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ABSTRACT 

Since 1970, it has been recognized that a large portion of deep earthquakes, including 

intermediate-depth (100~300km in depth) and deep-focus (>300km depth) deep earthquakes 

are found to radiate seismic energy differently (with non-double-couple radiation patterns). 

Motivated by these observations, I proposed and examined a hypothesis that the deep 

earthquakes are caused by shear faulting in a tilted transversely isotropic medium to produce 

these non-double-couple radiation patterns. I used the moment tensors from Global CMT 

catalog to invert for the in-situ anisotropic structure for 22 deep earthquake groups in 6 global 

subduction slabs. I found that the anisotropy enabled systematic production of the non-double-

couple radiation patterns with simple shear faulting. In most studied regions (for both depth 

between 100 km~300 km and >300km), the inverted TTI symmetry axes are almost 

perpendicular to the local slab interface. Among all the anisotropy parameters, the SH-wave 

anisotropy is best determined and has a typical value of 25% (5%-46%) which is strong. The 

inferred anisotropy can systematically explain the non-double-couple radiation pattern without 

invoking exotic source processes.  

  The second topic in my thesis is concerning the mixing of heterogeneities of variable 

seismic velocities. The Earth’s mantle has small scale heterogeneities caused by incomplete 

mixing of different rock constituents. Using the power spectrum of the Earth’s heterogeneities 

obtained in observations, I developed a novel method to invert for the volumetric proportion 

and velocities of the two mixing endmembers and to reconstruct the stochastic mixing structure 

for a binary mixing scenario. The method should find wide applications in many branches of 

geosciences. 



 vi 

 The third topic is on applying a novel machine learning algorithm to identify discrete 

fractures from the double-beam interference images. The ability to obtain discrete fracture 

network in space is a significant improvement over the traditional double-beam method which 

can only give average fracture orientation and density parameters.   
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1 Deep earthquakes hosted in highly anisotropic rock 

fabric of subducting slabs 

1.1 Introduction 

Deep earthquakes are defined as those deeper than ~60km. Below this depth in the Earth, 

normal mantle rock is ductile due to high temperature and high confining pressure; this inhibits 

brittle failure at typical mantle strain rates (Hacker et al., 2003). Yet about 30% of the global 

earthquakes from the International Seismological Centre (ISC) catalog (𝑚U ≥ 5.3) are deep 

earthquakes (Frohlich, 2006) associated with subducting slabs. In addition, a striking 

characteristic of deep earthquakes is that they radiate seismic energy differently from what 

would be expected by a planar shear dislocation rupture in a homogenous isotropic medium, 

producing a “double-couple (DC) radiation pattern” (Knopoff and Randall, 1970; Kuge and 

Kawakatsu, 1993; Julian et al., 1998; Richardson and Jordan, 2002; Frohlich, 2006; Houston, 

2015). Instead, seismic-wave energy radiation produced from most deep earthquakes shows an 

apparent deviation from the ideal double-couple behavior, called non-DC radiation. This 

apparent non-DC radiation pattern of deep earthquakes has been an ongoing research topic 

since the early 1970s (Knopoff and Randall, 1970). The non-DC components are ubiquitous for 

both intermediate-depth and deep-focus earthquakes (Kuge and Kawakatsu, 1993). 

 Apparent non-DC radiation patterns have previously been explained by ad hoc 

mechanisms for each particular earthquake (or for a set of earthquakes in a local region).  In 

most cases, they were attributed to complex source processes, which include, for example, 

faulting with multiple sub-faults (Frohlich, 1994; Kuge and Lay, 1994), phase assemblage 
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changes (Evison, 1963; Kirby, 1987; Green, 2007; Schubnel et al., 2013), and less frequently 

to lithologic heterogeneities or faulting in an anisotropic medium (Kawasaki and Tanimoto, 

1981; Vavrycuk, 2004).  While each of these can certainly cause the non-DC radiation, a 

systematic approach to understanding global non-DC slab earthquakes has been lacking. 

Vavrycuk (2004) proposed a procedure to use seismic radiation patterns to invert for 

orthorhombic anisotropy in the Tonga slab but the global application of this idea has not been 

explored.  

 In this chapter, I proposed and tested the hypothesis that pure shear-dislocation faulting in 

an anisotropic medium can systematically generate the observed apparent non-DC radiation 

patterns globally. In particular, I focused on a particular type of anisotropy with tilted 

transversely isotropic (TTI) symmetry, because it has the fewest degrees of freedom. A medium 

with such symmetry could be laminated fabric defined by aligned minerals (such as sheet 

silicates), and/or lithologic layering. The TTI anisotropy is characterized by five independent 

elastic constants plus two angles, 𝜃, 𝜑, for the orientation of the symmetry axis (not necessarily 

related to the slab orientation). The five constants are denoted by the P- and S-wave velocities 

propagating along the symmetry axis and three Thomsen parameters, 𝜀, 𝛾, 𝑎𝑛𝑑	𝛿 (Thomsen, 

1986), with ε measuring the P-wave anisotropy, γ the SH-wave anisotropy, and δ affecting 

both P and SV waves. Equivalently, the anisotropy may be characterized by e, g, and s  (the SV-

wave anisotropy), 

 In seismic wave radiation, an earthquake can be equivalently represented by a set of force 

couples, known as the moment tensor. A general moment tensor can be decomposed into the 

sum of a DC and a non-DC part, which includes a volumetric component and a Compensated 
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Linear Vector Dipole (CLVD) component (Knopoff and Randall, 1970; Julian et al., 1998). 

Since 1982, the Global Centroid-Moment-Tensor Project (CMT; initially known as the Harvard 

CMT) has been routinely publishing moment tensors inverted from long-period data on 

earthquakes recorded at seismic stations worldwide (Dziewonski et al., 1981; Julian et al., 1998; 

Ekström et al., 2012). In the CMT catalog, non-DC components are ubiquitous (Figure 1.1) and 

they are equivalent to the CLVD components because the volumetric components are assumed 

to be zero. The strength of the CLVD component is measured by the scalar fCLVD , defined in 

equation (1.5). 

 

Figure 1.1 (a) Histogram of   component for 10,909 moment tensors from the G CMT 

catalog for earthquakes with a depth greater than 50 km from 1976 to 2013. Only about 28% 

moment tensors have  and about 18% have . (b) Histogram of  

fCLVD

fCLVD < 0.05 fCLVD > 0.2 fCLVD
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for 1,057 moment tensors used in this study. About 41% moment tensors have CLVD 

component smaller than 0.05. 

 
 

1.2 Methods 

To test our hypothesis, I used the moment tensors from the Global CMT catalog to invert for 

the in situ seismic anisotropy around deep earthquakes. The assumptions are:  

(i). deep earthquakes are caused by the shear dislocation faulting mechanism;  

(ii). there is only one common type of TTI anisotropy for a group of earthquakes of 

neighboring positions in a slab.  

1.2.1 Theory 

 The inversion method is based on the explicit relationship between the moment tensor 𝑚[\ 

of an earthquake and the elastic stiffness constants 𝑐[\^_: 

   (1.1) 

with 𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3 representing three spatial directions (Aki and Richards, 2002). Here 𝑢 is 

the magnitude of the slip of the dislocation faulting, 𝑠 is the area of the slippage, 𝑛^ is the fault 

surface unit normal and 𝜈_ is the slip unit vector. (Repeated indices imply summation.) This 

standard theory assumes that the magnitude of 𝑢 is constant within the area 𝑠 (although a more 

realistic theory would assume that 𝑢 reduces smoothly to zero at the edges of 𝑠). 

mij = uscijklnkν l , i, j,k,l = 1,2,3
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1.2.2 Decomposition of moment tensor 

The 3-by-3 moment tensor 𝑚[\ is symmetric and has three eigenvalues, |Λg| ≥ |Λh| ≥ |Λi|. 

Without loss of generality, the full moment tensor 𝑚[\ in its eigen coordinate system can be 

decomposed into three parts (1.2): the isotropic part, the compensated linear vector dipole part 

(CLVD) and the double-couple part (DC). The deviatoric part of the moment tensor includes 

the latter two parts, CLVD and DC.  

, 

  (1.2) 

with:  

 .  (1.3) 

 For the full moment tensor, I followed the definition for the percentage of ISO, CLVD, 

and DC proposed by Vavrycuk (2005) as: 

  . (1.4) 
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 Since the isotropic components of moment tensors in the GCMT catalog are set to be zero, 

𝑓klmn was used to measure the non-DC departure from the ideal DC case (Julian et al., 1998): 

  . (1.5) 

 The 𝑓klmn ranges from -0.5 to 0.5, with a value 0 for a pure DC source mechanism. the 

two extreme values ±0.5 are for pure CLVD source mechanisms. Positive 𝑓klmn corresponds 

to extensional polarity for major dipole of the CLVD component (Julian et al., 1998). 

1.2.3 Inverting the source region anisotropic parameters using moment tensors: 

In order to invert for 𝑐[\^_ using 𝑚[\,  𝑢 and 𝑠 were set to be scalar 1 (thus 𝑚[\ is the normalized 

moment tensor). Equation (1.1) can then be rewritten as: 

 ,  (1.6) 

where the tensor: 

   (1.7) 

represents the fault geometry. For a pure shear fault, Trace(𝐝) = 𝐧 ∙ 𝛎 = 0. 

 Using the Voigt notation (Helnwein, 2001) to denote the tensors in equation (1.6): 

 Voigt notation: 𝑖𝑗 → 𝛼: 11 → 1, 22 → 2, 33 → 3, 12 → 6, 13 → 5, 23 → 4, 

the 3-by-3 tensors 𝐦 and 𝐝 can be rewritten as 6-by-1column matrices 𝐌 and 𝐃. The 4-rank 

elastic tensor 𝐜 can be written as a 6-by-6 matrix 𝐂. Equation (1.6) can be rewritten as: 

 ,  (1.8) 

fCLVD =
1
2
CLVD = −

Λ3

Λ1

mij =
1
2
cijkl nkν l + nlν k( ) = cijkldkl

dkl =
1
2
nkν l + nlν k( )

M = CD
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where: 

  , (1.9) 

where superscript 𝑇 represents the transpose. 

 Because the trace of a moment tensor (which represents the isotropic component of 

moment tensor) from the CMT catalog is constrained to be zero in the routine inversion 

procedure, the moment tensor in the CMT catalog represents only the deviatoric part 𝑚[\
∗  of the 

‘full’ moment tensor 𝑚[\ such that: 

 .  (1.10) 

 To invert for the anisotropic parameters only within the deviatoric subspace of moment 

tensor, the deviatoric elastic tensor: 

   (1.11) 

is defined to explicitly impose the constraint that the isotropic component of moment tensor is 

zero.  

 I defined the Voigt equivalents of the 4-rank tensor 𝐛 and the deviatoric 3-by-3 moment 

tensor 𝐦∗ to be the 6-by-6 symmetric matrix 𝐁 and 6-by-1 column vector 𝐌∗. The equation 

(1.8) for inverting source region anisotropic parameters using moment tensors becomes: 

 ,  (1.12) 

where matrix 𝐁 has the following relationship with matrix 𝐂: 

   (1.13) 

D = n1v1, n2v2 , n3v3, n2v3 + n3v2 , n3v1 + n1v3, n1v2 + n2v1( )T

mij
* = mij −

1
3
δ ijTrace(m) = cijkl −

1
3
δ ijδ pqcpqkl

⎛
⎝⎜

⎞
⎠⎟
dkl

bijkl = cijkl −
1
3
δ ijδ pqcpqkl

M* = BD

Bαβ = Cαβ −
1
3
δ1α +δ 2α +δ3α( ) C1β +C2β +C3β( ), α ,β = 1,2,...,6
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1.2.4 Elastic tensor in a TTI medium 

For a vertical transversely isotropic (VTI) medium, the five independent elastic constants in 

the 𝑐[\^_ (subscript 3 denotes the direction of symmetry axis) can be simplified in notation 

𝐶gg, 𝐶ii, 𝐶��, 𝐶��, 𝐶gi. For example, 𝑐gghh becomes 𝐶gh and 𝑐ghhi becomes 𝐶��, etc. Thus 

equation (1.8) is equivalent to: 

 .  (1.14) 

The Thomsen parameters (Thomsen, 1986) are defined as:  

 ,  (1.15) 

where 𝜀 represents P-wave anisotropy strength, 𝛾 represents SH-wave anisotropy strength and 

𝛿  affects both P-wave and SV-wave anisotropy. The parameters 𝜀  and 𝛿  cannot be well-

determined from the inversion. But their combination 𝜀 − 𝛿 can be reasonably estimated if 𝜀 is 

large and 𝛿  is negative (see section 1.6.2). We thus further calculated the parameter 𝜎 

(Thomsen, 1986) which represents SV-wave anisotropy: 

   (1.16) 

 The TTI medium has two more degrees of freedom (orientation) compared to the VTI 

medium. Its elastic tensor can be obtained by rotating the symmetry axis of VTI medium by 
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two angles: the dipping angle 𝜃 and the azimuth angle 𝜙. Suppose the 3-by-3 rotation tensor is 

𝑟(𝜃, 𝜙), the rotated 4-rank tensor for TTI medium is: 

 .  (1.17) 

 Equivalently, the Bond transformation (Winterstein, 1990) converts the VTI medium to 

the TTI medium: 

 ,  (1.18) 

where the Bond transformation matrix 𝐍 is defined as: 

  .

  (1.19) 

 During the inversion, I fixed the P-wave and S-wave velocities along the TTI symmetry 

axis. Thus, there are 5 unknown anisotropic, including 3 Thomsen parameters, and 2 angle 

parameters for the TTI symmetry axis. 

 In practice, I put neighboring deep earthquakes that are close to each other (in space) into 

one inversion group and assumed they are in a common TTI anisotropic medium. If there are 

𝑁  earthquakes in a group, there are 5𝑁  constraints (5 independent components of the N 

deviatoric moment tensors) but (5 + 3𝑁) degrees of freedom since each shear fault plane has 

three degrees of freedom (strike, dip, rake). In principle, the elastic tensor can be determined 
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when 𝑁 ≥ 3. I will show that not all parameters can be equally resolved. In our inversion, the 

most robustly determined parameter is the SH anisotropy g	 and (with less confidence) the SV 

anisotropy s. 

1.2.5 Two-step in situ anisotropy inversion using earthquake moment tensors 

I applied a two-step inversion method for each earthquake group, in which I first determined 

the TTI symmetry axis and then inverted for the shear anisotropy parameters. To estimate the 

statistical errors in the inverted 𝛾 for each earthquake group, I used the bootstrap method (Efron 

and Tibshirani, 1994) where I generated 100 bootstrap samples by randomly sampling 

earthquakes (with replacement), and calculated the mean value and the standard error for the 

100 inverted 𝛾 values. I also tested the two-step inversion method and verified its robustness. 

 In Step 1, I used moment tensors and an assumed set of anisotropic parameters to 

determine dyadic tensor d. If the anisotropic parameter is close to the ‘correct’ one, the dyadic 

tensor d should be close to nv+vn and its determinant should be close to zero. For each 

earthquake group I found the optimized TTI symmetry axis that minimized the misfit function, 

which is the sum of absolute determinants of inverted fault geometry matrices (Vavrycuk, 2004) 

   (1.20) 

for all moment tensors (indexed by j) within the earthquake group, where the fault geometry 

matrices 𝐝(\) are inverted using equation (1.12). 

 During the inversion, 𝐶ii, 𝐶�� were density normalized and were fixed according to the 

averaged P and S wave velocities derived from the preliminary reference earth model (PREM) 

(Dziewonski and Anderson, 1981) based on the focal depths in the group with a 5% increase to 

Δ1 = Det d j( )( )
j
∑
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account for the high-velocity anomaly in the slab (Zhou, 1990; Zhao, 2004). I then grid-

searched for the TTI symmetry axis and randomly searched for elastic constants within the 

range defined by the Thomsen parameters to minimize the misfit function Δg.  

 In Step 2, I fixed the TTI symmetry axis obtained in the first step, and optimized the 

Thomsen parameters by randomly searching for elastic constants within the range defined by 

the three Thomsen parameters, and minimizing a new misfit between the eigenvectors and 

eigenvalues of observed and synthetic normalized moment tensors (square sum of all elements 

equals one). The new misfit function is defined as:  

 ,  (1.21) 

where  

 ,  (1.22) 

and  

 .  (1.23) 

 Here, the 𝐕’s and Λ�’s represent the unit eigenvectors and the corresponding eigenvalues 

of the normalized moment tensor. These are indexed by subscript 1, 2, and 3 such that |Λg���	| ≥

|Λh���| ≥ |Λi���|. The sums are over all earthquakes in a group. Superscripts "𝑠(𝑗)" and "𝑜(𝑗)" are 

for the 𝑗��  synthetic and observed moment tensor, respectively. The weighting factor 100 

before eigenvalue Λi��� in 𝜒h  aims to bring the contribution of the eigenvalue with smallest 

absolute value to reach the same magnitude as Λg��� and Λh���. The eigenvectors and eigenvalues 
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are normalized, such that |V1|=|V2|=|V3|=1, and Λ�gh + Λ�hh + Λ�ih=1 to make 𝜒g  and 𝜒h   have 

similar contribution to the misfit function. I also tried other relative weighting schemes and 

found that the results are essentially the same. This new misfit function Δh is independent of 

the coordinate system and it describes the difference between our synthetic moment tensors and 

the observed ones. When the misfit function is minimized, the best-fit Thomsen parameters and 

shear dislocation faulting geometry are determined. 

1.3 Synthetic tests of the inversion method 

I used fault geometry from earthquakes in the intermediate depth deep earthquake group in 

Tonga from the CMT catalog and assumed a TTI anisotropy in the source region. The Thomsen 

parameters were set to be 𝜀 = 35%, 𝛾 = 40%, 𝛿 = −20%  𝐶ii  and 𝐶��  were density 

normalized and set to be 𝐶ii = 100, 𝐶�� = 30 km2/s2 and the TTI symmetry axis was oriented 

at  𝜃 = 60˚ and 𝜙 = 300˚. 10% random Gaussian perturbation is added to 𝐶ii  and 𝐶��  to 

represent velocity variations with depth of different events, while 0%, 10% and 20% Gaussian 

noise were added to synthetic moment tensors respectively to represent the error in the observed 

moment tensor. I used Gaussian noise because the Global CMT catalog assumes the error in 

inverted moment tensors to be Gaussian distribution (Dziewonski et al., 1981). However, this 

assumption is not entirely valid. The discrepancy between the real Earth and the model, and 

deviation between point source model and a source distributed in time and space may lead to 

systematic errors.  

 I applied the two-step inversion method to the noise-contaminated moment tensors. In 

Step 1, our inverted optimized TTI symmetry axis coincided with the real TTI symmetry axis 
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for all three cases (Figure 1.2). In Step 2, I used the misfit 𝛥h and randomly searched for the 

optimized elastic constants within the range of Thomsen parameters at the TTI symmetry axis 

obtained in Step 1. I applied the bootstrap test with 100 bootstrap samples, and obtained 𝜀 =

47 ± 9%, 𝛾 = 37 ± 3%, 𝛿 = −15 ± 8%, 𝜀 − 𝛿 = 61 ± 8%  for noise-free case, 𝜀 = 44 ±

10%, 𝛾 = 32 ± 6%, 𝛿 = −13 ± 8%, 𝜀 − 𝛿 = 58 ± 8% for the 10% noise case and 𝜀 = 39 ±

13%, 𝛾 = 27 ± 8%, 𝛿 = −9 ± 11%, 𝜀 − 𝛿 = 48 ± 7% for the 20% noise case (Figure 1.3). 

Here the error is the standard deviation (±1𝜎) obtained from the bootstrap. The percentage 

error represents one standard deviation. I noted that not all anisotropy parameters can be equally 

resolved (even in the isotropic medium, only the shear modulus plays a role in the moment 

tensor). In our case, the shear anisotropy, 𝛾, is the best-resolved anisotropy parameter. The 

combination parameter 𝜀 − 𝛿 can also be reasonably estimated.  

 Note, in Figure 1.2 the local minimum in the northeast quadrant has a misfit about twice 

that of the global minimum in the southeast quadrant. If this local minimum had values of misfit 

more comparable to those of the global minimum, it would lead to ambiguity of orientation, as 

described in section 1.4.2. 

 

Figure 1.2 Lower hemispheric stereographic projection of the normalized misfit D1(𝜃, 𝜙) in 

Step 1 with different noise levels (a, b, c). Here 𝜙 is the azimuth of the anisotropy symmetry 
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axis and 𝜃 is 90° subtracting the plunge angle of the axis. These plots show the stereographic 

projection of misfit for different TTI symmetry axes (𝜃, 𝜙). The white dot represents the 

intersection between the true TTI symmetry axis in the model and the lower hemisphere. (a) 

Misfit D1 using moment tensors with no noise. (b) Misfit D1 using moment tensors with 10% 

Gaussian noise. (c) Misfit D1 using moment tensors with 20% Gaussian noise. 

 

Figure 1.3 Histograms of inverted Thomsen parameters 𝜀, 𝛾, 𝛿, and 𝜀 − 𝛿 using the bootstrap 

samples in Step 2 of the synthetic test. I randomly searched for the optimized elastic constants 

within the searching range of Thomsen parameters and calculated the corresponding Thomsen 

parameters at the TTI symmetry axis inverted in Step 1. These plots show the histograms of 𝜀, 
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𝛾, 𝛿, and 𝜀 − 𝛿 values for the bootstrap method with 100 bootstrap samples. (a-d) Histograms 

of 𝜀, 𝛾, 𝛿, and 𝜀 − 𝛿 for moment tensors with no noise. (e-h) Histograms of 𝜀, 𝛾, 𝛿, and 𝜀 − 𝛿 

for moment tensors with 10% Gaussian noise. (i-l) Histograms of 𝜀, 𝛾, 𝛿, and 𝜀 − 𝛿 for moment 

tensors with 20% Gaussian noise. 

1.4 Strong in-situ anisotropy revealed by deep earthquake moment tensors 

in six global subduction zones 

1.4.1 Data selection 

I used the moment tensors from the CMT catalog from 1976 to 2013 for earthquakes of depths 

greater than 100 km and moment magnitude 𝑀�  between 5 and 6.6 (Vavrycuk, 2004) in 6 

global subduction zones (Figure 1.4). The fault area of an 𝑀� 6.6 earthquake is about 400	km2 

(Leonard, 2010). To select well-determined moment tensors, I followed the criteria by both 

Vavrycuk (2004) and Frohlich and Davis (1999) for ‘well-determined’ moment tensors: the 

relative error in the inverted moment tensor should not be larger than 15% and the relative 

CLVD strength should not be larger than 0.2 (theoretical maximum is 0.5). Deep earthquakes 

with very large CLVD (|𝑓klmn| > 0.2) occurred mostly in two localized deep-focus regions 

(TG6 & 8) in Tonga subduction slab in our study. Further detailed study on events with very 

large 𝑓klmn should be done in the future. I further selected events associated with at least 15 

recording seismic stations for well-determined moment tensors. I finally selected those 

earthquakes around the subducting slab interface (Gudmundsson and Sambridge, 1998) 

(distance less than 55km) to form earthquake groups by their spatial proximity in this study. 

This has resulted in 22 earthquake groups globally, each group having a similar spatial scale to 
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the regional study by Vavrycuk (2004).The selected earthquakes possess large non-double-

couple (CLVD) components (Figure 1.1b).  

 

Figure 1.4 Global map view of all 6 subduction regions in this study. The colored patches here 

represent the subducting slab interfaces. The color changing from light green to pink represent 

depth from shallow to deep. Blue dots represent all 1,057 deep earthquakes used in this study. 

1.4.2 Inverted anisotropy around deep earthquakes  

I inverted for the TTI symmetry axis, the SH-wave anisotropy 𝛾, and SV-anisotropy 𝜎 for 6 

subduction zone systems: Tonga (TG), Vanuatu (VA), Molucca (MO), Indonesia (IND), 

Mariana-Japan-Kuriles (MJK), and Aleutians (AL) using selected moment tensors (Figure 1.4). 

For 18 out of the 22 studied earthquake groups (Figure 1.5; Figure 1.6), the symmetry axes are 

almost perpendicular to the slab interface (Figure 1.5; Figure 1.6; Figure 1.8a). However, there 

are three deep-focus regions, whose inverted symmetry axes are parallel to the slab interface 

(Figure 1.5; Figure 1.6; Figure 1.8a) and coincide with the maximum compression axes (the P 

axis, downdip) of the stress in the slab (Figure 1.9). These groups are MJK6 and MJK7 in 

Mariana-Japan-Kuriles and TG8 in Tonga (Figure 1.5; Figure 1.6). The anisotropy symmetry 
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axis for MJK4 is 45˚ from the normal to the slab interface (Figure 1.5; Figure 1.6; Figure 1.8a) 

but the corresponding 𝛾 and 𝜎 is weak. Overall, the TTI symmetry axis orientations of most 

subducted oceanic lithosphere indicate a dominant planar fabric orientated parallel to the slab 

interface. 

 The inverted SH anisotropy 𝛾 for the 22 earthquake groups is from 6% (MJK4; Marianas) 

to 46% (Figure 1.8b; Table 1.1). The mean and median values for this population are about 

28%, which corresponds to a 25% difference between the SH-wave speeds along fastest and 

slowest direction. I also performed the inversion and obtained similar results (Figure 1.11) using 

a different moment tensor selection criterion where the relative error in the moment tensor 

defined by Vavrycuk (2004) is less than 10%.  

 The 𝜀 and 𝛿 are not well determined. However, the parameter 𝜎 approximately follows a 

normal distribution. The value of 𝜎 is from 31% to 84% with a typical mean value of 60% and 

an standard deviation of about 31% (Figure 1.8c, Table 1.1), which corresponds to a 15% 

difference between the SV-wave speeds along fastest and slowest direction.  

 There is no observable depth dependence to 𝛾 or TTI symmetry axis orientation (Figure 

1.8a-b) nor relationship between anisotropy orientation and 𝛾  or 𝜎  (Figure 1.10a-b).There 

seems to be a weak trend that deeper earthquakes have larger values for 𝜎 (Figure 1.8c). For 

the relationship between 𝛾 and 𝜎, there seems to be an negative correlation between these two 

S-wave anisotropy parameters, especially for TG groups (except for TG1) and MJK groups 

(except for MJK4) (Figure 1.8d). This interesting observation may be more study in the future.  

 To verify that the inverted TTI anisotropy can indeed cause the observed apparent non-

DC radiation, I modeled the radiation pattern of each shear-dislocation earthquake using its 
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best-fit dislocation geometry embedded in the inverted TTI anisotropy. I found that the 

observed patterns could be well reproduced despite a variety of faulting geometries (Figure 

1.7a). I also found that the apparent CLVD components of the modeled moment tensors are 

linearly correlated (the slope of the regression line is ~0.96) to those of the observed moment 

tensors (Figure 1.7b). Note that the TTI model simultaneously explained both large and small 

CLVD values, which suggests that the anisotropy around the deep earthquakes can be 

responsible for the non-DC radiation worldwide. Unlike the widely used source-side shear wave 

splitting technique which assumes that the S-wave motion in the source is linear polarization, 

which is true only for the double-couple point source in an isotropic medium (Vinnik and Kind, 

1993; Lynner and Long, 2014; Nowacki et al., 2015), the present method uses events with both 

DC mechanism and non-DC mechanism to directly evaluate the in situ anisotropy locally 

around the deep earthquakes, thus providing new information for understanding slab structure 

hosting deep earthquakes. Given the large estimated anisotropy values, the anisotropy region 

around the earthquakes is likely to be small in dimension (~10-20 km) to be consistent with a 

typical shear-wave splitting delay time measurement (~1 s) (Long, 2013) and other results from 

global studies (Yuan and Beghein, 2013; Chang et al., 2015).  
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Figure 1.5 Inverted TTI anisotropy symmetry axes (colored arrowheads) with respect to slab 

geometry. (a), MJK earthquake groups 1–7. (b), AL groups 1 and 2. (c), TG groups 1–8. (d), 

VA groups 1 and 2. (e), MO groups 1 and 2. (f), IND group 1. Light green surfaces are the 

subducting slabs21. Gray dashed lines are depth contour lines (every 100 km from the Earth’s 

surface). Earthquakes (colored dots) are divided into different groups with different colors 

indexed by the corresponding group numbers shown in the open boxes (intermediate depth) as 

well as the shaded boxes (deep focus). 
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Figure 1.6 (a-v) 2-D vertical cross-sections of 22 regions in our study. Each cross-section 

contains the center and the slab normal for each deep earthquake group. The gray circles 

represent deep earthquakes projected on the cross-section plane. The bold black lines represent 
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the intersections of the slab interfaces by Gudmundsson and Sambridge (1998) and the cross-

section planes. The red arrows represent the projection of inverted TTI anisotropy symmetry 

axes on the cross-section planes, and the blue arrows represent the normal of the slab interfaces 

in each region. The background P-wave tomographic model is created from the GAP_P4 Model 

by Fukao and Obayashi (2013). The color scale is ±1.5% in P-wave velocity perturbation 

where the red represents slower and blue represents faster regions. 

 

Figure 1.7 Apparent non-DC events caused by shear dislocations in anisotropic media. (a), 

Comparison between the observed and synthetic radiation patterns (‘beach ball’ representations 

of the lower hemispheric stereographic projection of the P-wave initial motion) for eight 

randomly selected earthquakes in the TG4 group. The grey regions represent outward motion 

and the white regions represent inward motion. The observed beach balls are from the CMT 

catalogue. The synthetic beach balls were modelled using the inverted anisotropy and best-fit 

shear dislocation faulting geometry for each event. The synthetic beach balls fit the observed 

ones well. (b) Cross-plot between the apparent CLVD components of observed moment tensors 
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and those of synthetic moment tensors for all the earthquakes in 22 earthquake groups. Each 

circle represents one earthquake. The red line is the orthogonal regression line for all 1,057 

earthquakes in this study. 

 

Figure 1.8 Summary of inverted anisotropy parameters. (a) The angles between TTI symmetry 

axes and the normal directions of the slab interfaces in all studied regions. See Figure 1.5 for 

groups’ names. (b) The anisotropy strength	𝛾 in all studied regions. Horizontal lines represent 

depth ranges of different earthquake groups. (c) The anisotropy strength	𝜎 in all studied regions. 

Horizontal lines represent depth ranges of different earthquake groups. (d) Relationship 

between 𝛾 and 𝜎. The background gray-colored circle represents the mean earthquake depth in 

the corresponding group. 
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Figure 1.9 PBT axes (P: maximum compression axis, T: tension axis, B: perpendicular to P and 

T axes) and inverted anisotropy symmetry axes (red star) plotted on a stereographic projection 

of the lower hemisphere, for all six deep-focus earthquake groups including: (a) MJK6, (b) 

MJK7, (c) TG8, (d) MO2 (e) TG6 and (f) TG7. The black solid line represents the slab interface. 



 24 

 

Figure 1.10 Cross plot between inverted (a) γ values and TTI symmetry axis angles and (b) 𝜎 

values and TTI symmetry axis angles for all 22 groups (black circles) in this study. No clear 

trends between γ or 𝜎 values and angles are found. 
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Figure 1.11 Inversion results of reselected earthquakes following the more strict criteria where 

the relative error in the moment tensors defined by Vavrycuk (2004) is less than 10%. (a) 

Comparison between number of reselected earthquakes (New Events) and earthquakes used in 

this study (Original Events) for all 22 groups. The number of all reselected earthquakes is 762. 

(b) Comparison of angles between inverted TTI symmetry axes and the corresponding slab 

normal for reselected earthquakes (New Angles) and earthquakes used in this study (Original 

Angles) for all 22 groups. (c) Comparison between inverted γ  values from reselected 

earthquakes (New Results) and from earthquakes used in this study (Original Results) for all 

22 groups. The mean and median values for new γ values are about 27.5%. (d) Cross plot 

between apparent CLVD components of observed MTs and those of synthetic MTs for all 

reselected earthquakes in 22 earthquake groups. The red line is the orthogonal regression line 

for all 762 reselected earthquakes with a slope of about 0.96. (e) Rose diagram to show angles 

between P, B, and T axes of the synthetic moment tensors and those of the observed moment 

tensors for all reselected earthquakes. Those three grey arrows represent the 0˚ angles between 

P, B, and T axes of the synthetic moment tensors and those of the observed moment tensors. 
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Earthquake 
Group 

𝛾 ± 𝑑𝛾 𝜎 ± 𝑑𝜎 TTI Symmetry 
axes (𝜃, 𝜙) 

Number of 
earthquakes 

Ambiguity 
in TTI symmetry axis? 

MJK1 33±5% 57±32% (44±5˚, 301±4˚) 42 No 
MJK2 22±7% 59±34% (48±5˚, 314±6˚) 19 Yes (89%) 

(60˚, 170˚) 
MJK3 34±7% 41±31% (56±3˚, 256±7˚) 19 No 
MJK4 6±5% 31±35% (67±3˚, 209±3˚) 32 No 
MJK5 27±5% 53±32% (58±4˚, 312±8˚) 31 No 
MJK6 15±2% 61±28% (24±5˚, 93±6˚) 49 No 
MJK7 25±5% 74±31% (64±4˚, 96±2˚) 22 No 
AL1 35±6% 59±33% (45±5˚, 355±6˚) 22 No 
AL2 36±5% 51±28% (41±5˚, 295±6˚) 22 No 
TG1 24 ±5% 58±32% (64±7˚, 299±7˚) 25 Yes (96%) 

(40˚,110˚) 
TG2 26±2% 70±33% (75±11˚, 283±6˚) 29 No 
TG3 27±3% 72±33% (65±4˚, 277±3˚) 56 No 
TG4 30±3% 66±31% (58±3˚, 302±4˚) 79 No 
TG5 35±4% 64±35% (54±3˚, 304±4˚) 85 No 
TG6 30±4% 64±35% (43±5˚, 261±3˚) 104 No 
TG7 46±4% 53±33% (58±7˚, 281±5˚) 33 No 
TG8 23±2% 75±28% (37±3˚, 130±4˚) 136 No 
VA1 25±5% 57±31% (61±7˚, 66±6˚) 57 No 
VA2 14±3% 70±25% (56±7˚, 77±6˚) 92 No 
MO1 29±4% 65±31% (51±6˚, 286±6˚) 41 No 
MO2 30±4% 84±29% (56±4˚, 270±5˚) 25 No 
IND1 31±5% 48±32% (56±7˚, 341±6˚) 37 No 

 

Table 1.1 Inverted 𝛾 ,𝜎, TTI symmetry axes orientation, and number of earthquakes used in 

inversion for all 22 studied groups. The angles, 𝜃 and 𝜙, include the mean value and standard 

error calculated from 50 bootstrap samples. The 𝛾 and 𝜎 show the mean values and standard 

errors 𝑑𝛾 and 𝑑𝜎 calculated from the results of 100 bootstrap samples. The last column shows 

whether there exists ambiguity in the orientation of TTI symmetry axes. None represents no 

ambiguity. The angles in the last column represent an alternative orientation of the TTI 
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symmetry axis. For MJK2, the local minimum/global minimum is about ~89%.  For TG1, the 

local minimum/global minimum is about ~96%.  

1.4.3 Anisotropy around intermediate-depth deep earthquakes 

At depths less than 300km, the global consistency of the inverted anisotropy symmetry axes 

(Figure 1.8a; Figure 1.12) (perpendicular to the slab interface) and the associated large shear 

anisotropy, regardless of the subduction age, rate, and slab dip angles (Syracuse et al., 2010), 

suggests common mechanisms to generate the inverted anisotropy. The commonly invoked 

mechanism for anisotropy in the mantle (preferred alignment of olivine and/or pyroxene 

orientation formed as a result of mantle flow or shearing (Karato et al., 2008)) is far too weak 

to explain the observed values here (Jung et al., 2009; Jung et al., 2010).  

 The inverted anisotropy values for depths less than 300km are mostly consistent with 

aligned fluid or mineral inclusions (1.4.5) and hydrous minerals such as highly anisotropic sheet 

silicates (Mainprice and Ildefonse, 2009) and carbonate minerals (e.g. magnesite) (Yang et al., 

2014). All of these assemblages are expected to have large shear anisotropy values (Mainprice 

and Ildefonse, 2009; Brownlee et al., 2013) and the expected overall slab-parallel foliation 

orientation is consistent with the inverted anisotropy symmetry axis and the large values of 

inverted anisotropy. The cause of the intermediate-depth earthquakes has long been speculated 

as being due to dehydration. The argument is mainly based on the experimentally observed 

dehydration embrittlement phenomenon (Raleigh and Paterson, 1965; Hacker et al., 2003). This 

work provides new independent supporting evidence to corroborate the dehydration 

embrittlement as a viable mechanism for generating intermediate-depth earthquakes by 

showing the existence of such anisotropy structure around these earthquakes.  
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1.4.4 Anisotropy around deep-focus deep earthquakes 

At depths greater than 300km, there are 6 groups of deep-focus earthquakes. Three of them, 

TG6, TG7, and MO2, have TTI symmetry axes perpendicular to the slab (Figure 1.8a; Figure 

1.12b) and the other three, MJK6, MJK7, and TG8, have axes that are parallel to the slab, 

downdip (Figure 1.8a; Figure 1.12c). For the latter 3 groups, I emphasize that the inverted 

anisotropy symmetry axes are along the maximum compression axes (P axis) for the 

earthquakes (Figure 1.9a-c). The uniformity of the P axes indicates uniform downdip stress 

field. The overlapping regions between our studied regions (MJK6 and TG8) and those in 

Nowacki’s study (Nowacki et al., 2015) share similar anisotropy orientations. 

 For deep-focus earthquakes (depths > 300km), the polymorphic olivine-spinel phase 

change has been widely proposed to explain their mechanism (Green et al., 2010). Under 

deviatoric stress, the microscopic spinel lenses (anticracks) display a strong tendency for their 

long axes to lie perpendicular to the P axis, which fits the latter 3 groups but not the first three. 

Given the seismic velocity difference between olivine and the spinel (~5%) (Bina and Wood, 

1987), the expected anisotropy should be on the order of ~5%, not the ~25% mean S-wave 

anisotropy observed by us. Therefore, the anisotropy inferred by us cannot be produced by the 

metastable olivine phase change alone.  

 Magnesite, a major carbon host in subducted slab components under locally oxidized 

(oxygen fugacity > 2 log units above the iron‐wüstite oxygen buffer; see ref. (Stagno et al., 

2011)) mantle conditions, has a mechanical strength orders of magnitude weaker than peridotite 

and has been suggested to cause deep-focus earthquakes via ductile-brittle instabilities 

(Holyoke et al., 2014). In addition, the single-crystal magnesite S-wave anisotropy has been 
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measured to be around 40% (Yang et al., 2014). Melting of subducted carbonate under these 

relatively oxidized slab conditions (Thomson et al., 2016) could also generate strength 

instabilities that trigger deep-focus earthquakes. To explain the TTI symmetry axis orientations 

for the six deep-focus earthquake groups, it is possible that some of the laminated fabric 

structure formed at <300km depth can persist to the bottom of the mantle transition zone and 

form the observed anisotropy for the first 3 deep-focus groups (Figure 1.12b). But for the latter 

3 groups, the coincidence among the anisotropy symmetry axes, the slab dip directions, and the 

uniformity of the maximum compression axes, suggests the anisotropy there may be strongly 

controlled by the stress in the subducting slab. Regions MJK6, MJK7, and TG8 have more 

concentrated dip-parallel principal compressive stress directions (σ1), indicating strong and 

uniform differential stress field. Recent seismic tomographic results (Fukao and Obayashi, 2013) 

showed trapped or contorted slab geometries in the mantle transition zone in these three regions 

(Figure 1.6). However, all the earthquakes in these 3 regions are not in the flattened portions of 

the slab (Figure 1.6). Such a geometric contortion may 1) locally change the rock fabric 

orientation due to slab buckling, which cannot be resolved by the current tomographic 

resolution, or 2) indicate strong resistance to slab penetration into the lower mantle. In the 

following, I focus on the second possibility. This strong stress field could transpose magnesite-

rich layers into flat inclusions through a pure to subsimple shear process, which at sufficient 

strain rates, can generate an overall TTI symmetry axis sub-parallel to the slab dip direction 

(Figure 1.12c). If the carbonate was melting, the uniform compressive stress (σ1) field along 

the dip-parallel direction could possibly produce compaction-driven, oblate melt segregations 

perpendicular to σ1 (Veveakis et al., 2015; Weinberg et al., 2015) at these high confining 

pressures within the slab. These slab perpendicular melt segregations could, in aggregate, result 
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in the observed slab parallel TTI symmetry axes and anisotropy.  Magnesite and/or carbonate 

melt could both generate the required anisotropy and provide failure mechanisms for the 

occurrence of deep-focus earthquakes. Oblate solid aggregates or carbonatite melt phases 

around deep earthquakes in a subducted slab may be responsible for the observed anisotropy 

and apparent non-DC seismic radiation patterns of deep-focus earthquakes. 

 

Figure 1.12 Schematic diagram of the origin of anisotropy. The gray dotted line represents our 

division between intermediate-depth and deep-focus earthquake events; the dark green dashed 

line represents the 410km phase change boundary. Short blue lines in the downgoing slab 

represent the inferred fabric in the slab. (a) The red stars represent intermediate-depth 
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earthquake groups with inverted TTI symmetry axes perpendicular to the slab interface. (b) The 

purple stars represent deep-focus earthquake groups with inverted TTI symmetry axes 

perpendicular to the slab interface. (c) And the black stars represent the deep-focus earthquake 

groups with TTI symmetry axes parallel to the slab interface.  

1.4.5 Rock physics model for large shear anisotropy  

Aligned inclusions (solid or liquid) can cause effective seismic anisotropy. I assumed perfectly 

aligned penny-shape inclusions in our discussion, which was also commonly done in previous 

studies. If the inclusions are weak in mechanical strength such as for the fluid/melt inclusions, 

the effective anisotropy strength depends on both the volume fraction 𝜙 of the inclusions and 

the aspect ratio e (thickness/diameter) of the inclusion geometry. Based on Eshelby-Cheng’s 

model (Cheng, 1993; Thomsen, 1995), for a medium with Poisson’s ratio equals 0.25, the shear 

anisotropy Thomsen parameter is 𝛾~ �
�
𝜂� where 𝜂� is called the ‘crack density’ and is defined 

as 𝜂� =
i
��

�
�
. If 𝜙 is 2% and the aspect ratio 𝑒 is 0.01, 𝛾 is about 0.5. It is possible that inside 

the Earth 𝑒 may be smaller, so we need even less inclusion volume to have a large anisotropy. 

Our above calculation is also valid for magnesite solid inclusions, as the magnesite strength is 

orders of magnitude smaller than the hosting rock. Imperfect alignment of the orientation of 

inclusions may also decrease the 𝛾 to our observed values.  

1.4.6 Relationship between moment magnitude and   values 

From the selected deep earthquakes, it appears that deep earthquake events with larger moment 

magnitude (M  from 6.2 to 6.6) tend to have smaller magnitude of 𝑓klmn compared with those 

with smaller moment magnitudes (M   from 5 to 5.4) (Figure 1.13). What causes this 

fCLVD
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phenomenon? One possible explanation may be that the in-situ anisotropy is a localized small-

scale feature. Using an empirical relationship  (Leonard, 2010) between the length L and width 

W of a rectangular fault and its seismic moment: 

  , (1.24) 

where 𝑀¡ is the seismic moment, and 𝐴 is the fault area; 𝐶g=17.5𝑚
£
¤ and 𝐶h = 3.8 × 10¥¦ are 

the constants used in scaling relations; 𝜇 = 3.3 × 10g¡𝑁/𝑚h is the shear modulus; together 

with the relationship between the seismic moment and the moment magnitude (Leonard, 

2010): 

  , (1.25) 

the fault dimension for deep earthquakes with different moment magnitudes can be estimated 

(Figure 1.14). 

 The dimension for an earthquake with moment magnitude 6.2 is estimated to be 

15𝑘𝑚 × 10𝑘𝑚. The dimension of the intra-slab anisotropic structure may also be of a similar 

scale. 
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Figure 1.13 Relationship between the moment magnitude and  value for the selected 1057 

deep earthquakes. (a-d)  histogram of deep earthquakes within different moment 

magnitude ranges (a) MW between 5.0 and 5.4. (b) MW between 5.4 and 5.8. (c) MW between 

fCLVD

fCLVD
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5.8 and 6.2. (d) MW between 6.2 and 6.6. (e) Probability distribution within different -MW 

bins. The bin interval for MW is 0.4 and bin interval for  is 0.02. Each magenta scatter 

represents one selected deep earthquake. 

 

Figure 1.14 Rectangular fault dimension for different moment magnitude. The red solid line 

represents the length of the fault. The blue dashed line represents the width of the fault. 

1.5 A regional study using F-net moment tensors 

In this section, I applied the method to invert for in-situ anisotropy (intra-slab anisotropy) in 

subducting slab using the F-net moment tensor dataset (Kubo et al., 2002). I selected earthquake 

events with magnitudes between 3 and 6.6 near the subducting slab interface (Gudmundsson 

and Sambridge, 1998) in Japan with latitude between 30∘N to 46∘N, longitude between 137∘E 

to 148∘E, and depth between 60 km and 200 km, from 1998-01-01 to 2017-12-31. The selected 

fCLVD

fCLVD
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earthquake events also meet two other criteria: (i) the CLVD (compensated linear vector dipole) 

is between -0.2 and 0.2 (maximum range from -0.5 to 0.5) and (ii) the variance reduction which 

represents the quality of the inverted moment is greater or equal than 75% (Kubo et al., 2002). 

Higher variance reduction represents higher quality. This selection procedure resulted in 1034 

selected earthquake events. I applied the K-means (Lloyd, 1982) unsupervised cluster algorithm 

to automatically cluster the earthquake events by their spatial distribution and obtained 25 

groups (Figure 1.15; Figure 1.16). 

 

Figure 1.15 Intra-slab anisotropy inverted using earthquake moment tensors from the F-net. 

Earthquakes (colored dots) are clustered into different groups with different colors indexed by 

the corresponding group numbers shown in the open boxes. Colored arrowheads represent 

inverted TTI anisotropy symmetry axes. Light green surfaces are the subducting slabs. Gray 

dashed lines are depth contour lines (every 100km from the Earth’s surface).  

 I then applied the inversion method to those 25 groups to obtain both TTI symmetry axes 

orientation (headed arrows in Figure 1.15. and magenta arrows in Figure 1.16) and the shear 

wave anisotropy strength 𝛾 (Figure 1.17b). The TTI symmetry axes are mostly either normal to 
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the slab interface or 45° with respect to the slab normal (Figure 1.17a). The SH-wave anisotropy 

strength 𝛾 ranges from 4% to 39%, and mean and median values are both around 21% (Figure 

1.17b) which represents the SH wave propagating perpendicular to the TTI symmetry axis is 

19% faster than the SH wave propagating parallel to the TTI symmetry axis. The SV-wave 

anisotropy strength ranges from 41% to 81%, and mean and median values are both around 

59%, which represents the SV wave is about 15% faster along the fastest than the slowest 

direction. I did not observe any dependence of TTI symmetry axis orientation or 𝛾 on the depth 

of earthquakes (Figure 1.17). I show the inverted TTI symmetry axes, means and standard errors 

𝛾 of and 𝜎 from bootstrap results (Efron and Tibshirani, 1994) in Table 1.2.  

 There exists ambiguity in many of the orientation of TTI symmetry axes (Table 1.2), 

meaning that an alternative TTI symmetry axis also fits the observed moment tensors. This 

ambiguity may be caused by many reasons. One possibility is that our assumption about 

anisotropy may not be valid. If the source region is orthorhombic, there will exist three local 

minimums corresponding to the three symmetry axes. However, I found that if the inverted 

anisotropy is strong and the number of earthquakes used in the inversion is large, the ambiguity 

reduces. For the groups with no ambiguity in TTI symmetry axis orientation (group 10, 12, 13, 

14, 17, 18, 20, 22), most of them are nearly perpendicular to the slab interface (except group 

18). This problem needs to be addressed in the future research.  
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Figure 1.16 2-D vertical cross-sections of 25 groups in our preliminary study. Each cross-

section contains the center and the slab normal for each deep earthquake group. The gray circles 

represent deep earthquakes projected on the cross-section plane. The bold black lines represent 

the intersections of the slab interfaces (Gudmundsson and Sambridge, 1998) and the vertical 

cross-section planes. The magenta arrows represent the projection of inverted TTI anisotropy 

symmetry axes on the cross-section planes, and the green arrows represent the normal of the 

slab interfaces in each region. The background P-wave tomographic model is created from the 

GAP_P4 Model by (Fukao and Obayashi, 2013). The color scale is ±1.5% in P-wave velocity 

perturbation where the red represents slower and blue represents faster regions.  
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Figure 1.17 The angles between TTI symmetry axes and the normal direction of slab interfaces 

in all 25 groups. The plot inside the black box shows the upper hemisphere stereographic 

projection of TTI symmetry axes (red circles). The center of the plot represents slab normal. 

Right direction represents the strike of the slab. Upper direction represents the up dipping of 

the slab. b) The anisotropy strength	𝛾 in all 25 groups. Horizontal lines represent depth ranges 

of different earthquake groups.  
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Earthquake 
Group 

𝛾 ± 𝑑𝛾 𝜎 ± 𝑑𝜎 TTI Symmetry 
axes (𝜃, 𝜑) 

Number of 
earthquakes 

Ambiguity in TTI 
axis orientation? 

Cluster 1 14±5% 57±31% (41˚, 282˚) 5 Yes  
Cluster 2 13±6% 63±31% (74˚, 237˚) 36 Yes  
Cluster 3 16±6% 63±33% (75˚, 224˚) 17 Yes  
Cluster 4 18±7% 46±29% (65˚, 234˚) 26 Yes  
Cluster 5 18±4% 53±31% (71˚, 234˚) 60 Yes  
Cluster 6 16±2% 71±30% (69˚, 250˚) 123 Yes  
Cluster 7 25±7% 63±31% (51˚, 278˚) 33 Yes  
Cluster 8 25±6% 52±29% (41˚, 203˚) 30 Yes  
Cluster 9 16±7% 41±35% (66˚, 269˚) 62 Yes  
Cluster 10 25 ±5% 70±29% (20˚, 287˚) 55 No  
Cluster 11 8±4% 70±34% (53˚, 315˚) 10 Yes  
Cluster 12 21±2% 76±25% (17˚, 250˚) 66 No 
Cluster 13 25±6% 65±29% (24˚, 298˚) 83 No 
Cluster 14 34±2% 60±30% (17˚, 320˚) 22 No 
Cluster 15 30±4% 57±33% (50˚, 263˚) 39 Yes  
Cluster 16 13±7% 56±32% (54˚, 218˚) 46 Yes  
Cluster 17 26±3% 57±33% (39˚, 250˚) 17 No  
Cluster 18 38±8% 56±32% (62˚, 261˚) 9 No  
Cluster 19 9±4% 58±31% (51˚, 200˚) 19 Yes  
Cluster 20 23±5% 68±28% (37˚, 272˚) 36 No  
Cluster 21 6±5% 57±30% (32˚, 255˚) 46 Yes  
Cluster 22 27±3% 81±25% (46˚, 300˚) 77 No  
Cluster 23 8±2% 57±31% (76˚, 318˚) 11 Yes  
Cluster 24 28±5% 55±29% (61˚, 309˚) 72 Yes  
Cluster 25 28±5% 53±30% (64˚, 296˚) 34 Yes  

 

Table 1.2 Inverted 𝛾, 𝜎, TTI symmetry axes orientation, and the number of earthquakes used in 

inversion for all 25 studied groups. The 𝛾 and 𝜎 show the mean values and standard errors 𝑑𝛾 

and 𝑑𝜎 calculated from the results of 100 bootstrap samples. The last column shows whether 

there exists ambiguity in the orientation of TTI symmetry axes.  
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1.6 Full moment tensor in a transversely isotropic medium  

Since the percentages of isotropic, CLVD, and DC component of a moment tensor are simple 

combinations of eigenvalues of the moment tensor (1.3) (1.4), ISO, CLVD, and DC are 

independent of the coordinate system. Without loss of generality, for an arbitrary shear fault in 

a determined TTI medium, we could calculate all possible values of ISO, CLVD, and DC by 

rotating to the corresponding VTI medium and changing the orientation of the shear fault by 

two angles (dip angle and rake angle). The eigenvalues of the moment tensor do not change 

with the strike angle of the shear fault because of the symmetry around vertical axis for the VTI 

medium. 

1.6.1 Relationship between ISO and CLVD  

 Suppose initially a horizontal shear fault with slip along the east direction in an East (1)-

North (2)-Up (3) (ENU) coordinate system. The slip normal vector is: 

  . (1.26) 

 The fault geometry is defined by the tensor 𝐝 (1.7) and: 

   (1.27) 

 In order to obtain an shear fault that can produce arbitrary ISO and CLVD values in a VTI 

medium, I first right-hand rotated the fault plane along the 3-axis by angle 𝜃 (changing the rake 

n = 0,0,1( )
v = 1,0,0( )

d =
0 0 0.5
0 0 0
0.5 0 0

⎛
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⎟
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of the fault) and then right-hand rotated the fault plane along the 1-axis by angle 𝜙 (changing 

the dipping angle of the fault). The rotated fault geometry tensor is: 

  , (1.28) 

where 𝐫g and 𝐫i the right-hand rotation tensors along the East (1) and Up (3) direction.  

 According to equation (1.6), the moment tensor with fault geometry 𝐝ª«¬ in a VTI medium 

defined by equation (1.14) is: 

 

. (1.29) 

  As an example, suppose 𝐶ii  and 𝐶��  are density normalized to 100 𝑘𝑚h/𝑠h  and 

30	𝑘𝑚h/𝑠h, and the Thomsen parameters are: 𝜀 = 0.05, 𝛾 = 0.25, 𝛿 = −0.05	(𝜎 = 0.3). Then 

the ISO and CLVD varies with respect to two angles 𝜃 and 𝜙 as in (Figure 1.18). 

 The trace of the moment tensor 𝐦 is: 

  . (1.30) 

 When 𝜃 = 0° or 𝜙 = 0°, 90° or 𝐶ii + 𝐶gi − 2(𝐶gg − 𝐶��) = 0 , the trace of the moment 

tensor is zero, which implies that: 

(i) A strike slip fault in a VTI medium always produces zero ISO. 

drot = r1r3dr3
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(ii) A shear slip on a vertical or horizontal fault plane in a VTI medium always produces 

zero ISO. 

(iii) If the elastic parameters satisfy 𝐶ii + 𝐶gi − 2(𝐶gg − 𝐶��) = 0, an arbitrary fault 

in this VTI medium will always produce zero ISO (In the isotropic special case, 

this condition is always satisfied). Unlike the first two cases which only involves 

the orientation relationship between the shear fault and the VTI medium, equation 

𝐶ii + 𝐶gi − 2(𝐶gg − 𝐶��) = 0 is a property of the VTI medium only.  Let us 

further examine the CLVD value under the condition that the ISO is zero. 

Case 1: 𝜃 = 0°: 

   (1.31) 

 𝐦’s eigenvalues are: 

   (1.32) 

 Thus, the CLVD component is zero. The moment tensor is a pure double-couple. 

Case 2: 𝜙 = 0°, 90°  

   (1.33) 

 𝐦’s eigenvalues are: 
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   (1.34) 

 Thus, the CLVD component is also zero. The moment tensor is a pure double-couple. 

Case 3: 𝐶ii + 𝐶gi − 2(𝐶gg − 𝐶��) = 0 

 Although its eigenvalues are not straightforward to solve, its determinant is not necessarily 

zero, thus the CLVD is not necessarily zero.  

 

Figure 1.18. Variation of ISO (a) and CLVD (b) with respect to the change of rake angle 𝜃 and 

dipping angle 𝜙 of a shear slip in the VTI medium. The C33 and C44  are density normalized to 

be 100	km2/s2 and 30	km2/s2 The Thomsen parameters are: 𝜀 = 0.05, 𝛾 = 0.25, 𝛿 = −0.05. 

1.6.2 Deviatoric part of the moment tensor 

The deviatoric part of the moment tensor in (1.29) is: 

{0, ±C44}
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,  (1.35) 

where: 

  . (1.36) 

 Deviatoric moment tensors produced by arbitrary shear fault in an arbitrary TTI medium 

can be simply obtained by rotating the moment tensor in equation (1.35). The elastic parameters 

𝐶gg, 𝐶gi, and 𝐶ii which relate to Thomsen parameters 𝜀 and 𝛿 are always coupled together in 

X. This explains why we cannot determine the value of 𝜀 and 𝛿 in the inversion using only the 

deviatoric part of the moment tensor.  

 The parameter 𝜎 = k¤¤
k
(𝜀 − 𝛿), which is closely related to the SV-wave anisotropy, is a 

combination of elastic constants 𝐶gg, 𝐶gi, 𝐶ii, 𝐶��: 

   (1.37) 

 If we take 𝐶gg = X + 2𝐶gi − 𝐶ii (1.36) into equation (1.37), we have: 

   (1.38) 
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where X  can be inverted in the inversion, since 𝐶ii  and 𝐶��  are fixed values. In order to 

determine parameter 𝜎 , we need to know the elastic constant 𝐶gi  which could not be 

independently inverted since it is always coupled together with 𝐶gg and 𝐶ii in X. Therefore, we 

could not accurately resolve SV-wave anisotropy parameter 𝜎.  

 However, in the case of inversion of anisotropy for medium around deep earthquakes, we 

could use Xh to approximate 𝜎 if the true Thomsen parameters 𝜀 and 𝛿 are within certain range. 

I defined the ratio r to be r = 𝜎/ ® ¯
k¤¤
°
h
 and calculated its value for 𝛿 from -0.25 to 0.25, 𝜀 from 

0 to 0.4, and k
k¤¤

 = 0.3 (which is the typical value at the depth range of deep earthquakes). The 

normalized ratio r̅ = r/max	(r) is presented (Figure 1.19). For negative 𝛿 and large 𝜀, the ratio 

r̅ is close to 1, which means that SV-wave anisotropy parameter 𝜎 almost linearly varies with 

parameter Xh. In this situation, the parameter 𝜎 could be reasonably approximated. 
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Figure 1.19. Normalized ratio r̅ calculated for different 𝜀 and 𝛿 and k
k¤¤

 = 0.3. The white dots 

cover area with r̅ < 0.85. For negative 𝛿 and large 𝜀, the ratio r̅ is close to 1, which means that 

SV-wave anisotropy almost linearly varies with parameter Xh. 

1.7 Discussion 

Our study of intra-slab highly anisotropic structure using deep earthquake moment tensors 

suggests some interesting future research directions: 

(i) Shear faulting in a tilted transversely isotropic medium can also produce an ISO 

component in the moment tensor (which would imply (unphysically) an explosion 

or implosion if analyzed isotropically). The isotropic component of the moment 

tensor can place constraint on the other two Thomsen parameters 𝜀 and 𝛿. It may be 
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advisable to remove the constraint that isotropic component of moment tensor is 

zero during routine inversion.  

(ii) The intra-slab highly anisotropic structure could have significant effect on shear-

wave-splitting measurements (depending on the dimensions of the anisotropic 

region). These are predicted consequences and I will show some initial numerical 

results in Chapter 3. More detailed study should be done in the future. 

(iii) We can use moment tensors of intermediate-depth deep earthquakes in the upper 

and lower Benioff zone (Figure 1.20) to infer their difference in the sense of 

anisotropy. It may provide seismic evidence to the mineral composition in the 

double Benioff zone. Using the moment tensors from F-net to investigate the 

anisotropic structure in a double-Benioff zone can be a promising start.  

 

Figure 1.20 West-East vertical cross section of earthquake events in Japan. Earthquakes are 

within the region with latitude between 38.5°N to 40.9°N, longitude between 140°E to 143°E. 

Grey circles represent earthquakes from Japan Meteorological Catalog (JMA) with a magnitude 

between 1.0 and 6.6 from 1998-01-01 to 2017-12-31. Blue circles represent earthquakes from 
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JMA with a magnitude between 3.0 and 6.6. Red circles represent earthquake events with a 

magnitude between 3.0 and 6.6 recorded in both JMA and F-net. In cross section, radii of circles 

indicate earthquake magnitudes. We can clearly see two layers of earthquake events, i.e. the 

double-Benioff zone. 

 Furthermore, there are some problems to address in the future: 

(i) The remaining two Thomsen parameters 𝜀  and 𝛿  are not well determined. This 

problem may be better addressed if we used the full moment tensor instead of only 

deviatoric part of moment tensor to constrain the inversion of anisotropy.  

(ii) For some inversion groups (few for GCMT and many for F-net data), there exists 

ambiguities in determining the TTI symmetry axes. The inversion method may need 

improvements to eliminate the ambiguity.  

(iii) For those three deep-focus deep earthquake groups whose inverted TTI symmetry 

axes are parallel to the slab interface, the slab is experiencing extreme flattening at 

the depth of those earthquake groups (Figure 1.6). This interesting observation will 

be worth a more detailed study in the future. 

1.8 Conclusions 

In this chapter, I tested the hypothesis that the deep earthquakes are caused by simple pure shear 

faulting, but embedded in a tilted transversely isotropic medium. I used the moment tensors 

from Global CMT catalog to invert for the in-situ anisotropic structure for 22 deep earthquake 

groups in 6 global subduction slabs. I found that in most studied regions (for both depth between 

100 km~300 km and >300km), the inverted TTI symmetry axes are almost perpendicular to the 
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local slab interface. However, for three deep-focus deep earthquake groups, I found that the 

inverted TTI symmetry axes are parallel to the slab interface and coincide with local maximum 

stress direction. This result, that the inverted axes have plausible orientations, provides strong 

support for the validity of the procedures used. Among all the anisotropy parameters, the SH 

anisotropy 𝛾 is best determined and has a typical value of 25% (5%-46%) which is strong. The 

SV anisotropy 𝜎  is also strong, but less well determined: 60% (30%-90%). The inferred 

anisotropy can systematically explain the non-double-couple radiation pattern without invoking 

exotic source processes. 

 I also used the moment tensor data from F-net catalog to invert for the in-situ anisotropy 

in Japan. The inferred SH anisotropy 𝛾 is also large with a typical value of  21% (4%~39%). 

The inferred SV anisotropy 𝜎 has a typical value of 61% (41%-81%).  However, there exists a 

lot of ambiguity in determining the TTI symmetry axes.  

 I further showed that a shear dislocation fault in a TTI medium may also produce isotropic 

component in the moment tensor. This implies that we may want to remove the zero-trace 

constraint during the routine moment tensor inversion. 
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2 Effects of Heterogeneity, Anisotropy and Station 

Coverage on Moment Tensor Inversion of Deep 

Earthquakes 

2.1 Introduction 

Seismic moment tensors have been routinely determined either locally or globally by different 

catalogs (Dziewonski et al., 1981; Kubo et al., 2002; Ekström et al., 2012). The simple linear 

relationship between the amplitude of free oscillation and the seismic moment tensor 

established by Gilbert (1971), and the broad deployment of broadband seismometers contribute 

to this routine process. However, routine determination of moment tensors is based on the 

assumption that the excitation kernel functions (based on 1d model) are relatively exact and 

could correctly represent the earth structure (Dziewonski et al., 1981). Although the effect of 

major structures on wave propagation is well understood, consideration of the effect of near-

source medium properties has been lacking. 

 The CLVD component in the moment tensor of deep earthquakes is commonly observed. 

Since Knopoff and Randall (1970) and Randall and Knopoff (1970) first proposed that there 

are significant CLVD components in moment tensors inverted using body waves of several 

deep earthquakes, several observations have confirmed the existence of  a CLVD component 

in deep earthquakes (Kuge and Kawakatsu, 1993; Henry et al., 2002). However, there are still 

doubts about what exactly causes the CLVD component. Possible mechanisms including 

complex fault geometries (Frohlich, 1990; Julian et al., 1998) and complex source structures 
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have been proposed. The complex source structure could either be unknown heterogeneous 

structure in the source region (Woodhouse, 1981; Johnston and Langston, 1984; Tada and 

Shimazaki, 1994), plausible because most deep earthquakes are embedded in heterogeneous 

subducting slabs, or in-situ anisotropic structures (Kawasaki and Tanimoto, 1981; Vavrycuk, 

2004; Li et al., 2018). 

 The main purpose of this numerical study is to analyze the effect of near-source medium 

properties such as heterogeneity and anisotropy on the CLVD component in inverted moment 

tensors of deep earthquakes, apart from the effect of strong intra-slab anisotropy at the source, 

studied in Chapter 1. Therefore, I suppose all the synthetic earthquakes have simple pure shear 

dislocations in either isotropic or anisotropic media. I will model synthetic seismograms by 

applying a 3-D full-elastic staggered-grid FD modeling (Virieux, 1986) using 24 different 

source fault geometries in five different models. I will show that the heterogeneity near the 

source only has a minor effect on the CLVD component of inverted moment tensors given a 

reasonable station coverage. The inverted CLVD component thus represents other source-

region properties such as the in-situ anisotropy. Since the metastable olivine wedge (MOW) 

has been prevalently invoked to explain for the mechanism of deep-focus deep earthquakes 

(Bina and Wood, 1987; Jiang et al., 2008; Green et al., 2010; Kawakatsu and Yoshioka, 2011) 

the effect of MOW is tested here.  It is shown that the weakly anisotropic (seismic anisotropy 

~5%) MOW alone could not produce large CLVD components in inverted moment tensors. 

However, strong in-situ anisotropic structure could produce large CLVD components in 

inverted moment tensors, as shown in Chapter 1. In addition, I will show that the station 

coverage does play an important role in moment tensor determination (Satake, 1985). A poor 

station coverage could generate artifacts in the CLVD components when the effects of 
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heterogeneity are neglected in kernel functions. However, if we consider the effect of 

heterogeneous structure in the kernel functions, we could retrieve more precise CLVD values 

even with a poorer station coverage.  

2.2 Methods: 

2.2.1 Model Setup 

I performed the FD forward modeling using a Ricker wavelet with a central frequency of 0.1Hz 

as source time function. 441 receivers are evenly distributed on a sphere with a radius of 500km 

centered at the source (Figure 2.1a). The background medium is isotropic homogeneous with a 

P-wave velocity 8km/s and S-wave velocity 4.5km/s and is denoted as Model-0. I used the 

waveforms recorded in Model-0 as our Green’s function in the inversion, which is similar to 

the kernel function used in routine inversion. Note that, the Green’s function only contains 

information of background medium properties. No source-region elastic properties are included 

in the Green’s function.  
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Figure 2.1. (a) The source and receiver geometry in FD forward modeling. Red star represents 

the source. Blues circles represent the receivers. The 441 receivers are evenly distributed on a 

sphere with a radius of 500km centered at the source. The background 𝑉³ = 8𝑘𝑚/𝑠 and 𝑉 =4.5 

km/s. (b) P and S velocities in the heterogeneous slab for model-1, 2, 4, and 5 (Figure 2.2 a, b, 

d, e). The highest velocities in the slab are 𝑉³ = 8.4𝑘𝑚/𝑠 and 𝑉 =4.7 km/s, which represent 

about 5% high-velocity anomaly in the coolest part of the slab. 

 I also did FD modeling for five other models which introduced heterogeneous or 

anisotropic structures (Figure 2.2). These five models are: 

(i) Model-1 (Figure 2.2a) adds a 100km × 600km × 600km heterogeneous slab with 

strike 180° and dip 40°. The 𝑉³ and 𝑉  in the coldest part of the slab is 5% higher 

than the background velocities (Figure 2.1b). The source is located in the center of 

the slab with a distance of 20km from the upper interface of the slab. 

(ii) Model-2 (Figure 2.2b) has no heterogeneous slab but adds a 30km × 30km ×

30km highly anisotropic patch around the source region. The anisotropic patch is 

tilted transversely isotropic (TTI). The TTI symmetry axis is perpendicular to the 

slab interface in Model-1. The 5 independent elastic components of this TTI medium 

is described by the 𝑉³  and 𝑉  along the TTI symmetry axis and three Thomsen 

parameters ϵ, γ, δ. Here, 𝑉³ = 8.4𝑘𝑚/𝑠, 𝑉 =4.7 km/s, 𝜀 = 20%, 𝛾 = 20%, 𝛿 = 0% 

(𝜎~64%). These anisotropy parameters are consistent with those found above. The 

source has the same location as the one in Model-1 and is located in the center of 

the anisotropic patch. 
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(iii) Model-3 (Figure 2.2c) adds both heterogeneous slab and anisotropic patch described 

in Model-1 and Model-2. The source has the same location as the one in Model-1. 

(iv) Model-4 (Figure 2.2d) adds the same heterogeneous slab described in Model-1. In 

addition, it adds a weak outside slab anisotropic patch. The lower interface of this 

anisotropic patch is contiguous with the upper interface of the slab. This anisotropic 

patch has a dimension of 150km × 150km × 20km. The orientation of the TTI 

symmetry axis is the same as the one in Model-2 and Model-3. And the 𝑉³ and 𝑉  

along the TTI symmetry axes are the same as the background velocities. The 

Thomsen parameters are 𝜖 = 0%, 𝛾 = 6%, 𝛿 = 0%, (𝜎 = 0%). The source has the 

same location as the one in Model-1. 

(v) Model-5 (Figure 2.2e) adds the same heterogeneous slab described in Model-1. In 

addition, to simulate the possible existence of MOW in the earthquake source region, 

it adds a weakly anisotropic wedge. The MOW is also a TTI medium. Its TTI 

symmetry axis orientation is parallel to the slab interface. The 𝑉³ and 𝑉   along the 

TTI symmetry axis inside the MOW is 5% slower than the background slab. Its 

Thomsen parameters are 𝜖 = 0%, 𝛾 = 5%, 𝛿 = 0%, (𝜎 = 0%). In 2-D profile of 

the MOW (Figure 2.2f), the distances of its three tips A, B, and C from the upper 

slab interface are 20km, 0km, and 40km. The gray lines in Figure 2.2f represent the 

layered anisotropic structure inside the MOW. The source has the same location as 

the one in Model-1. 
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Figure 2.2. Five different models (only show P wave velocities) with a heterogeneous slab or 

an anisotropic structure. The dipping angle of the slab is 40°. The red star represents the source 

location. The size of heterogeneous slab is 100𝑘𝑚 × 600𝑘𝑚 × 600𝑘𝑚 . The anisotropic 

structure is chosen to be tilted transversely isotropic (TTI) medium, which is described by the 

𝑉³ and 𝑉  (same as background 𝑉³ and 𝑉 ) along the TTI symmetry axis, and three Thomsen 

parameters 𝜖, 𝛾, 𝛿. In Model-2, 3, and 4, the TTI symmetry axis is perpendicular to the slab 

interface. In Model-5, the TTI symmetry axis is parallel to the slab interface. For Model-2 and 

3, the dimension of the anisotropic patch is 30𝑘𝑚 × 30𝑘𝑚 × 30𝑘𝑚 and the three Thomsen 

parameters are 𝜀 = 20%, 𝛾 = 20%, 𝛿 = 0% , which represents a strong in-situ anisotropic 

structure. For model-4, the anisotropic patch is 150𝑘𝑚 × 150𝑘𝑚 × 20𝑘𝑚  and the 𝜀 =

0%, 𝛾 = 6%, 𝛿 = 0%, 𝜎 = 0%, which represents a weak outside slab anisotropic structure. For 

Model-5, the 𝜀 = 0%, 𝛾 = 5%, 𝛿 = 0%, 𝜎 = 0% , which represents a weakly anisotropic 

MOW inside the slab.  (a) Model-1 with only heterogeneous slab. (b) Model-2 with only strong 
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anisotropic patch in the source region. (c) Model-3 with both heterogeneous slab and strong 

anisotropic patch in the source region. (d) Model-4 with heterogeneous slab and weakly 

anisotropic patch outside the slab. (e) Model-5 with heterogeneous slab and weakly anisotropic 

MOW inside the slab. (f) 2D velocity profile of Model-5. The distance of three tips of MOW 

A, B, and C to the slab upper interface is 20km, 0km, and 40km. 

2.2.2 Inversion Methods 

I randomly generated 24 shear dislocation sources with different fault geometries. I then 

computed the moment tensors (Aki and Richards, 2002) using the elastic tensor and fault 

geometry following equation (1.1). 

 These synthetic moment tensors were used as source mechanisms together with the 

corresponding kernel function in each Model- 𝐽  (e.g. Model- 𝐽 , 𝐽 = 1,2,3,4,5 ) to produce 

synthetic waveforms denoted by 𝑢^
·(𝐫, 𝑡), which represents the 𝑘-th component of far-field 

displacement recorded at receiver 𝐫. The relationship between far-field displacement field, 

source moment tensor and the Green’s function 𝐺 (or the kernel function) is shown in equation 

(2.1).  

  . (2.1) 

The Green’s function 𝐺^º
·  represents the k-th component of the displacement at r due to a single 

force along the p-th direction at the source position in Model-𝐽. The subscript , 𝑞 represents 

spatial derivative along q-th direction in the source region. 

 After I obtained synthetic waveforms, a least-squares method was applied to invert for the 

source moment tensors using the Green’s function obtained in the homogeneous isotropic 

uk
J r,t( ) = Gkp,qJ r,t( )mpq
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Model-0. I minimized the objective function (2.2) to find the source moment tensor 𝑚º¼ and 

the time shift 𝜏𝐫 at receiver 𝐫 to minimize the difference between the synthetic waveform and 

the observed waveform for direct P waves.  

 .  (2.2) 

 Using Voigt notation to simplify tensors: 

11 → 1, 22 → 2, 33 → 3, 12 → 6, 13 → 5, 23 → 4, 

 .  (2.3) 

 By applying partial derivative with respect to 𝑀¾
·  and 𝜏𝐫

·, we have: 

 ,  (2.4) 

 and: 

 .  (2.5) 

 In the inversion, I first set 𝜏𝐫 = 0 and use equation (2.4) to determine the moment tensor 

𝑀¾
· . And then put 𝑀¾

·  into equation (2.5) to solve for  𝜏𝐫  for each receiver. I repeated this 

procedure and iteratively determine both moment tensor 𝑀¾
·  and the shift time 𝜏𝐫. 
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2.3 Numerical Results 

I first present comparisons between CLVD components of inverted moment tensors and true 

moment tensors for the 5 different models under reasonable station coverages (perfect station 

coverage and stations only in the lower hemisphere).  

2.3.1 Case 1: Perfect station coverage 

I first analyze the situation with perfect station coverage where all 441 receivers were used for 

the least-square inversion (Figure 2.3a). In this situation, there is full coverage for both up-

going and down-going direct arrivals. Figure 2.4 contains the comparison between inverted 

CLVD components and true CLVD components for 24 earthquakes in five different models. I 

use 𝐸𝑟𝑟(·) to denote the root mean squares (RMS) error between inverted CLVD components 

and true CLVD components for Model- 𝐽  ( 𝐽 = 1,2,3,4,5 ). In this case, 𝐸𝑟𝑟(g) ≈

0.008, 𝐸𝑟𝑟(h) ≈ 0.023, 𝐸𝑟𝑟(i) ≈ 0.036, 𝐸𝑟𝑟(�) ≈ 0.008, 𝐸𝑟𝑟(¦) ≈ 0.007. Notice that the true 

moment tensors are actually pure double couples for Model-1 and 4 because a shear dislocation 

source embedded in an isotropic homogeneous structure will not produce non-double-couple 

components. For Model-2 and 3, shear dislocations embedded in a strong anisotropic medium 

will produce large CLVD component based on equation (1.1). The largest CLVD component 

in this test is about 12.6%. For Model-5, the weakly anisotropic MOW contributes a small 

amount of CLVD component (1.9% on average) to the moment tensors. The inversion result 

shows that for perfect station coverage, the heterogeneous structure such as a subducting slab 

(Figure 2.2a) and the outside slab weakly anisotropic structure (Figure 2.2d) has a very little 

effect on the CLVD components of moment tensors (Figure 2.4a, d). The inverted CLVD 
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components for Model-1and 4 are close to zero (0.8%	on	average). For Model-2, 3, and 5 the 

CLVD components in the inverted moment tensors actually represent other source properties. 

In our study, the anisotropic structure is responsible for the apparent CLVD components in 

inverted moment tensors. A strong in-situ anisotropic patch could lead to large CLVD 

components in inverted moment tensors, while a weakly anisotropic MOW alone could not 

produce large CLVD components in inverted moment tensors.  

 

 

Figure 2.3. Lower hemisphere projection of station distributions for three cases. Upper direction 

represents North and right direction represent East. Red triangles represent receivers in the 

upper hemisphere, blue triangles represent lower hemisphere. (a) Perfect station coverage 

including all 441 stations. (b) 40 stations in the lower hemisphere are randomly selected. The 

stations are evenly distributed by azimuth and distance. (c) Azimuth-biased station coverage 

with 40 stations in the lower hemisphere in the southern part selected. 
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Figure 2.4. Comparison between CLVD components of inverted moment tensors and CLVD 

components of true moment tensors for 24 earthquake events for five models with perfect 

station coverage. (a) Comparison for Model-1. Inverted CLVD components are very close to 

the true ones, which are essentially zeros. (b) Comparison for Model-2. Inverted CLVD 

components are close to the true ones. Non-zeros CLVDs are caused by the anisotropic structure 

in the source region. (c) Comparison for Model-3. Inverted CLVD components are still close 

to the true ones. The error is a bit larger than the results in Model-2. (d) Comparison for Model-

4. The results are similar to the ones in Model-1. (e) Comparison for Model-5. Inverted CLVD 

components are very close to the true ones. 

2.3.2 Case 2: Stations only in the lower hemisphere 

In the real world, there  seldom is extensive station coverage for up-going direct arrivals. Even 

for a 600km depth earthquake, the station coverage could only extend to about 12° from the 

epicenter in the upper hemisphere (Frohlich, 2006). To make the station coverage here 
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consistent with the real world, I randomly selected 40 stations only from the lower hemisphere 

used for inversion (Figure 2.3b). Figure 2.5 contains the comparison between the inverted 

CLVD components and true CLVD components for this type of station coverage. For this 

poorer but more realistic station coverage, the CLVD components in inverted moment tensors 

have larger errors than those with perfect station coverage. The RMS errors of inverted CLVD 

components are 𝐸𝑟𝑟(g) ≈ 0.016, 𝐸𝑟𝑟(h) ≈ 0.040, 𝐸𝑟𝑟(i) ≈ 0.054, 𝐸𝑟𝑟(�) ≈ 0.016, 𝐸𝑟𝑟(¦) ≈

0.016 for each model. Although the RMS errors doubled for Model-1, 4, and 5, our inverted 

moment tensors are still very close to the true mechanisms. This implies that with a reasonable 

station coverage, it is unlikely that apparent CLVD components of moment tensors are purely 

caused by source heterogeneous structures such as subducting slab, neither could be caused by 

outside slab weakly anisotropic structure nor in-situ weakly anisotropic MOW. Other source 

medium properties such as strong in-situ anisotropic structures could be responsible for the 

apparent CLVD components. 
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Figure 2.5. Comparison between CLVD components of inverted moment tensors and CLVD 

components of true moment tensors for 24 earthquake events for five models. The moment 

tensors are inverted using 40 randomly selected stations only in lower hemisphere. For this 

station coverage, the inverted CLVD components have larger errors for all 4 Models. But the 

results are still reasonable. (a-e) Comparison for Model-1~5.  

2.3.3 Case 3: Azimuth-biased station coverage 

I then present comparisons between inverted moment tensors and true moment tensors for 5 

different models with azimuth-biased station coverage. 

 Could very poor station coverage cause large artifacts in CLVD components in inverted 

moment tensors? Our answer is YES, by investigating an azimuth-biased station distribution 

(Figure 2.3c). The RMS errors of CLVD components for models are 𝐸𝑟𝑟(g) ≈ 0.038, 𝐸𝑟𝑟(h) ≈

0.058, 𝐸𝑟𝑟(i) ≈ 0.097, 𝐸𝑟𝑟(�) ≈ 0.035, 𝐸𝑟𝑟(¦) ≈ 0.033. I observed that on average about 3.7% 

CLVD artifacts are introduced into inverted moment tensors in Model-1 and 4 (Figure 2.6) 

while the biggest one can almost reach 12%, even though the true source mechanism is a pure 

double couple. The RMS errors for Model-2 and 3 also increases a lot. In Model-3, the strength 

of inverted CLVD component for earthquake event 1 and 14 are 24% and 25%, which is much 

larger than the true values 6% and 5%. This indicates that very poor station coverage may cause 

spuriously large CLVD components in inverted moment tensors when the source is embedded 

in strong anisotropic medium. In Model-5, the RMS error also increases a lot. The largest error 

in CLVD components between inverted and true moment tensors is about 8%. 
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Figure 2.6. Comparison between CLVD components of inverted moment tensors and CLVD 

components of true moment tensors for 24 earthquake events for five models. The moment 

tensors are inverted using 40 randomly selected azimuth-biased stations. This poor station 

distribution contributes large artifacts to the inverted CLVD components.  (a-e) Comparison 

for Model-1~5.  

2.3.4 Case 4: Same station distribution as Case 3 with Green’s function considering slab 

effects 

What if we include the effect of the heterogeneous slab in our Green’s function for Models with 

the existence of heterogeneous slab? To do so, I used the waveforms recorded in Model-1 

(Figure 2.2a) instead of Model-0 as our new Green’s function. I then performed the same 

inversion procedures to invert for moment tensors for Model-1, 3, 4, and 5 using the azimuth-

biased station coverage. Figure 2.7 contains the comparison between the inverted CLVD 

components and true CLVD components. The RMS errors of CLVD components for five 
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models are 𝐸𝑟𝑟(g) ≈ 0.001, 𝐸𝑟𝑟(i) ≈ 0.066, 𝐸𝑟𝑟(�) ≈ 0.006, 𝐸𝑟𝑟(¦) ≈ 0.027 . The error of 

CLVD components in Model-1 and 4 is decreased a lot. The inverted moment tensors are almost 

pure double-couple mechanisms which are even more precise than the case with perfect station 

coverage. However, for Model-3 and 5, although the error has been decreased a lot, the inverted 

CLVD components still possesses large errors. 

 

Figure 2.7.  Comparison between CLVD components in inverted moment tensors and true 

CLVDs. I used the same station coverage as the one in Figure 2.6. But I used different Green’s 

function which takes effect of the heterogeneous slab into account. Although a poor station 

coverage is used, I got an even better result for Model-1 and 4. For Model-3and 5, the error is 

decreased a little bit. (a) Comparison for Model-1. (b) Comparison for Model-3. (c) 

Comparison for Model-4. (d) Comparison for Model-5. 

2.4 Discussion 

In case 1 and 2 where the station coverage is reasonable, since the true mechanism is a pure 

double couple for Model-1 and 4, the inverted CLVD components represent the artefacts 
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introduced by the heterogeneous slab and the outside-slab anisotropic structure. For case 1, the 

average errors are about 𝐸𝑟𝑟(g) ≈ 0.8%, 𝐸𝑟𝑟(�) ≈ 0.8%. For case 2, the average errors are 

about 𝐸𝑟𝑟(g) ≈ 1.6%, 𝐸𝑟𝑟(�) ≈ 1.6%. This indicates that around 1.6% of CLVD components 

could be introduced by the heterogeneous slab and outside slab anisotropic structure with a 

reasonable station coverage. The inverted large CLVD components in Model-2 and 3 in case 1 

and 2 thus, represent some other near-source medium property, such as the strong in-situ 

anisotropic structure in Chapter 1. For case 3, the big CLVD errors in Model-1 and 4 confirm 

that it is important to have good station coverage to retrieve precise CLVD components in 

inverted moment tensors. 

 In Model-4, I mainly aimed at testing whether outside-slab weakly anisotropic structure 

could cause apparent CLVD component in moment tensors. I decided this anisotropic patch 

dimension and anisotropy strength based on the shear-wave splitting studies where a typical 

traveltime difference between fast and slow shear waves is about 1 second (Nowacki et al., 

2015). Our inversion results show that the outside-slab weakly anisotropic structure has nearly 

no effects on the CLVD component in moment tensors compared with the heterogeneous slab 

because the inverted CLVDs in Model-4 are highly correlated with the ones in Model-1 for all 

four cases in this study (Figure 2.8).  

 Shear-wave splitting studies could tell the general traveltime difference between fast wave 

and slow wave caused by the averaged anisotropy on the ray path. However, they could not 

resolve in which part of the raypath the anisotropic structure resides. Based on our numerical 

study, the outside-slab weakly anisotropic structure has very smalll effect on observed CLVD 

components while the in-situ anisotropic structure could cause significant CLVD components. 
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The observation of large CLVD components thus indicates that the anisotropy observed using 

the shear-wave splitting method may be strong but localized anisotropy residing in the source 

region and could be responsible for the occurrence of CLVD components in moment tensors.  

 In case 4, I found that if I include slab information in the Green’s function, the inversion 

result could be even better resolved for an azimuth-biased station coverage for Model-1 and 4 

compared with perfect station coverage. For Model-3, the RMS error is decreased by 26% 

compared with the RMS error using Green’s function in an isotropic homogeneous medium. 

This suggests that it would be intriguing to consider the effect of the heterogeneous subducting 

slab in the kernel functions during routine inversion to improve the accuracy of the CLVD 

components. 

 I also tested the effect of the weakly anisotropic MOW on the CLVD components of 

moment tensors. I selected the MOW model with a similar dimension and velocity structures 

to the ones in previous studies (Kirby et al., 1996; Jiang et al., 2008). I found that the inverted 

CLVD component in all 4 cases in this study is reasonably close to the true values, and the 

MOW could only contribute a small amount of CLVD component to moment tensors. This 

indicates that MOW alone cannot produce the prevalently observed large CLVD components 

in the moment tensors of deep earthquakes. And there may exist other structures such as strong 

anisotropic fabric layers around deep earthquakes (Li et al., 2018). 
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Figure 2.8. (a-d) Comparison between the inverted CLVD component in Model-1 and Model-

4 for 4 cases. The inverted CLVDs in Model-4 are highly correlated with the ones in Model-1. 

 

2.5 Conclusions 

In this numerical study, I analyzed the inverted CLVD components of 24 synthetic earthquakes 

in five Models for four different cases. I showed that, with an even station distribution (case 1 

and case 2), the heterogeneous slab structure in the source region (Model-1) and the outside-
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slab weakly anisotropic structure (Model-4) could only introduce around 1.6%  CLVD 

components on average in inverted moment tensors. The inverted large CLVD components in 

Chapter 1 our study represent other source properties such as the strong in-situ anisotropic 

structure (Model-2 and 3). I also found that outside slab weakly anisotropic structure has nearly 

no effect on the inverted CLVD components since the inverted CLVD components are highly 

correlated for Model-1 and 4 in case 1, 2, 3, 4. Furthermore, I found that the existence of weakly 

anisotropic MOW (Model-5) alone could not produce large CLVD components in moment 

tensors. The strong anisotropic structure in the source region could be a possible mechanism to 

produce significant CLVD components in inverted moment tensors. 

 I found that the poor station coverage (case 3) could introduce large error into inverted 

moment tensors. On average, around 3.7% CLVD components could be introduced while the 

true mechanism is a pure double couple (Model-1 and 4).  When the true mechanism contains 

large CLVD components caused by in-situ strong anisotropic structure (Model-2 and 3), 

spuriously high CLVD components would be obtained in the inversion. 

 However, if the effect of the heterogeneous slab is considered in the kernel function, even 

with an azimuth-biased station coverage, we could obtain more precise CLVD components. 

This indicates that consideration of heterogeneous slab structure in kernel/or Green’s functions 

of routine moment tensor inversion is highly recommended. 
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3 Effect of strong intra-slab anisotropic structure on 

subduction zone shear-wave-splitting measurements 

3.1 Introduction 

Resolving spatial distribution of seismic anisotropy in subduction zones is important because 

anisotropy is thought as a proxy to map mantle flow information (e.g., Smith et al., 2001; Long 

and Silver, 2008; Long and Becker, 2010; Long, 2013; Hu et al., 2017), which in turn controls 

surface expressions such as sea-level changes, mountain building, volcanic activities, 

outgassing of volatiles into the ocean/air, and seismicity.  

 Unfortunately, seismic anisotropy inside the slab (i.e., intra-slab anisotropy) was often 

disregarded as a potential source for shear wave splitting (SWS) analyses in most high-

resolution studies targeting subduction zone anisotropy because it was assumed that the intra-

slab anisotropy is not strong and the relative path length through the slab is short compared with 

the rest of the upper mantle (Eakin et al., 2016). As a consequence, the observed anisotropy has 

been frequently attributed to either above (Levin et al., 2002) or below the slab (Song and 

Kawakatsu, 2012; Lynner et al., 2017). In light of evidence for the existence of highly 

anisotropic intra-slab structure (Li et al., 2018; Romanowicz, 2018), this assumption should be 

re-examined.  

 Seismic anisotropy in subduction zones is commonly studied by SWS, which is an 

effective tool used to study the overall anisotropy along the propagation path (Vinnik et al., 

1984; Kaneshima, 1990; Silver and Chan, 1991; Wookey et al., 2002; Nakajima and Hasegawa, 
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2004; Crampin and Peacock, 2008; Song and Kawakatsu, 2012; Lynner and Long, 2015). 

However, it is challenging, if not impossible, (Long and Silver, 2008; Eakin et al., 2015; Long 

et al., 2016) to pinpoint the location on the ray path where the splitting occurs (e.g., inside or 

outside of the slab). In addition, the orientation of the fast S polarization has been observed in 

subduction zones to vary with the earthquake backazimuth (e.g., Smith et al., 2001; Karato et 

al., 2008; Long and Silver, 2009), not the simple trench-parallel or trench perpendicular 

direction. The interpretations of the complicated observed SWS polarization patterns are mainly 

dwelling upon complex mantle flow (e.g., Smith et al., 2001). Is this the only interpretation? I 

investigate the effect of the strong anisotropic structure in a dipping slab using the propagator 

matrix method (Peng, 2019) in this chapter.  

3.2 Methods 

All the following derivations are based on an orthogonal coordinate system with 1 and 2 

representing horizontal direction and 3 the vertical direction (downward is positive).  

3.2.1 Solution of Green-Christoffel equation 

The wave equation for an arbitrary locally-homogeneous (stiffness tensor is locally constant 

and can be taken out of the spatial derivative) anisotropic medium is: 

  , (3.1) 

where 𝑢[ represents the displacement.  
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 The plane wave solution in the frequency domain is: 𝐮(𝐱, 𝜔) = 𝐴𝐭𝑒[É𝐩∙𝐱. Here, 𝐴 is the 

plane wave amplitude, 𝐭 = (𝑡g, 𝑡h, 𝑡i) is the unit polarization vector, 𝐩 = (𝑝g, 𝑝h, 𝑝i)  is the 

slowness vector.  

 The problem I choose to solve is: suppose the horizonal components 𝑝g, 𝑝h of the slowness 

vector 𝐩 are known, then what are 1) the vertical slowness 𝑝i and 2) the polarization vector	𝐭 

for this propagation direction?  

 Take the plane wave solution into equation (3.1): 

 ,  (3.2) 

which may be simplified as: 

  , (3.3) 

where 𝑐[̅\^_ =
�ÌÍÎÏ
Ð

 is the density normalized elastic tensor.  Denoting the matrix 𝑎[^ = 𝛿[^ −

𝑐[̅\^_𝑝\𝑝_ as 𝐀º, equation (3.3) can be rewritten as: 

  . (3.4) 

 Equation (3.4) has non-trivial solutions when: 

  . (3.5) 

 Equation (3.5) yields a 6¬Ò order polynomial equation for solving 𝑝i: 

   (3.6) 

 Equation (3.6) has 6 roots 𝑝i
(Ó), 𝑛 = 1,2, … ,6. If the 6 roots are real and unique, they 
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downgoing P, 5: downgoing fast S, and 6: downgoing slow S (the positive direction is 

downgoing and the roots are sorted in ascending order). 

 For each root 𝑝i
(Ó), 𝑛 = 1,2, … , 6, I took it into equation (3.4) to calculate the matrix 𝐀º

(Ó) 

and solve for the corresponding polarization vector 𝐭(Ó) . To solve this equation, I applied 

singular value decomposition (SVD) to the matrix 𝐀º
(Ó): 

 ,  (3.7) 

where 𝐔(Ó) and 𝐕(Ó) are unitary matrices and * represents the conjugate transpose. 𝚺(Ó) is a 

diagonal matrix with singular values 𝑆g
(Ó), 𝑆h

(Ó), 𝑆i
(Ó)  among which and at least one singular 

value is zero, because the absolute determinant of 𝐒 is the same as the absolute determinant of 

diagonal matrix 𝐀º, which is zero. 
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𝐔(Ó)∗𝟎. Since 𝐔(Ó)∗𝐔(Ó) is an identity matrix and 𝐔(Ó)∗𝟎 = 𝟎, we have: 
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, 

  (3.9) 

where 𝐯[
(Ó), 𝑖 = 1,2,3 are the column vectors of the unitary matrix 𝐕(Ó). 

 I then normalize the polarization vector and finally get solutions for 6 plane waves: 

  . (3.10) 

3.2.2 Propagator matrix in layered medium 

A layered medium has 𝑐[\^_	which varies only in the 3-direction. The strain and stress tensor 

for plane waves in the frequency domain within a layer are: 

 ,  (3.11) 

and: 
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where 𝜀[̅\ and 𝜎�[\ represents the normalized strain tensor and stress tensor respectively. 

 The traction on a surface with normal unit vector 𝒏 is: 
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surface boundary between two layer (superscript 𝑇 represents transpose operations) (Figure 

3.1). 𝐁 may be calculated using matrix 𝐒, as 𝐁 = 𝐒𝐀: 

  , (3.14) 

where superscript (𝛼), 𝛼 = 1,… , 6  represents 3 upgoing waves and 3 downgoing waves. 

𝑡[
(¾), 𝑖 = 1,2,3  represents the 𝑖��  component of polarization vector for 𝛼��  plane wave. 

𝑇[
(¾), 𝑖 = 1,2,3 represents the 𝑖�� component of traction on the surface boundary between two 

layers caused by the 𝛼�� plane wave.  

 The particle displacement and traction on the surface boundary between two layers are 

continuous across the layer boundary. Using these boundary conditions, I can propagate a plane 

wave through many layers. I take a two-layer model as an example (Figure 3.1): 

  , (3.15) 

where 𝐊([) represents the phase shift in the 𝑖�� layer. 𝐃([) = á𝐒([)â
¥g

 in the 𝑖�� layer (Aki and 

Richards 2002). 𝐏 is the propagator matrix. 
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Figure 3.1. Propagator matrix in a two-layered model. 

 Suppose the amplitudes of downgoing waves in the 1st layer are known and the amplitudes 

of upgoing waves in the 2nd  layer are desired. As the upgoing wave amplitudes are zero if the 

2nd layer extends to infinity, the problem can be solved by blocking the propagator matrix 𝐏 

into the following form: 

  , (3.16) 
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where 𝐀ä
(h) = ®𝐴�

(h), 𝐴¦
(h), 𝐴�
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åºº�æ
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 Thus 𝐀ä
(h) and 𝐀å

(g) are: 

  , (3.17) 

and: 

   (3.18) 

 The plane wave could thus be propagated layer by layer using equation (3.15). The Green-

Christoffel equation and propagator matrix provide a solution for a single frequency. By 

multiplying with the frequency spectrum of a wavelet and summing, we can simulate the result 

for a plane wave with a specific time function. 

3.3 Numerical results 

To calculate the SWS pattern, I need to calculate 1) polarization of fast S wave (orientation of 

blue bar in Figure 3.3), and 2) traveltime difference between fast and slow S waves (length of 

blue bar in Figure 3.3). I solved for the Green-Christoffel equation and used the simple 

propagator matrix approach in the frequency-space domain (full-wave modeling) (e.g., Haskell, 

1953; Mallick and Frazer, 1991) to compute SWS that would be observed at the station on the 

Earth’s surface for a layered medium. 

 As an example, I simulated elastic wave propagation (plane wave incidence) in a 3-layered 

medium with the middle 20km-thick layer being the tilted transversely isotropic (TTI) portion 
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(not the entire slab) of the slab (Figure 3.2). I computed 3-component (3-C) synthetic 

seismograms for SV plane waves with different incident directions (incident angle 𝑖  and 

incidence azimuth 𝜙, the incident SV wave oscillates in the vertical plane). The source time 

function is a Ricker wavelet with a central frequency of 10 seconds. For each incident SV plane 

wave, I measured the shear-wave splitting and the fast-S polarization at the station. The results 

are shown in the lower hemisphere stereographic projection of the fast-S polarization vector 

(Figure 3.3). The length of this polarization vector represents the splitting time between the 

fast-S wave and the slow S-wave. It can be seen that depending on the incoming wave direction, 

the fast-S polarization can be either trench parallel or trench perpendicular and the splitting time 

can be more than 1.0 s. This phenomenon has been previously investigated by Song and 

Kawakatsu (2012) to study sub-slab anisotropy whereas the goal here is to study intra-slab 

anisotropy.  

 The numerical results imply that when the intra-slab anisotropy strength is large and cannot 

be overlooked, the S wave splitting can be significant even for a short propagation path in the 

slab.  
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Figure 3.2 3D modeling of SWS for plane wave propagation through a dipping anisotropic layer. 

A vertical cross-section showing the anisotropic layer (part of the slab) and incident wave 

geometry. The slab is dipping to the west. The station (triangle) is 28km west of the trench. The 

middle layer is 20 km thick and has a tilted transverse isotropy (TTI) anisotropy (with symmetry 

axis normal to the slab) with the P-wave anisotropy 𝜀 = 0.3, the SH-wave anisotropy 𝛾 = 0.3, 

and the Thomsen 𝛿 = 0 (see (1.15) for definition). Along the TTI symmetry axis, its P-wave 

velocity, VP is 8.4 km/s and S-wave velocity, VS is 4.67 km/s. The SV-wave anisotropy 𝜎	is 

about 0.54 calculated using equation (1.16). The upper and lower layers are isotropic and have 

VP=8 km/s and VS=4.45 km/s. Rock density is set to be uniform (3400kg/m3) in the whole 

model.   
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Figure 3.3 Lower hemisphere stereographic projection of the upgoing incident SV wave 

directions (i.e., locations of the blue bars) at the station. The orientation of the blue bar 

represents the projection of fast wave polarization on the ground. The length of blue bars (see 

the 0.5s scale at the lower right location) represents the traveltime difference between the fast 

and slow shear waves.  The graph inside the black box shows the schematic diagram of the 

geometry of the slab and incident plane wave with different propagation directions. I did not 

compute all possible incident angles but only those corresponding to the blue bars. 
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Figure 3.4 Seismic rays (SKS) through the Earth from different earthquakes to one seismic 

station in Japan. 

3.4 Conclusions 

Recent comprehensive analysis of non-double-couple components in the moment tensors for 

global deep earthquakes showed that SH-wave anisotropy (𝛾) in slabs can be strong (~25% 

typically) (Li et al., 2018) and SV-wave anisotropy 𝜎 (~60% typically) can be estimated from 

the combination of 𝜀 and 𝛿 (see Chapter 1.6.2). In our numerical example, I assumed the value 

of 𝜀, 𝛾, and 𝛿 such that the S-wave anisotropy reasonably matched the results from the analysis 

of moment tensors. I solved Green-Christoffel equation and used propagator matrix method to 

calculate the SWS pattern for incident SV-wave with different backazimuths. The numerical 

results show that the existence of intra slab strong anisotropic structure could generate complex 

fast S-polarization patterns depending on the backazimuth of earthquakes and cause significant 

splitting time between fast and slow S-waves. This has significant implications: 
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(i) SWS (both delay time and the fast S polarization direction) depends on earthquake 

source backazimuth. We must consider the incident direction of the incoming S 

waves.  

(ii) The observed shear-wave splitting phenomena may be caused by strong intra slab 

anisotropic structure besides the anisotropic structure in the mantle.  

(iii) We will make forward predictions for SWS for a transmitted shear wave through 

the slab to independently verify the existence of the inferred anisotropy structure. 

 It will be beneficial to study the relationship between the observed SWS pattern and the 

backazimuths of incident S waves in the SWS analysis (Figure 3.4) in the future.  
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4 Generation of a stochastic binary field that fits a given 

heterogeneity power spectrum  

4.1 Summary 

Incomplete binary mixing of two components can form a heterogeneous assemblage in space. 

The heterogeneity power spectrum of the assemblage can be frequently obtained in observation. 

However, it is unknown if one can find a stochastic binary field to generate the observed 

spectrum. I proposed a novel and powerful constructive procedure for this purpose (Li and 

Zheng, 2019). The procedure allows us not only to test whether certain binary mixing is feasible 

but also to tightly constrain the properties of the mixing components and the modal proportion. 

The method should find wide applications in many branches of geosciences.  

4.2 Introduction  

Mixing is a general phenomenon widely observed in many dynamic systems. Rather than being 

too general and vague in the description, we set our discussion in the context of solid Earth 

sciences. In the Earth’s interior, mixing is a process to either generate or destroy geochemical 

and geophysical heterogeneities (Allegre and Turcotte, 1986; Kellogg and Turcotte, 1987; Hart, 

1988; Kellogg and Turcotte, 1990; Hunt and Kellogg, 2001; van Keken et al., 2002; Bercovici, 

2007; Stixrude and Lithgow-Bertelloni, 2012). Therefore, mapping heterogeneities to infer 

mixing patterns can provide valuable information in understanding the dynamic evolution of 

Earth’s interior.  
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 Among all mixing scenarios, binary mixing (Farley et al., 1992; Xu et al., 2008; Shimizu 

et al., 2016) has the fewest mixing components but occupies a special role. For example, the 

marble-cake model (Allegre and Turcotte, 1986) or the mechanical mixing model of basalt and 

harzburgite (Xu et al., 2008) provides important frameworks to understand mantle evolution. 

Small-scale heterogeneities observed from seismic scattering in the lowermost mantle have 

been interpreted as mantle binary mixing with subducted mid-ocean-ridge basalt (Haugland et 

al., 2018).  

 It is important to distinguish two important cases: complete and incomplete binary mixing. 

Let us consider a particular case where we want to mechanically mix two endmember rock 

types with different seismic velocities. We can analyze the assemblage by considering the 

content in boxes at different spatial locations and of different scales. The complete mixing 

results in a statistically homogenized assemblage where the relative modal proportion of each 

component is constant in any box regardless of its location and scale. In this case, the 

assemblage is considered as an effective homogeneous medium, and seismic waves will not 

‘see’ heterogeneities. On the other hand, the incomplete mixing results in a binary velocity field 

where the modal proportion of each mixing component in the box depends on the box’s location 

and scale. In this case, the mixed assemblage could be heterogeneous at multiple scales, seen 

by seismic waves. Statistically, the property of a heterogeneous assemblage can be 

characterized by the first moment of the distribution (which is a mean value) and the second 

moment (which is the correlation function) Seismic tomography is such an example and can 

give the large-scale mean seismic velocity in the mantle (Romanowicz, 2003). However, 

knowing only the large-scale mean velocity is limited in understanding binary mixing because 

there are different possible small-scale mixing scenarios that can yield the same mean value. If 
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the correlation function of the velocity field fluctuation can also be obtained, the mixing can be 

much better understood. In this regard, seismic scattering can frequently determine the power 

spectrum (hence spatial correlation function) of the random heterogeneity using transmission 

fluctuations (Chernov, 1960; Aki, 1973; Wu and Flatté, 1990; Chen and Aki, 1991; Cormier, 

2000; Zheng and Wu, 2005; Zheng and Wu, 2008; Sanborn et al., 2017) or seismic envelopes 

(Sato and Fehler, 1998). The heterogeneity power spectrum is defined as the square of the 

Fourier amplitude spectrum and therefore does not have the phase information.  

 It is usually straightforward to find a random realization of a continuous (not binary) field 

(Muller et al., 1992; Zheng and Wu, 2008) or a discrete field satisfying some specific 

correlation function form such as von Karman distribution (Goff et al., 1994; Levander et al., 

1994) that can generate the observed heterogeneity power spectrum. However, the question 

posed here is: can we find a stochastic discrete binary velocity field for a general correlation 

function such that it can produce the observed heterogeneity power spectrum?  

4.3 Methods  

4.3.1 Definition of heterogeneity power spectrum and two-point correlation function  

Suppose the heterogenous seismic velocity field in the mantle is 𝑣(𝐱). The background velocity 

is 𝑣¡. Then the fluctuation of the velocity field (Zheng and Wu, 2008) could be defined as: 

  . (4.1) 

 The two-point correlation function, 𝐵(𝐫), of the fluctuation field is defined as 

ε x( ) = 12
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  , (4.2) 

where the overbar means averaging the product over all possible locations 𝐱 for a given a 

correlation lag 𝐫. The heterogeneity spectrum of the fluctuation field is defined as 

  , (4.3) 

which is usually a complex number. The heterogeneity power spectrum 𝑃(𝐤) is just the Fourier 

transform of the fluctuation correlation 𝐵(𝐫): 

  . (4.4) 

 Therefore, knowing the correlation function 𝐵 can enable us to obtain the power spectrum 

𝑃, and vice versa.  

 I further assume the binary mixture is a statistically isotropic random medium, which 

means that the heterogeneity correlation function does not depend on the orientation and we 

have 𝐵(𝒓) = 𝐵(r), where 𝑟 is the length of the vector 𝐫.  

 It is easy to see that the two-point correlation function of the velocity field 𝐶(𝑟) = 𝐶(𝐫) =

𝑣(𝐱)𝑣(𝐱 + 𝐫)����������������� has the following relationship with the fluctuation correlation function of the 

random field 𝐵(𝑟) using equation (4.1): 

  . (4.5) 

4.3.2 Problem statement and binary field construction  

Our goal is to construct a stochastic binary velocity field , whose spatial correlation 

function is the same as	𝐶(𝑟).  

B r( ) = ε x( )ε x + r( )

F k( ) = ε x( )e− ik⋅xd 3x∫∫∫

P k( ) = B r( )e− ik⋅rd 3r∫∫∫ = F k( ) 2

C r( ) = v02 1+ B(r)⎡⎣ ⎤⎦

V B( ) x( )
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 To achieve this goal, I applied a two-step reconstruction method.  

(i) In the first step, I will determine a viable combination of the two endmember 

velocities and the volume fraction of each component.  

(ii) In the second step, I will apply the simulated annealing (SA) optimization method 

(Yeong and Torquato, 1998) to find a stochastic realization of a binary field that 

could yield the correlation function 𝐶(𝑟). 

4.3.3 Step1: Determination of velocities and volume fractions of the mixing endmembers  

Suppose the two mixing components have two discrete velocities: 𝑣ê and 𝑣U for phase-a and 

phase-b, respectively. The binary velocity field  takes a velocity (either 𝑣ê or 𝑣U) at any 

location x and is sought to fit the following constraint   

  . (4.6) 

 It is more convenient for us to use an indicator function defined as: 

   (4.7) 

 The correlation function of the indicator field for phase-𝑎 is defined as: 

  . (4.8) 

 Because the relationship between the indicator field and binary velocity field is: 

  , (4.9) 

we have the following: 

V B( )

C r( ) =V B( ) x( )V B( ) x + r( )

I a( ) x( ) = 1    if x ∈phase a,
0    if x ∉phase a.

⎧
⎨
⎪

⎩⎪

S a( ) r( ) = S a( ) r( ) = I a( ) x( ) I a( ) x + r( )

I a( ) x( ) = V
B( ) x( )− vb
va − vb



 87 

 ,  (4.10) 

 Since , it is straightforward to show the following relationship 

between 𝐶(𝑟) and 𝑆(ê)(𝑟): 

 ,  (4.11) 

where  

  . (4.12) 

 The bulk volume fraction of phase-𝑎, is given by the correlation function  𝐼(ê)(𝐱) at the 

zero lag:  

  . (4.13) 

 On the other hand, when the lag R is large enough, we have  

  . (4.14) 

 To see the validity of equation (4.14), I used the following rationale. At any point in the 

binary field, the probability to find phase-a is . The probability of finding phase-a 

simultaneously at two locations (see equation (4.8)) at a distance R apart is when R is large. 

The reason we need a large R is that the field is decorrelated at large distances.  

 Plugging (4.5), (4.13), and (4.14) into equation (4.11), we can obtain the relationship 𝑣ê, 

𝑣U, and 𝜙ê: 

I a( ) x( ) I a( ) x + r( ) = 1
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2
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   (4.15) 

 Here, 𝐵(0) and 𝐵(𝑅) can be taken as known from the correlation function 𝐵(𝑟) (which is 

inverted from the observations) and 𝑣¡ is the background velocity. Given a volume fraction of 

phase-𝑎, 𝜙ê, we can determine the two endmember velocities 𝑣ê and 𝑣U using equation (4.15). 

We still need to show that there is a stochastic binary field whose correlation function can fit 

the observed correlation function.  

 In practice, this correlation function could be obtained from observations such as seismic 

transmission fluctuations (Cormier et al., 2018) or seismic reflection data (Scholer et al., 2010). 

For observations using seismic transmission fluctuations, the correlation function 𝐵(𝑟) is the 

inverse Fourier transform of the spatial power spectrum of the velocity heterogeneity, which is 

related to the observed logarithmic amplitude and phase fluctuation coherence functions across 

a seismic array (Zheng and Wu, 2008; Cormier et al., 2018). For reflection data, the correlation 

function can be estimated from the migration image. Note that the information in the correlation 

function obtained from seismic observations reflects heterogeneous features on the scale of the 

seismic wavelength.  

4.3.4 Step2: Determination of the stochastic structure of binary-mixing field 

Because there is a one-to-one correspondence between the fluctuation correlation 𝐵(𝑟) and the 

indicator correlation function 𝑆(ê)(𝑟) using equation (4.11), I chose to find a binary field with 

a correlation that fits 𝑆(ê)(𝑟).  
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 I will apply an iterative simulated annealing (SA) method (Kirkpatrick et al., 1983; Yeong 

and Torquato, 1998) for this purpose. I start from some random binary indicator field. I then 

update the binary indicator field in order to reach the final stochastic field with 𝑆(ê)(𝑟). In each 

SA step, I proposed to minimize the misfit E defined in the least-squares sense: 

  , (4.16) 

where 𝑟[  denotes the 𝑖��  correlation lag, and 𝑆´í  is the correlation function for the binary 

indicator field at that SA step. For each lag 𝑟[, I calculate the average of all corresponding two-

point products (Yeong and Torquato, 1998). 

  In each SA step, I swap two points randomly chosen from the indicator field. In this way, 

the bulk volume fraction of each phase will be automatically conserved. I then calculate the 

new misfit  and I can compute the change in the misfit  before and after each 

swap. If , I will accept the swap with probability 1. If , the swap is accepted 

according to the probability, , defined as  

  . (4.17) 

 The reason I may still accept the swap even the misfit increases is to avoid being trapped 

in the local minimum in iteration.  

 The starting value of 𝑇 (usually called “melting temperature” in SA) should be a value 

large enough to make the acceptance ratio in the initial several hundred swaps greater than 80%. 

If the acceptance ratio is less than 80%, the initial 𝑇  should be doubled. After the initial 

“melting temperature” 𝑇 is determined, the “cooling process” starts, the parameter 𝑇 decreases 
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at a constant rate, say 0.95, after certain number of swaps (Kirkpatrick, 1984). The iteration 

terminates when the misfit 𝐸 given by equation (4.16) is less than some given tolerance value 

such that the misfit is minimized in the sense of the least-squares. 

4.4 Examples 

I provided two examples to show how to construct a stochastic binary field whose 

correlation/spectrum can fit a given correlation/spectrum function. I will test two types of 2D 

correlation functions for the fluctuations, Gaussian and von Karman types. For the Gaussian 

type, its correlation function is:  

  . (4.18) 

 For the von Karman type, its correlation function is: 

  . (4.19) 

 In equations (4.18) and (4.19), 𝜒 is the root mean square (rms) of the random fluctuation 

field. 𝑟 is the correlation lag. 𝑟¡ is a length scale for the heterogeneities. In equation (4.19), Γ is 

the gamma function, 𝐾ð is the modified Bessel function, 𝜈 is the Hurst number (0 < 𝜈 < 1) 

that controls the amount of small-scale heterogeneities relative to the large-scale ones.  

 In our examples, the way I constructed the continuous random field for a given correlation 

function is as follows. I Fourier transformed the correlation function to get the Fourier 

amplitude spectrum. This amplitude spectrum is multiplied with a random phase in the 

wavenumber domain, and then transformed back to the space domain, keeping the real part (the 
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imaginary part is zero). Although it is intuitive to simply pixelating the continuous field into 

binary field using a certain threshold, the pixelated binary field would not fit the correlation 

function. That is why I took advantage of the simulated annealing method to reconstruct the 

binary field. 

4.4.1 Gaussian Type: 

For the Gaussian type, I set the rms velocity 𝜒 = 0.03	 km/s, 𝑟¡ = 0.2𝑘𝑚  to obtain the 

correlation function 𝐵(𝑟)  (Fig. 1a). Suppose the corresponding fluctuation field has a 

dimension of 200×200 pixels, and the pixel size is the same along the x direction ( ) and the 

z direction ( ), i.e., Δx = Δz = 0.05	𝑘𝑚 . Given a background velocity 𝑣¡  ( say,  𝑣¡ =

8𝑘𝑚/𝑠 ), a random realization of the velocity field is 𝑣(𝑥, 𝑧) (Figure 4.2e) if we were to find a 

continuous random field that can fit the correlation function 𝐵(𝑟). However, our goal is to find 

a stochastic binary field that generate the same 𝐵(𝑟). 

 With 𝐵(0), 𝐵(𝑅), and 𝑣¡, the relationship of the binary velocities 𝑣ê (red dashed line) and 

𝑣U (blue dash-dotted line) with respect of the volume fraction, 𝜙ê, can be determined (Figure 

4.1b) (equation (4.15)). For instance, by fixing , we can determine the velocities of the 

two mixing endmembers, 𝑣ê = 8.36𝑘𝑚/𝑠  and 𝑣U = 7.83𝑘𝑚/𝑠 , respectively. If these 

velocities do not correspond to properties of real geological components, we can continue to 

vary  until the two velocities make geological sense. Therefore, this is a powerful method to 

constrain possible 𝑣ê, 𝑣U, and if the binary mixing scenario is assumed.  

Δx

Δz

φa = 0.3

φa

φa
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 Next, we I will find a random binary field that corresponds to 𝐵(𝑟). To do this, I chose to 

work on the binary indicator correlation function 𝑆(ê)(𝑟)  which has a one-to-one 

correspondence with 𝐵(𝑟) (Figure 4.1a) (also see equations (4.5) and (4.11)).  

 I created an initial random binary field model with the volume fraction of phase-𝑎 𝜙ê =

0.3 (Figure 4.2c). The correlation function of the corresponding indicator field is far from the 

observed 𝑆(ê)(𝑟) (Fig. 2a). Then I applied the SA iteration. At each SA step, I computed the 

correlation function 𝑆´í(𝑟) and its misfit (Fig. 2b). After 2 million SA steps, A correlation 

𝑆´í(𝑟) that fits the true correlation function 𝑆(ê)(𝑟) well is achieved (Figure 4.2a) and the 

misfit is decreased to an acceptable level (Figure 4.2b). 

 The final stochastic binary field (Figure 4.2d) from the SA method shows many spatially 

contiguous domains or “blobs”. These blobs have similar spatial scales which is characteristic 

to the single-scale Gaussian random field.  
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Figure 4.1. (a) A Gaussian correlation function. (b) Relationship of binary velocities   (red 

dashed line) and  (blue dash-dotted line) with the volume fraction of phase-𝑎  for this 

Gaussian type. The black solid line represents the background velocity  .  

 

Figure 4.2. Gaussian type binary field. (a) Comparison of the observed correlation function 

( , black solid line), initial correlation function (blue dash-dotted line), and final correlation 

function of the indicator field after 2 million simulated annealing iterations ( , red circles); 

(b) Correlation misfit, E (equation (4.16)), with the iteration number; (c) Initial random binary 

velocity with volume fraction  for phase-a. (d) Final binary velocity field  
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using SA. (e) One realization of the continuous velocity field given the observed 𝐵(𝑟) and 

background velocity . In c) and d), the yellow region denotes phase-a and red region denotes 

phase-b. 

4.4.2 von Karman Type:  

I set the rms velocity 𝜒 = 0.03	𝑘𝑚/𝑠, 𝑟¡ = 0.4𝑘𝑚, and 𝜈 = 0.2 to obtain one von Karman type 

correlation function 𝐵(𝑟)  (Figure 4.3a). Suppose the corresponding fluctuation field has a 

dimension 400×400 pixels, each pixel is a grid with dimension 0.05𝑘𝑚 × 0.05𝑘𝑚. We can 

then obtain one random realization of the continuous velocity field (Figure 4.4e) given 

background velocity 𝑣¡ = 8𝑘𝑚/𝑠.   

 Similar to the Gaussian type, we can determine the relationship of the binary velocities 𝑣ê 

(red dashed line) and 𝑣U (blue dash-dotted line) with volume fraction 𝜙ê (Figure 4.3b). 

 Given a volume fraction 𝜙ê = 0.3, I obtained 𝑣ê = 8.33𝑘𝑚/𝑠 and 𝑣U = 7.87𝑘𝑚/𝑠 using 

equation (4.15). The structure of the binary field could be obtained in a way similar to the one 

for the Gaussian type after 3 million iterations. The 𝑆´í(𝑟) that fits the observed correlation 

function 𝑆(ê)(𝑟) well and the misfit was reduced to the level of 10¥g¡ (Figure 4.4b). The final 

SA binary velocity field (Figure 4.4d) shows that the spatial distribution of phase-a is less 

contiguous compared to the Gaussian case (Figure 4.2d). There are multiple sizes for the 

contiguous domains dispersed throughout the model, which are characteristic for the multi-

scale von Karman random medium.  

v0
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Figure 4.3. (a) von Karman correlation function. (b) Relationship of binary velocities  (red 

dashed line) and   (blue dash-dotted line) with the volume fraction of phase-𝑎   for the von 

Karman type medium. The black solid line represents the background velocity . 
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Figure 4.4. von Karman binary field. (a) Comparison of the observed correlation function (black 

solid line), initial correlation function (blue dash-dotted line), and final SA correlation function 

(red circles) of binary indicator field after 3 million iterations. (b) Misfit E (equation (4.16)) 

with the iteration number. (c) Initial random binary velocity field with volume fraction  .  

(d) Final binary-mixing velocity field  after 3 million steps of SA. (e) One random 

realization of continuous velocity field given observed 𝐵(𝑟) and background velocity . In c) 

and d), the yellow region denotes phase-a and red region denotes phase-b. 
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4.5 Discussion and Conclusions 

Our iterative simulated annealing approach provides a new way to test the feasibility of 

geological binary-mixing models such as binary models for the mantle (Farley et al., 1992; Xu 

et al., 2008; Shimizu et al., 2016). If some region in the mantle is composed of two types of 

rocks such as basalt and harzburgite, we can then constrain the velocities and volume fraction 

of basalt and harzburgite using the observed heterogeneity spectrum. This can be potentially 

useful in understanding mantle evolution and recycling of slab materials.  

 I note that based only on the measured power spectrum, we cannot tell if the true field is 

composed of two or more mixture components because the power spectrum only gives us one 

aspect (spatial correlation structure) of the true assemblage property. In the scope of the paper, 

I take ‘binary mixing’ scenario as a constraint to interpret the spectrum in this context. If the 

medium is indeed composed of more than two components, our inversion may give incorrect 

results.  

 This method also has the potential to be implemented to 3D case with acceptable 

computation cost . For the 2D case in the Von Karman type example, the inversion only takes 

381 seconds for 3 million iterations given the power spectrum on MATLAB R2017b. The SA 

sampling step’s time complexity is O(n) (n is the sampling dimension). Although we may need 

more iterations to achieve convergence, the computational cost would be acceptable 

 In conclusion, I find a novel constructive approach using simulated annealing to construct 

a random binary field that fits both the mean value and the correlation function (or heterogeneity 

power spectrum) of random heterogeneities. This new method enables us to obtain a tight 
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relationship of the binary velocities and the volume fraction of the binary endmembers. Spatial 

patterns of the random field can be used to infer dynamic styles of mixing. The method is 

general and is a new powerful analysis tool for understanding binary mixing in a variety of 

settings.  

 

 



 99 

5 Physics-Guided Machine Learning Identification of 

Discrete Fractures From Double Beam Images 

5.1 Summary 

Reservoir natural fracture detection is of critical importance in unconventional resource and 

geothermal resource development and production. Previously, a double-beam interference method 

was proposed to characterize irregularly distributed fractures, including multiple coexisting 

fractures with random spacings and varying azimuths (Zheng et al., 2013; Hu and Zheng, 2017; 

Hu et al., 2018). This method is target-oriented, and it outputs complex-valued interference 

patterns for reservoir fracture target, which contain information about local fracture orientation, 

density, and fracture compliance. In the double-beam method, only amplitude information of the 

double-beam image was interpreted, and the phase spectrum was ignored. In this study, I take 

advantage of machine learning technique to perform high-resolution interpretation of the double-

beam images to directly obtain discrete fractures (Li et al., 2019). The machine learning algorithm 

is essentially a constrained Fourier analysis on complex-valued 2D images 

5.2 Introduction 

Fractures are common and important geological elements in many different geological settings. 

The porosity and compliance of subsurface fractures in the reservoir can influence fluid flow 

significantly (Nelson, 2001). A prior knowledge about the fracture geometries such as fracture 

orientation and spacing can greatly improve our ability to capture flow transport behavior (Kang 

et al., 2011; Nick et al., 2011; Kang et al., 2016). On the other hand, knowledge about the 
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distribution of subsurface fractures can place constraints on the stress state of the reservoir fields, 

which is critical to guide the well drilling and hydraulic fracturing in order to enhance and stimulate 

the production of hydrocarbon or geothermal resources (Hubbert and Willis, 1957; Olson, 1989; 

Barton et al., 1995; Nelson, 2001; Montgomery and Smith, 2010).  

 Many different active source seismic exploration methods have been used to probe or image 

the subsurface fractures. Traditionally, subsurface fractures can be characterized based on 

anisotropic seismic wave propagation using methods such as Amplitude-Versus-Offset (Vavrycuk 

et al.) or Amplitude-Versus-Azimuth (AVAz)  (Thomsen, 1999; Vasconcelos and Grechka, 2007; 

Far et al., 2014) and shear wave splitting (Crampin, 1985; Tatham et al., 1992; Vetri et al., 2003; 

Long, 2013; Verdon and Wustefeld, 2013). These methods are based on the effective anisotropic 

medium theory, which in its simplest form assumes a single set of aligned subsurface fractures 

with uniform spacing and size much smaller than the seismic wavelength (David et al., 1990). 

However, in reality, reservoirs may contain multiple sets of fractures cutting with each other. The 

fractures could be distributed randomly with variable geometries and multiple length scales, some 

of which could be larger than the probing seismic wavelength (Gale et al., 2007). Furthermore, if 

multiple randomly distributed fractures coexist in reality, AVAz analysis may be invalid due to 

strong multiply-scattered seismic waves (Fang et al., 2017).  

 In addition, scattered waves related to fractures have been used to image fractures via 

stacking (Willis et al., 2006; Fang et al., 2013) and migration (Landa et al., 2011; Schoepp et al., 

2015; Silvestrov et al., 2016). However, these scattering-based imaging/migration methods can 

only provide discrete fracture scattering energy. An additional interpretation step is needed to 

obtain local fracture spacings and orientation.  
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 Zheng et al. (2013) proposed a double-beam method by utilizing the interference pattern of 

multiply scattered waves among fractures. This method forms two beams to mutually illuminate 

the subsurface target, so-called as double-beam method (DB for short). This method has been 

validated to be able to detect the fracture orientations, spacings, and compliance for multiple 

coexisting sets of fractures with random spacings and compliance in a non-flat reservoir layer 

(Zheng et al., 2013; Hu and Zheng, 2017; 2018; Hu et al., 2018).  

 Previously, only amplitude information of the double-beam interference (DBI) pattern is 

interpreted (Zheng et al., 2013), and the DB method outputs fracture parameters (e.g., orientation, 

density, compliance), not discrete fracture geometry. The exact locations of fractures are not 

inferred due to the ignorance of the phase information. In this study, I will incorporate both 

amplitude and phase information of a DBI image. I will train a fully-connected neural network 

based on a synthetic training dataset to learn to convert the complex-valued DBI pattern into a 

deterministic discrete fracture network (DFN) directly. Essentially, the neural network is trained 

to learn a constrained inverse Fourier transform. I will show the effectiveness of the trained neural 

network on a synthetic test dataset.  
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5.3 Methods 

5.3.1 Review of fracture characterization using the DB method 

The DB method characterizes subsurface fractures by focusing a source-beam and a receiver-beam 

from the surface to a target zone in a fractured reservoir (Zheng et al., 2013). The essence of the 

DB method is based on multiple scattering of a local incident plane wave upon a set of fractures. 

The scattering wavenumber 𝐤æ on the receiver side and the incident wavenumber 𝐤ô on the source 

side are related by the local fracture network geometry around the target (Rayleigh, 1907; Aki and 

Larner, 1970; Ishimaru, 1991). 

  , (5.1) 

where 𝐤ßæ  and 𝐤ßô  are the horizontal components of 𝐤æ  and 𝐤ô , respectively; 𝜑õ  is the fracture 

normal direction defined as a unit vector perpendicular to the fracture plane and 𝑎 is the local 

fracture spacing (Figure 5.1). We focus on the case of 𝑛 = −1 because the first-order back-

scattered wave has strong energy in numerical simulation (Zheng et al., 2013). 

 We can form the source beam and the receiver beam in the frequency domain to form the 

local fracture DBI pattern (Zheng et al., 2013): 

  . (5.2) 

 Here, 𝑏ô(𝐱ô|𝐫, 𝐩ô, 𝑤ô, 𝜔) is the source beam and 𝑏æ(𝐱æ|𝐫, 𝐩æ, 𝑤æ, 𝜔) is the receiver beam, with 

𝐩ô = 𝐤ø

É
 and 𝐩æ = 𝐤ù

É
 represent slowness vectors of source beam and receiver beam and 𝑤ô and 𝑤æ 

represent source and receiver Gaussian beam width. The symbol ‘*’ means the complex conjugate. 

𝐷(𝐱ô, 𝐱æ, 𝜔)  is the data sourced from 𝐱ô  and recorded at 𝐱æ  in the frequency domain. 𝜎  is a 

frequency-space dependent complex-valued 2D image at a certain probing depth. The target 
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fracture set does not necessarily to be vertical and its height could be quite small. This method is 

probing the periodicity of the top edge of fractures in the horizontal direction (similar to grating 

diffraction). But if the fracture height is too small, the diffraction energy may be too weak to be 

detected. If the background medium is homogeneous with constant velocity 𝑉¡, the Gaussian beam 

solution reads: 

  , (5.3) 

where (𝑠, 𝑞g, 𝑞h) represents the length in ray centered coordinate system, 𝑤¡ specifies the initial 

beam width at some reference frequency 𝜔æ (Hill, 1990; Červený, 2002), . In the ray centered 

coordinate system (Červený, 2002), 𝑠 measures the arc length along the ray from the target 

fracture, and its unit base vector is the unit tangent column vector 𝐭. 𝑞g and 𝑞h are the 

magnitudes along unit base column vectors 𝐞g	and 𝐞h at 𝑠. The vectors 𝐞g	and 𝐞h are introduced 

with the help of the normal column vector 𝐧, binormal column vector 𝐛, and torsion 𝑇 of the ray 

at 𝑠: 

𝐞g = 𝐧cos(Θ) − 𝐛sin(Θ),       𝐞h = 𝐧cos(Θ) + 𝐛sin(Θ). 

with Θ = ∫ 𝑇(𝜉)𝑑𝜉ô
¡ . The integral is taken along the ray. Suppose 𝐱! = (𝑥!g, 𝑥!h, 𝑥!i) is a 

point on the ray and its length along the ray path from the target is 𝑠!. The coordinate (𝑠, 𝑞g, 𝑞h) 

in the ray-centered coordinates (𝐭, 𝐞g, 𝐞h) is related to the coordinate 𝐱 = (𝑥g, 𝑥h, 𝑥i) in the 

standard Cartesian coordinates by the transformation matrix [𝐭, 𝐞g, 𝐞h]: 

 .  (5.4) 

 For a target, we obtained the DBI by stacking the 𝜎 of all possible pairs of source and receiver 

beams. 
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Figure 5.1. Schematic diagram of the DB imaging method. Stars and triangles represent source 

and receivers respectively. 𝑎 is the local fracture spacing in the target area.  the fracture normal 

direction.  

 

ϕ̂
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Figure 5.2. One example of the absolute value of the complex-valued DBI pattern (Hu et al., 2018). 

(a) Map view of the fracture distribution. The horizontal and circled lines represent vertical 

fractures. Color represents fracture compliance. Two targets blocks T1 and T2 (each target 

contains two sets of fractures) are selected to generate DBI patterns in (b) and (c). The radial 

direction indicates the scanned fracture spacing 𝑎  (i.e., 40-120 m), the tangential direction 

indicates scanned fracture orientation  . If there exists a fracture set within the scanned fracture 

spacing and orientation range, there will be high-amplitude bright spots which represents the 

relative magnitude of compliance for this set of fracture. Two picked bright spots indicate two 

detected sets of fractures.  

 By interfering the source beam and receiver beam for all possible pairs of sources and 

receivers in the acquisition system and stacking the obtained interference patterns, we obtain a 

final complex-valued DBI pattern. This DBI pattern can be interpreted manually by taking the 

absolute value of it (Figure 5.2). The “bright spots” in the DB image indicate the most likely 

fracture spacing and orientations. Meanwhile, the magnitude of the bright spot indicates the 

fracture normal compliance. 

 In a perfect geometry (infinite acquisition plane, dense receivers, correct velocity models), 

our DB method simply implements a spatial Fourier transform from the fracture distribution to the 

DBI. However, in an imperfect world where the acquisition is limited in aperture, the Fourier 

transform is not a straightforward mathematical transform, however its core function is still similar 

to a Fourier transform.  This physical meaning of DB method inspired us to take advantage of 

using neural networks to learn a constrained inverse Fourier transform algorithm, which could 

transform the DBI back to the DFN.  

ϕ̂
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5.3.2 Translation of DBI into DFN using neural networks 

Our goal is to train a neural network to convert the complex-valued DBI pattern to DFN 

automatically. We called it “double-beam neural network” (DBNN). 

 To achieve this goal, I created a labeled dataset with a volume of 10,000 samples. To create 

each sample in the dataset, I first generated one set or two sets of 2D fractures (lines) with random 

spacing and orientations and then did forward modeling to calculate DBI’s. In the forward 

modeling, I used Born modeling to efficiently generate waveforms corresponding to variable 

distributed fractures and then applied the DB method to obtain DBIs (Hu and Zheng, 2018). A 

DBI has 121 fracture azimuths/orientations and 34 fracture densities (e.g., spacings). Because a 

DBI contains both real and imaginary parts, the DBI image size is 121 × 34 × 2. The DFN image 

size is 21 × 21. Each pixel in the DFN image is either 0 or 1 with 1 denoting the existence of 

fracture and 0 no fracture. To train our DBNN I used DBI as input data and the corresponding 

DFN as the label. I split our dataset into two parts, 80% used for training and 20% used as the test 

set. 

 I applied a simple fully-connected NN with one hidden layer. The hidden layer has 1,000 

neurons (Figure 5.3). The DBI and DFN images are flattened into 1-D vectors for training the 

neural network. Thus, the input DBI layer contains 121 × 34 × 2 = 8228 neurons and the output 

DFN layer contains 21 × 21 = 441 neurons. I applied dropout (Srivastava et al., 2014) to both 

the input and hidden layers with a dropout rate of 50% to avoid overfitting in the training dataset. 

I used the sigmoid function (5.5) as activation function for each layer.  

   (5.5) σ z( ) = 1
1+ e− z
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The cost function (5.6) in the output layer is the mean squared differences between the DBNN 

predicted image and the true DFN image. 

   (5.6) 

 

Figure 5.3. The architecture of the DBNN. The dropout is applied to both the input layer and 

hidden layer to avoid overfitting.  

5.4 Examples 

5.4.1 Simple example for DBI obtained by Born scattering 

I performed the training based on the Keras (Chollet, 2015) and I used batch gradient descent and 

ADAM optimizer (Kingma and Ba, 2014) with a learning rate of 0.001 to train our neural network. 

I trained 5,000 epochs and the batch size in each epoch is 100. The cost function decreases rapidly 

in the first 500 iterations and gradually converges to an acceptable level. After training, I fed DBI 

from the test dataset into our trained neural network to make DFN predictions. I then compared 

C =
yi
pred − yi

true( )2
ni=1

n

∑
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the true DFN and predicted DFN for input DBI from both training dataset and test dataset (Figure 

5.5; Figure 5.6). For the training dataset, the predicted DFN’s are almost the same as the true DFNs, 

which indicates that the DBNN has learned how to extract information in DBI pattern and translate 

it into DFN. For the test dataset, the DBNN also makes reasonable predictions with a comparable 

resolution of the training dataset.  

 

Figure 5.4. Mean square error of predictions for training dataset and test dataset in 5000 epochs 

during the training process. 

 I also trained a simpler regression model with no hidden layer, no dropout, and no activation. 

The regression model could generate predictions for DFNs which have a reasonable trend but 

relatively low resolution. The DBNN with one hidden layer and with dropout and activation has 
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much better resolution than the DBNN with no hidden layer and with no dropout and no activation 

(Figure 5.7; Figure 5.8).  

 

Figure 5.5. Comparison of predicted fractures and true fractures using training dataset for DBNN 

with one hidden layer, dropout, and activation. Yellow color represents fracture. Dark blue 

represents no fracture. Each fracture image has 21 × 21 pixels. And each pixel has a dimension 

of 5 meter by 5 meter. 

 

 



 110 

 

Figure 5.6. Comparison of predicted fractures and true fractures using test dataset for DBNN with 

one hidden layer, dropout, and activation. Yellow color represents fracture. Dark blue represents 

no fracture. 
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Figure 5.7. Comparison of predicted fractures and true fractures using training dataset for simpler 

regression DBNN model. Yellow color represents fracture. Dark blue represents no fracture. 
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Figure 5.8. Comparison of predicted fractures and true fractures using test dataset for simpler 

regression DBNN model. Yellow color represents fracture. Dark blue represents no fracture. 

5.4.2 Example for DBI obtained by finite-difference modeling 

After I trained the neural network for DBI obtained by Born modeling, I would like to apply the 

trained neural network to a more realistic dataset for a more complex fracture system generated by 

3-dimensional (3D) elastic finite-difference (FD) modeling. The significant difference between the 

FD modeling and Born modeling is that the FD modeling generates both single and multiple 

scatterings. We perform the 3D FD modeling for a layered model with two sets of randomly spaced 

vertical fractures embedded on the top of 3rd layer (Figure 5.9) (Hu et al., 2018). The horizontal 

dimension of the fracture system is 2400𝑚 × 2400𝑚 (Figure 5.9c). The whole fracture system is 
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divided into 21-by-21 120𝑚 × 120𝑚 target blocks. The DBI for each target block is obtained 

using the DB method. I then tried to predict the geometry of the fracture using the trained neural 

network. 

 

Figure 5.9 a) 3D view of 5-layer model for finite-difference modeling and source (red asterisks) 

and receiver (blue dots) geometry. Randomly spaced vertical fractures are located in a non-flat 

layer. b) 2D view of 5-layer model with P-wave velocity 𝑉³, S-wave velocity 𝑉  and density 𝜌.(Hu 

et al., 2018) c) Map view of fracture distribution. The horizontal lines and circles are fractures. 

Red color represents high fracture compliance. Blue color represents low fracture compliance. 

 I fed the trained neural network with the DBI of each target block and try to predict the DFN 

for each block. I combined the DFN for all 441 target blocks to reconstruct the fracture system 

(Figure 5.10b). The predicted results clearly show two sets of fractures. However, compared with 

the true fracture distribution, the predicted locations for some fractures are not correct. 
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Figure 5.10 (a) True fracture distribution map (21-by-21 target blocks). Yellow color represents 

fractures. Dark blue represents no fracture. (b) Predicted fractures by trained neural network with 

DBIs obtained from FD modeling data as input.  

5.5 Conclusions 

I tested the feasibility of using double-beam neural network (DBNN) to directly transform 

complex-valued double-beam interference (DBI) patterns into discrete fracture networks (DFN) 

in order to achieve the detection of the fracture distribution on synthetic datasets. The trained 

neural network can make accurate and high-resolution predictions for the locations and geometries 

for multiple coexisting fracture sets. The results are promising. Besides the spacing and orientation 

readily obtained in the amplitude of the DBI pattern, the exact locations of fractures are also 

determined. I also applied the trained DBNN on DBI obtained from FD modeled dataset and 

successfully predict two sets of fractures. However, the predicted locations are not correct for some 
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fractures. More research needs to be done to improve the precision of detecting fracture 

distribution.
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