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ABSTRACT 

This dissertation mainly focused on the multidisciplinary applications of a 3D 

finite-difference based electromagnetic modeling which included applications in oil & 

gas industry as well as medical industry. 

For applications in oil & gas industry, we focused on the electromagnetic modeling 

aspect of the digital rock physics (DRP) to understand the relationship between the 

micro-structures and contents within the structure to their electrical properties. This is 

achieved via using the 3D rock micro-CT images and performing electromagnetic 

modeling using the 3D numerical mixing law (finite difference method based), which 

is a robust numerical method with high efficiency. Based on the results of this 

investigation, one can establish the relationship between the rock structure/porous 

space filling materials and the buck electrical properties, such as the permittivity and 

the conductivity. Additionally, conventional methods to extract the electrical properties 

from Micro-CT rock images require significant computational resources. This thesis 

also includes a novel multi-scale method for such large-scale modeling based on a 

hierarchy approach. Without losing any information from the original Micro-CT 

images, the method uses the mixing theory to extract equivalent rock electrical 

properties at multi-level and cascades all results at different level to achieve the overall 

rock properties. The method proposed in this application effectively overcome previous 

approximation that needs to decimate the original images and all vital information will 
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be remained. Modelling and simulations are performed at multi-scale with different 

choices of sub model sizes to understand the effect of partition on the overall accuracy.  

For the application in medical industry, we focused on the spinal cord stimulation. 

Spinal cord stimulation (SCS) is a type of neuro-stimulation therapy proven to be 

effective for many chronic pain suffers; it helps mask pain by blocking or modifying 

pain signals before they reach the brain. The main purpose of this research is to evaluate 

the dorsal column (DC) activation region that relate to dermatomal coverage. A paddle 

lead with 4×5 contact array was utilized to achieve expected coverage of DC fibers. An 

efficient 3D finite-difference-based method was applied to obtain the field potentials 

inside the spinal cord, which can be coupled to the second step biophysical mammalian 

myelinated fiber model to identify the DC activation region.  
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I. Introduction 

1.1 3D finite-difference-based electromagnetic modeling application in Digital rock 

physics  

Mixing law method can be generally applied to predict the properties of 

composites, such as mechanical properties, electrical properties, and etc. Our 3D finite 

difference based numerical mixing law is based on finite difference method to solve 

Poisson’s Equation with periodic boundary conditions. With this method, the electrical 

potential distribution inside the model can be obtained. In the following, the electrical 

potentials can be used to obtain the macroscopically effective electrical properties of 

this model.  

In Oil & Gas industry, resistivity logging uses the electrical properties of oil-

bearing rocks to identify oil reservoirs (Archie, 1942). It is critical to understand the 

relationship between the real rock samples and their electrical properties, such as 

conductivity and permittivity (Adler, 1992). In the past few years, conventional rock 

physics analyses consist of both laboratory measurements and analytical mixing law 

methods based on certain simple microstructures, which have been validated with 

available measurement (H. Andrä, Digital rock physics benchmarks—part I: imaging 

and segmentation, 2013). These conventional approaches can provide some guidelines 

during formation evaluation. Physical measurements of rock properties on cores, plugs 

and cuttings are cumbersome and usually impossible to obtain accurate results (Dvorkin 

J, 2008). Moreover, it often takes a long time to complete the laboratory measurements 
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and the texture of some friable samples may be destroyed during the experiments 

(Dvorkin J, 2008). Additionally, theoretical models for analyzing the pore and grain 

structure of rock material have limitations in quantitatively describing the full 3D 

granular and porous microstructure due to their oversimplification and idealization 

(Knackstedt M A, 2009). In fact, structures encountered during earth formation 

investigation can be extremely complex compared to those ideal models. Therefore, 

more accurate methods are necessary to have a better understand of such relationship.  

Over the past few years, micro-tomography technology has rapidly developed to 

become a widely used microscopy tool in this industry. Digital rock physics combines 

modern microscopic imaging technologies as well as robust numerical simulations for 

analysis of the rock properties, complementing laboratory investigations (Madonna C, 

2012). X-ray microcomputed tomography (Micro-CT) is among the modern 

microscopic imaging technologies used in Digital Rock Physics. This technology 

enables the measurements of the local x-ray absorption with a small, cylindrical rock 

structure with a diameter of a few millimetres or less and the three-dimensional images 

can be reconstructed from plenty of radiographs (H. Andrä, Digital rock physics 

benchmarks—part I: imaging and segmentation, 2013). With the advancements of 

Micro-CT technique, the digital rock physics becomes an effective approach of using 

high resolution representation of complex pore structure to understand precise rock 

properties. In the last decade, 3D Micro-CT imaging and subsequent numerical 

modelling of petro-physical properties have been applied in several corresponding 
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studies ( (Øren P E, 2007), (Sakellariou A, 2007), (Malinouskaya I, 2008), (Almarzooq 

A, 2014), (Z., 2012)). 

For the aspects of numerical modeling methods, in the past two decades, various 

numerical methods have been proposed for estimating macro property values especially 

permittivity and conductivity. Among these numerical simulating methods, FDM 

(finite-difference method) ( (Zhan, 2010), (Karkkainen K. S., 2001) ), FEM (finite-

element method) ( (Arns, 2002), (Mejdoubi, 2006), (Myroshnychenko, 2005)) and 

FDTD (finite-difference time-domain method) ( (Wu, 2007), (Karkkainen K. K., 2000) 

) are the most widely used methods which can be chosen with respect of different 

applications. Since our problem is single frequency-domain inhomogeneous volume 

dominated problems, FEM and FDM are the better choices. In our study, finite-

difference method is chosen to do the numerical simulation in consideration of both 

modeling flexibility and effectiveness. Inhomogeneous materials with anisotropic 

electrical properties were adopted when using FDM to expand the Poisson’s equation. 

Moreover, considering of the high contrast property values and the large mesh size of 

the rock samples, bicgstab solver is chosen in our study to deal with large sparse matrix 

during our simulation process as it has high convergence rate to reach the required 

accuracy (Turovets, 2014). 

For the first project, two different rock samples were used to get 3D images through 

Micro-CT technique. Grayscale image can be obtained through some simple imaging 

processing approach, where the brightness is proportional to the CT-number of the 

material within the object. A source of x-rays is available at synchrotron research 
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facilities while commercial Micro-CT scanners use x-ray tubes as a light source (H. 

Andrä, Digital rock physics benchmarks—part II: Computing effective properties, 

2013). The Micro-CT instrument used in this study is ZEISS Xradio 510 Versa, which 

can achieve the highest resolution at the largest working distance from the source. It 

can provide the non-destructive three-dimensional images of the interior of the objects 

by mapping the x-ray absorption through the rock samples. The subsequent numerical 

modelling method used in this study is finite difference based 3D numerical mixing law 

method, which is based on the quasi-static simplification since the rock sample size is 

much smaller than the electrical signal wavelength in geophysical exploration. 

Additionally, BICGSTAB iterative solver was used in 3D numerical mixing law 

because it has high convergence rate to reach the required accuracy (S. Turovet, 2014). 

With the limitation of the computer resources, rock samples were needed to be down-

sampled to enable effective numerical simulations. In our study, quadruple sampled 

images were used to perform the numerical simulations. 

For the second project of digital rock physics, our focus is to improve both the 

accuracy and efficiency of numerical simulations on the large-scale models. For 

example, to obtain the 3D image of a core sample with a cubic size of one centimetre 

with resolution of 4 micrometres, the 3D image size could be 2500 by 2500 by 2500. 

To perform comprehensive modelling and simulation for such large system, it can be 

very computational expensive. To circumvent such challenges, even quadruple sampled 

image is too large to perform simulation. However, these techniques such as decimation 
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or interpolation, often lose the connectivity between neighbouring elements and may 

lead to a profound influence to simulation results.  

To address this crucial challenge, a multi-scale method is proposed in this paper 

for rock electrical property extraction. This approach seeks to solve smaller problems 

by partitioning the original large model into lower level smaller sub-models that can be 

solved quickly (Ren, 2014). The electrical properties for each sub-model can be 

extracted quickly using numerical mixing law. Once the equivalent electrical properties 

for each sub-model is obtained, each sub-model can be considered as a voxel for higher 

level electrical property extraction using numerical mixing law. Such hierarchy 

approach will allow one to efficiently extract the rock electrical properties at different 

level and aggregate the impact of micro-scale results to the actual rock electrical 

properties at the highest level. Compared to conventional image processing methods 

that decimate or extrapolate the original images, our multi-scale method remains all the 

information in side every voxel of the 3D original digital rock image to perform 

varieties of electrical simulations. Consequently, this method has the capability to deal 

with large-scale models consisting of complex geometric structure and also maximize 

the accuracy in the final results as well as guarantee the computational efficiency. 

1.2 3D finite-difference-based electromagnetic modeling application in spinal cord 

stimulation  

Spinal cord stimulation (SCS) has been used since 1967 to treat chronic pain, 

especially failed back surgery syndrome (FBSS: chronic lumbar and lower extremity 

pain after lumbar spine surgery) and complex regional pain syndrome (CRPS) type I 
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(J.A. Turner, 2014). Over the past 20 years, spinal cord stimulation has evolved into an 

effective and easily implemented technique for the treatment of intractable, chronic 

pain in properly selected patients (R.B. North, 1991). As of today, in many instances 

researchers are facing challenges on where to place the leads and how to identify the 

most effective target areas. With the development of spinal cord stimulation, outside of 

pain, modulation of the sympathetic component by SCS could be applied in the future 

to treat bronchospasms associated with asthma, constipation and other gastrointestinal 

motility disorders and possibly metabolic disorders such as diabetes (said by Christophe 

Perruchoud). 

The spinal cord stimulation method is based on the “gate-control” theory proposed 

by Melzack and Wall in 1965 (Melzack R, 1965), in which large diameter cutaneous 

(Aβ) fibers in the dorsal columns (DCs) are activated and have an inhibiting effect on 

the transmission of pain signals by Aδ and C (small diameter) fibers dermatome (H.K. 

Feirabend, 2002). This low threshold cutaneous activity would result in the “gating” of 

dorsal horn output, thus reducing the central pain perception [IR1]. Electrical 

stimulation of these large Aβ fibers in the dorsal column by an specific-designed 

electrode placed in the dorsal epidural space blocks pain signal and generates tingling 

sensation in the corresponding dermatomal body region (H.K. Feirabend, 2002). 

The clinical use of SCS for treatment of chronic intractable pain has been 

increasingly successful with the help of recent technical developments, especially the 

development of multi-contact electrodes connected with programmable implanted 

pulse generators (IPG) (Richard B. North, 2002). Paddle-type spinal cord stimulation 
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leads provide a way to maximum paraesthesia coverage of painful dermatomal areas 

and achieve patient-specific tailoring (Kent A R, 2014). In our research, a paddle type 

lead with multi-contact electrodes fixed to an insulating body that let electrical current 

flow directly into the spinal cord. This paddle lead is designed with a 4×5 contact array 

in a 1.9cm wide lead body to enable broad dermatomal zones coverage. Different sets 

of single cathode that is rostral and caudal are applied in our simulation to provide broad 

targeted area in medial-lateral with single current source IPG. Afterwards, using our 

3D finite-difference-based electromagnetic modeling method, the electrical potentials 

inside the spinal cord as well as corresponding conduction current can be obtained. 

Then, the electrical potentials will be scaled by the electrical current from the lead, 

which are applied extracellularly to the computational neuron model to identify the 

neuron activation. The purpose of this research is to implement an effective 

computational method to explore the activities of fibers located in the dorsal column 

region and also consider other factors that will influence the fiber activities, such as 

fiber diameter, electrical distribution, electrode contacts and etc.  

1.3 Outline 

The remainder of the proposal is organized as follows: 

In chapter 2, basic methodology of the study is described, including basic 

electromagnetic rock modelling, multi-scale approach and computational spinal cord 

stimulation.  

In chapter 3, validation results of our numerical method as well as COMSOL 

Multiphysics are described firstly. Then the rock modelling results with different oil 
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and water saturation and distribution are described to explore their influence on rock 

properties.  

In chapter 4, three models were used to explore the accuracy and efficiency of the 

multi-scale approach. 

In chapter 5, for the first part, validation results of our two-step computational 

model and Sim4life commercial software are listed. Then in the second part, spinal cord 

stimulation of different electrodes stimulation with three different stimulating 

waveforms will be compared to better understand the relationship between the target 

zone and stimulation set up. In the third part, multi-electrode stimulation with two 

different stimulating waveform applied both simultaneously and asynchronously to 

obtain the action potential results.  

Finally, the summary and conclusions will be listed of these multidisciplinary 

application based on our 3D finite-difference-based electromagnetic modeling. 
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II. Methodology 

2.1 3D Finite Difference based Numerical Mixing Law 

For the purpose of extracting the effective permittivity and conductivity of the rock 

samples, an effective and reliable algorithm to approach numerical simulations based 

on the 3D rock images was developed. In our research, the rock sample sizes are much 

smaller than the electrical wavelength, therefore, the quasi-static simplification can be 

applied on the rock models. With this assumption, electric potentials inside the rock 

model are governed by the Laplace equation ( (Karkkainen, Sihvola, & Nikoskinen, 

2001), (H. Wu, 2008)) 
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Figure 1. Spatial locations of grid points and material cells. 

 

where ϕ  and ε  are the electric potential and the medium permittivity, 

dx, dy and dz  are the spatial grid size, 𝜙𝑖,𝑗,𝑘 is the electrical potential defined at 

lattice location (i,j,k), 𝜀𝑥
𝑖,𝑗,𝑘

, 𝜀𝑦
𝑖,𝑗,𝑘

, 𝜀𝑧
𝑖,𝑗,𝑘

are the complex effective permittivity along x, 

y and z directions. These parameters are defined at the edges of the element cell (i,j,k) 

as shown in Figure 1. 𝑍𝑚𝑎𝑥 is the grid number in the finite difference method along z 

direction. The permittivity in the lossy medium is a complex tensor as shown in Eq. 

(2). One point needed to mention here that the time harmonic electrical field can be 

obtained using either 𝑒𝑗𝜔𝑡  or 𝑒−𝑗𝜔𝑡 . A time harmonic analysis using positive or 

negative sign convention yield correct results, although some details in each may appear 

different (DL Sengupta, 2005). In our study, we use 𝑒−𝑗𝜔𝑡 to get the time harmonic 

expression of electromagnetic field, thus lead to the complex permittivity listed in Eq. 

(2). The Laplace equation Eq. (1) can be expanded using finite difference method to 

Eq. (3). To obtain the electrical properties in z direction, a voltage source was applied 
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on the top layer of this model as shown in Eq. (4). 

In order to truncate the simulation domain, the periodic boundary condition is used 

in this study since it approximates the rock geometry will repeat the pattern itself. The 

periodic boundary condition is generally valid as long as the sample size is small 

enough. As mentioned previously, the size of 3D rock images can be too large to 

perform the simulations using the direct solver due to the limited computer resources. 

Therefore, to make the calculation efficient and easy to be convergent, a bicgstab 

iterative solver ( (S. Turovet, 2014), (Vorst, 1992)) with a diagonal matrix 

preconditioner is utilized in our research. Then, we can rewrite the Eq. (3) in a form 

of 

 ,AX b  (5) 

where matrix A contains all the permittivity information, X contains the voltage 

potential in each node in the grid and b is filled by boundary condition. With 

considering of the computational cost of inverse matrix calculation, a preconditioner is 

needed to be selected to make the computation effectively. In this respect, 

preconditioners in the form of the diagonal, triangular, or sparse circulant matrices are 

most common attractive (Vorst, 1992). As one of the simplest forms of preconditioning 

almost not requiring additional computations one can suggest the Jacobi-type (diagonal) 

preconditioner (R. Barrett, 1994). The use of preconditioner is equivalent to transform 

the Eq(5) into the equation shown below 

 1 1 .P AX BX P b    (6) 
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After solving Eq. (1) by using the finite difference method, the internal electric 

potentials and corresponding electric fields can be obtained. Consequently, the effective 

permittivity along z direction can be obtained from Eq. (7) or Eq. (8). Detail 

evaluations will be made in Section III on these two formulas about their accuracy to 

obtain the effective electrical properties.  

 
z zeff

z

z

E

E


   (7) 

 

2

2

z zeff

z

z

E

E


   (8) 

 

Following the aforementioned procedure, the effective permittivity along the other 

two directions can be obtained by interchanging the direction of voltage excitation and 

periodic boundary conditions. Therefore, three simulations are required to extract the 

effective permittivity for the rock model (D. Wu, 2006). 

2.2 Multi-scale Approach 

As mentioned in the previous section, solving Eq. (5) can be time consuming and 

computationally expensive. If there is large contrast between materials in the modeling 

domain, BICG method may require very large number of iterations and sometimes, the 

simulation may not converge. To circumvent this problem, Figure 2 illustrates the 

detailed process of the proposed multi-scale method for a three level example. The 

method can be extended to higher level easily.  

The similar concept of the proposed multi-scale method has been used in many 

other research fields, such as image analysis and heterogeneity study of materials 

( (D.M. Valiveti, 2007), (P. Raghavan)). In our research, this multi-level computational 
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concept was combined with electromagnetic numerical rock modeling to analyze the 

electrical properties of large-scale rock samples, which is a novel and efficient approach 

in this research area.  

Assuming the original size of the digital image has a size of (𝑛𝑥, 𝑛𝑦, 𝑛𝑧) voxels, 

we group the first level at voxels into a sub-model of (𝑛𝑥1, 𝑛𝑦1, 𝑛𝑧1) . Using the 

numerical law, the effective permittivity of rock electrical properties can be extracted. 

If the size of (𝑛𝑥1, 𝑛𝑦1, 𝑛𝑧1) is carefully chosen, the mixing law can be solved using 

the sparse matrix solver and it will circumvent the potential convergence issue due to 

large contrast between the medium materials. Now, with the equivalent effective 

permittivity at the first level, the original size of modeling is reduced to (
𝑛𝑥

𝑛𝑥1
,

𝑛𝑦

𝑛𝑦1
,

𝑛𝑧

𝑛𝑧1
) 

with equivalent permittivity on each grid. We refer the grid at level as level 2. At level 

2, we further partition the overall structure into sub model with size of(𝑛𝑥2, 𝑛𝑦2, 𝑛𝑧2) . 

Again, effective permittivity values in these level 2 regions are extracted for level 3. 

With the extracted results at level 2, the level 3 now will have sizes of(𝑛𝑥3, 𝑛𝑦3, 𝑛𝑧3). 

If one can carefully choose the sizes for at each level, the required computational 

resources at each level can be small and we can extract the overall effective electrical 

properties of rocks in this hierarchal manner. In the multi-scale approach described, we 

should also have 𝑛𝑥 = 𝑛𝑥1 × 𝑛𝑥2 × 𝑛𝑥3  as well as for other y and z directions. 
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Figure 2. The working process of the multi-scale method. 

 

2.3 Computational Spinal Cord Stimulation 

 Spinal Cord Conductor Model 

The 3D finite difference based computational model implemented in this study 

contains two parts to provide an effective way to evaluate the DC fiber activation with 

the spinal cord, on the foundation of a similar approach taken by Holsheimer and 

colleagues at the University of Twente (Holsheimer, 1996) as well as Alexander R Kent 

and colleagues at St. Jude Medical (Kent A R, 2014). The first part is to apply 3D finite 

difference method solving Poison’s Equation on a 3D spinal cord conductor model to 

obtain the electrical potentials inside the spinal cord. The efficiency and accuracy of 

this 3D finite difference method has been validated in many other applications ( (M. Yu, 

2018), (Yibo Wang, 2019)). Then in the second part, the electrical potentials will be 

applied extracellularly on the computer-based double cable models of mammalian 

nerve fibers to identify activated DC nerve fibers by SCS.   

In the 3D spinal cord conductor model, mid-thoracic T5 was used as the main part 

Original size 

Level 1 Level 2 Level 3 

Sub model

(

Sub model

Finite-difference based 

numerical modeling , of the overall 

structure
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which consists of grey matter and white matter, then surrounded by cerebrospinal fluid, 

epidural space, vertebral bone and a surrounding layer in the outermost space. Similar 

models were described by Holsheimer ( (Holsheimer, 1996), (Struijk, 1993)). A 

Longitudinal section of this conductor model is shown below in Figure 3. The paddle-

type lead was placed symmetrically over the spinal cord between the cerebrospinal fluid 

layer and epidural space. Corresponding anisotropic electrical conductivities of 

different materials inside the 3D model was shown in Table 1 clearly. Additionally, the 

contacts on this electrode pad are point sources in our simulation while the size of the 

contacts can be any other shape in realistic cases.  

 

Table 1 Anisotropic electrical conductivity for spinal cord. 

 

Tissue   CONDUCTIVITY  

White matter (longitudinal) 0.6 S/m 

White matter (transverse) 0.083 S/m 

Grey matter 0.23 S/m 

Cerebrospinal fluid 1.8 S/m 

Epidural space 0.04 S/m 

Surrounding layer  0.004 S/m 

Electrode insulation  0.001 S/m 

SCS electrodes 5.28× 106 S/m 

 

The contacts were modeled as voltage sources with -1V on cathodes. Based on the 

low operating frequency of the current source, the electrical signal wavelength is much 

larger than the size of the spinal cord model. Therefore, quasi-static simplification can 

be applied in this simulation. Based on this assumption, internal electrical potentials 
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inside spinal cord model is governed by Poisson’s equation mentioned as Eq. (1). 

Where  represents the electrical conductivity of materials inside spinal cord model 

and    represents the electrical potentials inside the spinal cord model. The finite 

difference approximation was applied to expand Eq. (1). using anisotropic conductivity. 

To be more efficient on the computation on this model, the BICG stab iterative solver 

is utilized to obtain electrical potentials ( (Davis, 2006), (M. Yu, 2018)). Based on the 

FDM linear problem in this study, the electrical potentials obtained by a given sets of 

cathode contacts with specific current stimulation can be scaled to its original solution. 

Thus, these scaled potentials results can be exported during time periods when the 

stimulus was on to trigger the dorsal column neuron fibers to identify the activated 

region inside DC. 

 

(a) Different materials inside spinal cord model. (gm is grey matter, wm is white matter, CSF is  

       cerebrospinal fluid, es is epidural space, and sl is surrounding layer.) 
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(b) Actual size of spinal cord model 

Figure 3 Transverse version of 3D computational spinal cord conductor model. 

 

 Computational Neuron Fiber Model 

Before introducing the computational neuron fiber model, let’s give some 

introduction of neuronal electrophysiology.  Neuronal electrophysiology includes the 

measurements of voltage ot current on a variety of scales from single ion channels to 

the whole brain. The electrical potentials across cell membranes is what makes some 

cells electrogenic, which are created by maintaining different concentrations of ions, 

such as sodium (Na+) and potassium (K+), between the inside of the cell (intracellular 

space) and the outside (extracellular space) (Chiu SY, 1979). In general, cell’s 

membrane prevents the movement of ions across it. The only way they can diffuse 

across is be passing through specialised ion channels that can be opened or closed. 

When a neuron is at rest state, the majority of Na+ voltage-gated channels are closed 

while leak channels are open for K+ ions diffusing out of the cell freely to achieve an 

equilibrium across the membrane. Usually, this leads to a -60 to -80mV voltage across 
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the membrane. When a stimulation applied, action potentials occurred if a depolarising 

current reaches the threshold. The activation of a neuron fiber is driven by the opening 

of increasing numbers of sodium voltage-gated channels and the entry of Na+ ions into 

the cell. Action potentials propagate along an axon to deliver electrical signals to 

adjacent parts of the cell. After the membrane voltage reaches a certain value, the 

sodium voltage-gated channels automatically closed and the potassium voltage-gated 

channels automatticaly open to drive 𝐾+out of the cell (David G, 1995). Because of 

the potassium voltage-gated channel opened slower compared to the 𝑁𝑎+ voltage-

gated channel, membrane patches need longer time to recover to the rest potential. 

In our study, only DC fibers are used to perform the simulation. DC fibers are 

longitudinal fibers in the dorsal column region issuing collaterals into the dorsal gray 

matter (Struijk, 1993). The model we use for DC fibers is a computer-based double 

cable models for mammalian nerve fibers developed by Carmeron C (McIntyre C C, 

2002). This computer-based double cable model explicitly illustrate the nodes of 

Ranvier, paranodal, internodal sections of the axon, and a finite impedance myelin 

sheath. Since the myelin attachment section of the axon has been proposed to play an 

important role in the DAP (depolarizing afterpotentials) (Barrett E F, 1982), it is 

necessary to be considered to represent the fiber morphology. This model used 10 

segments between successive nodes with 2 myelin attachment segments(MYSA), 2 

paranode main segments(FLUT), and 6 internode segments(STIN) (McIntyre C C, 

2002). The nodal membrane dynamics included fast (Naf) and persistent (Nap) sodium, 

slow potassium (Ks) and linear leakage (Lk) conductances in parallel with the nodal 
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capacitance (𝐶𝑛). The internodal segments was constructed by a double-cable structure 

of linear conductances with an explicit representation of the myelin sheath and the 

internodal axolemma as shown in Figure 4. 

    

Figure 4. Multi-compartment double cable fiber model. 

 

In our study, 4 different-diameter fibers were used to explore their different 

behaviors of action potential and recovery cycle. Based on fibers with different diameter, 

several different models were generated based on the experimental morphology 

measurements. All the corresponding data can be found in (McIntyre C C, 2002). 
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III. Electromagnetic Rock Modelling and Characterization 

3.1 Rock Image Reconstruction 

        

                        (a) sandstone                        (b) dacite                                       

Figure 5. 3D images of rock samples from ZEISS Xradio 510 Versa. 

 

In this study, two different rock samples (4mm in diameter) are scanned to obtain 

the 3D digital images to be characterized by the numerical simulation. Based on the 3D 

rock images obtained from Micro-CT, separation of the individual phases (solid/void) 

within the rock image is achieved by threshold methods, which convert a grayscale or 

colorful image to a binary image by identifying the rock space and pore space based on 

their intensity values (J. Walls, 2012). The binary values of the rock sample denote 

whether a voxel is contained in the pore space or the rock space, thereby the detailed 

structure of the rock sample is revealed. As shown in Figure 5, which are the 3D image 

of a sandstone sample with size of 992×1013×948 and a dacite sample with size of 

992×1013×993 obtained from ZEISS Xradio 510 Versa with less than 0.7𝜇m image 

resolution. Actually, the binary image of the slice sample contains much valuable 

information that can help us to figure out whether the structure is sparse or dense, 

whether the particles are angular or rounded and some other useful detailed information.  

4mm 

4mm 

file:///C:/mengping's paper/digital rock analysis/162.mpg
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Due to the computation complexity of the cylindrical structure, a maximum square 

structure is extracted from each of the original 3D image to produce our test image with 

a dimension of 700 700 700  voxels, which is clearly illustrated in Figure 6. 

    
              (a) A slice of sandstone image         (b) Test image extracted from (a)                                              

    
      (c) A slice of dacite image            (d) Test image extracted from (c)                                                

 

Figure 6. Test images extraction from original 3D rock images                                               
 

With the limitation of the computer resources and the large size of test images, each 

of the test image is still needed to be down-sampled to a smaller size image to enable 

numerical simulation. In this step, several different sampling rates will be applied on 

the same test image and then the numerical simulations will be conducted using those 

different sampled images to examine their accuracy and efficiency.  To study the 

accuracy of sampling rates for the sandstone structure, as shown in Table 2, a set of 
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artificial material properties will be assigned to the pore space and mineral space in 

those sampled 3D images. Then, the effective electrical properties of the whole 

structure can be obtained through the numerical mixing law simulations.  

 

Figure 7. Effective relative permittivity of double sampling image, quadruple 

          sampling image and original test images of the sandstone structure   

          with simplified properties. 

 

 

Table 2 Simple properties assignment of sandstone structure. 

 

 Mineral space Pore space  

x  3 1 

y  4 1 

z  5 1 

x  0.2 S/m 0.05 S/m 

y  0.4 S/m 0.05 S/m 

z  0.3 S/m 0.05 S/m 

 

 

As we can see from the results of Figure 7, the results from both quadruple 

sampling image and double sampling image matches very well with results from the 

original test image, which indicates the most appropriate sampling rate is quadruple 

sampling in terms of both accuracy and efficiency. The quadruple sampling image and 
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its binary image of both sandstone sample and dacite sample are shown below in Figure 

8. Additionally, the way to obtain the binary image is to find a global threshold in the 

histogram of the grayscale image and then apply Eq. (9) to distinguish between the 

rock space and pore space (M. Yu, 2018), 

 
, ( , , )

( , , ) ,
, ( , , )

rock

rock

rock g i j k Threshold
V i j k

pore g i j k Threshold


 


 (9) 

where ( , , )V i j k is the voxel defined at location  , ,i j k  , ( , , )g i j k  is the intensity value 

of pixel  , ,i j k , and 
rockThreshold is the a predefined threshold to distinguish between 

rock space and pore space.    

Afterwards, there are additional two substantial steps during the digital rock images 

reconstruction, which are the distribution of water and oil in the pore space as well as 

the variation of oil saturation in the pore space. Two different kinds of distributions of 

water and oil in the pore space are assumed in this study, the first one is the random 

distribution while the second one is the threshold distribution. For the threshold 

distribution, a local threshold still need to be identified based on the intensity value of 

the voxels in the pore space (M. Yu, 2018), 

 
, ( , , )

( , , ) ,
, ( , , )

oil

oil

water g i j k Threshold
V i j k

oil g i j k Threshold


 


 (10) 

where 
oilThreshold is a threshold to differ oil and water in the pore space region. 



24 
 

              
(a) Quadruple sampled image of sandstone test image.    (b) Binary image of (a) 

              
(c) Quadruple sampled image of dacite test image.        (d) Binary image of (c) 

 

Figure 8. Test rock images sampling and binary images acquisition. 

 

Moreover, the variation of the oil saturation in our research ranges from 10% to 70% 

which can be utilized to simulate and explore the complexity variability of petroleum 

in real cores. 

As we can see in Figure 9, which shows the sandstone sample contains 50% oil in 

the pore space, the yellow region represents the rock space, the mazarine blue region 

stands for the water space and the wathet blue part region is the oil space. Different 

distributions of water and oil in the pore space may generate different rock properties 

or not, what we focus on is to simulate and investigate the influence of different 

distributions on the results obtained from our simulation. For the threshold distribution 

based on the threshold that differs the water and oil part via their intensity values, which 
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is shown in Figure 9 (a), it is clearly the rock space is surrounded by the oil while the 

outer space is water. On the other hand, for the random distribution of oil and water in 

the pore space, which is shown in Figure 9 (b), the oil and water space is randomly 

distributed in the pore space. 

 

     
(a) Threshold distribution                (b) Random distribution 

 

Figure 9. Quadruple sampling sandstone images with 50% oil saturation. 

 

3.2 Numerical Results 

In this section, the numerical method is applied on the two real rock models to 

obtain the electrical properties (efficient permittivity and conductivity) of the whole 

structures. For both dacite and sandstone samples, two different distributions of water 

and oil in the pore space with the quadruple sampling rate are applied to explore the 

influence of different distributions and oil saturation in the pore space on the final 

electrical properties. The anisotropic electrical properties data that we assign to these 

two different rock samples are listed below in Table 3 (W. M. Telford, 1992).  
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Table 3 Anisotropic electrical properties (relative permittivity and conductivity) for  

        different materials. 

 

 Sandstone        Dacite   Oil  Water  

x  4.7 6.5 2.7 78.36-62.81 

y  4.7 7.5 2.7 75 

z  4.7 8 2.7 75 

x  81 10 /S m  55 10 /S m  91.9 10 /S m  2 /S m  

y  81 10 /S m  55 10 /S m  91.9 10 /S m  2 /S m  

z  81 10 /S m  55 10 /S m  91.9 10 /S m  2 /S m  

 

The dielectric property of water is frequency dependent which follows a Debye-

type relaxation spectral function results. 

 
(0) ( )

( ) ( )
1

f
j

 
 



 
  


 (11) 

In the relaxation ( )   is the permittivity extrapolated to high frequencies and (0)  

denotes static permittivity. And    is the Debye relaxation time. At 25 C  

temperature, the corresponding value of ( )   , (0)   and    are shown below in 

Table 4 (Kaatze, 1997). And the permittivity of water with different frequencies are listed in 

Table 5. 

 

Table 4 Parameters of the Debye-type relaxation for water at 25 C . 

 ( )          (0)        

25 C  5.2 78.36 8.27ps 

 

Table 5 Permittivity of water with different frequencies. 

 

Frequency(Hz) 
 

510        
610    

710  
810  910  1010  

( )f  78.36 78.36 78.36 78.36 78.16 62.81 
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 Validation of finite difference modeling method 

Firstly, as mentioned in Section II, the evaluations of the accuracy of Eq. (7) and 

Eq. (8) will be illustrated using a cubic structure with a sphere inclusion as shown in 

Figure 11(a), the edge length 𝑙 of the cubic host medium is 1 cm and the radius of this 

spherical inclusion is assumed to be 𝑎 cm, where 𝑎 is a variable related to the volume 

fraction of the inclusion. In this case, the relative permittivity of the host medium is 3 

and the relative permittivity of the inclusion is anisotropic with 6x  and 10y z   . 

Since the geometric shape of inclusion is isotropic and
y z   , only the effective 

relative permittivity along the x and z directions need to be computed. In this case, 

Bergman-Milton theory and an analytical method proposed by Sihvola were used to 

obtain the benchmark results to be compared by the results obtained using Eq. (7) or 

Eq. (8). For the Bergman-Milton theory, Bergman and Milton proved that the effective 

dielectric constant or conductivity of a two-component composite material is a function 

of the ratio of the dielectric constants or conductivities of the components which can be 

described by a series of simple poles and residues (Ce Liu, 1998). The results of the 

Bergman-Milton theory shown below in Figure 10 were extracted from (Ce Liu, 1998) 

with the volume fractions of 11.3%, 26.8%, 55.9%, 90.4%. Additionally, the analytical 

formula proposed by Sihvola ( (A. H. Sihvola J. A., 1988), (A. H. Sihvola L. V., 1997)) 

is shown as 

 
( )

,
(1 ) ( )

i e e
eff e

e i e

f

f N

  
 

  


 

  
 (12) 

where i  and 
e  are the relative permittivity for the inclusion and the host medium. 

And 𝑓 is the volume fraction of the spherical inclusion and 𝑁 is the depolarization 
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dyadic (Karkkainen, Sihvola, & Nikoskinen, 2001). For this structure, the depolarization 

dyadic / 3N I  (Advances in Electromagnetics of Complex Media and Metamaterials, 

2002). It is also noted that the
eff  ,

e  and 
i  here are all presented by 3 by 3 matrix. 

The comparison results of effective permittivity in x and z direction of our numerical 

method using Eq. (7) or Eq. (8) were shown below. 

 

 

(a) x direction 

 

(b) z direction 

Figure 10. Comparison of effective permittivity to evaluate the accuracy of two    
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        formulas to obtain the effective permittivity of composite structure. 

 

As we can see the results of above in Figure 10, the results of numerical method 

using Eq. (7) match pretty well with the results of Bergman-Milton theory and the 

Sihvola analytical method. However, we can observe that both in x and z direction, the 

results of numerical method using Eq. (8) show larger errors compared to the results 

of numerical method using Eq. (7). Therefore, for the following rock modeling, Eq. 

(7) will be used to obtain the effective permittivity and conductivity. 

As the second part of this section, we make a comparison among the results of our 

finite difference modeling method, the results from COMSOL and the Sihvola  

analytical method mentioned above on a spherical inclusion inside a cubic host with 

lossless medium as shown in Figure 11 (a). The relative permittivity of the host medium 

is 20 and the relative permittivity of the inclusion is anisotropic with 10x  and

3y z   . A comparison among the three sets of results, obtained by analytical and 

numerical methods, along the x and z directions as a function of inclusion volume 

fraction are shown in Figure 11 (b) and (c). A perfect agreement can be observed among 

the above results. 

 

 
                                    (a) Mixture 
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(b) z direction                              (c) x direction 

Figure 11. Comparison of effective medium permittivity results as a function of  

         volume fraction. (case 1) 

 

Additionally, some analytical methods become inaccurate when high contrast 

properties occurred between inclusion and host. To observe this phenomenon, we assign 

the relative permittivity of host equals to 1 and the relative permittivity of the inclusion 

is anisotropic with 30x  and 3y z   .  The results of the case are illustrated below 

in Figure 12 (a) and (b). 

As we can see from Figure 12 (a), the results obtained by COMSOL and numerical 

mixing law method match with each other very well while a distinct disparity can be 

observed on analytical results on x direction. For the results on z direction, a good 

agreement can be found on three sets of results. Apparently, the results from our 

numerical mixing law method are always consistent with the results of COMSOL, 

which strongly indicates the accuracy of the proposed numerical mixing law method. 

Since the traditional mixing law method ignores the interaction between the inner 

structures as well as the materials information, it is only accurate when dealing with 

simple ideal structures with low-contrast properties. Moreover, when dealing with 3D 

real rock structures, even COMSOL becomes very inconvenient and time consuming 

to do the modeling work. Therefore, it is particularly important and necessary to use 
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the proposed numerical mixing law method to deal with complicated real rock 

structures. 

 

(a)   x direction                           (b) z direction 

Figure 12. Comparison of effective medium permittivity results as a function of   

        volume fraction. (case 2) 

 

 Numerical Results on sandstone rock sample  

As the second part in this section, the effective permittivity of sampled sandstone 

model based on threshold distribution and random distribution of water and oil in the 

pore space with different oil saturation from 10% to 70% are shown below in Figure 13, 

where the operating frequency varies from 100 KHz to 10GHz. 

As observed from the results above, the effective permittivity under random 

distribution in the pore space is larger than the results under threshold distribution. Also, 

as expected for the same distribution pattern, the effective permittivity decreases with 

larger oil saturation rate. Additionally, the effective relative permittivity decreases as 

the frequency increases, and the relative effective permittivity will decrease as the oil 

saturation increase. Furthermore, as the frequency increases, the difference between the 

results from random distribution and threshold distribution is getting smaller. 

Next, for the same sandstone sample, results of conductivity of sampled sandstone 

model based on both threshold distribution and random distribution in the pore space 
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with different oil saturation are shown in Figure 13 (b). 

Based on the results shown above, the conductivity of the sandstone model will 

increase as the frequency increases and decrease as the oil saturation increases. Also, 

for the same distribution pattern, larger oil saturation rate leads to smaller effective 

conductivity. For cases with smaller oil saturation, the results of threshold distribution 

are smaller than the results of random distribution.  However, the difference between 

random distribution and threshold distribution is much smaller as oil saturation 

increases. For example, the difference between these two distributions is quite small for 

the case with 70% oil saturation. 

 

(a) Permittivity 
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(b). Conductivity 

 

Figure 13. Effective electrical properties of sampled sandstone model based on    

    two distributions with different oil saturation in the pore space. 

 

 

Table 6 Electrical wavelength (mm) of sandstone sample with different oil saturations  

       and different frequencies under threshold distribution. 

 

Frequency(Hz) 510         
610    

710  
810  

910  
1010  

10% oil 

saturation 
5

5.71 10  
4

5.71 10  
3

5.71 10  574.8 59.19 6.45 

30% oil 

saturation 
5

6.29 10  
46.29 10  36.29 10  637.6 66.69 7.23 

50% oil 

saturation 
56.94 10  46.94 10  36.94 10  721.6 78 8.4 

60% oil 

saturation 
57.16 10  47.16 10  37.19 10  777.3 86.3 9.2 

70% oil 

saturation 
57 10  47 10  37.15 10  848.9 97.3 10.3 

 

One more point need to be mentioned that our rock modeling is under quasi-static 

simplification, in other word, the electrical wavelength of the rock sample must be 

much larger than the rock model size. In our study, the diameter of the sandstone rock 
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sample is 4mm, and the corresponding electrical wavelengths (in mm) of the sandstone 

sample with threshold distribution under different oil saturation as well as different 

frequencies were listed above in Table 6. As we can see the results in Table 6, the 

wavelengths under 100 kHz to 1 GHz are much larger than the rock model size and the 

wavelength under 10 GHz is slightly larger than model size with the same order of 

magnitude. Therefore, the results under 10 GHz might contain a larger error compared 

with results under lower frequencies.   

 Numerical Results on dacite sample 

As the final part of this section, a comparison of relative effective permittivity and 

conductivity with different distributions patterns and different oil saturations in the pore 

space of the dacite model is performed to explore the effects of different distributions 

in pore space. With the operating frequency ranges from 100 KHz to 10 GHz, 

simulation results are shown below in Figure 14 (a) and (b). 

It is apparent that the trend of these results is very similar to the results from the 

sandstone sample presented above. In this rock sample, the effective relative 

permittivity in random distribution is higher than the results in threshold distribution. 

To be more specific, the difference between the random distribution and threshold 

distribution are a little bit larger as the oil saturation increases in lower frequencies.  

Then the conductivity as a function of frequency for the dacite model with different 

distributions and different oil saturations in the pore space is calculated and simulation 

results are shown in Figure 14 (b). 

As shown in Figure 14 (b), the results of two distributions with oil saturation from 
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10% to 70% are depicted. In general, the effective conductivity will increase as the 

frequency increase and decrease as the oil saturation increase. When the oil saturation 

is lower than 70%, the conductivity in random distribution is apparently larger than the 

results in threshold distribution. Similar to the sandstone sample, for this dacite sample, 

the difference between two different oil d istributions is becoming less apparent when 

the oil saturation is large enough. 

 

 

(a) Permittivity 
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(b) Conductivity 

 

Figure 14. Effective electrical properties of sampled dacite model with different  

       distributions in the pore space and different oil saturation in the pore  

             space. 

 

Table 7 Electrical wavelength (mm) of dacite sample with different oil saturations  

        and different frequencies under threshold distribution. 

 

Frequency(Hz) 510         
610    

710  
810  

910  
1010  

10% oil 

saturation 
5

4.69 10  
4

4.69 10  
3

4.69 10  471.2 48.07 5.7 

30% oil 

saturation 
5

5.41 10  
45.41 10  35.41 10  545.3 56.08 6.12 

50% oil 

saturation 
56.33 10  46.33 10  36.33 10  641.8 66.97 7.24 

60% oil 

saturation 
56.75 10  46.75 10  36.75 10  691.2 73.2 7.87 

70% oil 

saturation 
56.93 10  46.93 10  36.96 10  757.1 83.2 8.9 
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As we can see the electrical wavelengths of dacite sample under different oil 

saturations and different frequencies above in Table 7, similar observations can be 

found compared with sandstone sample that the electrical wavelengths under 100 kHz 

to 1 GHz were much larger than the dacite model size which is also 4mm in diameter. 

However, the electrical wavelengths under 10 GHz were slight different with the model 

size with the same order of magnitude. Based on the electrical wavelengths of these 

two rock samples, we could make a summary that the results of this rock modeling 

might be inaccurate with the frequency 10 GHz and above. Additionally, for the 1 GHz 

and lower frequencies, the results are pretty accurate as their electrical wavelengths 

satisfy the quasi-static simplification pretty well.  
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IV. Multi-scale approach to handle large-scale models 

In this study, we demonstrate the simulation accuracy of our proposed multi-scale 

method when compared to the conventional methods either using direct solver or 

iterative solver.  

Original images from the sandstone rock sample with size of 992 1013 948   

(original model) is shown in Figure 5. Method described in Sections 2 are applied here 

to extract the equivalent electrical properties of this rock sample. It is assumed that the 

porous space can be filled with either water or hydro-carbon with anisotropic electrical 

properties as shown in TABLE. III. For this example, only two level extraction is 

necessary. A global threshold was chosen based on the histogram of the grayscale 

image of the rock sample to differ rock space and pore space. Afterwards, in the pore 

space, a local threshold was set to differ oil space and water space to make the oil 

saturation around 50%. 

Three different models were developed based on the original rock model by cutting 

a section from the original 3D images.  The size of the three different models are 

81 81 81  (model A), 324 324 324  (model B) and 676 676 676   (model C). Since the 

size of model A is relative small, one can use the sparse direct solver to obtain the 

results. Based on model A, the comparison among the results from the sparse direct 

solver, iterative solver and multi-scale method, the detailed accuracy of the multi-scale 

method and iterative solver can be observed clearly. When it comes to analyze the 

model B and model C, it is impossible to use the sparse direct solver to obtain the 

solution due to the required computational resources. Only the iterative solver can be 
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used to extract the electrical properties for these models as the reference results. 

4.1 Numerical Results on model A 

Model A with size of 81 81 81  was directly extracted from the central region of 

the original rock images. A two-level approach with sub model size of 9 9 9  voxels, 

which means the model A was partitioned into 39  sub models and each sub model has

9 9 9  voxels.  At level 1, numerical mixing law was used to extract the equivalent 

electrical properties of each sub model. These results will be used for as the input for 

the level 2 extraction. For comparison purpose, the extracted results using the original 

images of 81 81 81  was also obtained. 

Figure 15 shows extracted equivalent electrical properties for model A using three 

different methods in all x, y and z directions. 
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Figure 15. The effective permittivity and conductivity of model A in x, y and z  

         directions. 

 

As shown in Figure 15, an excellent agreement between the sparse direct solver 

and the iterative solver can be observed with the relative difference less than 0.1%. The 

average difference of the effective permittivity in multi-scale method is around 1.2% 

and the average difference of the conductivity in multi-scale method is around 5% in x 

and y directions, which indicates the results from our multi-scale method is fairly 

accurate even using small-scale sub model. Moreover, an interesting phenomenon can 

be observed that the smaller difference occurs in the effective permittivity when the 
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frequency is lower than 100 MHz in x, y directions. Additionally, in z direction, when 

the operating frequency is higher than 100 MHz, the difference on both of the 

conductivity and effective permittivity becomes decreasing and a perfect agreement 

occurs in the effective permittivity when frequency is higher than 1 GHz.   

4.2 Numerical Results on model B 

As the second numerical experiment, we extract a central region of the original 

model to obtain a size 324 324 324   voxels as model B. Three different multi-scale 

strategies were utilized to partition the model B for electrical parameter extractions. 

The first strategy of multi-scale method is to use 39  voxel cell to model first level sub 

model so that the total number of cells will be 36 36 36   at the second level. In the 

second example, 318 voxel cell were used for sub models. This will lead to 18 18 18   

cubic for the second level. The third approach is to use 336 voxels for each sub model so 

that the number of element for the second level will be 9 9 9  . The effective 

permittivity and conductivity were calculated using these three different partitions and 

the result from the iterative solver applied on the entire B structure is also obtained. The 

results extracted electrical parameters of the three different partition processes and 

obtain directly from the iterative solver are shown below in Figure 16.  
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Figure 16. Comparison of the effective permittivity and conductivity of model B  

         in x, y and z directions. 

 

An excellent agreement can be observed in the x and y directions where the average 

difference less than 2% while he average difference is a little bit larger to 7% in the z 

direction. Moreover, the average differences of conductivity in the multi-scale methods 
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in these three directions are very close to each other with a relative difference around 

4%. 

As shown in Figure 16, the maximum average difference occurred in the third multi-

scale method which is around 7 % while the minimum average difference occurred in 

the first multi-scale method which is around 3%. More interestingly, we observe that 

when the frequency is higher than 100 MHz, the difference becomes smaller. 

Without considering of the CPU time, the choice of larger size sub models is a 

better way to obtain more accurate results, which is reasonable because larger sub 

model will include more voxels that better represents the entire images. However, as 

the sub model size increases, the required computational resources for each sub region 

will increase. 

4.3 Numerical Results on model C 

The third model is the largest model with the size of 676 676 676    (model C) 

extracted directly from the original images. In this case, two different kinds of multi-

scale strategies are utilized to partition the model C. The first one is to get 326 voxel 

cells as the sub models that will lead to size of 26 26 26   at the level 2. The second 

partition scheme is to use 352 voxels as sub model with the final size of 13 13 13  at 

level 2.  
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Figure 17. Comparison of effective permittivity and conductivity of model C in x,  

        y and z directions. 

 

From the results shown in Figure 17, excellent agreements of simulation results 
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were observed in x, y and z directions. More specifically, the results show that the 

electrical parameters in x and y direction have average difference in conductivity around 

1% and at 1.7% for permittivity. While in the z direction, the average difference of 

multi-scale method is a little bit larger than it in x or y direction, which is around 2% in 

conductivity and 3.5% in effective permittivity. Based on the difference that mentioned 

above, we can safely make a conclusion that our multi-scale method can really achieve 

high accuracy when handle with complicated 3D large-scale models. 

As pointed out previously, the CPU time is also an important factor in our 

simulations which indicates the efficiency of our method when handling large-scale 

models. Here, we make a comparison of the CPU time consumed and the relative 

differences(Rd) between these methods in the model A, B and C mentioned above, 

which is shown below in Table 8. 

 

Table 8 Comparison of CPU time consumed and relative differences among different  

       methods in model A, B and C. 

 

 Method  CPU Time consumption  Rd(min) Rd(max) Rd(avg) 

Model A Entire model-direct 35 min    

 Entire model-iterative 61 s    

 Multi-scale 9 9 -iterative 25 s 0.22% 14.3% 4.8% 

Model B Entire model-iterative 9 hours    

 Multi-scale 36 9 -iterative 2.9 hours 0.24% 4.1% 2% 

 Multi-scale 18 18 -iterative 38 min 0.38% 11.5% 3.6% 

                            Multi-scale 9 36 -iterative 7 min 0.12% 11.4% 3.9% 

Model C Entire model-iterative 150 hours    

 Multi-scale 26 26 -iterative 5 hours 0.08% 4.8% 1.7% 

 Multi-scale 13 52 -iterative 1 hour 0.2% 5.1% 1.9% 

 

It is listed clearly that in model A, the direct solver takes the longest CPU time, 
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while the multi-scale method is the fastest method which is more than 80 times faster 

than the direct solver. For model B, it is apparently to find that even the slowest multi-

scale process can achieve 3 times faster than that from iterative solver. Additionally, the 

multi-scale method with smaller size of sub model can achieve faster calculation, thus 

the fastest multi-scale process in model B can be more than 70 times faster than the 

iterative solver, which is a significant improvement in the numerical modeling. 

A more distinct phenomenon can be observed in the comparison of model C, which 

is the largest model utilized in our simulations. As one can see from Table 8 shown 

above, the cost of CPU time in iterative solver can be 150 hours, that is, at least 6 days 

are required to calculate only one set of results at the highest operating frequency. On 

the other hand, the fastest multi-scale can be 150 times faster than the iterative solver, 

which again demonstrates the advantage of our proposed multi-scale method. 

It is demonstrated that our multi-scale method can save a large amount of time 

when dealing with very large-scale model. Furthermore, there is a tradeoff between the 

efficiency and accuracy in choosing appropriate size of sub model in the multi-scale 

method. For a brief example, if a larger size of sub model is chosen, the more accurate 

results will be obtained with an extensive CPU time. Therefore, a compromise choice 

can be founded in the multi-scale method when the size of sub model equals to the 

number of sub models in the whole structure.  

Ideally, the sub model size for each level should be close to each other. 
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V. Two-step computational model for spinal cord stimulation 

5.1 Validation with Sim4life commercial software 

Sim4life is a popular commercial software dealing with a large varieties of medical 

device modellings. Its Neuronal Tissue Models (T-NEURO) enable the dynamic 

modeling of EM-induced neuronal activation, inhibition, and synchronization using 

either complex, multi-compartmental representations of axons, neurons, and neuronal 

networks with varying channel dynamics, or generic models. Sim4life uses the 

NEURON solver developed at the Yale University which is ideal for studying 

interaction mechanisms, evaluating and optimizing neuro-stimulating devices, and 

assessing safety issues. 

To validate our numerical results with Sim4life neuron tool, we construct an almost 

equal spinal cord conductor model as the model constructed in our modeling with 

Matlab. The model in Sim4life is shown below in Figure 18, whose dimension is 

37.7mm, 33.3mm, 100mm in x, y and z directions.  
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(a) Spinal cord model condtructed in Sim4life 

 

(b) Electrode pad 

 

(c) Electrode contacts configuration 

 

Figure 18. Spinal cord conductor model with electrode pad set up in Sim4life. 

 

As shown in Figure 18 (a), which is very similar to the model in Figure 3 and consist 

of white matter, grey matter, CSF, epidural space, surrounding layer and electrode pad. 

The electrode pad is shown in Figure 18 (b), which is designed with a 4×5 contact array 

with dimension of each electrode is 1mm×3.4mm.  

The validation process of this project contains three parts, including the electrical 

potential distribution inside the whole spinal cord model comparison, the electrical 

potentials along one certain neuron fiber comparison and the action potential behavior 

comparison. For both Sim4life modeling and our two-step computational modeling 

with matlab and python, we placed a cathode (-1V) on the electrode 3. With Dirichlet 

boundary conditions that the voltage of the outermost layers equal to zero, the electrical 

potential distribution can be obtained shown below as Figure 19 (a) and (b). 
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(a) Sim4life  

 

(b) Matlab 

 

Figure 19. Electrical potentials distribution along XY plane with Z=5mm in     

         Sim4life and Matlab.  

 

 

As we can see the results above, the electrical potential distribution obtained in 

Sim4life as well as our numerical mixing law method matches really well with each 

other. In order to further validate the electrical potentials inside the spinal cord model, 

we placed 4 fibers in the dorsal column region of the spinal cord model as shown in 
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Figure 18 (a), and we record the electrical potentials along the top fiber (referred as fiber 

1) both in Sim4life and our numerical mixing law method. 

 

 

Figure 20. Electrical potentials along fiber 1 obtained from Sim4life and Matlab. 

 

The results above show really good agreement, which means the electrical 

potentials of the spinal cord model obtained from our numerical mixing law is pretty 

reliable.  

The following step will be the action potential comparison along the fiber 1 in 

shown in the dorsal column region. The electrical potentials obtained will be 

interpolated to the extracellular space of the neuron fiber. In our simulation, at rest, the 

potential difference between the inside membrane and the outside membrane is -80mV. 

Depolarization occurs when this potential moves towards a more positive charges. If 

the amount of depolarization meets the threshold required for generation of action 

potential, then an impulse will be generated in the nerve and will be transmitted along 
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the fiber without any decay. When changing the fiber diameter from 5.7um to 16um, 

the properties and geometries of the fiber is also varying. In order to get reliable 

validation process, we perform neuron stimulations along fiber 1 with 5 different fiber 

diameters to get comprehensive and reliable conclusions. The stimulation waveform 

was a cathodic step pulse with 0.5ms duration and was delivered with a 10ms delay to 

allow for initialization to steady state. The total duration of this stimulation is 30ms. 

Moreover, we record the action potential of the last node of fiber 1 in the following 

simulations.  

 

 
(a) Fiber diameter 5.7 um 
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(b) Fiber diameter 8.7 um 

 
(c) Fiber diameter 10 um 

 

(d) Fiber diameter 12.8 um 
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(e) Fiber diameter 16um 

 

Figure 21. Action potential comparison from Sim4life and our two-step   

         computational model with different fibers. 

 

Based on the results above, the results from fiber diameter 8.7um to 16um have 

very good agreements while the results of fiber diameter 5.7um have slight difference. 

The reason for this difference may cause by the interpolation process from electrical 

potentials to extracellular voltage along neuron fiber. When the fiber diameter is 5.7um, 

the node-node separation is 500um, which makes the interpolation in Sim4life from 

348 points to 2201 points and in our two-step computational model from 200 points to 

2201points. When the fiber diameter is varying from 8.7um to 16um, the corresponding 

sections along neuron fiber 1 is 1101, 958, 815, 738, thus the interpolation error will be 

less. Overall, the neuron stimulation results from our two-step computational model can 

match really well with the results from Sim4life, which indicates that our method is 

accurate and reliable.  
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5.2 Spinal cord stimulation with three different stimulating waveform 

In this section, three different stimulating waveforms, tonic waveform, burst 

waveform and high frequency waveform will be applied on the spinal cord stimulation 

independently to explore the influence of stimulating waveform selection on the 

activation region in dorsal column area. 

Tonic stimulation, was also known as the conventional paradigm of SCS, which 

activates dorsal columns to elicit paresthesia over a patient’s painful region. This 

paresthesia-based SCS has proven to be an effective treatment modality for 40%-50% 

of patients with refractory pain conditions, including complex regional pain syndrome 

and failed back surgery syndrome (FBSS) ( (K Kumar, 2007), (Falowski S, 2012), (Deer, 

2012), (Krames ES, 2011), (Krames E, 2009)). However, conventional SCS has some 

limitations that cannot be ignored, such as limited clinical indications, inadequate pain 

inhibition, and progressive reduction of treatment effects over time (T, 2004). Despite 

the tonic stimulation is still a dominant neuro-stimulation therapy, there is an increasing 

demand for new paradigms which can improve both short term and long term clinical 

effectiveness of SCS (Chakravarthy, 2018). Two new paradigms including high 

frequency stimulation and burst stimulation were applied in our study to explore their 

effectiveness. Some clinical research has observed that high frequency stimulation as 

well as burst stimulation can induce greater pain inhibition than tonic stimulation 

(Shechter, 2013), and also perform efficiently and safely in tractable FBSS patients with 

predominant back pain (Knife TM, 2016). In this study, we will conduct several 
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computational spinal cord neuron modeling to observe the results of new paradigms 

compared to traditional tonic stimulation.    

    Tonic waveform, burst waveform and high frequency waveform are shown below 

in Figure 22.  

 

Figure 22. Three different waveforms used in spinal cord stimulation 

 

As shown above, tonic waveform contains pulse signals with a low frequency 

which is 40 Hz. Burst waveform consists of intermittent packets of closely spaced, high-

frequency stimuli, in this case, 40 Hz burst mode with five spikes at 500 Hz per burst, 

with a pulse width of 0.5ms and 1.5ms inter-spike intervals delivered in constant current 

mode. Similar with tonic waveform, high frequency waveform contains pulse signals 

with a high frequency which is 1 kHz. The pulse width of each waveform in our study 

is 0.5ms and the initial time delay is 10ms.  

The spinal cord model used in this study is also the model shown in Figure 3 (b). 

In the dorsal column region of the spinal cord model, several neuron fibers with 

different locations were selected to identify the neuron fiber activation region inside the 
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dorsal column area. Moreover, two cases were studied here, one is that the neuron fibers 

have the same diameter and the other one is that the neuron fibers have different 

diameters as shown below in Figure 23. 

 

 
(a) Spinal cord model with same-diameter fibers in dorsal column. 

 

 

(b) Same-diameter fibers distribution in the dorsal column area. 
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(c) Spinal cord model with different-diameter fibers in dorsal column. 

 

 

 

(d) Different-diameter fibers distribution in the dorsal column area. 

 

Figure 23. Spinal cord model study with two types of neuron fibers distribution in  

         the dorsal column area. 

 

As we can see the spinal cord conductor models shown above, the same-diameter 

neuron fiber spinal cord model contains neuron fibers with 10um diameter. As shown 

in Figure 23 (b), neuron fibers located in the hollow circle were selected to perform the 

neuron stimulation to identify the dorsal column activation region. Based on this 

sampling neuron fibers selection, we assumed that if two adjacent selected neuron fibers 
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can be activated, all the neuron fibers located between them can be activated. We 

labeled the neuron fiber in each layer from left to right, for example, the labels of the 

first layer neurons are from “L1_1” to “L1_6”. For the different-diameter spinal cord 

conductor model, the fibers located in hollow circle have the same locations as the 

neuron fibers in same-diameter-fiber model. Between two hollow circles, we placed a 

hollow rhombus to represent the location of small diameter fibers selected in this model. 

The fibers located in circles have 10um diameter and the fibers located in rhombus have 

diameter 8.7um. The neuron labels for this model are divided to two parts which use 

“Ld” and “Sd” represent the large diameter and small diameter.   

For the spinal cord stimulation, both monopoles and bipoles stimulation were 

applied on the electrode pad to provide the excitation. For monopole stimulation, there 

are 20 cases in total as the number of electrode contacts on the electrode pad is 20. And 

for the bipoles stimulation, we have 4 sets of electrode contacts combination. The first 

set contains 5 cases from electrodes 1&6 to 5&10, the second set contains 5 cases from 

electrodes 11&16 to 15&20, the third set contains 5 cases from electrodes 1&11 to 

5&15, and the last set contains 5 cases from electrodes 6&16 to 10&20. In this study, 

fiber activation was identified through measurement of transmembrane potential (𝑉𝑚) 

at the end node of each fiber and defining a threshold of 𝑉𝑚>-20mV for excitation. 

Additionally, for each electrode contact configuration, we defined the DC threshold as 

the minimum stimulation amplitude that activated just one fiber in dorsal column area 

and discomfort threshold as 140% of the DC threshold ( (Wesselink, 1997), (D. Lee, 

2011), (M. A. Moffitt, 2009)). 
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A. Monopole stimulation on same-diameter-model and different-diameter-fiber 

model 

For monopole stimulation, we applied single cathode on each electrode contact 

instead of anode. The resting voltage of membrane potential is -80 mV between inside 

membrane and outside membrane. Then using cathode stimulation, which applied 

negative potential on outside neuron membrane to increase the membrane potential 

directly. Therefore, using cathode stimulation can make the neuron fiber to be activated 

easily. Additionally, some experiment results also show that neuron excitation is easier 

with negative currents (Rattay, 1999). 20 cases were completed in this study, the results 

of 6 cases will be listed here to show the broad lateral activation coverage in dorsal 

column region. For every electrode contact configuration, three different waveforms 

will be applied independently to get three sets of results to make a comparison. The 

comparison has three parts, which are DC threshold comparison, different stimulating 

waveforms comparison and comparison of same-diameter-fiber model and different-

diameter-fiber model. The results of electrode contacts 1, 3, 5, 11, 13, 15 are shown 

below in Figure 24, Figure 25, Figure 26, Figure 27, Figure 28, and Figure 29.  
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(a) Excitation of electrode contact 1. 

                                           

                (b)                                (c) 

   
               (d)                                 (e) 

   

               (f)                                 (g) 

 

Figure 24. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 1. 
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We can see the results of three different current waveforms based on electrode 1 

stimulation above in both same-diameter-fiber model and different-diameter-fiber 

model. The DC threshold of both tonic waveform and high frequency waveform is 5.4 

mA while the burst waveform has the lowest DC threshold 5.2 mA. For the results of 

same-diameter-fiber model (b), (d) and (f), the highlighted red solid circle stands for 

the activated neuron fibers. We can see clearly that using burst waveform can obtain 

large dorsal column activation region. Similarly, for results of the different-diameter-

fiber model (c), (e) and (g), red solid circles stand for the activated large-diameter 

neuron fibers and purple solid rhombus stand for the activated small-diameter neuron 

fibers. The burst waveform still leads to largest dorsal column activation region.  

Then, let’s summarize the difference between the results of using same-diameter-

fiber model and different-diameter-fiber model. Since the small-diameter neuron fibers 

are more difficult to be activated compared to large-diameter neuron fibers, we can see 

clearly that the dorsal column activation region of small-diameter-fiber model is larger 

than the activation region in different-diameter-fiber model. 

 

  

(a) Excitation of electrode contact 3. 
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         (b)                                 (c) 

  

               (d)                                 (e) 

   

(f)                                (g) 

 

Figure 25. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 3. 
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Then let’s look at the results of electrode 3 stimulation shown above in Figure 25. 

In this case, burst waveform also has the lowest DC threshold while the dorsal column 

activation regions of three different waveforms are the same. Similarly, the dorsal 

column activation region in same-diameter-fiber model is slightly larger than the 

activation region in different-diameter-fiber model.  

Compared to the results of electrode 1 stimulation, the dorsal column activation 

regions of electrode 3 stimulation move from left part of dorsal column to the middle 

part of dorsal column area.  One more point need to be mentioned that the DC 

thresholds in this case are higher than the DC thresholds of electrode 1 stimulation.   

 

 

(a) Excitation of electrode contact 5. 
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               (b)                                  (c) 

 

   
               (d)                                  (e)  

   

(f)                                 (g) 

 

Figure 26. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 5. 

 

As we can see the results of electrode 5 stimulation above in Figure 26, the dorsal 

column activation regions move to the right part of dorsal column area. In this case, the 

burst waveform also has the lowest DC threshold and the tonic waveform has the 

highest DC threshold while the dorsal column activation regions are the same for these 

three different waveforms.  
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The dorsal column activation regions of this case are the same for the same-

diameter-fiber model and the different-diameter-fiber model. 

Then, the results of stimulations based on electrode 11 to 15 are shown below in 

Figure 27, Figure 28 and Figure 29.  

 

(a) Excitation of electrode contact 11. 

    
        (b)                                    (c) 
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                (d)                                (e) 

  
(f)                                 (g) 

Figure 27. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 11. 

 

As shown above in (b) and Figure 27(d), the dorsal column activation regions of 

burst waveform and tonic waveform are the same while burst waveform has lower DC 

threshold. For the result shown in Figure 27 (f), high frequency has smaller activation 

region compared to tonic waveform and burst waveform and its DC threshold is lower 

than tonic waveform and higher than burst waveform.  

For the same-diameter-fiber model, compared to the results of electrode 1 

stimulation, the dorsal column activation region increased a lot in this case, which can 

activate all the layer 1 fibers and some fibers located in the left part of layer 2.  

For the different-diameter-fiber model, the activation regions are smaller than the 

activation region of same-diameter-fiber model. In the case of tonic waveform, all the 

large-diameter fibers in layer 1 can be activated while only some small-diameter fibers 

in layer 1 can be activated. In layer 2 of this model, some large-diameter fibers in the 

left part of dorsal column region can be activated while all small-diameter fibers in this 

layer remain deactivated state. For the burst waveform, it has lowest DC threshold and 
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smallest activation region among these three waveforms. For the high frequency 

waveform, it has median DC threshold and same large-diameter fibers activation region 

compared to burst waveform. Additionally, using high frequency waveform can obtain 

larger activation region of small-diameter fibers.  

 

 

(a) Excitation of electrode contact 13. 

 

 

         (b)                                 (c) 



68 
 

  

                (d)                                 (e) 

  

               (f)                               (g) 

 

Figure 28． Neuron fibers activation areas of different current waveforms applied    

          on both same-diameter-fiber model and different-diameter-fiber   

          model with excitation on electrode 13. 

 

In this case of electrode 13 stimulation, a relative large dorsal column activation 

region can be obtained in both same-diameter-fiber model and different-diameter-fiber 

model.  

For the same-diameter-fiber model, all the neuron fibers located in layer 1 and layer 

2 can be activated. Similarly, the burst waveform has the lowest DC threshold and the 

tonic waveform has the highest DC threshold. 
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For the different-diameter-fiber model, all the neuron fibers in layer 1 and all large-

diameter neuron fibers in layer 2 can be activated while no small-diameter neuron fibers 

in layer 2 can be activated in tonic and burst waveforms. High frequency waveform can 

activate some small-diameter neuron fibers in the layer 2 of different-diameter-fiber 

model.   

     

(a) Excitation of electrode contact 15. 

   
         (b)                                 (c) 
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                (d)                                 (e) 

  

               (f)                                  (g) 

 

Figure 29． Neuron fibers activation areas of different current waveforms applied  

          on both same-diameter-fiber model and different-diameter-fiber  

          model with excitation on electrode 15. 

 

In this case, as we can see the results shown above inFigure 29, burst waveform 

still has the lowest DC threshold while tonic waveform and high frequency waveform 

has the same DC threshold. Moreover, we can notice that burst waveform has the 

smallest dorsal column activation region while high frequency has the largest dorsal 

column activation region.  

Additionally, the dorsal column activation regions in same-diameter-fiber models 

are larger than the activation regions in different-diameter-fiber models. One more 
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important point need to be mentioned that the DC thresholds of the stimulations based 

on electrodes 11, 13 and 15 are lower than the stimulations based on electrodes 1, 3 and 

5. Therefore, different electrode contact selections require different current amplitudes, 

for example, stimulating electrode 11-15 can save power supply compared to stimulate 

electrode 1-5.  

As we can see the results above, different electrode contact selection will lead to 

different activation region in dorsal column area. Within the electrode selection above, 

flexible and gapless coverage from left to right of activated neuron fibers can be 

achieved, which is very useful in spinal cord stimulation study. In most cases above, 

using burst waveform stimulation can get the same or even larger activation region with 

lower DC threshold and Discomfort threshold than tonic waveform as well as high 

frequency waveform. Additionally, in some cases, using high frequency waveform 

stimulation can get larger activation region with lower DC threshold than tonic 

waveform but higher DC threshold than burst waveform stimulation. In general, burst 

waveform stimulation has lowest DC threshold and tonic waveform stimulation has 

highest DC threshold. However, burst waveform stimulation and high frequency 

stimulation need more power supply than tonic stimulation.  

Therefore, different current waveform selection becomes a trade-off problem, 

which mainly focus on the priority requirements of the project. If the power supply 

problem can be solved on the current stimulating device, then the burst waveform or 

high frequency waveform could be a better choice compared to the tonic waveform. 
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B. Bipoles stimulation on same-diameter-fiber model and different-diameter-fiber 

model 

In the second part, results of bipoles stimulation on same-diameter-fiber model and 

different-diameter-fiber model will be illustrated below. In this study, 20 cases of 

different electrode contacts configuration were applied to identify their activation 

region and 9 cases were shown here below.  

 

 

(a) Excitation of electrode contact 1 and 6. 

 

   

          (b)                                (c) 
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               (d)                                (e) 

   

                 (f)                                 (g) 

 

Figure 30. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 1 and 6. 

 

 

Based on the results of bipoles stimulation on electrode 1 and 6, the burst waveform 

stimulation has the lowest DC threshold and the largest dorsal column activation region. 

The dorsal column activation regions of same-diameter-fiber models are larger than the 

activation regions of different-diameter-fiber models.  

For the different-diameter-fiber model, the burst waveform has the largest dorsal 

column activation region and the high frequency has the second largest dorsal column 

activation region.  



74 
 

Compared to the stimulation of monopole electrode 1, the bipoles stimulation in 

this case has lower DC thresholds and larger dorsal column activation regions.    

Stimulation results of different bipoles combinations are shown below. We can see 

stimulating on different electrodes can obtain different activation region as well as 

different DC thresholds. Simlarly, different current waveform in bipoles stimulations 

can lead to different dorsal column activation regions. Based on the requirements of 

patients as well as the evaluation of doctors, different selections including electrode 

locations, current waveforms and current amplitudes can be selected to obtain the 

corresponding activation region to treat the chronic pain suffers. In the following 

contents, the results of 8 different cases of bipoles stimulation were illustrated clearly 

in Figure 31, Figure 32, Figure 33, Figure 34, Figure 35, Figure 36, Figure 37, Figure 

38. 

 

(a) Excitation of electrode contact 3 and 8. 
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         (b)                                  (c) 

  

                 (d)                                (e) 

   

                (f)                                 (g) 

 

Figure 31. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model   

         with excitation on electrode 3 and 8. 
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(a) Excitation of electrode contact 5 and 10. 

 

  

         (b)                                 (c) 

   
                (d)                                 (e) 
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                (f)                                 (g) 

 

Figure 32. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 5 and 10. 

 

 

 

 

(a) Excitation of electrode contact 11 and 16. 

 

    
          (b)                                (c) 
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               (d)                                 (e) 

   

              (f)                                  (g) 

 

Figure 33. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 11 and 16. 

 

 

. 

 

 

 

(a) Excitation of electrode contact 13 and 18. 
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         (b)                                (c) 

 

  

                (d)                                (e) 

   

                 (f)                                (g) 

 

Figure 34. Neuron fibers activation areas of different current waveforms applied   

         on both same-diameter-fiber model and different-diameter-fiber model   

         with excitation on electrode 13 and 18. 
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(a) Excitation of electrode contact 15 and 20.  

 

    

          (b)                                (c) 

   
                (d)                                (e) 
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               (f)                                 (g) 

 

Figure 35. Neuron fibers activation areas of different current waveforms applied on both  

          same-diameter-fiber model and different-diameter-fiber model with excitation  

          on electrode 15 and 20. 

 

 

 

(a) Excitation of electrode contact 1 and 11. 

 

  

          (b)                              (c) 
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               (d)                                 (e) 

 

              (f)                                 (g) 

 

Figure 36. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model   

         with excitation on electrode 1 and 11. 

 

 

 

(a) Excitation of electrode contact 3 and 13. 
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         (b)                                 (c) 

 

   

                (d)                                  (e) 

  
                (f)                                 (g) 

 

Figure 37. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 3 and 13. 
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(a) Excitation of electrode contact 5 and 15. 

 

  

               (b)                                (c) 

  

                (d)                                (e) 
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                (f)                                (g) 

 

Figure 38. Neuron fibers activation areas of different current waveforms applied  

         on both same-diameter-fiber model and different-diameter-fiber model  

         with excitation on electrode 5 and 15. 

 

As we can the results above, different electrode contacts selection of bipoles 

stimulation can lead to different neuron fibers activation region as well as the required 

DC thresholds in dorsal column area. Additionally, in bipoles stimulation, the neuron 

fibers activation regions of same-diameter-fiber model are larger than the neuron fibers 

activation regions of different-diameter-fiber model.  

Based on the results of monopole stimulation and bipoles stimulation shown above, 

we can see both the advantages and disadvantages of monopole and bipoles 

stimulations. For both monopole and bipoles stimulations, electrode contacts selection 

from left end to right end can obtain flexible and gapless coverage in dorsal column 

region. In most cases, using bipoles stimulations can obtain larger neuron fibers 

activation region in dorsal-ventral direction compared to monopole stimulations. 

In summary, among three different stimulating current waveforms, in most cases, 

the burst waveform has the lowest DC thresholds and largest neuron fibers activation 

region. However, in some cases, the high frequency waveform has the largest neuron 
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fibers activation region. Therefore, new SCS paradigms including both burst 

stimulation and high frequency stimulation show more advantages over the traditional 

tonic stimulation based on the computational modeling results. In fact, our conclusion 

is consistent with many clinical experimental studies which demonstrated that high 

frequency stimulation and burst stimulation were both safe and efficacious for treating 

pain and provided significant reduction in VAS and improvement in sleep quality as 

measured by Pittsburg Sleep Quality Index (Knife TM, 2016).  

5.3 Multi-electrode stimulation with different stimulating waveforms on each electrode 

contact 

In this section, we performed the spinal cord stimulation based on multi-electrode 

stimulation with two different stimulating waveforms on different electrode contacts to 

observe different action potential behaviors. Firstly, two different stimulating 

waveforms were applied simultaneously with no time delay between them. Then, time 

delay between the two different stimulating waveforms were added to explore the 

different action potentials. In this study, the same diameter neuron fibers spinal cord 

model will be used as shown in Figure 23 (a). Additionally, tonic waveform and burst 

waveform will be applied together as the multi-waveform. The tonic waveform and 

burst waveform has the same parameters as described above in Figure 22. 

A. Multi-electrode Multi-waveform stimulating simultaneously 

In this case, electrode 1 and electrode 6 were excited with +0.5V and -0.5V voltages 

to obtain the corresponding electrical field. Then, tonic waveform stimulating current 

was delivered to electrode 1 and burst waveform stimulating current was delivered to 
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electrode 6 simultaneously. The initial time delay of these two waveforms is 10ms as 

shown below in Figure 39 (b).  

 

 

(a) Excitation electrodes selection 

 

(b) Two current waveforms applied on different electrodes  

 

Figure 39. Multi-electrode stimulation with no time delay. 

 

The action potentials of neuron fiber “L1_1” from the same-diameter-fiber spinal 

cord model are recorded based on different stimulating current amplitude of both tonic 

waveform and burst waveform. In this study, we can simply modify the current 
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amplitude of these two stimulating waveforms independently to observe different 

action potentials, which provides much more flexibility and possibility of spinal cord 

stimulation to treat different varieties of pain signals. 

 

Tonic=0.4 mA, Burst=0.4 mA 

 

 (a) Membrane potential of deactivated state. 

 

 

Tonic=0.4 mA, Burst=0.5 mA 
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(b) Action potential occurred on neuron fiber with only one spike in every 4 cycles    

   (Current amplitudes equal to DC threshold). 

Tonic=0.5 mA, Burst=0.6 mA 

 

  (c) Action potential on neuron fiber with one spike in every cycle. 

 

 

Tonic=0.56 mA, Burst=0.7 mA 
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  (d) Action potential on neuron fiber when the current amplitudes reach the Discomfort  

     threshold. 

 

Figure 40. Action potentials of two current waveforms applied simultaneously  

         with different current amplitudes. 

 

As we can see the results above, Figure 40 (a) shows the membrane potential of 

neuron fiber “L1_1” in deactivated state which close to the resting voltage -80mV. This 

neuron fiber starts to be activated as the current amplitude of tonic waveform and burst 

waveform reach 0.4 mA and 0.5 mA, respectively. As the current amplitudes of burst 

waveform increased to 0.5 mA, the action potential on neuron fiber “L1_1” started to 

occur and only one spike can be generated in 4 cycles at this time as shown in Figure 

40 (b). Therefore, the DC thresholds of tonic waveform and burst waveform are 0.4 mA 

and 0.5 mA, which cause the Discomfort thresholds of tonic waveform and burst 

waveform are 0.56 mA and 0.7 mA, respectively.  

Then we continue increase the current amplitudes of two waveforms to observe the 

change of action potential on this neuron fiber. When the current amplitude of tonic 
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waveform and burst waveform reached 0.5 mA and 0.6 mA, one spike can be generated 

in every stimulating current cycle, which was shown clearly in Figure 40 (c). 

When the current amplitudes of two waveforms reached the Discomfort thresholds, 

the action potential has three spikes in the first stimulating current cycle and followed 

by one spike in every subsequent cycle. It was illustrated clearly above in Figure 40 (d). 

B. Multi-electrode Multi-waveform stimulating asynchronously with time delay 

In this study, two cases were studied with the same electrical field distribution and 

different time delay between two stimulating waveforms. Similarly, electrode 1 and 

electrode 6 were also excited with +0.5V and -0.5V voltages to obtain the 

corresponding electrical field. Then, two stimulating currents were applied 

asynchronously on this model to provide the current excitation.  

In the first case, the initial time delay of tonic waveform is 5ms, and the initial time 

delay of burst waveform is 10ms, which cause a 5ms time delay difference between two 

stimulating current signals as shown below in Figure 41. Other parameters of these two 

stimulating currents are the same as described in Figure 22.   
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Figure 41. Tonic waveform and burst waveform were applied together  

         asynchronously with 5ms time delay. (Tonic waveform ahead of Burst   

         waveform) 

 

Tonic=0.7 mA, Burst=0.7 mA 

 

    (a) Membrane potential before neuron activation. 

 

Tonic=0.88 mA, Burst=0.7 mA 
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  (b) Action potential occurred when the current amplitudes meet the thresholds. 

 

 

Tonic=0.9 mA, Burst=0.7 mA 

 

(c) Action potential as the current amplitudes increased to 0.9mA and 0.7 mA. 

 

 

 

 

 

 

 

 

 

 

 

 

Tonic=0.9 mA, Burst=0.8 mA 
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(d)  Action potential as the current amplitudes increased to 0.9 mA and 0.8 mA. 

 

 

Tonic=1.23 mA, Burst=0.98 mA 

 

(e) Action potential as the current amplitudes meet the Discomfort thresholds. 

 

Figure 42. Action potentials of two current waveforms applied with time delay 

          and different current amplitudes. 

 

As we can see the results above, Figure 42 (a) shows the membrane potential before 

neuron activation.  

When the current amplitudes of tonic waveform and burst waveform reached 0.88 

mA and 0.7 mA, the neuron fiber started to be activated and only four spikes in the first 

cycle can be activated at this moment as shown in Figure 42 (b). Therefore, the DC 
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threshold in this case can be identified as 0.88 mA for tonic waveform and 0.7 mA for 

burst waveform.  

As the current amplitude of tonic waveform increased to 0.9 mA and keep 

amplitude of burst waveform unchanged, four spikes of every 6 cycles can be activated 

as shown in Figure 42 (c). Then, keep amplitude of tonic waveform 0.9 mA, and 

increase amplitude of burst waveform to 0.8 mA, the neuron fiber can be also activated 

in every 6 cycles. In this case, 6 spikes can be generated in the first cycle while five 

spikes can be generated in the following activated cycle as shown in Figure 42 (d).  

As the current amplitudes of tonic waveform and burst waveform reached the 

Discomfort threshold which are 1.23 mA for tonic waveform and 0.98 mA for burst 

waveform, the corresponding activation spikes are shown above in Figure 42 (e). 

Then, in the second case, the initial time delay of tonic waveform and burst 

waveform is 12 ms and 10 ms, which cause 2 ms time delay difference between these 

two waveforms as shown below in Figure 43. Other parameters of these two stimulating 

currents are the same as described in Figure 22. 
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Figure 43. Tonic waveform and burst waveform were applied together  

         asynchronously with 2ms time delay. (Burst waveform ahead of tonic  

         waveform) 

    

Tonic=0.4 mA, Burst=0.4 mA 

 

   (a) Membrane potential on this neuron fiber before activation. 
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Tonic=0.4 mA, Burst=0.5 mA 

 
(c) Action potential when the neuron fiber starts to be activated.  

(When the current amplitudes reach to DC threshold) 

 

 

Tonic=0.5 mA, Burst=0.6 mA 

 

(d) Action potential when the current amplitudes of tonic waveform  

 and burst waveform reach 0.5 mA and 0.6mA. 
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Tonic=0.56 mA, Burst=0.7 mA 

 

(e) Action potential when the current amplitudes reach the  

   Discomfort threshold. 

 

Figure 44. Action potentials of two current waveforms applied with time delay  

              and different current amplitudes. 

 

Action potentials of this current waveforms stimulation based on different current 

amplitudes are listed above in Figure 44. In Figure 44 (a), we can see the membrane 

potential before neuron activation, which is around -80 mV.  

As the current amplitudes of two current waveforms increased, the neuron fiber 

starts to be activated. Figure 44 (b) shows the action potential occurred when the current 

amplitudes meet the DC threshold of this neuron fiber. At this moment, only one spike 

in every four cycles can be generated and the DC threshold of this case is 0.4 mA in 

tonic waveform and 0.5 mA in burst waveform. When the current amplitudes of tonic 

waveform and burst waveform increased to 0.5 mA and 0.6 mA, one spike in every 

cycle can be generated of the action potential as shown in Figure 44 (c).  

The action potential shown in Figure 44 (d) indicated that when the current 

amplitudes of two stimulating waveforms meet the Discomfort threshold, two spikes 
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can be generated in the first cycle and one spike can be generated in every subsequent 

cycle.  
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VI. Summary and Conclusions  

In this thesis, our proposed robust and efficient numerical modelling method can 

be used to analysis complicated composite rock samples to obtain their effective 

electrical properties as well as to obtain the electrical potentials inside spinal cord model 

to get the DC activation region. 

The 3D images of rock samples are obtained from Micro-CT with relative high 

resolution, which makes the size of the 3D rock images too large to perform direct 

modelling on the entire rock structure. Down-sampled images of the original images 

were used to perform various simulations. Based on the numerical results among the 

original 3D image, double sampled image and quadruple sampled image, it is strongly 

indicated that the quadruple sampled image is a better choice in terms of both accuracy 

and efficiency. 

According to simulation results for two rock samples with different pore space 

distributions, we observed that different distribution patterns of water and oil in the pore 

space will result in quite different electrical material properties. Also, the electrical 

material properties are frequency-dependent, which should be accounted for in rock 

physics analysis. These observations demonstrate that our proposed method is superior 

to the traditional analysis methods as it can handle complex rock structures and 

characterize complicated effects such as pore distribution pattern, frequency, coupling, 

and etc.  

For the multi-scale approach to handle large-scale models, the performance of the 

proposed multi-scale method is numerically stable compared to the iterative solver. 
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This method is applied to model very large-scale 3D complex rock images directly from 

core sample. Excellent agreements between the results of multi-scale method and the 

iterative solver applied directly on the entire structure have been observed. With similar 

numerical accuracy, the CPU time and memory cost of our multi-scale method are 

remarkably reduced compared to the iterative solver. This makes the multi-scale 

extraction method a suitable tool for future rock physics analysis. 

For the spinal cord stimulation, we proposed a two-step computational method 

aims to perform extracellular spinal cord stimulation. The first step is our efficient and 

accurate 3D numerical mixing law method for obtaining the electrical potential 

distribution inside the spinal cord model. And the second step is to apply the electrical 

potentials along each fiber to a well-known double-cable computational neuron model 

to identify the neuron activity. With this accurate and efficient two-step computational 

model, we can simply implement different kinds of simulation to explore the neuron 

activities which could be helpful for future use of spinal cord stimulation. Moreover, 

we can also identify which part of neuron fibers can be activated with specific 

stimulating source or inversely choose correct stimulating source based on different 

target areas, which can be helpful for the maximum paresthesia coverage in the 

treatment of spinal cord stimulation. 
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