, causing the static properties to approach the dynamic ones. 

5. Over the geologic time scale, the formation rocks behave almost elastically 

underground. Considering the strong stress dependence of static properties, we propose two 

methods to determine elasticity in stress-strain curves. The first one is to set up minor stress 

cycles along the ascent and descent of the stress-strain curves. Static properties from minor 

stress cycles more closely approach their dynamic equivalents and are thus more 

representative of rock matrix elastic properties without the microstructural effects. The second 

one is to perform increasing-amplitude cyclic loading and unloading experiments on one field 

sandstone. Although there is hysteresis between the loading and unloading curves, we 

conclude that one portion should have similar elastic properties regardless of the numbers of 

loaded or unloaded stress cycles. This approach allows the evolution of static elastic 

properties upon cyclic loading and unloading to be documented in great detail, which is more 

effective than current approaches that are generally limited to the relatively linear stress-strain 

curve at around 50 % of the failure strength.  
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