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Abstract 

Thermoelectric (TE) technique is unique in heat-to-power conversion due to its 

solid and non-moving nature. The efficiency of thermoelectric devices is related to the 

dimensionless figure-of-merit (ZT) of the material, defined as 𝑍𝑇 =
𝑆2𝜎

𝜅
𝑇, where S, , , 

and T are the Seebeck-coefficient, electrical conductivity, thermal conductivity, and 

absolute temperature, respectively, and the term S2 is called the power factor. The design 

of TE devices for power generation applications requires the knowledge of the mechanical 

properties of TE materials due to the externally loaded mechanical and thermal stresses. 

Therefore, this nanoindentation technique was adopted to test the mechanical properties of 

various TE materials applied in a moderate-temperature range (200-700 °C). The results 

show the half-Heusler (HH) compounds are more mechanically robust as compared with 

other materials and favorable for applications. However, the usage of hafnium (Hf) in the 

HH compounds is unfavorable for applications due to its ultrahigh price. Therefore, the TE 

performances of p-type HH compounds were investigated with decreased Hf usage. The 

optimized new compound (Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2) has ZT values similar to the 

previously reported best composition (Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2). But the specific 

power cost ($ W-1) of the new compound is much lower due to the suppressed usage of Hf. 

Similar suppressing of power cost was also obtained in the NbCoSn-based n-type HH 

compounds through the elimination of Hf usage. Furthermore, the study of TE 

performances of the NbFeSb-based p-type HH, another Hf-free compound, resulted in an 

extremely high power factor of ~106 μW cm-1 K-2 in Nb0.95Ti0.05FeSb due to the improved 

carrier mobility. This is the highest power factor among the semiconductor thermoelectric 



vii 

materials above room temperature. Subsequently, a single-leg device based on the high-

power-factor material yielded a record output-power density of ~22 W cm-2 operating at 

between 293 and 868 K. Such a high output-power density greatly facilitates the large-

scale power generation applications. 
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Chapter 1 Introduction and Theory of Thermoelectrics 

1.1 Introduction 

 The majority of the energy consumption generated by burning fossil fuels (coal, oil, 

gas, etc.) are dissipated as wasted heat. In addition, the increased emission of carbon-

dioxide intensifies the greenhouse effects. Therefore, converting parts of the waste-heat 

into useful electricity not only increases the energy usage efficiency, but also alleviates the 

environmental impact. 

 There are several existing systems that fulfil this purpose. For example the binary 

cycle systems utilizing organic fluids [1-2]; the thermo-electro-chemical systems that 

utilizing thermogalvanic effects [3-4]; the thermo-osmotic vapor transport through 

hydrophobic nanoporous membranes [5]. 

 In comparison, the thermoelectric (TE) technique is unique in heat-to-power 

conversion due to its solid nature. The TE effects are the coupled transport of phonons and 

electrons. Historically, the first TE effect, now known as the Seebeck effect, was observed 

by Thomas Johann Seebeck in 1821 [6]. In the following three decades the TE field has 

developed extensively with more insights into the fundamentals, as well as the discovery 

of many new phenomena, such as the Peltier effect and the Thomson effect [7, 8]. In the 

early 1910s Altenkirch firstly derived the maximum efficiency of a TE generator and 

cooling performance of a Peltier cooler, and introduced the concept of the figure-of-merit, 

ZT [9]. However, subsequent investigations dimmed since the thermopower (i.e. the 

Seebeck-coefficient) in metals are too low to make applicable TE generators. It was not 

until the late 1940s through 1970s, the TE field began receiving augmented study after 
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Ioffe’s development of the modern theory for semiconductors that identified 

semiconductors as more promising TE materials than metals [10]. In addition, NASA was 

also actively involved in TE study at that time in order to power their space probes. Many 

important progresses were made, such as the establishing of modern theory of 

thermoelectricity [10], the first TE generator, and the radioisotope thermoelectric generator 

(RTG) for space probes. However, the low conversation efficiency (for example, 3-7% of 

RTG) and high cost of the TE technique hindered its applications in other fields, and no 

significant improvement was achieved in the 1980s. 

 During the 1990s, the intensified global energy crisis and environmental issues 

urged the research of novel and clean energy sources. Thus, the TE technique experienced 

a rebirth due to its potential in improving the energy usage efficiency and decreasing the 

emission of carbon-dioxide. Furthermore, the study of TE materials was also encouraged 

by the theoretical predictions that TE efficiency could be enhanced significantly in 

nanostructured materials [11, 12]. It was predicted that, in comparison to the bulk TE 

material, nanostructured TE materials would have higher power factors (S2σ) if the 

quantum-confinement effects could be properly introduced [13]. In addition, the heat 

transport could be suppressed if the size of the materials is comparable or shorter than the 

phonon mean-free-path (MFP) [14]. These predictions were later demonstrated 

experimentally, where the ZT improved significantly in the Bi2Te3/Sb2Te3 superlattices and 

PbTe/PbSeTe quantum dot superlattices [15, 16]. 

 However, the synthesis of low-dimensional materials are usually expensive, and 

it’s also difficult to obtain in high yields. Therefore, the TE community also focused on 
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developing novel bulk TE materials, such as skutterudites [17], zintl phases [18], and 

clathrates [19]. These materials possess large unit cells or complex crystal structures that 

can suppress the phonon-thermal conductivity and enhance the heat-to-power conversion 

efficiency. For example, the unit cells of the skutterudites have large lattice constant (~10 

Å), which suppresses the thermal conductivity, and also possesses positions that can be 

easily occupied by “fillers” elements. The fillers serve as dopants to optimize the carrier 

concentration, and also rattle inside the unit cells, thus impeding heat transport and 

suppressing thermal conductivity. 

 Indeed, the development of novel bulk TE materials obtained several successes [20, 

21], and better TE properties were expected if they could be combined with the 

nanostructure concept in a more economical and practical way. It was further pointed out 

that for reducing the thermal conductivity, superlattice structure is not rigidly required as 

long as the interfaces densities are high enough inside the samples [22]. This idea was 

subsequently realized by our group using high-energy ball-milling following a sintering 

process to build the nanostructured bulk samples. This approach works very well for many 

TE materials including but not limited to Bi2Te3 [23], IV-VI semiconductor compounds 

[24-26], skutterudites [27, 28], CuSe2 [29], Zintl phases [30], half-Heuslers [31-33], 

MgAgSb [34], and Mg2(Si, Ge, Sn) [35]. As one example, a peak ZT of ~1.4 was reported 

for the nanostructured p-type Bi0.4Sb1.6Te3 [23]. This shows an enhancement of ~40% in 

comparison to its bulk counterpart. Importantly, all the techniques in this approach are 

industrially well-established and thus a large yield of the TE materials is possible. 
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 In this chapter, I will briefly review the TE phenomena, the transport properties, 

current challenges in improving the properties, and my approach to boost the TE 

performances. 

1.2 Fundamentals of thermoelectric effects 

 Thermoelectric effects are the coupled transport of electrons and phonons. 

Generally, the Fermi distribution function varies with temperature and the Fermi level. 

Thus, the carriers will “flow” inside the material to satisfy the thermodynamic balance once 

a temperature gradient or a voltage drop is applied across the material. These effects could 

potentially be applied for power generation or temperature-control purposes. 

1.2.1 Thermoelectric effects 

1.2.1.1 Seebeck effect 

 As shown in Figure 1.1, when two different metals (for example, Cu and Fe) are 

connected with the two junctions at different temperatures, a voltage difference appears. 

This was first discovered by Thomas Johann Seebeck in 1821, thus the phenomena is called 

the Seebeck effect.  
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Figure 1.1 Schematic diagram of the Seebeck effect. 

 

 The Seebeck effect is the working principle of thermocouple. However, the paired 

wires are not necessary to observe the Seebeck effect since it is an intrinsic property for 

any material. In the classical view, the temperature gradient breaks the thermodynamic 

balance inside the material and drives the charge carriers to “diffuse” from the hot side to 

the cold side and form a continuous current if the circuit is closed. A more accurate picture 

is given by modern solid-state physics, where the Fermi-Dirac distribution function varies 

as the temperature change. It yields a re-distribution of charge carriers across TE legs, 

which drives the formation of current. 

 The Seebeck effect is characterized by the Seebeck-coefficient (S). With the 

temperature difference δT across a material and yielding a voltage drop δV along the same 

direction of temperature drop, the Seebeck-coefficient is expressed as 

𝑆(𝑇) = −
𝛿𝑉

𝛿𝑇
         (1.1) 
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 For semiconductors, the sign of the Seebeck-coefficient depends on the dominate 

carrier type: it is positive for holes and negative for electrons. The Seebeck-coefficient is 

also named thermopower and is represented by the symbol “α” in some reports. 

1.2.1.2 Peltier effect 

 The Peltier effect was discovered in 1834 by a French physicist Jean Charles 

Athanase Peltier. It is the reverse of the Seebeck effect that depicting the occurrence of 

heating or cooling when an external current passes across a junction between two materials. 

The Peltier coefficient (Πab) of a pair of materials (material a and material b) at a junction 

is defined as the heat-flux density (q) divided by the applied current density (j) 

𝛱𝑎𝑏 = 𝛱𝑎 − 𝛱𝑏 =
𝑞

𝑗
        (1.2) 

where Πa (Πb) is the Peltier coefficient of the material a (b). From a solid-state physics 

view, the chemical potential become position-dependent under the applied voltage, which 

drives the charge carriers to “flow” from the high-chemical-potential side to the low-

chemical-potential side. This process automatically transfers thermal energy along the 

material. Therefore, one side of the material will be cooled and the other side will be heated. 

A schematic diagram of the Peltier effects is shown in Figure 1.2. Note that the Peltier 

effect generates only a portion of the total heat, and other effects such as Joule heating and 

Thomson effect are also related to heat generation (see below). 
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Figure 1.2 A schematic diagram of the Peltier effects (Presentation at DTEC by T. 

Hogan, Michigan State University). 

 

1.2.1.3 Thomson effect 

 The Thomson effect was firstly discovered by William Thomson (Lord Kelvin) in 

1851. It describes the heating or cooling of a conductor that simultaneously possess a 

current and a temperature difference. The heat-flux density (q) is given as (assuming one-

dimensional transport) 

𝑞 = −𝛽𝑗
𝑑𝑇

𝑑𝑥
         (1.3) 

where β and j are the Thomson coefficient and current density, respectively.  
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1.2.1.4 The Kelvin’s relation 

 The three effects introduced above are interconnected with each other through the 

Kelvin’s relation. 

𝛽 ≡
𝑑𝛱

𝑑𝑇
− 𝑆         (1.4) 

𝛱 = 𝑆𝑇         (1.5) 

 Eq. (1.4) and Eq. (1.5) are named as the first and second Kelvin’s relation, 

respectively. The derivation of the Kelvin’s relation requires knowledge of fundamental 

thermodynamics and will be given in section 1.2.4. 

1.2.1.5 Thermoelectric devices 

 The thermoelectric device can be designed for applications such as power 

generation or temperature control, depending on whether the Seebeck effect or the Peltier 

effect is exploited. The building block of thermoelectric devices is the uni-couple, formed 

by connecting one n-type and one p-type leg in series, as shown in Figure 1.3. One uni-

couple device usually generates only a small voltage, thus in real applications multiple uni-

couples are assembled in series to increase the electromotive force (emf).  
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Figure 1.3 Schematic of a thermoelectric generator (left) and cooler (right). 

 

 For TE devices, the highest heat-to-power conversion efficiency is ~10%, which is 

not enough for use in large-scale power generation. The thermoelectric performance is 

governed by the dimensionless quantity, the figure-of-merit (ZT). Successful improvement 

of ZT could accelerate the large-scale application of the thermoelectric technique. The 

detailed introduction to ZT is given section 1.2.2. 

1.2.2 Thermoelectric parameters 

 The dimensionless figure-of-merit (ZT) is the core parameter for characterizing the 

performance of a thermoelectric material. It is defined as 

𝑍𝑇 =
𝑆2𝜎

𝜅
𝑇         (1.6) 

𝜅 = 𝜅𝑒 + 𝜅𝐿         (1.7) 

where S, σ, κ, κe, κL and T are the Seebeck-coefficient, the electrical conductivity, the 

thermal conductivity, the electronic thermal conductivity, the lattice thermal conductivity 

and the absolute temperature, respectively. The term S2σ is called the power factor, which 
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governs the maximum output-power density. Higher ZT corresponds to higher conversion 

efficiency. Thus, good thermoelectric material needs to have high Seebeck-coefficient, 

high electrical conductivity, and low thermal conductivity. Unfortunately, it’s very difficult 

to improve the three parameters simultaneously since they are related to each other, as will 

be introduced in the section below. 

1.2.2.1 Conflicting thermoelectric properties 

 It’s extremely difficult to simultaneously improve all the TE parameters due to 

intrinsic conflicts. A good example to show the conflicts of the TE parameters is through 

the carrier concentration (n). The electrical conductivity is a multiplication of electron 

charge (e, positive), carrier concentration (n), and carrier mobility (μ) 

𝜎 = 𝑛𝑒𝜇         (1.8) 

 With the single parabolic band (SPB) assumption and energy-independent 

scattering approximation [36], the Seebeck-coefficient satisfies the Pisarenko relation [37] 

𝑆 =
8𝜋𝑘𝐵

2

3𝑒ℎ2 𝑚∗𝑇 (
𝜋

3𝑛
)

2

3
        (1.9) 

where kB, h, and m* are the Boltzmann constant, the Planck constant, and the density-of-

states (DOS) effective mass, respectively. 

 The electronic thermal conductivity is also related to the carrier concentration 

through the electric conductivity 

𝜅𝑒 = 𝐿𝜎𝑇         (1.10) 
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where L is the Lorenz number, which is ~2.4 × 10-8 W Ω K-2 for metals. Eq. (1.10) is named 

the Wiedemann-Franz law [38]. 

 The conflicting thermoelectric properties are clearly shown in Figure 1.4. Metals 

possess high conductivity and a low Seebeck-coefficient, while insulators have a high 

Seebeck-coefficient and a low conductivity, as a result of the carrier concentration 

difference. Thus, both metals and insulators are usually not suitable for thermoelectric 

applications since their ZT are too low. The carrier concentration of good thermoelectric 

materials usually locates in the order of 1019~1021 cm-3. This is usually the range of heavily 

doped semiconductors. 

 

Figure 1.4 Optimizing ZT through carrier concentration tuning [39]. Here the 

Seebeck-coefficient is denoted as α. 

 

 Another example that shows the conflict is from the effective mass. As shown in 

Eq. (1.9), higher effective mass benefits the Seebeck-coefficient (S). Meanwhile, it also 

yields lower carrier mobility (μ) if there is no band-convergence. For real materials, 

however, there is no optimal combination range for the mobility and effective mass. Good 
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ZTs were reported in materials with low mobility and high effective mass (half-Heuslers 

[40], etc.), as well as with high mobility and low effective mass (InSb [41], etc.). 

1.2.2.2 Lattice thermal conductivity 

 All the conflicting parameters are related to the electron transport. On the other 

hand, the lattice thermal conductivity is related to phonon transport and does not have direct 

relations with the rest parameters. Therefore, it has been actively investigated to suppress 

the lattice thermal conductivity. 

 The lattice thermal conductivity derived from the Boltzmann equation has a general 

expression: 

𝜅𝐿 =
1

3
𝑐𝑣𝑣𝑠𝑙         (1.11) 

where cv, vs, and l are the specific heat at constant volume, the average velocity, and the 

mean-free-path of phonons, respectively. Clearly it’s necessary to shorten the phonon 

mean-free-path to obtain lower lattice thermal conductivity. This was realized by the 

nanostructuring approach developed in our group. For a more detailed analysis, I will 

introduce the Klemens model in chapter 6 to study the lattice thermal conductivity under 

different scattering mechanisms in NbFeSb-based half-Heusler. 

1.2.2.3 High ZT materials 

 Depending on the temperature where the peak ZT appears, thermoelectric (TE) 

materials could be roughly divided into three groups: low-temperature TE material (300 K 

to 500 K), mid-temperature TE material (500 K to 900 K), and high-temperature TE 
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material (>900K). Figure 1.5 shows the figure-of-merit of some of the state-of-the-art 

thermoelectric materials. 

 The Bismuth telluride (Bi2Te3) based alloys are the most famous low-temperature 

TE material. These alloys have very high ZT from 300 to 500 K, and already been 

commercialized for power generation and cooling for decades. Another promising low-

temperature TE material is the MgAgSb alloy that have comparable ZT with the Bi2Te3 

based alloys. 

 There are several promising mid-temperature thermoelectric materials, such as the 

skutterudites, the lead telluride (PbTe), and the magnesium-stannide (Mg2Sn) compounds. 

Recently the SnSe single crystal, and several Zintl phases are also reported as promising 

mid-temperature materials. In comparison, the skutterudites compounds, the Mg2Sn 

compounds and Zintl phases are particularly attractive since the other compounds are not 

favorable for applications: the PbTe compounds use toxic element (Pb), and the SnSe 

compounds are mechanically fragile. 

 For high-temperature power generation, the silicon-germanium alloys were used 

back to 1950s by NASA for space programs, and is still under active investigation now. 

Another promising high-temperature TE materials are the half-Heusler compounds due to 

their superior thermal and mechanical stability and high power factors. 
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Figure 1.5 State-of-the-art high ZT in some of the n-type and p-type materials. Figure 

courtesy of Dr. Hee Seok Kim, post-doctoral fellow in Prof. Zhifeng Ren’s lab. 

 

1.2.3 Thermoelectric device performance 

1.2.3.1 Power generation 

 The conversion efficiency of a generator is the ratio of the energy generated, to the 

heat absorbed at the hot-junction. As analyzed by Ioffe [10], the conversion efficiency (η) 

from heat to power is 

𝜂 =
𝑇𝐻−𝑇𝐶

𝑇𝐻
∙

√1+𝑍𝑇̅̅ ̅̅ −1

√1+𝑍𝑇̅̅ ̅̅ +
𝑇𝐶
𝑇𝐻

        (1.12) 

where TC and TH are the cold-side and hot-side temperatures, respectively. The 𝑍𝑇̅̅̅̅  is the 

average ZT between the hot-side and cold-side. The term (TH-TC)/TH is the Carnot 

efficiency of an ideal heat engine. The relation between the average ZT and the conversion 

efficiency is schematically plotted in Figure 1.6. Clearly, higher ZT yields higher 

conversion efficiency. When ZT→∞, η→the Carnot efficiency. 
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Figure 1.6 Power generation efficiency of single-leg device as function of hot side 

temperature TH with an assumption of TC=300 K. 

 

1.2.3.2 Cooling  

 The cooling efficiency of a TE device is characterized by the coefficient of 

performance (COP). The COP is defined as the amount of heat pumping divided by the 

amount of supplied electrical power. The maximum COP for an ideal TE device is given 

by 

𝐶𝑂𝑃𝑚𝑎𝑥 =
𝑇𝐶

𝑇𝐻−𝑇𝐶

√1+𝑍𝑇̅̅ ̅̅ −
𝑇𝐻
𝑇𝐶

√1+𝑍𝑇̅̅ ̅̅ +1
       (1.13) 

 Higher ZT gives higher COP. 



16 

1.2.4 Thermoelectric transport theory 

 Firstly, we discuss the presence of electric field (ε) only. Considering one-

dimensional transport along the x-direction. The distribution function of electrons under 

relaxation time approximation is [42], 

𝑓 = 𝑓0 − 𝜏(𝑣𝑥
𝜕𝑓0

𝜕𝑥
−

𝑒

𝑚

𝜕𝑓0

𝜕𝑣𝑥
)       (1.14) 

 We set the electron charge as –e, thus e is positive. The quantities τ, vx, and m are 

the relaxation-time, speed, and mass of electron, respectively. The term f0 is the equilibrium 

Fermi-Dirac distribution function 

𝑓0 =
1

𝑒𝑥𝑝(
𝐸−𝜑

𝑘𝐵𝑇
)+1

        (1.15) 

where E, φ, kB, and T are the electron energy, the Fermi level, the Boltzmann constant, and 

the absolute temperature, respectively. For semiconductors, if the band-edge energy (EC) 

were picked as the reference energy, then the energy of electrons (E) are spatially invariant. 

This gives us 

휀 = −
𝑑(−𝐸𝐶 𝑒⁄ )

𝑑𝑥
         (1.16) 

𝜕𝑓0

𝜕𝑥
=

𝜕𝑓0

𝜕𝜑

𝑑𝜑

𝑑𝑥
= −

𝜕𝑓0

𝜕𝐸

𝑑𝜑

𝑑𝑥
       (1.17) 

and Eq. (1.14) becomes 

𝑓 = 𝑓0 + 𝜏 (𝑣𝑥
𝜕𝑓0

𝜕𝐸

𝑑𝜑

𝑑𝑥
+

𝑒

𝑚

𝜕𝑓0

𝜕𝐸

𝜕𝐸

𝜕𝑣𝑥
) = 𝑓0 + 𝜏𝑣𝑥

𝜕𝑓0

𝜕𝐸
(

𝑑𝜑

𝑑𝑥
+ 𝑒휀)   (1.18) 
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 In Eq. (1.18), I used the relation 𝐸 = (1 2⁄ )𝑚𝑣𝑥
2. Therefore, the current density (j) 

is 

𝑗 = −
2

(2𝜋)3 ∫ ∫ ∫ 𝑒𝑣𝑥𝑓
∞

−∞

∞

−∞
𝑑𝑘𝑥𝑑𝑘𝑦𝑑𝑘𝑧

∞

−∞
       

= −
𝑒

4𝜋
∮ {∫ 𝑣𝑥

2𝜏 (
𝑑𝜑

𝑑𝑥
+ 𝑒휀)

𝜕𝑓0

𝜕𝐸
𝐷(𝐸)𝑑𝐸

∞

0
} 𝑑Ω

4𝜋

0
  

= −
𝑒

3
(

𝑑𝜑

𝑑𝑥
+ 𝑒휀) ∫ 𝜏𝑣2𝐷(𝐸)

∞

0

𝜕𝑓0

𝜕𝐸
𝑑𝐸  

=
𝑑𝛷

𝑑𝑥

𝑒2

3
∫ 𝜏𝑣2𝐷(𝐸)

∞

0

𝜕𝑓0

𝜕𝐸
𝑑𝐸 ≈ −

𝑒2

3
휀 ∫ 𝜏𝑣2𝐷(𝐸)

∞

0

𝜕𝑓0

𝜕𝐸
𝑑𝐸   (1.19) 

 Here, Φ is the electrochemical-potential which has a dimension of energy divided 

by charge. Using Eq. (1.16), we have 

𝛷 = −(𝐸𝐶 + 𝜑)/𝑒        (1.20) 

 The final step in Eq. (1.19) is approximated since the spatial variation of the 

chemical potential (
𝑑𝜑

𝑑𝑥
) is usually small. This is indeed the case for metals and degenerate 

semiconductors that have very high carrier concentrations.  

 Eq. (1.19) could be further written as 

𝑗 = 𝜎(−
𝑑𝛷

𝑑𝑥
) ≈ 𝜎휀        (1.21) 

 Eq. (1.21) is Ohm’s law and σ is the electrical conductivity 

𝜎 = −
𝑒2

3
∫ 𝜏𝑣2𝐷(𝐸)

∞

0

𝜕𝑓0

𝜕𝐸
𝑑𝐸 = 𝐿11      (1.22) 

where L11 is a notation will be used later. 
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 Now, let’s superimpose a temperature gradient on the electric field. In this case, 

both the Fermi level and the temperature varies with location, and 𝜕𝑓0 𝜕𝑥⁄  is written as 

𝜕𝑓0

𝜕𝑥
= −

𝜕𝑓0

𝜕𝐸

𝑑𝜑

𝑑𝑥
−

𝐸−𝜑

𝑇

𝜕𝑓0

𝜕𝐸

𝑑𝑇

𝑑𝑥
       (1.23) 

 Substituting Eq. (1.23) into Eq. (1.14), then following the same routine as in Eq. 

(1.19), we have 

𝑗 = −
𝑒

3
∫ 𝜏𝑣2 (

𝑑𝜑

𝑑𝑥
+ 𝑒휀 +

𝐸−𝜑

𝑇

𝑑𝑇

𝑑𝑥
) 𝐷(𝐸)

𝜕𝑓0

𝜕𝐸
𝑑𝐸

∞

0
    (1.24) 

or 

𝑗 = 𝐿11 (−
𝑑𝛷

𝑑𝑥
) + 𝐿12(−

𝑑𝑇

𝑑𝑥
)       (1.25) 

 The first term in Eq. (1.25) is exactly Eq. (1.21). The second term describes the 

current under the temperature gradient 

𝐿12 =
𝑒

3𝑇
∫ 𝑣2𝜏(𝐸 − 𝜑)𝐷(𝐸)

𝜕𝑓0

𝜕𝐸
𝑑𝐸      (1.26) 

 With an open circuit (j=0), Eq. (1.25) gives 

𝐿12

𝐿11
= (−

𝑑𝛷

𝑑𝑥
) (

𝑑𝑇

𝑑𝑥
)⁄         (1.27) 

 Comparing with Eq. (1.1), Eq. (1.27) defines the Seebeck-coefficient from the 

thermodynamic view 

𝑆 =
𝐿12

𝐿11
= −

𝑑𝛷

𝑑𝑇
= −

1

𝑒𝑇

∫ 𝑣2𝜏(𝐸−𝜑)𝐷(𝐸)
𝜕𝑓0
𝜕𝐸

𝑑𝐸

∫ 𝑣2𝜏𝐷(𝐸)
𝜕𝑓0
𝜕𝐸

𝑑𝐸
     (1.28) 

 Now, let’s examine the heat-flux under the coexisting temperature and voltage 

gradient. Note that the heat-flux is only a portion of the total energy-flux since we are 
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dealing with an open system with particle-flux. Applying the first law of thermodynamics 

to a fixed differential volume 

𝑑𝑈 = 𝑑𝑄 + 𝜑𝑑𝑁        (1.29) 

 Then, the heat-flux (q), energy-flux (jE), and particle-flux (jN) satisfy 

𝑑𝑞 = 𝑑𝑗𝐸 − 𝜑𝑑𝑗𝑁        (1.30) 

 Considering one-dimensional flow along x-direction, these fluxes can be written as 

𝑗𝐸 = ∫ 𝐸𝑣𝑥𝑓𝑑𝑣𝑥𝑑𝑣𝑦𝑑𝑣𝑧 and 𝑗𝑁 = ∫ 𝑣𝑥𝑓𝑑𝑣𝑥𝑑𝑣𝑦𝑑𝑣𝑧    (1.31) 

therefore, the heat-flux along the x-direction is 

𝑞 = ∫(𝐸 − 𝜑)𝑣𝑥𝑓𝑑𝑣𝑥𝑑𝑣𝑦𝑑𝑣𝑧      (1.32) 

 Using Eq. (1.14) and Eq. (1.23) and following the same procedure in deriving the 

current density, we obtain the expression for heat-flux, 

𝑞 = 𝐿21 (−
𝑑𝛷

𝑑𝑥
) + 𝐿22(−

𝑑𝑇

𝑑𝑥
)       (1.33) 

 The first term is the energy carried due to the convection of electrons under an 

electrochemical-potential gradient, the second term is due to the diffusion of electrons 

under a temperature gradient. The expressions for the two coefficients are 

𝐿21 =
𝑒

3
∫ 𝑣2𝜏(𝐸 − 𝜑)𝐷(𝐸)

𝜕𝑓0

𝜕𝐸
𝑑𝐸 = 𝑇𝐿12     (1.34) 

𝐿22 = −
1

3𝑇
∫ 𝑣2𝜏(𝐸 − 𝜑)2𝐷(𝐸)

𝜕𝑓0

𝜕𝐸
𝑑𝐸     (1.35) 

 Eliminating the factor 
𝑑𝛷

𝑑𝑥
 using Eq. (1.25) and Eq. (1.33), we get 
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𝑞 =
𝐿21

𝐿11
𝑗 + (𝐿22 −

𝐿21𝐿12

𝐿11
) (−

𝑑𝑇

𝑑𝑥
) = Π𝑗 − 𝜅𝑒

𝑑𝑇

𝑑𝑥
    (1.36) 

where 

𝛱 =
𝐿21

𝐿11
= 𝑇𝑆         (1.37) 

𝜅𝑒 = 𝐿22 −
𝐿21𝐿12

𝐿11
        (1.38) 

Π is the Peltier coefficient introduced above, and κe is the electronic thermal conductivity. 

Eq. (1.37) is the second Kelvin relation, same as Eq. (1.5). 

 However, Eq. (1.36) is not complete for thermal transport since heat can be carried 

by phonons also. Therefore, the quantity κe should be replaced by κ, the total thermal 

conductivity, to describe the complete heat-flux density. By doing so, we get a pair of 

equations 

𝑞 = −(𝜅 + 𝛱𝑆𝜎)
𝑑𝑇

𝑑𝑥
− 𝛱𝜎

𝑑𝛷

𝑑𝑥
       (1.39a) 

𝑗 = −𝑆𝜎
𝑑𝑇

𝑑𝑥
− 𝜎

𝑑𝛷

𝑑𝑥
        (1.39b) 

 The two equations clearly show the coupled transport of heat and charge carriers 

under a temperature gradient (
𝑑𝑇

𝑑𝑥
) and an electrochemical potential gradient (

𝑑𝛷

𝑑𝑥
).  

 Eliminating the factor 
𝑑𝜑

𝑑𝑥
 between Eq. (1.39a) and Eq. (1.39b) produces 

𝑞 = −𝜅
𝑑𝑇

𝑑𝑥
+ 𝛱𝑗        (1.40) 

 Note that if there is no current (j=0), Eq. (1.40) is just the Fourier’s law of heat 

conduction. 
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 Considering a differential volume, inside which the total energy-flux (jE) 

constitutes of two parts. One from the thermal heat-flux (q) and the other from the energy 

carried by the electrons (jΦ). If the energy-flux is constant across the material, then the 

amount of energy flowing into any differential volume (dx in one-dimension) equals the 

energy flowing out. Otherwise it gains net energy accumulation �̇� per unit volume: 

�̇� = −
𝑑𝑗𝐸

𝑑𝑥
= −

𝑑𝑞

𝑑𝑥
− 𝑗

𝑑𝛷

𝑑𝑥
       (1.41) 

 Here, a constant electric current is assumed. Substituting Eq. (1.39b) and Eq. (1.40) 

into Eq. (1.41) to eliminate q and 
𝑑𝜑

𝑑𝑥
, it gives 

�̇� =
𝑑

𝑑𝑥
(𝜅

𝑑𝑇

𝑑𝑥
) +

𝑗2

𝜎
− (

𝑑𝛱

𝑑𝑇
− 𝑆)

𝑑𝑇

𝑑𝑥
𝑗      (1.42) 

 The first and the second term in Eq. (1.42) are due to heat conduction and Joule 

heating, respectively. The third term is the Thomson effect, from which the Thomson 

coefficient (β) is defined when comparing with Eq. (1.3) 

𝛽 ≡
𝑑𝛱

𝑑𝑇
− 𝑆         (1.43) 

Eq. (1.43) is the first Kelvin’s relation, as already shown in Eq. (1.4). 

1.3 Nanoindentation 

 Indentation test was initially introduced to define the Mohs’ hardness. If one 

material is able to leave a permanent scratch in another, it was ranked as the harder material. 

Diamond has the maximum hardness value of 10 in the Mohs’ scale. This technique was 

then refined to different versions including the Brinell, Knoop, Vickers, and Rochwell tests 
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in which the penetration depth of these tests are usually in the scale of micron (10-6 m) or 

millimeter (10-3 m) [43]. Nanoindentation is another indentation test in which the depth of 

penetration is measured in nanometers (10-9 m) [44]. This unique feature allows indenting 

on small volumes such as thin film. Another distinguishing feature of nanoindentation is 

the indirect measurement of the contact area. In nanoindentation test, the contact area is so 

small that it needs to be calculated from the penetration depth based on the tip geometry. 

 Nanoindentation can also be used to calculate the elastic modulus, the fracture 

toughness, and many other mechanical properties [45]. These properties are all design 

criteria for the application of materials including thermoelectric materials. In chapter 3, I 

will use the nanoindentation technique to characterize the mechanical properties of some 

thermoelectric materials.  

1.4 Outline of my work 

 The major goals of my work are ranking the mechanical robustness of the common 

thermoelectric (TE) materials, then focusing on the mechanically strong TE materials, and 

improving their overall performance, including better cost performance, higher ZT, and 

higher output-power density. 

Since the thermoelectric devices are mainly used when the reliability is more 

important than the power generation efficiency, the mechanical properties of TE materials 

would be one of the major concern in terms of application. For example, considering the 

waste-heat recovery from vehicles, the thermoelectric generator (TEG) would be exposed 

to thermal stress and mechanical vibrations. This would require the TEG being 
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mechanically and thermally stable. Although many success has been reported in improving 

ZT, the reports on mechanical properties of these thermoelectric materials remain scarce. 

In chapter 3, I will apply the nanoindentation to test the common thermoelectric materials 

(half-Heuslers, skutterudites, bismuth telluride, silicon–germanium alloys, and lead 

selenide), and to evaluate the hardness and the Young’s modulus. As a result, the half-

Heusler alloys exhibit considerably higher hardness and modulus values, and lower 

brittleness as compared with other materials. Thus, the half-Heusler alloys are considered 

ranking well-above competitive materials for use in thermoelectric power generators. 

 I will then spend effort on improving the thermoelectric properties of the half-

Heusler alloys. The nanostructured half-Heusler alloys were reported possessing 

satisfactory ZT~1 in both the p-type and n-type materials [31-33, 40, 46-47]. However, the 

cost performances of these materials are unfavorable due to the use of the rare element, 

hafnium (Hf). In chapters 4 and 5, I managed improving the cost performance in the 

nanostructured p-type and n-type half-Heuslers by decreasing or even eliminating the Hf 

usage. The final products are more favorable for waste-heat recovery applications due to 

the lower specific power cost (dollars per watt, $ W-1). 

 Although the nanostructuring approach is powerful in improving ZT for many 

inorganic TE materials, it is only effective when the grain-size is comparable to or smaller 

than the phonon mean-free-path (MFP).  For compounds with phonon MFP shorter than 

nano-sized grains, nanostructuring might impair the electron transport more than the 

phonon transport, thus potentially decreasing the power factor and ZT. Therefore, in 

chapter 6, I will introduce my study on NbFeSb-based p-type half-Heusler. I find that the 
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lattice thermal conductivity is not sensitive to the grain-size.  Meanwhile, the carrier 

mobility improves significantly when the grains are larger. Thus, by increasing the grain-

size, I managed to improve the electrical conductivity and maintain the Seebeck-coefficient 

while thermal conductivity is almost unchanged. This ultimately yields an ultra-high power 

factor (~106 μW cm-1 K-2) and improved ZT. I will also show that the high power factor 

favors higher output-power density, and a record output-power density (~22 W cm-2) is 

realized in a single-leg device operating between 293 and 868 K. Such a high output-power 

density can be beneficial for large-scale power generation applications. 
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Chapter 2 Characterization of Thermoelectric Materials 

2.1 Introduction 

 In chapter 1, the thermoelectric (TE) dynamics are introduced. Experimentally, the 

characterization of TE performances is much more straightforward. The thermoelectric 

figure-of-merit (ZT) has a very concise expression 

𝑍𝑇 =
𝑆2𝜎

𝜅
𝑇         (2.1) 

 To obtain ZT, we only need to measure the Seebeck-coefficient (S), the electrical 

conductivity (σ), and the thermal conductivity (κ) at the desired temperatures (T). Although 

conceptually simple, it’s still challenging to experimentally reduce the errors in order to 

obtain high accuracy. Several papers, patents, and press releases have claimed 

extraordinarily high ZT but have never being repeated and likely resulted from incorrect 

measurements. 

 The experimental error has two parts: random error and systematic error [1]. 

Random error fluctuates from one measurement to the next, and can be minimized by 

averaging the results from multiple measurements. Systematic error tends to shift all 

measurements in a systematic way so the mean value is displaced. This may be due to 

incorrect calibration of equipment or the consistently improper use of equipment. The 

systematic error can be minimized by calibrating the experimental setups using standard 

samples. 

 One important aspect to accurately measure individual thermoelectric properties is 

taking data from the same sample and the same orientation to avoid problems of 
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inhomogeneity and anisotropy. In addition, the properties might change during the 

measurement due to annealing or evaporation when the measurement reaches high 

temperatures. Thus, multiple rounds of measurements might better characterize these 

properties. 

 In this chapter, I will introduce our measurement devices and their underlying 

working principles. The commercially available equipment (ZEM-3, Ulvac Inc.) was used 

for simultaneous measurement of the electrical conductivity and the Seebeck-coefficient. 

The thermal conductivity was calculated as a product of the thermal diffusivity, specific 

heat, and mass density which were measured by a laser-flash machine (LFA457, Netzsch), 

a differential-scanning calorimeter (DSC 404 C, Netzsch), and an Archimedes’ kit.  

2.2 Electrical conductivity measurement 

 The electrical conductivity is the inverse of the electrical resistivity. To minimize 

the error from the contact resistance, the four-probe method was used to measure the 

electrical conductivity. A typical four probe setup is shown in Figure 2.1. A constant 

current was provided into the conductor through the current probes, and the voltage was 

measured using the pair of voltage probes. Usually a series of currents were provided, and 

the voltage responses were recorded. The resistance was deduced from the slope of the V-

I curve, and the resistivity was subsequently calculated by equation ρ=AR/L, where R is the 

resistance, A is the cross-sectional area and L is the distance between the two voltage probes. 

 The Peltier effect is a challenge when using the four-probe method to measure the 

electrical conductivity of thermoelectric materials. With current flowing, a temperature 
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gradient forms due to the Peltier effect. The temperature gradient will further superimpose 

a Seebeck voltage on the ohmic-voltage. This could be a significant contribution, especially 

for good thermoelectric materials that have low resistivity and high Seebeck-coefficient. 

To minimize the Seebeck-voltage contribution, it’s preferable to use AC [2] or switching 

DC [3] as the electrical power supply. 

 

Figure 2.1 Schematic of a four-probe electrical conductivity measurement. 

 

2.3 Room temperature Hall measurement 

 The Hall effect is named after E. H. Hall who discovered it in 1879 [4]. If an electric 

current flows through a conductor in a magnetic field, the magnetic field exerts a transverse 

force (the Lorenz force) on the moving charge carriers. As a result, the charge carriers 

accumulate on one face of the material and build up an electric field (ε) that is perpendicular 

to both the current direction and the magnetic field. A sketch of the Hall effect is shown in 
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Figure 2.2. Note that the sign of the Hall voltage (VH) varies with the type of the majority 

carriers. 

 

Figure 2.2 The Hall effect for electrons (left) and holes (right). 

 

 The Hall measurement is mainly employed to determine the carrier concentration 

(nH) and mobility (μ). Consider a flat rectangular sample perpendicular to a uniform 

magnetic field, B. The thickness, width and length of the sample are t, w, and L, respectively. 

The length, L, is parallel to the current direction, I, as shown in Figure 2.2. 

 The Hall carrier concentration is given by 

𝑛𝐻 =
1

𝑅𝐻𝑞
         (2.2) 

where q is the charge of carrier, and RH is the Hall coefficient, which is given by 

𝑅𝐻 =
𝑉𝐻𝑡

𝐼𝐵
         (2.3) 

 The obtained carrier concentration is used to calculate the mobility (μ) using Eq. 

(1.8). However, this method is unfavorable since it requires the samples to be rectangular. 

In addition, the directions of the field and current has to be properly aligned. 
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 In our experiments, the Hall measurement was performed using a physical property 

measurement system (PPMS, Quantum Design, Figure 2.3) with the Van der Pauw method 

that is capable of measuring the properties of samples with an arbitrary shape, provided 

that the sample is solid and approximately two-dimensional. The Van der Pauw method 

only requires the thickness of the sample, any size along the plane is not necessary. 

 

Figure 2.3 PPMS (Quantum Design) for the Hall measurement 

 

 A typical Van der Pauw sample and the contacts are shown in Figure 2.4. The Van 

der Pauw method has four contacts (for convenience, they are numbered from 1 to 4 in a 

counter clockwise order). 

 

Figure 2.4 A schematic of Van der Pauw sample and contacts. Regular shapes of the 

samples are not necessary. 
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 Before showing the Van der Pauw method, I make the following definitions first: 

 Imn: A current injected from contact m, and taken out from contact n. For example, 

I13 means a current, I, that flows into the sample from contact 1 and flows out from contact 

3. 

 Vmn,+: The DC voltage measured from contact m to n (i.e. Vn-Vm) under external 

positive (+) magnetic field (B). For example, V42,+ means V2-V4 when the magnetic field is 

positive. Here, a positive magnetic-field direction is the same direction of the thumb when 

curling the rest fingers from contact 1 to contact 4 counterclockwise using right hand. If 

the magnetic field is negative, the symbol becomes “-”. The positive and negative magnetic 

fields should be equal in absolute values during measurement. 

 A complete Hall measurement using the Van de Pauw method is: 

1) With applied current I24, measure V13,+ 

2) I42, V31,+ 

3) I13, V42,+ 

4) I31, V24,+ 

5) I24, V13,- 

6) I42, V31,- 

7) I13, V42,- 

8) I31, V24,- 
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The Hall voltage is given by 

𝑉𝐻 =
(𝑉13,++𝑉31,++𝑉42,++𝑉24,+)−(𝑉13,−+𝑉31,−+𝑉42,−+𝑉24,−)

8
    (2.4) 

 Eq. (2.2) through (2.4) were used to calculate the desired carrier concentration (nH). 

The accuracy of the Van de Pauw method depends on the uniformity of the sample 

thickness, and size of the contacts. In addition, the thickness of the samples should be much 

less than the length and width to approximate the two-dimensional transport. 

2.4 Seebeck-coefficient measurement 

 The Seebeck-coefficient, or thermopower, is intrinsically related to the materials’ 

electronic structure, and not related to the sample geometry. Figure 2.5 shows the 

measurement schematics. One side of the sample is heated or cooled to create a temperature 

gradient. The voltmeter reads the voltage drop after the temperature profiles stabilize. In 

order to avoid the ohmic-voltage, the current is turned off during the Seebeck-coefficient 

measurement. 
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Figure 2.5 Schematic of the Seebeck-coefficient measurement 

 The measured voltage drop (ΔV) includes three parts 

𝛥𝑉 = −𝛥𝑇(𝑆 + 𝑆𝑇𝐶) + 𝑉𝑑𝑎𝑟𝑘       (2.5) 

where S and STC are the Seebeck-coefficients from the sample and the thermocouple, 

respectively. The thermocouple Seebeck-coefficient (STC) were calibrated using a standard 

sample, which was usually the Cu-Ni alloy (constantan). 

 Figure 2.6 shows a typical ΔV vs. ΔT plot. For better accuracy, a set of small 

temperature differences were applied, yielding a set of voltage responses. The data points 

on the ΔV-ΔT plot were linearly fitted, and the slope gave the Seebeck-coefficient. The last 

term in Eq. (2.5) (Vdark) is called the dark emf. Ideally the ΔV-ΔT curves should pass through 

zero where there is no temperature gradient. However, there are always some non-zero 

intercepts. The intercept is the dark emf, as shown in Figure 2.6. Generally, the Seebeck-

coefficient measurement is considered reliable when the dark emf does not exceed 10% of 

the total Seebeck voltage signal. 



38 

 

Figure 2.6 A typical ΔV–ΔT plot for Seebeck-coefficient measurement. 

 

2.5 ZEM-3 

 In my experiments, both the electrical conductivity and the Seebeck-coefficient 

were measured in the commercial ZEM-3, as shown in Figure 2.7. Figure 2.8 shows a real 

sample loaded on the machine. 

 

Figure 2.7 A picture of the ZEM-3 machine (Ulvac Inc.) used to measure the 

Seebeck-coefficient and electric conductivity. 
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Figure 2.8 A picture of the sample holder with a mounted sample. 

  

 The measurements of the electrical conductivity and the Seebeck-coefficient could 

be carried out at up to 1000 °C if the samples were stable. The working condition of the 

sample chamber were a helium atmosphere at approximately 0.01 MPa. A complete 

measurement started from pumping and refilling the chamber with helium gas multiple 

times to expel oxygen. Upon heating, the temperature of sample increased to the desired 

values. To increase the accuracy, the measurement would not start unless the temperature 

variation was slower than a threshold value, usually 0.1 K per 10 seconds. The electrical 

conductivity was measured firstly using the four-probe approach with alternating DC 

power supply to cancel out the Seebeck-voltage contributions, as explained in section 2.2. 

Then the DC power source was turned off, and a set of temperature drops (ΔT) were applied 

across the material. The voltage drop (ΔV) was measured once the threshold of temperature 

stability satisfied. Usually, at least 4 different ΔT were used to produce a linear fit. After 
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subtracting the thermocouple contributions, the Seebeck-coefficients of the measured 

materials were obtained. 

2.6 Thermal conductivity measurement 

 The thermal conductivity (κ) was evaluated primarily in terms of the Fourier's law 

for heat conduction. 

�⃗� = −𝜅𝜵𝑇        (2.6) 

where �⃗� is the heat-flux density. The unit of thermal conductivity is W m-1 K-1. Compared 

to the electrical conductivity and the Seebeck-coefficient, the accuracy of thermal 

conductivity measurement was lower since heat insulation is more difficult than electrical 

insulation. Heat losses through conduction, convection, and radiation are always inevitable. 

Thus, extra care has to be taken to minimize the heat loss effects. 

 In my experiments, thermal conductivity was not measured directly. It was 

calculated as the product of thermal diffusivity (D, in the dimension of m2 s-1), specific 

heat (cp, J kg-1 K-1), and mass density (d, kg m-3) that were measured by a laser-flash 

machine (LFA457, Netzsch), a differential-scanning calorimeter (DSC 404 C, Netzsch), 

and an Archimedes’ kit. 

𝜅 = 𝐷 × 𝑐𝑝 × 𝑑        (2.7) 

2.6.1 Thermal-diffusivity and specific-heat measurement by laser-flash method 

 The laser-flash method was first described by Parker, et al. [5] in 1961 and it was 

reviewed in a number of references [6-8]. This method was improved subsequently by 
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Cowan [9], Cape & Lehman [10], and Blumm & Opfermann [11]. The laser-flash 

technique is very reliable for thermal-diffusivity measurements. This method has less 

contact issue since the samples are heated by laser. In addition, the temperature variations 

are read in a very short time so that the heat loss during the process can be minimized. A 

sketch of the laser-flash system is shown in Figure 2.9. The picture of an actual 

measurement system is shown in Figure 2.10. 

 

Figure 2.9 A sketch of the laser-flash method. 
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Figure 2.10 The laser-flash equipment for the thermal-diffusivity measurement 

 

 During measurement, one face of the sample was irradiated by a short pulse of laser, 

while the time-sensitive temperature rise on the opposite surface was recorded, from which 

the thermal diffusivity was calculated. 

 To better understand the measurement principles, let’s consider a one-dimensional 

thermal-diffusion-transport equation and assume an adiabatic system, i.e. there is no heat 

loss. If a solid sample has uniform thickness, L, the temperature distribution at any later 

time, t, is given by [12], 

𝑇(𝑥, 𝑡) =
1

𝐿
∫ 𝑇(𝑥, 0)𝑑𝑥

𝐿

0
+

2

𝐿
∑ 𝑒𝑥𝑝 (

−𝑛2𝜋2𝐷𝑡

𝐿2 )∞
𝑛=1   

× cos
𝑛𝜋𝑥

𝐿
∫ 𝑇(𝑥, 0)cos

𝑛𝜋𝑥

𝐿
𝑑𝑥

𝐿

0
   (2.8) 

where D is the diffusivity. If a pulse of laser with energy Q is instantaneously and uniformly 

absorbed by a thin layer with depth, g, at the front side of the sample, then the initial 

condition becomes, 

𝑇(𝑥, 0) =
𝑄

𝑑𝑐𝑝𝑔
, for 0<x<g, and 
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𝑇(𝑥, 0) = 0, for g<x<L 

where d is the sample density, and cp is the specific heat. With this initial condition, Eq. 

(2.8) become 

𝑇(𝑥, 𝑡) =
𝑄

𝑑𝑐𝑝𝐿
[1 + 2 ∑ 𝑐𝑜𝑠

𝑛𝜋𝑥

𝐿

𝑠𝑖𝑛(𝑛𝜋𝑔/𝐿)

𝑛𝜋𝑔/𝐿
𝑒𝑥𝑝 (

−𝑛2𝜋2𝐷𝑡

𝐿2 )∞
𝑛=1 ]  (2.9) 

 Note that g is usually very small for opaque materials, then sin(nπg/L)≈ nπg/L. 

Since we are interested in the temperature variation at the rear surface where x=L, therefore, 

we get 

𝑇(𝐿, 𝑡) =
𝑄

𝑑𝑐𝑝𝐿
[1 + 2 ∑ (−1)𝑛𝑒𝑥𝑝 (

−𝑛2𝜋2𝐷𝑡

𝐿2 )∞
𝑛=1 ]    (2.10) 

 Define two dimensionless parameters, V and ω 

𝑉(𝐿, 𝑡) = 𝑇(𝐿, 𝑡)/𝑇𝑀        (2.11) 

𝜔 = 𝜋2𝐷𝑡 𝐿2⁄          (2.12) 

𝑇𝑀 =
𝑄

𝑑𝑐𝑝𝐿
         (2.13) 

TM is the maximum temperature at the rear surface. Combining Eq. (2.10-2.12), we get 

𝑉 = 1 + 2 ∑ (−1)𝑛𝑒𝑥𝑝(−𝑛2𝜔)∞
𝑛=1       (2.14) 

Eq. (2.14) is plotted in Figure 2.11. 

 When V equals 0.5, ω equals 1.38. Therefore, the diffusivity is written as 

𝐷 =
1.38𝐿2

𝜋2𝑡1 2⁄
         (2.15) 
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where t1/2 is the time required for the rear surface to reach half of the maximum temperature 

rise. 

 

Figure 2.11 Dimensionless plot of rear surface temperature variation. 

 

 Eq. (2.15) is based on the adiabatic approximation, which is not accurate for the 

actual measurement. Several corrections are proposed that incorporate the radiation and 

convection on the surface [9], the transient heat transfer, finite pulse effects and heat losses 

[10], and pulse length correction [12]. The software in use contains a set of theoretical 

analysis that take all possible issues into account and I can choose the one that fits my 

experimental conditions. The measurement error for the diffusivity can be minimized to 

~2%, most of which is attributed from the error in thickness measurement. 

 The laser-flash method can also measure the specific heat by using a standard 

specimen with a known specific heat, (cp), and density, (d). From Eq. (2.13) 

𝑄 = 𝑑𝑐𝑝𝐿𝑇𝑀 = (𝑑𝑐𝑝𝐿𝑇𝑀)
𝑠𝑡𝑎𝑛𝑎𝑟𝑑

= (𝑑𝑐𝑝𝐿𝑇𝑀)
𝑠𝑎𝑚𝑝𝑙𝑒

   (2.16) 
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 This approach assumes identical laser pulse energy (Q) and maximum temperature 

on the rear surface (TM) on both samples. This assumption is not always guaranteed since 

the size and thickness of the samples used in laser-flash measurement are large. Thus, the 

error in measuring the specific heat using the laser-flash method is ~5 to 10%. During our 

experiment, the differential-scanning calorimeter (DSC) method was used to measure the 

specific heat with better accuracy, as will be introduced in the following section. 

2.6.2 Specific-heat measurement by differential-scanning calorimeter 

 Differential-scanning calorimeter (DSC) measures the difference of heat required 

to increase the temperature between a sample of interest and a reference material (usually 

sapphire). A picture of a DSC (404 C, Netzsch) is shown in Figure 2.12. The working 

principle of DSC is shown in Figure 2.13, where the magnified region on the upper right 

corner shows the sample stage that carries two crucibles, and there is one thermocouple 

below each of the crucibles. For specific-heat measurement, one of the crucibles was 

always left empty, while the samples and the reference will be loaded in another crucible. 

A typical measurement procedure starts with baseline-signal calibration by heating the two 

empty crucibles to the desired temperature. The baseline measurement was repeated at least 

twice until two successive signals overlap. Then the reference and the samples were loaded 

subsequently and the DSC signals were recorded upon heating. The DSC system controls 

the rate of temperature rise, and it was usually set at 20 K per minute. 
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Figure 2.12 A picture of a DSC 404C for specific-heat measurement. 

 

 

Figure 2.13 A sketch of the DSC 404C. The upper right corner shows the sample 

stage. 
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 To understanding the measurement principles, we consider a heat input, δQ, to a 

specimen that causes an increase of temperature, dT. Therefore, 

𝛿𝑄𝑅(𝑇) = 𝑚𝑅 ∙ 𝑐𝑝
𝑅(𝑇) ∙ 𝑑𝑇𝑅 = 𝐷𝑆𝐶𝑅(𝑇) − 𝐷𝑆𝐶𝐵(𝑇)   (2.17) 

𝛿𝑄𝑆(𝑇) = 𝑚𝑆 ∙ 𝑐𝑝
𝑆(𝑇) ∙ 𝑑𝑇𝑆 = 𝐷𝑆𝐶𝑆(𝑇) − 𝐷𝑆𝐶𝐵(𝑇)   (2.18) 

 The superscripts R, S and B represent reference, sample, and baseline, respectively. 

Assuming the temperature rising of the samples are always the same as the setting value 

(20 K per minute), then 

𝑑𝑇𝑅 = 𝑑𝑇𝑆 = 𝑑𝑇        (2.19) 

 We obtain the temperature-dependent specific heat 

𝑐𝑝
𝑆(𝑇) =

𝐷𝑆𝐶𝑆(𝑇)−𝐷𝑆𝐶𝐵(𝑇)

𝐷𝑆𝐶𝑅(𝑇)−𝐷𝑆𝐶𝐵(𝑇)
∙

𝑚𝑅

𝑚𝑆 ∙ 𝑐𝑝
𝑅(𝑇)     (2.20) 

 For Eq. (2.19) to be valid, the sample surfaces should be smooth enough to ensure 

good thermal contact. In addition, the samples should be thin enough to guarantee 

temperature uniformity. The thicknesses of the samples were usually in the range between 

0.5-1 mm. A typical measurement of specific heat is presented in Figure 2.14. 
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Figure 2.14 A typical cp calculation using the DSC method. 
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Chapter 3 Study on Mechanical Properties of Thermoelectric Materials Using 

Nanoindentation 

A part of this chapter contains our previously published work: 

R. He, et al., Studies on mechanical properties of thermoelectric materials by 

nanoindentation, Phys. Status Solidi A 212, 2191-2195 (2015). 

3.1 Introduction 

 The thermoelectric (TE) technique is mainly applied where the stability is more 

important than conversion efficiency. In recent years, there are many enhancements of the 

TE figure-of-merit (ZT), and some reports claimed ZT as high as 2.6 in SnSe single crystal 

[1]. Indeed, the ZT improvement greatly facilitates the large-scale application of this 

technique. On the other hand, the mechanical robustness is also important for TE materials. 

This is especially true when the TE generator (TEG) is used for waste-heat recovery on 

vehicles, where the external mechanical vibration and thermal stress are loaded on the TEG. 

Materials that are mechanically weak might fail during operation [2]. Besides, some of the 

mechanical properties, such as the elastic constants and the coefficient of thermal 

expansion (CTE), are also related with phonon transport properties. Therefore, 

understanding the mechanical performance also helps optimizing the thermoelectric 

performance. 

 However, the reports of mechanical properties of TE materials remain limited. In 

this chapter, I will introduce the measurement of hardness and the Young’s modulus using 

the nanoindentation technique and atomic force microscopy (AFM) correction [3]. The 



51 

tested materials are nanostructured half-Heuslers [4, 5], skutterudites [6, 7], bismuth 

tellurides [8, 9], silicon-germanium alloys [10, 11], and lead selenide [12] that are mainly 

used in the temperature range of 200–1000 °C. The measurement results provide a first-

order ranking of these materials for subsequent studies. 

3.2 Measurement principles 

 The nanoindentation experiments were performed on a Nanoindenter XP (MTS) 

machine, as shown in Figure 3.1. A diamond Berkovich tip was used as the indenter. The 

Berkovich tip has a threefold symmetry with an angle of 65.3° between the centerline and 

the three face, as shown in Figure 3.2.  

 

Figure 3.1 A picture of the nanoindentation machine (Nano Indenter XP, MTS) for 

measuring hardness and the Young’s modulus. 

 

 

 Figure 3.3 shows the working principle of a nano-indenter. A complete 

measurement cycle incorporates both the loading and unloading process. As the indenter 
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is driven into the surface, the tip meets both the elastic and plastic deformations. Upon 

unloading at the maximum displacement, hmax, the plastic deformation remains while the 

elastic deformation recoveries, leaving a residual impression depth, hf, that is smaller than 

hmax [13-15]. The load-displacement curves (P-h curve) during the indenting tests are 

recorded, and the elastic properties and plastic properties could be effectively separated. A 

typical P-h curve during a nanoindentation test is shown in Figure 3.4. 

 

Figure 3.2 A sketch of the Berkovich tip for indenting. 

 

 

Figure 3.3 A sketch of the working principle of nanoindentation [3]. 
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Figure 3.4 A typical P-h curve during indenting test using nanoindentation. 

 

 The hardness, H, is evaluated by the following equation, 

𝐻 =
𝑃

𝐴
          (3.1) 

where P is the load, and A is the projected contact area. As mentioned in chapter 1, the 

contact area is evaluated from the penetration depth, h, following the Oliver-Pharr method 

[13], 

𝐴 = 𝐶0 ∙ ℎ2 + 𝐶1 ∙ ℎ + 𝐶2 ∙ ℎ
1
2 + 𝐶3 ∙ ℎ

1
4 + 𝐶4 ∙ ℎ

1
8 + 𝐶5 ∙ ℎ

1
16 + ⋯  (3.2) 

where the coefficients (Ci) are related to the tip geometry. The first coefficient, C0=24.56, 

is the only non-zero term if the Berkovich tip is geometrically perfect. The other 

coefficients are the higher order corrections which are obtained by performing the 
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indentation tests on a standard material with isotropic, depth-independent elastic properties 

(usually the fused silica). 

 The Young’s modulus, E, is given by the equation, 

1

𝐸𝑟
=

1−𝜐2

𝐸
+

1−𝜐𝑖
2

𝐸𝑖
        (3.3) 

where υ is the Poisson’s ratio of the sample and the subscript, i, is related to the tip material 

(diamond in our case, Ei = 1141 GPa and υi = 0.07). The reduced modulus, Er, is given by, 

𝐸𝑟 =
√𝜋∙𝑆

2𝛽√𝐴
         (3.4) 

where β is a constant related to the geometric shape of the tip; for Berkovich tip, β=1.034.  

The contact stiffness, S, is taken as the initial slope of unloading-displacement curve, as 

shown in Figure 3.4. 

3.3 Thermoelectric sample preparation 

 The tested materials include half-Heusler (n-type and p-type), skutterudites (n-type 

and p-type), bismuth telluride (n-type and p-type), silicon–germanium alloys (n-type and 

p-type), and lead selenide (p-type). All the materials were synthesized by our group and 

the experimental details can be found in literatures [4-12]. Here, I use the p-type half-

Heusler as an example. Typically, the samples were prepared with three steps: melting, 

ball-milling, and sintering.  
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3.3.1 Melting 

 Typically, the sample preparation began with weighing the high purity elements 

(>99.9%) according to stoichiometry. Then the elements were melted to form the desired 

phases. There exist several melting methods such as bridge method, induction-melting, arc-

melting, and zone-melting, etc. [16, 17]. Since the composition of our tested p-type half-

Heusler, Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 [4], contained hafnium (Hf) that has high melting 

point (~2506 K), I chose the arc-melting technique because it can create a local high 

temperature by focused electric arc to melt Hf. The image of an arc-melting machine is 

shown in Figure 3.5. The weighed elements were placed in a copper crucible. Usually, the 

element with higher melting point were loaded on the top to melt the elements at the bottom. 

The copper crucible were transferred into the argon (Ar) protected melting chamber to 

prevent oxidation during the melting process. Usually one ingot was melted 3 to 4 times 

and flipped over each time to guarantee uniformity. 
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Figure 3.5 A picture of the arc-melting machine 

 

3.3.2 Ball-milling 

 By using a high-energy ball-milling machine (Spex 8000, Spex Industries), the 

ingots prepared by arc-melting were crushed to nano-sized powders through repeated 

collisions between the materials and the steel balls inside a ball-milling jar [18]. The ball-

milling process is simple and easy to handle, and also can be used to prepare oxygen-free 

fine powder under an argon environment. Figure 3.6 shows the stainless steel jars and balls, 

and a ball-milling machine (Spex 8000). 
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 Since all the materials were previous reported and the preparation procedures were 

optimized, the ball-milling conditions were chosen in accordance with these reports [4-12]. 

For p-type half-Heusler studied in this chapter (Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2), the ingots 

were milled by two stainless balls with diameter 12.7 mm for 5 hours in an argon 

environment [4]. 

 

Figure 3.6 Pictures show the stainless steel jar and balls, and a ball-milling machine 

(Spex 8000) 

  

3.3.3 Sintering 

 High-density bulk samples are necessary for achieving good thermoelectric and 

mechanical properties. In my experiments, the powders prepared by ball-milling were 

sintered by using an alternating direct-current (DC) hot-press technique to form the 

nanostructured bulk samples. The sketch of our hot-pressing system is shown in Figure 3.7. 
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Figure 3.7 A simple sketch of the hot-pressing system. 

 

 Before sintering, the powders were loaded into the graphite die in an argon 

environment to prevent oxidation and moisture. For p-type half-Heusler, the powders were 

heated to 1125 °C with a temperature rising rate at 100 °C per minute. The peak 

temperature was maintained for 2 minutes. In addition, a pressure of 80 MPa was applied 

to assist the densification. 

3.4 Sample characterizing 

 Prior to the indentation test, it’s necessary to check the formation of the phases 

using the X-ray diffraction spectroscopy (XRD). The results showed that all the samples 

in this work possess desired pure phases. For example, Figure 3.8 shows the XRD 

spectroscopy of the p-type half-Heusler. The details of the half-Heusler crystal structures 

will be introduced in the next chapter. 
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Figure 3.8 The XRD pattern of the as-pressed p-type half-Heusler (HH) sample, 

showing the formation of the HH phase [3]. 

 

 Scanning electron microscopy (SEM) were used to examine the grain-sizes to check 

the possibilities of anisotropy mechanical behaviors due to the grain orientation. The SEM 

results showed that all the samples possess a grain-size smaller than 300 nm except for the 

bismuth telluride compounds. For example, the SEM image of p-type half-Heusler is 

shown in Figure 3.9. The SEM results demonstrated that most of our materials have no 

anisotropy, only the test of bismuth telluride compounds possessed anisotropy. 
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Figure 3.9 An SEM image of p-type half-Heusler, indicating grain-sizes of up to 300 

nm [3]. 

 

3.5 Surface smoothening 

 For the indentation results to be reliable, the penetration depth should be 10 times 

larger than the surface roughness [14]. Since nanoindentation measures the mechanical 

properties at lengths between 0.1 μm to 1 μm, extra care is needed for surface smoothening. 

We developed a routine to effectively decrease the surface roughness [19]. 

 Samples used for nanoindentation test are usually in disk shape with a diameter of 

0.5 inch (12.7 cm) and thickness ~2 mm. It’s important to keep the top and bottom parallel 

prior to smoothing the surface. This was done by using our sandpaper-polishing system. 

As shown in Figure 3.10, a double-sided tape stuck the samples to the top of a steel rod, 

which has a diameter slightly smaller than the inner size of a brass ring. During polishing, 

the steel rod was fitted into the brass ring, which applied a vertical load to the sample 

surface. This process guaranteed the uniformity of the sample thickness. 
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Figure 3.10 Pictures of the sandpaper polishing system. 

 

 The samples with parallel surfaces were cured in epoxy with one surface exposed 

to air. The exposure surfaces were polished again by sandpapers from 120 grit through 

2500 grit. Then diamond suspension polishing was applied with average diamond particle-

size decreasing from 3 μm through 0.1 μm using a polishing machine. The last step was a 

mechanical-chemical polishing process using colloidal silica in a vibromet (Buehler 

Vibromet I, Figure 3.11) for about 15 hours. The surfaces were examined using an atomic 

force microscopy (AFM), and the surface roughness was ~16 nm. The surface roughness 

is less than 10% to the minimum penetration depth in our experiments (~200 nm). 
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Therefore, our measurement provided reliable characterizing of the mechanical properties. 

Figure 3.12 shows an AFM image of the p-type half-Heusler after fine polishing. 

 

Figure 3.11 A picture of the vibromet polisher (Buehler Vibromet I) for surface fine 

polishing. 

 

 

Figure 3.12 AFM scanning of the surface before indentation indicating a surface 

roughness of ~16 nm [3]. 
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3.6 Nanoindentation tests, results, and discussion 

 I used an array of 10 ×10 indents, each 1 mm in depth, using the continuous stiffness 

measurement (CSM) method. In CSM method, a vibration movement was superimposed 

to the tip during the entire indenting procedure, thus allowed a continuous measurement of 

the stiffness (Figure 3.4), hardness, and modulus (Figure 3.13). The vibration frequency 

and displacement amplitude were set at 75 Hz and 1 nm, respectively, and the target strain 

rate was prescribed as 0.05 s-1. The spacing between the 200 nm deep indents was 10 mm 

while that between the deeper indents was 25 mm. 

 The penetration-depth-dependent hardness, and modulus is shown in Figure 3.13 

(only six representative curves are shown for clarity). The hardness of p-type half-Heusler 

(Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2) was between 12 and 14 GPa (Figure 3.13a), and the modulus 

was between 200 and 250 GPa (Figure 3.10b). Table 3.1 is a compilation of the results of 

all the materials, with standard deviations from 100 indentations. A typical AFM 

micrograph characterization of the residual impression of an indent and its depth profile 

(Figure 3.14) highlights the pronounced mounding upon complete unloading, indicating 

minimal work-hardening during deformation [14]. This phenomenon was common in all 

the tested materials. For bismuth telluride and skutterudite, obvious spalling and chipping 

were observed at 1000 nm indentation depths. Hence, for these highly brittle materials, 

indentations were limited to lower depths (~200 nm). As a result, it was found that no 

spalling occurred at lower depth, meanwhile the average hardness and modulus values 

remained unaltered. Thus, I speculate that spalling at higher depths occurred during 

unloading. 
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Figure 3.13 Hardness and Young’s modulus results (both before correction) by 

nanoindentation. (a) Young’s modulus and (b) hardness of Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2. 

The indentation depth is set to be 1000 nm [3]. 
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Figure 3.14 AFM image showing the residual impression of a typical indentation (1 

micron deep) and the depth profile (inset) on the surface of p-type half-Heusler. The 

maximum mounding shown by the profile along the line across the indent is about 70 nm 

and is indicated by the two vertical blue lines within the inset [3]. 

 

 Bolshakov and Pharr [20] have shown that the procedures developed by Oliver and 

Pharr [13] to calculate hardness and elastic modulus gave inaccurate results in cases where 

mounding occurs. Therefore, following Li et al. [21], we added the average mound height 

to the contact depth to adjust the contact area in Eqs. (3.1) through (3.4), thereby more 

accurately representing the contact area to correct the hardness and modulus, as shown in 

Table 3.1. However, Note that this correction still did not provide the contact area at full 

load. The contact diameter ranged from 700 nm to more than 3 μm with a corresponding 

indentation depth ranging between 200 nm and 1 μm. For the most of the materials that 

were nanostructured, such as half-Heusler (Figure 3.6), the contact diameter exceeded the 

largest grain-size (300 nm), confirming that the hardness and elastic modulus represent 
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averaged quantities over many grains. Such an averaging effect also nullified the effect of 

crystallographic orientations of individual grains on the mounding behavior, thereby 

lending threefold symmetry to the indentations as a consequence of the indenter symmetry.  

 On the contrary, for the large grain-sized materials, a single grain might be isolated 

by the tip contact. Thus, depending on the crystal structure of the different materials tested 

and the crystallographic orientation of the indented grains, the threefold symmetry of 

Berkovich tip resulted in anisotropic mounding. Figure 3.15, an AFM micrograph of a 300 

nm deep indent made in Bi0.4Sb1.6Te highlighted the degree of anisotropy and the 

crystallographic effect on the mounding behavior. 

 

Figure 3.15 AFM micrograph of the residual impression of a 300 nm deep indentation 

made in Bi0.4Sb1.6Te3 [3]. 
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 Note that for materials with high contact stiffness or high E/H ratio, the continuous 

stiffness measurement (CSM) method introduces additional errors in H and E 

measurements, especially at low indentation-depths [22]. However, because of the small 

ratios of E/H for the present materials (ranging from 20 to 40), I expect negligible 

discrepancies between our results obtained from depth-controlled and load-controlled 

methods. Considering the extreme case of Bi0.4Sb1.6Te with E/H ~37 and indentation depth 

~200 nm, the CSM method yields H ~1.52GPa and E ~49 GPa while the load-controlled 

nanoindentation gives nearly the same values of H ~1.44 GPa and E ~50 GPa, which 

guarantees the validity of our analysis. 

 Note that while higher elastic moduli may imply higher fracture strength, it may 

deteriorate the thermal-shock resistance under certain design conditions. For instance, the 

fracture strength and, consequently, fracture toughness vary directly with the Young’s 

modulus: 𝜎𝑓 = √
2𝛾𝐸

𝜋𝑎∗ , where σf, γ, E, and a* are the fracture strength, surface energy, 

Young’s modulus, and critical flaw size, respectively. However, of the five thermal-shock 

resistance parameters, R, R’, and R” signify resistance to fracture initiation and vary 

weakly with modulus as (1/E)1/2 while R’’’ and R’’’’ denote thermal-shock fracture 

toughness and have no dependence on E. For example, 

𝑅 =
𝜎𝑓 (1−𝜈)

𝐸𝛼
∝

1

√𝐸
        (3.5) 

𝑅′′′ =  
𝐸

𝜎𝑓
2(1−𝜈)

=
𝜋𝑎∗

2𝛾(1−𝜈)
       (3.6) 
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where R, R’’’ are thermal-shock resistance parameters, α is the coefficient of thermal 

expansion (CTE) and ν is the Poisson’s ratio [23, 24]. In fact, the dependence of thermal-

shock resistance parameters on E varies depending on whether one is considering the 

problem of crack initiation or that of crack propagation. Thus, while H and E are important 

quantities, a complete mechanical characterization of a material requires the determination 

of other properties like flexural strength and toughness. 

 

Table 3.1 Nanoindentation studies on TE materials [3]. 

Specimen 

Composition 

Nanoindentation(GPa) After AFM corrections(GPa) 

Hardness Modulus Hardness Modulus 

P-type half Heusler 13.9 + 0.3 231.0 + 6.2 12.8 221.0 

N-type half Heusler* 9.9 + 1.2 213.9 + 17.6 9.1 186.5 

P-type Bi0.4Sb1.6Te3* 1.5 + 0.1 48.7 + 4.4 1.1 41.5 

N-type Bi2Te2.7Se0.3* 1.4 + 0.1 42.8 + 5.6 1.2 38.8 

P-type SKU* 6.8 + 0.4 144.0 + 11.0 5.6 129.7 

N-type SKU* 7.1 + 2.2 152.2 + 21.9 5.8 136.9 

N-type Si0.8Ge0.2P2 11.9 + 0.7 175.2 + 7.1 10.8 166.3 

P-type Si0.8Ge0.2B5 11.8 + 0.9 163.9 + 4.6 10.7 155.6 

P-type In0.005PbSe 0.7 + 0.1 74.1 + 5.9 0.6 65.9 

* denotes results from 200 nm deep indents. 

P-type half Heusler: Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 

N-type half Heusler: Hf0.25Zr0.75NiSn0.99Sb0.01 

P-type SKU: Ce0.45Nd0.45Fe3.5Co0.5Sb12 

N-type SKU: Yb0.35Co4Sb12 
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3.7 Summary 

 The hardness and elastic modulus of half-Heusler, skutterudite, bismuth telluride, 

lead selenide, and silicon-germanium alloys were tested using nanoindentation technique. 

It was found that the hardness and elastic modulus of the previously reported p-type half-

Heusler, Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 were about 13 and 221 GPa with indentation depths 

of ~1000 nm. These values were much higher than those obtained for other moderate 

temperature range TE materials. We might conclude that half-Heusler ranks well above 

competitive materials for use in thermoelectric power generators, where the demands for 

mechanical stability are equally important as the energy conversion efficiency. Although, 

high elastic modulus enhances the fracture toughness, a negative impact on the material’s 

thermal-shock resistance was expected. Therefore, hardness alone is not a complete design 

parameter, particularly within the context of complex mechanical environments, such as 

vibrations, thermal-shocks typically seen by automobile devices. These results offered a 

rapid, first-order ranking to consider further detailed studies of these TE materials. 
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Chapter 4 Thermoelectric Properties of P-type Half-Heusler MCoSb0.8Sn0.2 

(M=Hf, Zr, Ti) 

A part of this chapter contains our previously published work: 

R. He, et al., Investigating the thermoelectric properties of p-type half-Heusler 

Hfx(ZrTi)1−xCoSb0.8Sn0.2 by reducing Hf concentration for power generation, RSC Adv. 4, 

64711-64716 (2014). 

4.1 Introduction 

 Half-Heusler (HH) compounds are promising materials for thermoelectric (TE) 

applications due to their robust mechanical performances, as shown in chapter 3 [1]. 

Besides, HH compounds are environmentally friendly since the commonly used elements 

are non-toxic. On the other hand, the drawback of the HH is the relatively high-elemental 

cost [2]. The p-type and n-type materials have the compositions of 

Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 and Hf0.25Zr0.75NiSn0.99Sb0.01, respectively, and the high 

material cost originates from the usage of the expensive element, hafnium (Hf). The market 

prices of the commonly used elements in half-Heuslers are shown in Table 4.1 [3]. Hf is 

extremely expensive in comparison with other elements. Based on this table, a simple 

calculation shows that the price of the p-type and n-type HH compounds shown above are 

~$174 kg-1 and ~$125 kg-1, respectively. The material prices of HH are lower than the 

bismuth telluride (Bi2Te3) and silicon germanium (Si-Ge) based TE materials, but much 

more expensive than the skutterudite compounds and Mg2Si-based compounds [2]. For 

practical applications, lower material-cost is preferable. Thus, successful suppressing of Hf 
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usage while keeping good TE performances will effectively enhance the cost performance 

and accelerate the applications of HH-based TE devices. In this and the next chapters, I 

will discuss the improved cost performance in p-type and n-type half-Heusler materials. 

 

Table 4.1 The price of relevant elements in the year 2010 [3]. 

Elements Hf Zr Ti Ni Sn Sb Nb* Co 

Prices ($ kg-1) 563 99.8 10.7 21.8 27.3 8.8 14.3 46 

 *The price of Nb is in year 2005 

4.1.1 Crystal structure 

 The Half-Heusler (HH) compounds are crystallized in the space group 𝐹4̅3𝑚, and 

their structures can be viewed as a zinc blende structure with occupied octahedral sites. 

The HH compounds typically possess the formula XYZ, where X can be a transition metal, 

a noble metal, or a rare-earth element, Y is a transition metal or a noble metal, and Z is a 

main group element [4]. The elements X, Y, and Z occupy the Wyckoff positions 4b, 4c, 

and 4a, respectively, and the 4d position is empty (Figure 4.1). Note that if the 4d position 

is also occupied, the structure is named Full-Heusler (FH). Among the hundreds of HH 

compounds, the ones with valance-electron-counts 8 and 18 are semiconductors [4], where 

the band gap forms due to the strong hybridization between X and Y atoms [5, 6]. 
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Figure 4.1 Crystal structure of half-Heusler XYZ, where X, Y, Z occupy the Wyckoff 

position 4b (1/2, 1/2, 1/2), 4c (1/4, 1/4, 1/4) and 4a (0, 0, 0), respectively. 

4.1.2 Early work on p-type half-Heusler MCoSb 

 Good thermoelectric properties of half-Heusler (HH) compounds were first 

reported in the ZrNiSn-based n-type material by F.G. Aliev, et al. (1989, 1990), at USSR 

[7, 8]. Then in the late 1980s and early 1990s, good thermopower values were also 

discovered in the MCoSb-based (M=Hf, Zr, Ti) half-Heusler compounds [9]. Although the 

MCoSb-based half-Heusler is intrinsically n-type, better p-type properties were found with 

proper dopants, such as Sn at the Sb site, and Fe at the Co site [10, 11]. A power factor as 

high as ~30 μW cm-1 K-2 were realized with substitution of Sn at the Sb site [12]. However, 

the thermal conductivity of half-Heusler is much higher than other common thermoelectric 

materials. For example, the thermal conductivities at room temperature are ~10 W m-1 K-1 

for ZrCoSb1-xSnx and ~4 W m-1 K-1for Hf0.5Zr0.5CoSb1-xSnx [12, 13], while the thermal 

conductivities of Bi2Te3-based TE materials could be as low as ~1 W m-1 K-1 [14]. The high 



76 

thermal conductivity of half-Heusler hinders the improvement of ZT. One way to reduce 

the thermal conductivity is by using the isoelectronic substitution among Hf, Zr, and Ti [13, 

15]. This approach enhances the point-defect phonon-scattering by the increased difference 

of atomic mass and radius. An improved ZT of ~0.5 was reported at 700 °C in 

Hf0.5Zr0.5CoSb0.8Sn0.2 [13]. 

 Another way to decrease the thermal conductivity is by introducing secondary 

precipitates, usually the oxides MO2 [11, 16-17], with M being Hf, Zr, and Ti. The oxides 

could be introduced either ex-situ or in-situ. For example, Wu et al. reported the in-situ 

formation of TiO2 precipitates in TiCo1-xFexSb by using partially oxidized Fe as the starting 

material [11]. During arc-melting, the following reaction occurred, 

2Fe2O3+3Ti == 3TiO2+4Fe 

 The TiO2 nano precipitates were embedded in the half-Heusler matrix and scattered 

phonons. As a result, the thermal conductivity decreased significantly with increased 

nominal oxidized Fe. The peak ZT ~0.45 was obtained at ~850 K with 15% nominal Fe 

substitution at the Co site. 

 Except for TiO2, the in-situ formed HfO2 nano inclusions, and ex-situ introduced 

ZrO2 nano powders were also reported as effective secondary phases in phonon scattering 

[16, 17]. These oxide inclusions suppressed the thermal conductivity and improved ZT. 

However, the oxides also deteriorated the electron transport and yielded lower electrical 

conductivity and power factor. Therefore, the improvements of ZT in these cases were not 

significant. 
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4.1.3 Nanostructuring 

 In 2011, the breakthrough in p-type half-Heusler was achieved in our group by 

using nanostructure [18]. In the compound, Hf0.5Zr0.5CoSb0.8Sn0.2, the thermal conductivity 

was significantly suppressed due to the enhanced grain-boundary scattering of phonons in 

the nanostructured compounds. This was done by applying a high-energy ball-milling 

technique to the alloy ingots that were obtained through arc-melting the raw elements, as 

shown in the last chapter. The nanostructure was confirmed by TEM characterization, as 

shown in Figures 4.2a and 4.2b, where the grain-sizes after ball-milling were in the order 

of ~10 nm. Then the powders were sintered into a dense sample at elevated temperatures 

(~1100 to 1150 °C) and external pressure (~80 MPa) by using a DC hot-pressing. The final 

products were well crystallized with an average grain-size of ~200 nm, as shown in Figures 

4.2 c and 4.2d. The grain-size in the nanostructured samples was much smaller than 

samples prepared by other approaches, where the grain-size was usually in the order of 10 

to 100 μm [19-20]. 
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Figure 4.2 TEM characterizations of nanostructured HH [18]. a) TEM image of the 

powders of Hf0.5Zr0.5CoSb0.8Sn0.2 after ball-milling. B) A selected-area-electron-

diffraction pattern showing the polycrystalline nature of an agglomerated cluster in a). c) 

low magnification of the hot-pressed Hf0.5Zr0.5CoSb0.8Sn0.2, showing the grain-size of 

~200 nm.  Inset: SAED of one grain showing single crystallization.  d) High-resolution 

TEM image showing crystallinity at the atomic level. 

 

 The compared thermoelectric properties of bulk and nano structured 

Hf0.5Zr0.5CoSb0.8Sn0.2 are shown in Figure 4.3. Higher Seebeck-coefficient and lower 

electrical conductivity are seen in the nanostructured compounds, as shown in Figures 4.3a 

and 4.3b. The power factor of nanostructured compounds are slightly higher than the bulk 

counterpart, as shown in Figure 4.3c. On the other hand, a significant drop of the thermal 

conductivity occurs in the nanostructured sample, as shown in Figure 4.3d. Figure 4.3e 

shows a similar decrease of the lattice thermal conductivity (κL) after subtracting the 
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electronic thermal conductivity (κe) from the total thermal conductivity (κtot) using the 

Wiedemann-Franz relation, 

𝜅𝑒 = 𝐿𝜎𝑇         (4.1) 

where L, σ, and T are the Lorenz number, the electrical conductivity, and the absolute 

temperature, respectively. The Lorenz number is calculated based on the single parabolic 

band (SPB) model, 

𝐿 = (
𝑘𝐵

𝑒
)

2

[
3𝐹2(𝜂)

𝐹0(𝜂)
− (

2𝐹1(𝜂)

𝐹0(𝜂)
)

2

]      (4.2) 

𝑆 = + (
𝑘𝐵

𝑒
) [

2𝐹1(𝜂)

𝐹0(𝜂)
− 𝜂]       (4.3) 

where kB, e, η, and S are the Boltzmann constant, the carrier charge, the reduced Fermi 

level, and the Seebeck-coefficient, respectively. The Fn(η) are the Fermi integral of order 

n, 

𝐹𝑛(𝜂) = ∫
𝜒𝑛

1+𝑒𝜒−𝜂

∞

0
𝑑𝜒        (4.4) 

 As a result, Figure 4.3f shows an enhanced ZT from 0.5 to 0.8 by using 

nanostructuring, as a result of the decreased thermal conductivity. 
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Figure 4.3 Temperature-dependent a) Seebeck-coefficient, b) electrical conductivity, 

c) power factor, d) total thermal conductivity, e) lattice part of thermal conductivity, and 

f) ZT of ball-milled and hot-pressed sample in comparison to that of the ingot [18]. 

 

 Following this approach, the thermoelectric (TE) properties of the nanostructured 

binary Hf1-xZrxCoSb0.8Sn0.2 and Hf1-yTiyCoSb0.8Sn0.2, and ternary Hf1-x-yZrxTiyCoSb0.8Sn0.2 

were subsequently investigated by our group [21, 22]. The peak ZT values of several 

nanostructured MCoSb0.8Sn0.2 are shown in Figure 4.4. 
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Figure 4.4 (Ti, Zr, Hf)CoSb0.8Sn0.2 ternary phase diagram [22]. The binary (Hf:Zr and 

Hf:Ti)  are indicated in the figure and the ternary compositions are: 

Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 (1); Hf0.65Zr0.25Ti0.1CoSb0.8Sn0.2 (2); 

Hf0.45Zr0.45Ti0.1CoSb0.8Sn0.2 (3); and Hf0.72Zr0.1Ti0.18CoSb0.8Sn0.2 (4). The maximum ZT 

value achieved for each composition is also shown underneath the ratio. 

 

 As mentioned in section 4.1, the usage of Hf is not preferable due to its low 

abundance and high price. For example, two compositions, Hf0.8Ti0.2CoSb0.8Sn0.2 and 

Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 have similar peak ZT values ~1. However, the suppressed 

usage of Hf in the latter yields a 32% drop in the material cost (from ~$255 kg-1 of the 

former to ~$174 kg-1 of the latter). 

 In this chapter, I will focus on investigating the TE properties of nanostructured p-

type MCoSb by further suppressing Hf usage. As a result, I identified a new composition, 

Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2, where the usage of Hf was below 0.2 while the ZT was kept 

at ~1.0 at 700 °C. The material cost of this composition dropped to ~$106 kg-1, a much 

more affordable cost [23]. 
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4.2 Sample preparation 

 I kept the amount of Co, Sb, and Sn unchanged based on previously optimization 

[18, 21, 22] and focused on tuning the amount of Hf, Zr, and Ti with Hf concentration not 

exceeding 0.25. The previously reported composition, Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 was 

also prepared as a reference. The sample process procedures were similar to that of chapter 

3. A total number of 25 grams of the elements were arc-melted under an Ar-flowing 

environment to form ingots. To guarantee the composition homogeneity, the ingots were 

melted 3-4 times and flipped over each time. The ingots were then milled to nanopowders 

by a high-energy ball-milling machine (SPEX 8000M Mixer/Mill) in Ar environment for 

5 hours. The powders were compacted to disks by a direct current (DC) hot press at 1125 °C 

and 80 MPa for 2 min. 

 The thermal conductivity is a multiplication of the thermal diffusivity (D), bulk 

density, and specific heat (cp), which were measured by a laser-flash system (LFA 457, 

Netzsch Instruments, Inc.), an Archimedes' kit, and a high-temperature differential-

scanning-calorimetry (DSC) instrument (404 C, Netzsch Instruments, Inc.), respectively. 

The disks were then cut into bars with dimensions about 2 mm × 2 mm × 12 mm, which 

were measured by a ZEM-3 machine (ULVAC) to get the electrical resistivity (ρ) and 

Seebeck-coefficient (S). The uncertainties of the parameters were 2% on ρ, 4% on S, and 

7% on κ. Hence the overall uncertainty of ZT was about 17%. Error bars were not used in 

the plots to increase readability. The best composition was repeated at least three times and 

the ZT variations were within 5% from run to run. 
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4.3 Structure characterization 

 X-ray diffraction (XRD) was employed to determine the phases. The XRD spectra 

of all the prepared samples in the chapter are shown in Figure 4.5a. Clearly, the formation 

of pure HH phases was successful. 

 Both scanning-electron microscope (SEM) (LEO 1525) and transmission-electron 

microscope (TEM) (JEOL 2100F) were used to check the grain-sizes and microstructures. 

The SEM and TEM images are shown in Figures 4.5b and 4.5c, respectively. The grain-

size of the hot-pressed samples varied from 50 to 250 nm. 

 

Figure 4.5 a) XRD of Hfx(ZrTi)1-xCoSb0.8Sn0.2, indicating the formation of pure HH 

phase, b) SEM, and c) TEM image of Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2, which indicate the 

grain-size is 50–250 nm [23]. 
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4.4 Thermoelectric properties 

4.4.1 Hf1-xZrxCoSb0.8Sn0.2 

 The temperature-dependent thermoelectric properties of Hf1-xZrxCoSb0.8Sn0.2 

(x=0.15, 0.2 and 0.25) are shown in Figure 4.6. 

 

Figure 4.6 Temperature-dependent thermoelectric properties of HfxZr1-xCoSb0.8Sn0.2 

with x = 0.15, 0.2, and 0.25. a) electrical resistivity; b) Seebeck-coefficient; c) power 

factor; d) thermal diffusivity; e) specific heat, f) thermal conductivity, g) lattice thermal 

conductivity, and h) ZT [23]. 
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 Figures 4.6a and 4.6b show that the three compositions (x = 0.15, 0.2, and 0.25) 

have very similar electrical resistivity and Seebeck-coefficients in the entire temperature 

range. The result is reasonable since the heavily doped element Sn, at the Sb site, has a 

fixed concentration in all the compositions, leading to an almost identical nominal carrier 

concentrations, hence neither the resistivity nor the Seebeck-coefficient of each 

composition varied significantly from each other. Therefore, as shown in Figure 4.6c, 

similar power factors were observed for the three compositions. On the other hand, based 

on the thermal diffusivity and specific heat, as shown in Figures 4.6d and 4.6e, respectively, 

I found a lowest thermal conductivity with x = 0.25 among all the three compositions, 

which was the result of relatively stronger alloying effect by increased mass disorder. 

However, the attenuation of the alloying effect with increasing x was also observed since 

the thermal conductivity difference between x = 0.2 and x = 0.25 is much smaller than that 

between x = 0.15 and x = 0.2 (Figure 4.6f). I also estimated the lattice thermal conductivity 

by subtracting the electronic contribution using the Wiedemann-Franz relation (Eq. (4.1)). 

As shown in Figure 4.6g, the saturation of alloying effect was observed with x increase 

from 0.2 to 0.25, which was consistent with the calculated result by Shiomi et al. [24] using 

Green-Kubo method. Finally, I found a similar peak ZT reaching 0.85 with x = 0.2 and 

0.25 at 700 °C (Figure 4.6h). Considering my purpose of decreasing the Hf usage, the 

composition Hf0.2Zr0.8CoSb0.8Sn0.2 was used for subsequent studies. 

4.4.2 Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 

 Based on the results on Hf0.2Zr0.8CoSb0.8Sn0.2 and Hf0.8Ti0.2CoSb0.8Sn0.2, where the 

best ZTs appeared with Hf:Zr ratio of 1:4 and Hf:Ti of 4:1, I specifically came up with the 
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following composition where the Hf:Zr ratio is 1:4, and the Hf:Ti ratio is 4:1. This yielded 

Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2. The corresponding results, along with the results of 

Hf0.2Zr0.8CoSb0.8Sn0.2 and Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 are shown in Figure 4.7. 

 Figure 4.7a shows that the electrical resistivity of the three compositions are quite 

different: the one with x = 0.19 had the lowest electrical resistivity and the one with x = 

0.44 had the highest value. Moreover, the Seebeck-coefficients were similar, as shown in 

Figure 4.7b. As a result, Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 possessed a higher power factor than 

the others in the entire temperature range (Figure 4.7c). On the other hand, based on the 

diffusivity (Figure 4.7d) and specific heat (Figure 4.7e), the thermal conductivity of 

Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 was similar to that of Hf0.2Zr0.8CoSb0.8Sn0.2 (Figure 4.7f). In 

addition, due to the stronger alloying effect, the lattice thermal conductivity decreased with 

higher Ti concentration (Figure 4.7g). Although Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 possessed 

much lower thermal conductivity, as a result of heavier average atomic mass, its ZT did not 

show any advantages compared to Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 within the entire 

temperature range (Figure 4.7 h), due to the higher power factor of the latter (Figure 4.7c). 

For Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2, the peak ZT was about 1.0 at 700 °C, which is similar to 

that of Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2. 
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Figure 4.7 Temperature-dependent thermoelectric properties of 

Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2, Hf0.2Zr0.8CoSb0.8Sn0.2 and Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2. a) 

electrical resistivity; b) Seebeck-coefficient; c) power factor; d) thermal diffusivity; e) 

specific heat, f) thermal conductivity, g) lattice thermal conductivity, and h) ZT [23]. 

 



88 

4.4.3 Comparison of thermoelectric properties of nanostructured MCoSb0.8Sn0.2 

 Figures 4.8a-f compare the thermoelectric properties of nanostructured binary 

(Hf/Zr)CoSb0.8Sn0.2 (red symbols), binary (Hf/Ti)CoSb0.8Sn0.2 (blue symbols), and ternary 

(Hf/Zr/Ti)CoSb0.8Sn0.2 (green symbols) that were prepared by our group. Figures 4.8a-b 

show the Seebeck-coefficient and the electrical conductivity. In a general trend, the more 

Hf usage, the lower Seebeck-coefficient in each of the three systems, as shown in Figure 

4.8a. This suggested a higher carrier concentration with more Hf usage, as further 

experimentally observed in the (Hf/Ti)CoSb0.85Sb0.15 systems [25]. Thus, higher Hf 

concentrations yielded higher doping efficiency since the nominal dopant concentration 

was identical amongst all the compositions. On the other hand, as shown in Figure 4.8b, 

the lowest electrical conductivity was observed in the binary (Hf/Ti)CoSb0.8Sn0.2 system 

due to the larger mass difference between Hf and Ti. In addition, the ternary 

(Hf/Zr/Ti)CoSb0.8Sn0.2 system had relatively higher electrical conductivity. The combined 

electrical conductivity and the Seebeck-coefficient gave the power factor, as shown in 

Figure 4.8c. The power factor of the binary (Hf/Ti)CoSb0.8Sn0.2 was the lowest due to the 

low electrical conductivity. Similarly, both the total and lattice thermal conductivity of the 

binary (Hf/Ti)CoSb0.8Sn0.2 were also lower due to the large mass difference between Hf 

and Ti, as shown in Figures 4.8d and 4.8e. Consequently, peak ZT values ~1 were obtained 

at 700-800 °C in several compositions, such as Hf0.8Ti0.2CoSb0.8Sn0.2, 

Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 and Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 (Figure 4.8f). 
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Figure 4.8 Temperature-dependent a) Seebeck-coefficient, b) electrical conductivity, 

c) power factor, d) total thermal conductivity, e) lattice part of thermal conductivity, and 

f) ZT of nanostructured MCoSb0.8Sn0.2 [18, 21-23]. 
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4.4.4 Power generation 

 In order to compare the performance of TE materials, output power generation and 

its maximum conversion efficiency (ηmax) were calculated by Eq. (4.5) 

𝜂 =
𝑇𝐻−𝑇𝐶

𝑇𝐻
∙

√1+𝑍𝑇̅̅ ̅̅ −1

√1+𝑍𝑇̅̅ ̅̅ +
𝑇𝐶
𝑇𝐻

        (4.5) 

where TH, TC, and �̅� is the hot-side, the cold-side, and the average temperature, respectively. 

Eq. (4.5) is derived from temperature independent TE properties. However, this gave a 

reasonable agreement only when the temperature difference is moderate, meanwhile the 

nonlinearity of the TE properties with the temperature could generate large errors. The 

peak working temperature of HH is around 700 °C, which might generate temperature 

gradients as large as 600 °C/2 mm (or higher). Thus, Eq. (4.5) cannot predict its 

performance precisely. In this work, numerical analysis [26, 27] was carried out to obtain 

the power generation and efficiency according to temperature-dependent TE properties, 

where the Thomson effect is also taken into account. 

 A general form of energy balance of a TE leg at one-dimensional heat flow is 

𝑑

𝑑𝑥
(𝜅(𝑥)

𝑑𝑇(𝑥)

𝑑𝑥
) + 𝑗2𝜌(𝑥) − 𝑗𝑇(𝑥)

𝑑𝑆(𝑥)

𝑑𝑥
= 0     (4.6) 

with j being the current density, the terms on the left-hand side of Eq. (4.6) represent heat 

conduction, Joule heat, and Thomson heat, respectively, and no heat loss is considered. In 

order to solve the differential equation by accounting the temperature dependence of TE 

properties, a finite difference method was used. A TE leg was divided into n nodes, and a 
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central difference scheme was applied to approximate a temperature and the TE properties 

at each node. This yielded a linear relation between nodes as shown in Eq. (4.7) 

𝜅𝑖+1−𝜅𝑖

2𝛿𝑥

𝑇𝑖+1−𝑇𝑖

2𝛿𝑥
+ 𝜅𝑖

𝑇𝑖+1+𝑇𝑖−1−2𝑇𝑖

(𝛿𝑥)2 + 𝑗2𝜌𝑖 − 𝑗𝑇𝑖
𝑆𝑖+1−𝑆𝑖

2𝛿𝑥
= 0   (4.7) 

where, i = 2, 3, ..., n-1 since T1 and Tn are known as TH and TC, respectively. By iterating 

until solutions converge, the numerical analysis was finalized in which the convergence 

condition of the temperature and electric current in this calculation was 10-10. 

 Figures 4.9a and 4.9b show a validation of the numerical analysis and an effect 

based on TE properties as a function of temperature where TH varied up to 700 °C (923 K) 

while TC is kept at 50 °C (323 K). The analytically simplified calculation had an agreement 

with the numerical solutions within 2% when ΔT is smaller than 175 °C, but it was 

overestimated by more than 6% at ΔT = 650 °C. The output power generation of 

Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 was improved by 16.7% at ΔT = 650 °C and a = 2 mm as 

compared with Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2, and it was linearly proportional to the cross-

section area of TE leg (Figure 4.9a) while the conversion efficiency had less than 1% 

difference from each other through the entire temperature range (Figure 4.9b), where the 

maximum efficiency of each material is not a function of the leg dimension a. 
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Figure 4.9 Calculated output-power density and conversion efficiency dependence of 

TH (up to 700 °C) with TC fixed at 50 °C of Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 and 

Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2: comparison of temperature-dependent a) output-power 

density and b) efficiency; c) input and output power relation with the leg length; d) 

temperature-dependent specific power density, W g-1, and power cost, W per $ [23]. 

 

 The ratio of output power to input heat is plotted in Figure 4.9c according to various 

TE leg lengths. Shorter TE legs require more heat-flux to generate a certain temperature 

difference, and gives rise to larger amount of output power due to its lower electrical 

resistance of TE leg. In all cases, Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 required more heat across 

TE leg and generated larger electrical power as compared to Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2 

because the thermal and electrical conductivities of Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 was larger 
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through all temperature range. Figure 4.9d shows the effect of the Hf reduction on the 

output-power density and power cost. The use of less Hf element reduced mass density of 

the alloy as well as the material cost. The hollow marker represents the specific power 

density, W g-1, and the solid symbols are for the power cost, W per $. As mentioned, output 

power of Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 was improved due to the higher power factor. In 

addition, The specific power density of Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 was increased by 25% 

along with 7% reduced mass density, and 40% reduction of total cost of 

Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2, which resulted in an 91% increase of the electric power 

generation per dollar by Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2. Therefore, the new composition 

Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 was much more favorable for practical applications due to the 

higher power factor. 

 

4.5 Summary 

 Aiming at decreasing the amount of Hf, I found a good ZT ~0.85 at 700 °C in 

Hf0.2Zr0.8CoSb0.8Sn0.2. By further replacing some Ti at the Hf/Zr site, I established a new 

composition of Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 to reach a ZT of ~1.0 at 700 °C with the Hf:Ti 

ratio at 4:1 and Hf:Zr ratio at 1:4. The new composition exhibited similar ZT to the 

previously reported composition, Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2, yielding similar heat-to-

power conversion efficiency. On the other hand, the new compound used much less Hf 

which is an expensive, low-abundance element. These findings enabled us to significantly 

decrease the price of the materials and increase the output power without losing any TE-

conversion efficiency compared to other reported good p-type compositions. This would 
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accelerate the commercialization of half-Heusler materials for large-scale applications in 

waste-heat recovery. 
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Chapter 5 Investigating the Thermoelectric Properties of NbCoSn-based Half-

Heusler 

A part of this chapter contains our previously published work  

R. He, et al., Enhanced thermoelectric properties of n-type NbCoSn half-Heusler by 

improving phase purity, APL Mater. 4, 104804 (2016). 

5.1 Introduction 

 Although the p-type Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 has improved cost performance, 

as I introduced in the last chapter, there are ~63% of the total material cost come from the 

usage of hafnium (Hf). Thus, it’s important to find materials that completely eliminate Hf. 

There are hundreds of half-Heusler compounds, and their phase stabilities, band structures, 

and thermoelectric (TE) properties that were investigated through theoretical calculations 

[1, 2]. These calculations predicted many stable HH compounds with promising TE 

properties. However, as the TE technique is highly application orientated, the preferable 

TE materials should employ elements that are nontoxic and earth-abundant. Moreover, 

good TE materials are usually semiconductors, therefore, the valance-electron-count of 

undoped half-Heusler compounds has to be 8 or 18 to locate the Fermi level inside the band 

gap [3-5]. These requirements are satisfied by several half-Heusler compounds including 

the widely studied MCoSb and MNiSn (M=Hf, Zr, Ti), as well as some less studied 

compounds including NbCoSn, NbFeSb, etc. In this, and subsequent chapters, I will 

introduce the thermoelectric properties of the NbCoSn-based and NbFeSb-based half-

Heusler compounds. 
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 NbCoSn is a half-Heusler compound with 18 valance electrons, and its 

thermoelectric properties were studied by several groups. Undoped NbCoSn is intrinsically 

n-type. Kiruma et al. reported the effects of increasing Co concentration up to NbCo1.1Sn 

and obtained a Seebeck-coefficient of about -250 µV K-1 and peak ZT of 0.3 at ∼1000 K 

in NbCo1.05Sn [6]. Kawaharada et al. reported the TE properties with partial substitution 

of Nb by Hf, Ti, and Mo; and substitution of Sn by Sb [7, 8]. They found Hf and Ti were 

weak p-type dopants and the resulting Seebeck-coefficients were very low. Meanwhile, 

Mo and Sb were strong n-type dopants. Similar study was also performed by Ono et al. 

and a ZT ∼0.3 was reported for NbCoSn0.9Sb0.1 [9]. 

 However, these reported compositions possessed many secondary phases such as 

NbCo2Sn, Sn, Nb3Sn, etc., which deteriorated TE performance, especially the electron 

transport properties. To investigate the properties of compositions with better purity, I 

studied NbCoSn1−xSbx with x=0-0.15 using our arc-melting, ball-milling, and hot-pressing 

procedure. As a result, the purity was improved when comparing to other approaches. 

Electron transport significantly benefited from phase purification, leading to simultaneous 

enhancement of electrical conductivity and the Seebeck-coefficient. The highest power 

factor obtained by this method was ∼34 µW cm-1 K-2, which was 80% higher than that of 

Ono’s report. As a result, the peak ZT reached ∼0.6 in NbCoSn0.9Sb0.1 [10]. Even though 

the ZT was still lower than 1.0 like other good HfNiSn-based n-type HHs, the calculated 

specific power cost ($ W-1) was much lower due to the elimination of Hf in the composition. 
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 The band structure of NbCoSn indicated that the p-type NbCoSn could possibly 

possess better TE properties than the n-type compounds. Thus, the experimental attempts 

to synthesis p-type would also be discussed. 

5.2 Experimental procedure 

5.2.1 Sample preparation 

 The samples in this chapter were prepared similar to chapter 4. A total 10 grams of 

elements (Nb pieces 99.99% and Co shavings 99.9%, Atlantic Metals and Alloy; Sn 

granules 99.9% and Sb broken rod 99.9%, Alfa Aesar) for each batch were weighed 

according to the stoichiometry. In order to reduce Sb evaporation, I first melted Sb with Sn 

to form alloys, then the other elements were added and melted together 3-4 times, and the 

samples were flipped over each time to improve uniformity. The ingots were then crushed 

into nano-powders by the high-energy ball-milling (SPEX 8000M Mixer/Mill) machine for 

2 hours. The powders were then consolidated into disks by hot-pressing at 1000 °C and 80 

MPa for 2 minutes. 

5.2.2 Structure characterization 

 A PANalytical multipurpose diffractometer with an X’celerator detector 

(PANalytical X’Pert Pro) was used to characterize the phases. Morphology and elemental 

distributions of the samples were characterized by a scanning-electron microscope (SEM, 

LEO 1525) and an energy dispersive x-ray spectroscope (EDS), respectively. An Electron 

Probe Micro-Analysis (EPMA, JXA-8600) was used to characterize the elemental ratio of 
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the final products.  A transmission-electron microscope (TEM, JEOL 2010F) was used to 

observe the detailed microstructures. 

 Due to the similar atomic size and masses, all samples possessed similar densities 

(Table 5.1). Figure 5.1 shows the X-ray diffraction (XRD) spectrum of NbCoSn1-xSbx with 

x=0, 0.01, 0.02, 0.05, 0.1, and 0.15. All samples showed pure half-Heusler (HH) phase, 

indicating good solubility of Sb at the Sn site. Also, the energy-dispersive spectroscopy 

(EDS) mapping on a polished surface of NbCoSn0.9Sb0.1 indicated uniform elemental 

distribution (Figure 5.2), no phase segregation was observed. The Electron Probe Micro-

Analysis (EPMA) results are shown in Table 5.1 with the actual composition of the final 

product close to the nominal composition. 

 Note that there were still some minor impurities that could not be detected by XRD 

or EDS. Figures 5.3b and 5.3c are the low and high-resolution TEM images of 

NbCoSn0.9Sb0.1, which showed some minor defects or precipitates. Thus, completely 

removing the impurities was unrealistic. However, the phase purity was much better than 

the previously reports. Figure 5.3d is the zoom-in high-resolution TEM image, which 

showed a lattice constant of ~5.94 Å. The inset in Figure 5.3d shows the Fast-Fourier-

Transform (FFT) image. 

 Figure 5.3a shows the scanning electron microscopic (SEM) image of a sample 

with nominal composition NbCoSn0.9Sb0.1, demonstrating very good crystallinity with a 

grain-size varying between ~250 to ~800 nm. 
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Table 5.1 Nominal, actual compositions and measured mass densities of NbCoSn1-

xSbx by Electron Probe Micro-Analysis (EPMA) [10]. 

Nominal EPMA Density (g cm-3) 

NbCoSn NbCo1.02Sn0.98 8.35 

NbCoSn0.99Sb0.01 NbCo1.01Sn0.98Sb0.01 8.48 

NbCoSn0.98Sb0.02 NbCo1.00Sn0.97Sb0.02 8.48 

NbCoSn0.95Sb0.05 NbCo1.02Sn0.94Sb0.04 8.48 

NbCoSn0.9Sb0.1 NbCo1.03Sn0.88Sb0.09 8.44 

NbCoSn0.85Sb0.15 NbCo1.01Sn0.84Sb0.14 8.52 

 

 

 

Figure 5.1 X-ray diffraction (XRD) spectra of NbCoSn1-xSbx with x = 0, 0.01, 0.02, 

0.05, 0.1, and 0.15 [10]. 
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Figure 5.2 a) SEM image of polished surface of NbCoSn0.9Sb0.1 and elemental 

distribution of b) Nb, c) Co, d) Sn, and e) Sb [10]. 
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Figure 5.3 a) SEM image of NbCoSn0.9Sb0.1, indicating grain-size from ~250 to ~800 

nm, b) low-resolution and c) high-resolution TEM image of NbCoSn0.9Sb0.1. The white 

arrows in b) and white curve in c) indicate there are still minor impurities. d) Lattice 

constant of ~5.94 Å is for NbCoSn0.9Sb0.1 and the inset in d) is its FFT image [10]. 

5.2.3 Thermoelectric properties measurement 

 The thermal conductivity is the multiplication of thermal diffusivity, (D), specific 

heat, (cP), and density, which were measured by a laser-flash system (LFA457, Netzsch), 

a differential-scanning calorimeter (DSC, 404 C), and an Archimedes’ kit, respectively. 

Bar shaped samples (~2 × 2 × 12 mm3) were used to measure electrical conductivity and 

Seebeck-coefficient on a ZEM-3 machine (ULVAC). Carrier concentrations, (nH), were 
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measured using a physical properties measurement system (PPMS, Quantum Design) 

under ±3 Tesla magnetic fields. The Hall mobility, H, was calculated based on H = RH, 

where RH is the Hall coefficient. The uncertainties for electrical conductivity, the Seebeck-

coefficient, and thermal conductivity were 2%, 4%, and 7%, respectively. The combined 

uncertainties for power factor and ZT were 10% and 17%, respectively. The best 

composition was repeated for at least three times, and the resulting ZT variations were 

within 5% from run to run. To increase the readability, I did not plot error bars on the 

curves. 

5.3 Results and discussion 

5.3.1 Thermoelectric properties  

 Figures 5.4a-h show the thermoelectric properties of NbCoSn1-xSbx with x up to 

0.15. For comparison, I also plotted the literature data of NbCoSn0.9Sb0.1 [9] (thick black 

line) and NbCoSb [11] (dotted line), the latter is an unusual half-Heusler thermoelectric 

material that has 19 valance electrons. Figures 5.4a and 5.4b show the electric conductivity 

and the Seebeck-coefficient, respectively. Higher Sb concentration resulted in higher 

conductivity and lower Seebeck-coefficient. For NbCoSn0.9Sb0.1, both the conductivity and 

Seebeck-coefficient were higher than Ono’s reported values [9], which resulted in higher 

power factors (Figure 5.4c) with a peak value of ~34 μW cm-1 K-2 in NbCoSn0.9Sb0.1 at 873 

K, ~80% higher than Ono’s result. 

 Figures 5.4d-f show the total thermal conductivity (κtot), specific heat (cP), and 

thermal diffusivity (D), respectively. Note that the thermal conductivity of the base 
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composition NbCoSn is ~8.2 W m-1 K-1 at room temperature (Figure 3d), but even 1% Sb 

doping increased the value to ~9.7 W m-1 K-1. The mechanism of the enhancement is not 

completely clear since the increased electronic contribution cannot account for all of the 

increase. For samples with more Sb doping, the thermal conductivity kept decreasing as a 

result of the decreased lattice thermal conductivity (κL) (Figure 5.4g). 

 Note that the decrease in κL was not due to point-defect scattering, because the κL 

of ternary NbCoSb [11] was smallest among all the NbCoSn1-xSbx samples. Possibly, the 

electron-phonon interaction dominates the phonon scattering because of the increased 

carrier concentration. Another possibility is a stronger phonon-phonon interaction with 

higher concentration of Sb. The phonon-phonon interaction is related to the chemical bonds. 

As analyzed by Graf, et al. [3], usually the 18 valance-electron-count (VEC) half-Heuslers 

are stable because of the full occupation of bonding states and the emptiness of anti-

bonding states. Meanwhile, Sb doping introduced extra electrons that occupy the anti-

bonding states, thus weakening the bonding interaction, and further leading to a decreased 

phonon group velocity (v) since phonon propagation relies on chemical bonds. Under the 

Umklapp process, the phonon relaxation time is related with phonon group velocity [12], 

𝜏𝑈~
𝑣3

𝑇
           (5.1) 
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Figure 5.4 Thermoelectric properties: a) electrical conductivity, b) Seebeck-

coefficient, c) power factor, d) total thermal conductivity, e) specific heat, f) thermal 

diffusivity, g) lattice thermal conductivity, and h) ZT of NbCoSn1-xSbx with x = 0, 0.01, 

0.02, 0.05, 0.1, and 0.15. The reference data of NbCoSn0.9Sb0.1 and NbCoSb are taken 

from [9] (thick black line) and [11] (dashed line), respectively [10]. 

 



107 

 Therefore, phonon relaxation time would decrease due to stronger phonon-phonon 

interaction. As a result, the ZT values reached ~0.6 (Figure 5.4h) in NbCoSn0.9Sb0.1, which 

was about double of the ZT value reported by Ono et al. with the same composition [9]. 

5.3.2 Anisotropy thermoelectric properties 

 Usually in nanostructured half-Heusler compounds, there are no anisotropic 

transport properties for electrons and phonons considering the high-symmetry crystal 

structure and nano-sized polycrystalline microstructure. However the experimental 

confirmation of isotropic transport was scarce. Thus, I specifically tested the thermoelectric 

properties of NbCoSn0.9Sb0.1 along directions perpendicular and parallel to the hot-pressing 

direction. The TE properties are shown in Figure 5.5. 

 There were some minor differences along different measurement directions which, 

however, more likely originated from batch difference and measurement error. Therefore, 

the anisotropy was negligible when analyzing the transport properties in nanostructured 

half-Heusler compounds. 
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Figure 5.5 TE properties a) electrical conductivity, b) Seebeck-coefficient, c) thermal 

conductivity and d) ZT of NbCoSn0.9Sb0.1 parallel and perpendicular to the hot-pressing 

temperature. e) and f) schematically show the measurement direction perpendicular and 

parallel to the hot-pressing directions [10]. 

 

5.3.3 Hall measurement 

 The relation of the Hall concentration (nH, solid square) and mobility (H, open 

circle) with Sb concentration are shown in Figure 5.6a. The measured carrier concentration 

increased almost linearly with Sb concentration for all the Sb partially substituted 

compositions; however, the undoped composition had nH value even higher than that of 2% 

Sb doping. This could be qualitatively explained by the two-band model [13], in which nH 

could be written as, 

𝑛𝐻 =
1

𝑞𝑅𝐻
         (5.2) 
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𝑅𝐻 =
1

𝑞

𝑝−𝑛𝑏2

(𝑝+𝑛𝑏)2
         (5.3) 

where q is positive value of carrier charge, RH is the Hall coefficient, p and n are the real 

concentration of holes and electrons, b is defined as the carrier mobility ratio between 

electrons and holes, usually in the order of unity. Thus, 

𝑛𝐻 =
(𝑝+𝑛𝑏)2

𝑝−𝑛𝑏2          (5.4) 

 For heavily doped semiconductors (SC), it satisfies p >> n or n >> p, thus nH ≈ p or 

n. However, for low level doping around the intrinsic region, the values of p and n are close 

to each other, thus the denominator in the expression of nH are small, yielding an artificially 

large nH. 

 With Sb concentrations increasing from 0.05 to 0.15, nH increased almost linearly 

to > 2 × 1021 cm-3, which was quite high for TE materials. Huang et al. reported an even 

higher carrier concentration of ~6 × 1021 cm-3
 for NbCoSb [11]. On the other hand, the 

measured carrier mobility increased significantly from ~0.2 to ~11 cm2 V-1 s-1 with Sb 

concentration up to 0.05, then it decreased to ~8.8 cm2 V-1 s-1 with Sb concentration reached 

0.15 (Figure 5.6a right). Note that the Hall mobility (μH) with Sb concentration below 0.05 

was underestimated due to, as explained, the overestimation of Hall concentration (nH).  By 

fitting with the Pisarenko relation for the compositions with x ≥ 0.05, the electron density-

of-state (DOS) effective mass (m*) gradually increased from 5.7 m0 to 7.1 m0 with Sb 

concentration up to 1.0 (Figure 5.6b). The enhanced effective mass accounted for the 

decreased carrier mobility when Sb concentration was higher than 0.05 (Figure 5.6a). 
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Figure 5.6 a) Carrier concentration (left vertical axis) and mobility (right vertical 

axis) of NbCoSn1-xSbx. b) Seebeck-coefficient vs. carrier concentration, showing an 

increased effective mass from 5.7 m0 to 7.1 m0 with higher concentration of Sb [10]. 

 

5.3.4 Power generation 

 Even though the NbCoSn-based HH compounds did not have the same ZT as the 

HfNiSn-based n-type HHs, such as Hf0.25Zr0.75NiSn0.99Sb0.01 [14], it was more affordable 

due to the elimination of Hf. Based on the elemental prices listed in chapter 4 (Table 4.1), 

the calculated prices were $126 kg-1 for Hf0.25Zr0.75NiSn0.99Sb0.01 but only $26 kg-1 for 

NbCoSn0.9Sb0.1, which was only ~1/5, thus a much lower $ W-1 was expected for NbCoSn. 

 Kim, et al. [15] proposed equations for calculating the output-power density (ω) 

and maximum conversion efficiency (ηmax) of a TE material under a large temperature 

gradient, 

𝝎 =
(𝑃𝐹)𝑒𝑛𝑔(𝑇𝐻−𝑇𝐶)

𝐿

𝑚𝑜𝑝𝑡

(1+𝑚𝑜𝑝𝑡)
2       (5.5) 

𝜼𝒎𝒂𝒙 = 𝜂𝐶

√1+(𝑍𝑇)𝑒𝑛𝑔(𝛼1/𝜂𝐶)−1

𝛼0√1+(𝑍𝑇)𝑒𝑛𝑔(𝛼1/𝜂𝐶)+𝛼2

      (5.6) 
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(𝑃𝐹)𝑒𝑛𝑔 =
(∫ 𝑆(𝑇)𝑑𝑇

𝑇𝐻
𝑇𝐶

)
2

∫ 𝜌(𝑇)𝑑𝑇
𝑇𝐻

𝑇𝐶

       (5.7) 

(𝑍𝑇)𝑒𝑛𝑔 =
(𝑃𝐹)𝑒𝑛𝑔

∫ 𝜅(𝑇)𝑑𝑇
𝑇𝐻

𝑇𝐶

(𝑇𝐻 − 𝑇𝐶)      (5.8) 

𝑚𝑜𝑝𝑡 = √1 + (𝑍𝑇)𝑒𝑛𝑔𝛼1𝜂𝑐
−1       (5.9) 

𝜂𝐶 =
𝑇𝐻−𝑇𝐶

𝑇𝐻
         (5.10) 

𝛼𝑖 =
𝑆𝑇𝐻

(𝑇𝐻−𝑇𝐶)

∫ 𝑆(𝑇)
𝑇𝐻

𝑇𝐶
𝑑𝑇

−
∫ 𝜏(𝑇)

𝑇𝐻
𝑇𝐶

𝑑𝑇

∫ 𝑆(𝑇)
𝑇𝐻

𝑇𝐶
𝑑𝑇

𝑊𝑇𝜂𝐶 − 𝑖𝑊𝐽𝜂𝐶     (𝑖 = 0, 1, 2)   (5.11) 

𝜏 = 𝑇
𝑑𝑆(𝑇)

𝑑𝑇
         (5.12) 

𝑊𝑇 =
∫ ∫ 𝜏(𝑇)𝑑𝑇𝑑𝑇

𝑇𝐻
𝑇

𝑇𝐻
𝑇𝐶

Δ𝑇 ∫ 𝜏(𝑇)𝑑𝑇
𝑇𝐻

𝑇𝐶

        (5.13) 

𝑊𝐽 =
∫ ∫ 𝜌(𝑇)𝑑𝑇𝑑𝑇

𝑇𝐻
𝑇

𝑇𝐻
𝑇𝐶

Δ𝑇 ∫ 𝜌(𝑇)𝑑𝑇
𝑇𝐻

𝑇𝐶

        (5.14) 

 Based on Eqs. (5.5)-(5.14), I calculated the conversion efficiency and output-power 

density assuming a leg length of 2 mm and cold-side temperature of 323 K (Figure 5.7). 

Not surprisingly, both the power density (Figure 5.7a) and the conversion efficiency 

(Figure 5.7b) of NbCoSn0.9Sb0.1 were lower than Hf0.25Zr0.75NiSn0.99Sb0.01 [14], but the 

specific power cost ($ W-1) was much lower as well (Figure 5.7c). When TH is 873 K, the 

power cost was ~0.012 $ W-1 for Hf0.25Zr0.75NiSn0.99Sb0.01, but ~0.004 $ W-1 for 

NbCoSn0.9Sb0.1. The power cost of NbCoSn0.9Sb0.1 was also much lower than that of the 

MCoSb based p-type material introduced in chapter 4: the power costs were 0.024 $ W-1 
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for Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2, and 0.012 $ W-1 for Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2 (with TH 

at 873 K), respectively. Thus, NbCoSn could be competitive with HfNiSn-based n-type 

half-Heusler for large-scale applications. 

 

Figure 5.7 The calculated a) power density, b) efficiency, and c) specific power cost 

($ W-1) of Hf0.25Zr0.75NiSn0.99Sb0.01 and NbCoSn0.9Sb0.1 [10]. 

5.3.5 Band structure of NbCoSn 

 The band structure of the ternary NbCoSn were also obtained from density-

functional-theory (DFT) calculations within the generalized gradient approximation (GGA) 

in the Perdew-Burke-Ernzerhof (PBE) form for the exchange-correlation function [16]. 
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The electronic transport coefficients were computed by solving the Boltzmann transport 

equation for electrons using the intrinsic contribution from the electron-phonon interaction 

to the electron-relaxation time calculated within the electron-phonon-averaged (EPA) 

approximation [17]. 

 Figures 5.8a-b show the band structure and density of states (DOS) calculated using 

density functional theory (DFT). The base composition NbCoSn was semiconductor, but 

the samples NbCoSn1-xSbx behaved like metal due to heavy doping Sb on Sn site. The 

indirect band gap is around 1 eV with the conduction band minima (CBM) at X points and 

the valence band maxima (VBM) at L and W points. The CBM consists of two bands thus 

giving a high-valley degeneracy (Nv = 6). High-valley degeneracy was widely proven to be 

beneficial to thermoelectric performance [18-23]. 

 

Figure 5.8 a) Band structure and b) density of states (DOS) of NbCoSn calculated 

within DFT using the PBE exchange-correlation function. The yellow region indicates 

the band gap [10]. 

 

 More interestingly, I noticed an even higher valley degeneracy at the VBM, where 

the L and W points both contributed to the hole transport, thus higher TE performance of 



114 

p-type NbCoSn was expected. However, the experimental results showed that the p-type 

materials possessed much poorer TE properties than the n-type counterparts, as  shown 

below. 

5.3.6 P-type NbCoSn 

 With similar sample preparation procedures, several dopants were tried to make p-

type NbCoSn, such as Ti substitution at the Nb site, and Fe substitution at the Co site. The 

TE properties were poor due to the low values of electrical conductivity and the Seebeck-

coefficient. The thermoelectric properties of both Ti and Fe doped samples are shown in 

Figure 5.9. 

 

Figure 5.9 Thermoelectric properties of p-type NbCoSn with Ti and Fe substitution at 

Nb and Co sites.  
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 For all the p-type compositions, the electrical conductivity were much lower than 

the n-type counterparts. Meanwhile, the increasing trend of the electrical conductivity with 

temperature indicated that the incomplete ionization of the dopants. Besides, the Seebeck-

coefficient increased with temperature, indicating the gradual transition from the two-band 

transport to the single-band transport, which further confirmed the increased degree of 

dopant ionization. As a result, both the power factor and ZT values were very low. 

 Except for Ti and Fe, many other dopants were also attempted to get good p-type 

NbCoSn. Here is the list of elements I tried: 

 Dopants at the Nb site: Ti, Zr, Hf, Y, La, Yb, Eu, Ca, Mg, and Li. 

 Dopant at the Co site: Fe. 

 Dopants at the Sn site: B and Al. 

 However these elements failed in making good p-type NbCoSn. Some dopants 

yielded similar phenomena as Ti and Fe, and the others could not be doped into the lattice. 

Therefore, the NbCoSn compounds might not be a good p-type TE material. 

5.4 Summary 

 With improved phase purity, Sb doping effectively enhanced the thermoelectric 

performance of NbCoSn-based n-type half-Heusler. Both the electrical conductivity and 

the Seebeck-coefficient were higher, so was the power factor. The peak power factor was 

~34 μW cm-1 K-2 at 873 K in NbCoSn0.9Sb0.1, which was 80% higher than the previously 

reported data with the same composition. A peak ZT of ~0.6 was achieved at 973 K, which 
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was about double of the previously reported value with the same composition. Importantly, 

the specific power cost of NbCoSn-based HH was much lower than the HfNiSn-based HH. 
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Chapter 6 High Power Factor and Output-power density in P-type NbFeSb-based 

Half-Heusler 

A part of this chapter contains our submitted work  

R. He, et al., Achieving high power factor and output power density in p-type half-Heuslers 

Nb1-xTixFeSb, PNAS, accepted, doi: 10.1073/pnas.1617663113. 

6.1 Introduction 

 Higher power factor is important in yielding higher output-power density, as 

theoretically analyzed [1-2]. Thus, pursuing high-power-factor TE materials is important 

for power generation applications. In the constant-transport-property model, where all the 

thermoelectric parameters S, σ, and κ are assumed to be temperature independent, the 

output-power density of a TE leg is written as, 

𝜔 =
(𝑇𝐻−𝑇𝐶)

4𝐿

2

𝑃𝐹̅̅ ̅̅         (6.1) 

where L is the leg length of the TE material and 𝑃𝐹̅̅ ̅̅  is the averaged power factor over the 

leg. Clearly, higher power factor favors higher power density when heat can be efficiently 

supplied and removed. 

 Recently the NbFeSb-based p-type half-Heusler compounds were reported 

exhibiting promising TE performances. High ZT values ~1 and ~1.5 were reported with Ti 

and Hf substitution, respectively [3-5].  These work mark the NbFeSb-based HH 

compounds as one of the most promising candidates for TE conversion in the mid-to-high 

temperature range. 
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 Another distinguishing character of the NbFeSb-based HH compounds is the high 

power factor. Previous studies showed that HH compounds possess high power factors. 

Joshi et al. reported that the p-type half-Heusler Nb0.6Ti0.4FeSb0.95Sn0.05 had a power factor 

of ~23 μW cm-1 K-2 at room temperature and ~38 μW cm-1 K-2 at 973 K [3]. However, the 

composition with 40% Ti substitution strongly scattered the electrons as well. A subsequent 

work by Fu et al. reported a higher power factor of ~62 μW cm-1 K-2 at 400 K in 

Nb0.92Ti0.08FeSb that was attributed to less electron scattering [4]. 

 However, the work done by Fu et al. only studied one sintering temperature at 1123 

K [4]. Since high temperature heat treatment for TE materials could be beneficial to TE 

performance [6], further optimization may be achieved in the NbFeSb system. Here, I 

studied the thermoelectric properties of Nb1-xTixFeSb system with x = 0.04, 0.05, 0.06, 0.07, 

0.1, 0.2, and 0.3 prepared by using arc-melting, ball-milling, and hot-pressing (HP) at 1123, 

1173, 1273, and 1373 K. I found that higher HP temperature enhanced the carrier mobility, 

leading to a high power factor of ~106 μW cm-1 K-2 at 300 K in Nb0.95Ti0.05FeSb [7]. Such 

an unusually high power factor at above room temperature was only observed in metallic 

systems with ultra-high electrical conductivity such as YbAl3 and constantan [8, 9]. The 

similarly high power factor was never achieved in semiconductors at above room 

temperature. Furthermore, a record output-power density of ~22 W cm-2 with a leg length 

~2 mm was experimentally obtained with TC = 293 K and TH = 868 K. I also observed that 

the lattice thermal conductivity hardly changed within the range of grain-sizes studied in 

this work. Thus, by using a higher HP temperature of 1373 K and changing the Ti 
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concentration, I obtained higher power factor and ZT than the previously reported results 

for the same compositions [4]. 

6.2 Experimental procedure 

6.2.1 Sample preparation 

 The samples in this chapter were prepared in almost the same way as in chapters 4 

and 5. The differences were the mass of each batch (15 grams in this chapter), and the ball-

milling time (3 hours). 

6.2.2 Structure characterization 

 A PANalytical multipurpose diffractometer with an X’celerator detector 

(PANalytical X’Pert Pro) was used to characterize the phases. The XRD spectra are shown 

in Figure 6.1. All samples possessed pure half-Heusler phase.  

 Morphologies of the freshly broken surface were characterized by a scanning 

electron microscopy (SEM, LEO 1525). The SEM images will be shown in section 6.3.1. 

 The elemental ratios of the samples were measured by an Electron Probe Micro-

Analysis (EPMA, JXA-8600), and the results are shown in Table 6.1. A transmission-

electron microscopy (TEM, JEOL 2100F) machine was used to observe the detailed 

microstructures, as shown in Figure 6.2. 
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Table 6.1 Electron Probe Micro-Analysis (EPMA) measurements on Nb1-xTixFeSb 

[7]. 

Nominal EPMA 

Nb0.96Ti0.04FeSb Nb0.95Ti0.04Fe1.03Sb0.98 

Nb0.95Ti0.05FeSb Nb0.94Ti0.05Fe1.01Sb0.99 

Nb0.94Ti0.06FeSb Nb0.93Ti0.06Fe1.01Sb0.99 

Nb0.93Ti0.07FeSb Nb0.92Ti0.07Fe0.99Sb1.01 

Nb0.9Ti0.1FeSb Nb0.89Ti0.1Fe1.00Sb0.99 

Nb0.8Ti0.2FeSb Nb0.8Ti0.2Fe1.02Sb0.99 

Nb0.7Ti0.3FeSb Nb0.69Ti0.3Fe1.02Sb0.98 

 

 

Figure 6.1 X-ray diffraction (XRD) patterns of Nb1-xTixFeSb. All of the compositions 

possess pure half-Heusler phase [7]. 
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Figure 6.2 TEM observations. a) Selected-area-electron-diffraction pattern and b) 

High-resolution TEM image of Nb0.95Ti0.05FeSb [7]. 

 

6.2.3 Thermoelectric properties measurement 

 The thermal conductivity is the multiplication as a product of thermal diffusivity 

(D), specific heat (cP), and mass density, which were measured by a laser-flash system 

(LFA457, Netzsch), a differential-scanning calorimeter (DSC, 404 C), and an Archimedes’ 

kit, respectively. Bar shaped samples (~2 × 2 × 12 mm3) were used to measure electrical 

conductivity and Seebeck-coefficient on a ZEM-3 machine (ULVAC). Carrier 

concentrations, (nH), were measured using a physical properties measurement system 

(PPMS, Quantum Design) under ±3 Tesla magnetic fields. The Hall mobility, H, was 

calculated based on H = RH, where RH is the Hall coefficient. The uncertainty for 

electrical conductivity was 2%, Seebeck-coefficient 4%, and thermal conductivity 7%, so 

the combined uncertainty for power factor and ZT were 10% and 17%, respectively. The 

best composition was repeated at least three times, and the ZT variations were within 5% 

from run to run. To increase the readability, we did not plot error bars on some of the curves. 
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6.3 Results and discussion 

6.3.1 Enhanced power factor with higher hot-pressing temperature 

 Figures 6.3a-f show the thermoelectric properties of Nb0.95Ti0.05FeSb with hot-

pressing temperatures of 1123, 1173, 1273, and 1373 K. As shown in Figure 1a, the power 

factor (PF) improved significantly at below 573 K. The peak value reached ~106 μW cm-

1 K-2 at room temperature and is the highest in half-Heusler compounds. When the 

temperature was higher than 873 K, the power factor values converged. 

 Figure 6.3b shows that the high power factor mainly comes from the improved 

electrical conductivity. Above 673 K, the electrical conductivity values converged and 

followed the T-3/2 law, suggesting that acoustic phonons dominate carrier scattering [10]. 

In contrast, Figure 1c shows the Seebeck-coefficient changes little regardless of the hot-

pressing temperature. The dashed line in Figure 1c is the calculated Seebeck-coefficient 

using the single parabolic band (SPB) model [11] (taking the scattering parameter r=-0.5 

since acoustic phonons scattering dominates), 

𝑆 = + (
𝑘𝐵

𝑒
) [

2𝐹1(𝜂)

𝐹0(𝜂)
− 𝜂]       (6.2) 

𝐹𝑛(𝜂) = ∫
𝜒𝑛

1+𝑒𝜒−𝜂

∞

0
𝑑𝜒        (6.3) 

where η is related with nH through 

𝑛𝐻 = 4𝜋 (
2𝑚ℎ

∗ 𝑘𝐵𝑇

ℎ2
)

3 2⁄ 𝐹1 2⁄ (𝜂)

𝑟𝐻
       (6.4) 

𝑟𝐻 =
3

2

𝐹−1 2⁄ (𝜂)𝐹1 2⁄ (𝜂)

2𝐹0
2(𝜂)

        (6.5) 
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where η, nH, 𝑚ℎ
∗ , and rH are the reduced Fermi energy, the Hall carrier concentration, the 

density-of-states (DOS) effective mass of holes, and the Hall factor, respectively. The nH 

values were obtained through the Hall measurement and are presented in Table 6.2. The 

DOS hole effective mass (𝑚ℎ
∗ ) was obtained by fitting the Pisarenko relation (see section 

6.3.3). Fn(η) is the Fermi integral of order n. The good agreement between the calculated 

result and experimental data showed the adequacy of the SPB model in describing the hole 

transport. 

 As shown in Figure 6.3d, the thermal conductivity was slightly lower for samples 

hot-pressed at lower hot-pressing temperature. This was mainly due to the difference in the 

electronic thermal conductivity originating from the difference in the electrical 

conductivity  

𝜅𝑒 = 𝐿𝜎𝑇         (6.6) 

𝐿 = (
𝑘𝐵

𝑒
)

2

[
3𝐹2(𝜂)

𝐹0(𝜂)
− (

2𝐹1(𝜂)

𝐹0(𝜂)
)

2

]      (6.7) 

where 𝐿 is the Lorenz number. By subtracting the κe from κtot, I plotted the sum κL + κbip 

in Figure 6.3e. The combined lattice and bipolar thermal conductivities were barely 

affected by the hot-pressing temperature. Furthermore, at temperatures above 773 K, the 

thermal conductivity trend deviated slightly from the T-1 behavior, indicating some minor 

bipolar effects even though the Seebeck-coefficient seemed not to show such an effect. The 

κbip, as shown in Figure 6.3f, was calculated using a three-band model [12] (see Appendix 

6.5.1 for calculation details). The highest bipolar thermal conductivity reached ~0.4 W m-

1 K-1 at 973 K, a small value compared to the κL. 
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Table 6.2 Room temperature Hall carrier concentration (nH), Hall mobility (μH), Hall 

factor (rH), deformation potential (Edef), relative density, and EPMA composition of Nb1-

xTixFeSb at different Ti concentrations and hot-pressing temperatures [7]. 

 nH 

(1020 cm-3) 

μH 

(cm2 V-1 s-1) 
rH 

Edef 

(eV) 

relative density 

(%) 

x = 0.04, 1373 K 6.3 25.2 1.12 12.5 99.1 

x = 0.05, 1123 K 7.2 15.2 1.12 --* 99.4 

x = 0.05, 1173 K 7.7 20.2 1.12 --* 98.9 

x = 0.05, 1273 K 7.7 24.3 1.12 11.8 98.6 

x = 0.05, 1373 K 8.1 26.3 1.12 11.5 99.0 

x = 0.06, 1373 K 9.3 27.3 1.11 11.6 99.3 

x = 0.07, 1373 K 10.7 26.7 1.10 11.6 98.9 

x = 0.10, 1373 K 15.2 24.0 1.08 12.7 99.3 

x = 0.20, 1373 K 25.7 15.2 1.06 13.7 99.1 

x = 0.30, 1373 K 30.3 9.3 1.06 17.6 98.9 

*Data are not shown since the mobility is strongly affected by grain-boundary scattering. 
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Figure 6.3 Thermoelectric-property dependence on temperature for the half-Heusler 

Nb0.95Ti0.05FeSb hot-pressed at 1123, 1173, 1273, and 1373 K. a) power factor, b) 

electrical conductivity, c) Seebeck-coefficient, d) total thermal conductivity, e) lattice 

plus bipolar thermal conductivity, f) bipolar thermal conductivity, g) ZT, and h) ZT with 

T from 300 to 573 K. The green dashed lines in b) and e) represent the T-3/2 and T-1 

relations, respectively. The magenta dashed line in c) shows the calculated Seebeck-

coefficient using the SPB model [7]. 
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 Because of the enhanced power factor and almost unaffected thermal conductivity, 

the ZT improved with elevated hot-pressing temperatures, as shown in Figure 6.3g. This 

was especially obvious at temperatures below 573 K, as shown in Figure 6.3h, where the 

power factor showed larger differences (see Figure 6.3a). 

 Scanning electron microscopy (SEM) images showed significant enlargement of 

the grains with higher hot-pressing temperatures, as shown in Figures 6.4a-d. The average 

grain-sizes were found to be ~0.3, ~0.5, ~3.0, and ~4.5 μm for samples pressed at 1123, 

1173, 1273, and 1373 K, respectively (see Appendix 6.5.2). 

 

Figure 6.4 SEM images of Nb0.95Ti0.05FeSb hot-pressed at a) 1123, b) 1173, c) 1273, 

and d) 1373 K [7]. 

 

 Meanwhile, the room temperature (RT) Hall measurement (Table 6.2) showed a 

~73% enhancement of Hall mobility (μH) of samples pressed at 1373 K over those pressed 

at 1123 K. Since the lattice thermal conductivity, as shown in Figure 6.3e, changed little 
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with the grain-size, it is interesting to investigate why the enlarged grain-size performs so 

differently on the electron transport. 

6.3.2 Effect of grain-size on lattice thermal conductivity and carrier mobility 

6.3.2.1 Effect of grain-size on lattice thermal conductivity 

 The lattice thermal conductivity (κL) of samples pressed at 1373 K was obtained by 

subtracting the electronic (κe) and bipolar (κbip) contribution from the measured total 

thermal conductivity (κtot). To describe the lattice thermal conductivity, I used the Klemens 

model [13] and splitted the phonon scattering into four different sources: three-phonon 

processes (3P), grain-boundary scattering (GB), point-defects scattering (PD), and 

electron-phonon interaction (EP). The calculation details and the fitting parameters are 

given in Appendix 6.5.3, the complete fitting results are given in section 6.3.3. Here, in 

Figure 6.5a, I show only the effect of grain-boundary scattering. Clearly, the calculated 

reduction in the lattice thermal conductivity was small with decrease grain-size, only ~9% 

when the grain-size decreases by more than one order of magnitude from 4.5 μm to 0.3 μm. 

A similarly small decrease in κL was seen experimentally (~2%). The insensitivity of the 

phonon transport to the grain-size might indicate that the dominant thermal phonon mean-

free-paths (MFP) that contribute to the thermal conductivity of Nb0.95Ti0.05FeSb were less 

than 0.3 μm. We measured the phonon MFP [14-16] distributions for Nb0.95Ti0.05FeSb. As 

shown in Appendix 6.5.4, the phonon-measurement results suggested that the dominant 

thermal phonon MFPs contributing to Nb0.95Ti0.05FeSb’s thermal conductivity were in a 

few tens to a few hundreds of nanometers. In particular, phonons with MFPs shorter than 

300 nm contributed approximately 70% to the total Nb0.95Ti0.05FeSb thermal conductivity 
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at room temperature. This supported our experimental observation that the thermal 

conductivity of Nb0.95Ti0.05FeSb had a weak dependence on grain-sizes since the studied 

grain-size range in our measurement was significantly larger than the dominant thermal 

phonon MFPs. 

 

Figure 6.5 Effect of grain-size on a) lattice thermal conductivity and b) hole mobility. 

The symbols are measurement data and the lines are calculated values. The error bars in 

a) and b) show 12% and 4% relative error, respectively [7]. 

 

6.3.2.2 Effect of grain-size on carrier mobility 

 To analyze the measured carrier mobility, we assumed a constant nH from room 

temperature through 573 K. This assumption is reasonable within the temperature region 

where the bipolar effect does not occur. A similar effect was also reported in other half-

Heusler materials [11]. Thus, the carrier mobility (μH) varied in the same trend as the 

conductivity () through 

𝜎 = 𝑞𝑛𝐻𝜇𝐻         (6.8) 

with nH being constant and q being the carrier charge. At high temperatures, the dominant 

electron scattering was from acoustic phonons (AP), thus the mobility can be expressed as 
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𝜇𝐴𝑃 =
𝐹0(𝜂)

2𝐹1/2(𝜂)
𝜇0        (6.9) 

where, 

𝜇0 =
2√2𝑒𝜋ℏ4

3(𝑘𝐵𝑇)3 2⁄

𝑣𝑙
2𝑑

𝐸𝑑𝑒𝑓
2 (𝑚𝑏

∗ )
5 2⁄        (6.10) 

𝑚𝑏
∗ = 𝑚ℎ

∗  ×  (𝑁𝑣)−2/3       (6.11) 

vl is the longitudinal phonon velocity and calculated from the elastic constants [17], d is 

the mass density, 𝑚ℎ
∗  is the density-of-states (DOS) effective mass for holes, and Nv is the 

valley degeneracy. Edef is the deformation potential that was obtained by extrapolating the 

high temperature mobility back to room temperature using the T-3/2 law. Edef was found to 

be ~12 eV for Nb0.95Ti0.05FeSb, a relatively small value compared to other TE systems like 

InSb (~33 eV) [18], PbTe (~22.5 eV) [19], and Bi2Te3 (~20 eV) [20]. This smaller 

deformation potential in Nb0.95Ti0.05FeSb suggested weaker electron-phonon interaction in 

the HH systems [11] that benefitted the electron transport and lead to a high power factor. 

 For mobility below 573 K, we considered the effect of the grain-boundary 

scattering [21, 22], 

𝜇𝐺𝐵 = 𝐷𝑒 (
1

2𝜋𝑚𝑏
∗ 𝑘𝐵𝑇

)
1 2⁄

𝑒𝑥𝑝 (−
𝐸𝐵

𝑘𝐵𝑇
)      (6.12) 

where D is the grain-size and EB is the barrier energy of the grain boundary. The barrier 

energy EB was set as a common fitting parameter for Nb0.95Ti0.05FeSb. Combining the two 

scattering mechanisms according to the Matthiessen’s rule yielded the expression for Hall 

mobility: 
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𝜇𝐻
−1 = 𝜇𝐴𝑃

−1 + 𝜇𝐺𝐵
−1        (6.13) 

 The calculated mobility with EB ~0.1 eV together with experimental data are shown 

in Figure 6.5b. The good fitting demonstrated the importance of the grain boundaries in 

scattering carriers, especially at below 573 K. In addition, Figure 6.5b shows that the grain-

boundary scattering became stronger when the grain-size was smaller, for a decreasing size 

from 0.5 to 0.3 μm, the mobility decreased by ~30%, but when decreasing from 4.5 to 3.0 

μm, the mobility dropped by only 5%. 

6.3.3 TE properties of p-type Nb1-xTixFeSb 

 Figure 6.6 shows the TE properties of Nb1-xTixFeSb pressed at 1373 K with x = 0, 

0.04, 0.05, 0.06, 0.07, 0.1, 0.2, and 0.3 as a function of temperature. The electrical 

conductivity () of undoped NbFeSb (i.e. x = 0) increased with temperature, consistent 

with typical semiconductor behavior (see inset in Figure 6.6a). The band gap was estimated 

from the high-temperature electrical conductivity using the following relation: 

𝑙𝑛(𝜎) ∝ 𝐸𝑔 ×
−1

2𝑘𝐵𝑇
        (6.14) 

The estimated band gap was ~0.51 eV, very close to 0.53 eV obtained from the density 

functional theory (DFT) calculation (see supporting information). 

 For the highly doped samples,  obeyed the T-3/2 law, suggesting dominant 

acoustic-phonon scattering of charge carriers [10]. Meanwhile,  increased with increasing 

x up to 0.2 because of the increased nH; upon further increase of x to 0.3,  decreased due 

to the decreased μH because of the stronger alloy scattering (see Table 6.1). The Seebeck-
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coefficient varied with nH (see Figure 6.6b) in a good agreement with the Pisarenko relation 

using a density-of-states (DOS) effective mass 𝑚ℎ
∗ = 7.5 𝑚0 [23] (Figure 6.7a), 

𝑆 =
8𝜋𝑘𝐵

2

3𝑒ℎ2
𝑚ℎ

∗ 𝑇 (
𝜋

3𝑛𝐻
)

2

3
        (6.15) 

 

Figure 6.6 Thermoelectric-property dependence on temperature for Nb1-xTixFeSb 

with x = 0, 0.04, 0.05, 0.06, 0.07, 0.1, 0.2, and 0.3. a) Electrical conductivity, b) Seebeck-

coefficient, c) power factor, d) total thermal conductivity, e) lattice and bipolar thermal 

conductivity, and f) ZT. In a), the purple dashed line and the inset show the ~T-3/2 relation 

and the measured conductivity of undoped NbFeSb, respectively [7]. 
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Figure 6.7 a) Pisarenko plot at 300 K, with DOS effective mass 𝑚ℎ
∗ = 7.5 𝑚0 for 

holes, showing the validity of the single parabolic band (SPB) model in describing hole 

transport. b) The contribution of different phonon scattering mechanisms to the lattice 

thermal conductivity of Nb1-xTixFeSb at room temperature. 3P, GB, PD, and EP represent 

three-phonon scattering, grain-boundary scattering, point-defect scattering, and electron-

phonon interaction, respectively. For grain-boundary scattering, the grain-size is set as 

4.5 μm. The error bars show 12% relative error [7]. 

 

 The p-type Nb1-xTixFeSb possessed conductivity and Seebeck-coefficient that were 

both very high, yielding high power factors at a wide temperature range (~100 μW cm-1 K-

2 at room temperature and ~50 μW cm-1 K-2 at 973 K) for Nb0.95Ti0.05FeSb, Nb0.94Ti0.06FeSb, 

and Nb0.93Ti0.07FeSb, as shown in Figure 6.6c. These values were much higher than those 

reported by Fu et al., where a temperature of 1123 K was used for sintering [4]. As shown 

in Figure 6.8a, higher pressing temperature accounted for the higher power factor. 

Moreover, even when comparing the samples pressed at 1123 K, our work also obtained 

higher power factor, with the probable reason being higher sample densities (~99%) 

compared to Fu’s samples (~95%).  
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Figure 6.8 TE property comparison. a) Power factor and b) ZT of the Nb1-xTixFeSb 

systems from different reports. c) Power factor and d) ZT among Nb0.95Ti0.05FeSb, 

constantan, and YbAl3, with peak power factor exceeding 100 μW cm-1 K-2 [7]. 

 

 The total thermal conductivities (𝜅𝑡𝑜𝑡) are shown in Figure 6.6d. For the undoped 

sample, the thermal conductivity was ~17.3 W m-1 K-1 at RT and 7.2 W m-1 K-1 at 973 K. 

Ti doping effectively suppressed the thermal conductivity, especially the lattice part, as 

shown in Figure 6.6e. As a result, the peak ZT reached 1.1 for Nb0.8Ti0.2FeSb (see Figure 

6.6f) at 973 K with a linear upward trend suggesting even higher ZT at higher operating 

temperatures (see Figures 6.6f and 6.8b). In addition, the Nb0.9Ti0.1FeSb and Nb0.7Ti0.3FeSb 

material compositions also reached a promising ZT of ~1.0 at 973 K. 
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 To analyze the room-temperature lattice thermal conductivity, we used the 

Klemens model incorporating different scattering mechanisms including the 3P, GB, PD, 

and EP processes, as mentioned in the previous section [13]. The fitting parameters used 

in this model are listed in the supporting information. The result is shown in Figure 6.7b. 

Indeed, the grain-boundary scattering was much weaker compared to the other scattering 

processes. Note that the electron-phonon (EP) interaction was quite important in this 

system. Similar results were also reported by Fu et al. with Zr and Hf doping [5]. 

 Figures 6.8c and 6.8d compare the power factor and ZT, respectively, of a few 

materials with very high power factors, including YbAl3 single crystal [8], Nb0.95Ti0.05FeSb 

(this work), and constantan [9]. These materials possess peak power factors of at least 100 

μW cm-1 K-2. Notice that the other two materials are essentially metals where the 

anomalous Seebeck-coefficients for YbAl3 and constantan are due to Kondo resonance [24] 

and virtual bound states [25], respectively. To the best of our knowledge, such a high power 

factor above room temperature was never realized before in semiconductor-based TE 

materials. On the other hand, the thermal conductivities of the other two materials are very 

high since they are essentially metals. Although the power factor of Nb0.95Ti0.05FeSb is not 

the highest, its ZT is much higher than those of the other two materials. 

6.3.4 Output-power density and conversion efficiency 

6.3.4.1 Calculation of output-power density and conversion efficiency 

 Due to the higher power factor, higher power output is expected. Following the 

approach of Kim et al. [2], the output-power density (ω) and efficiency (ηmax) under a large 

temperature gradient were calculated (Eq. 6.16 through Eq. 6.25).  
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𝝎 =
(𝑃𝐹)𝑒𝑛𝑔(𝑇𝐻−𝑇𝐶)

𝐿

𝑚𝑜𝑝𝑡

(1+𝑚𝑜𝑝𝑡)
2       (6.16) 

𝜼𝒎𝒂𝒙 = 𝜂𝐶

√1+(𝑍𝑇)𝑒𝑛𝑔(𝛼1/𝜂𝐶)−1

𝛼0√1+(𝑍𝑇)𝑒𝑛𝑔(𝛼1/𝜂𝐶)+𝛼2

      (6.17) 

(𝑃𝐹)𝑒𝑛𝑔 =
(∫ 𝑆(𝑇)𝑑𝑇

𝑇𝐻
𝑇𝐶

)
2

∫ 𝜌(𝑇)𝑑𝑇
𝑇𝐻

𝑇𝐶

       (6.18) 

(𝑍𝑇)𝑒𝑛𝑔 =
(𝑃𝐹)𝑒𝑛𝑔

∫ 𝜅(𝑇)𝑑𝑇
𝑇𝐻

𝑇𝐶

(𝑇𝐻 − 𝑇𝐶)      (6.19) 

𝑚𝑜𝑝𝑡 = √1 + (𝑍𝑇)𝑒𝑛𝑔𝛼1𝜂𝑐
−1       (6.20) 

𝜂𝐶 =
𝑇𝐻−𝑇𝐶

𝑇𝐻
         (6.21) 

𝛼𝑖 =
𝑆𝑇𝐻

(𝑇𝐻−𝑇𝐶)

∫ 𝑆(𝑇)
𝑇𝐻

𝑇𝐶
𝑑𝑇

−
∫ 𝜏(𝑇)

𝑇𝐻
𝑇𝐶

𝑑𝑇

∫ 𝑆(𝑇)
𝑇𝐻

𝑇𝐶
𝑑𝑇

𝑊𝑇𝜂𝐶 − 𝑖𝑊𝐽𝜂𝐶     (𝑖 = 0, 1, 2)   (6.22) 

𝜏 = 𝑇
𝑑𝑆(𝑇)

𝑑𝑇
         (6.23) 

𝑊𝑇 =
∫ ∫ 𝜏(𝑇)𝑑𝑇𝑑𝑇

𝑇𝐻
𝑇

𝑇𝐻
𝑇𝐶

Δ𝑇 ∫ 𝜏(𝑇)𝑑𝑇
𝑇𝐻

𝑇𝐶

        (6.24) 

𝑊𝐽 =
∫ ∫ 𝜌(𝑇)𝑑𝑇𝑑𝑇

𝑇𝐻
𝑇

𝑇𝐻
𝑇𝐶

Δ𝑇 ∫ 𝜌(𝑇)𝑑𝑇
𝑇𝐻

𝑇𝐶

        (6.25) 

 The calculated output-power density and efficiency are shown in Figures 6.10a and 

6.10b, respectively. With TC = 293 K and a leg length L = 2 mm, the calculated ω and ηmax 

were ~28 W cm-2 and 8.8%, respectively, for Nb0.95Ti0.05FeSb when TH was 868 K. 
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6.3.4.2 Measurements of output-power density and conversion efficiency 

 The efficiency and output-power measurements on single legs were performed 

using an established approach [26]. In this work, the Nb0.95Ti0.05FeSb and Nb0.8Ti0.2FeSb 

were cut and polished to a size of ~1.3 × 1.3 mm2 in cross section and ~2 mm in height. 

The TE leg was directly brazed (Ag0.45Cu0.15Zn16Cd24, liquidus 618 °C) to the copper 

enclosure of the hot-junction heater assembly (Figure 6.9a). The cold side of the TE leg 

was first electroplated with copper, nickel, and gold and then soldered (In52Sn48, melting 

point 118 °C) onto the cold-junction copper electrode (Figure 6.9b).  The hot- and cold-

junction braze/solder joints were mechanically strong and showed insignificant electrical 

contact resistance at room temperature. However, due to the excellent braze wettability of 

the samples, it was difficult to prevent sidewall wetting completely.  Due to the nature of 

the single TE leg experiment, the electric current needed to be supplied at the hot-junction 

of the TE leg.  Thus, the hot-junction heater assembly also functioned as the electrical hot-

junction for the TE leg. The large thermoelectric current due to the low electrical 

conductance of the samples could be a significant challenge due to joule heating in the hot-

junction current leads. These were minimized by choosing a large-diameter copper current 

wire. The single TE leg device was surrounded by an electrically heated copper-guard 

heater to which the leads of the heater assembly (electric current, voltage, and 

thermocouple leads) were thermally grounded to minimize parasitic heat losses.  The 

experiments were performed under high vacuum (below 10-4 mbar) to eliminate convection 

and air conduction losses. The copper cold-junction electrode was soldered onto a 

thermoelectric cooler (TEC) that was soldered onto a liquid-cooled cold plate to enable 
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accurate cold-junction temperature control. The cold-junction temperature was measured 

with a T-type thermocouple that was embedded in the cold-junction copper electrode.  The 

hot-junction temperature was measured with a K-type thermocouple embedded inside the 

copper enclosure of the heater assembly. During the experiments, the guard-heater 

temperature (measured with a K-type thermocouple) was maintained close to the 

temperature of the hot-junction heater to minimize parasitic heat losses. The single TE-leg 

power output (density) and efficiency experiments were performed by measuring the 

thermoelectric voltage (VTE) as a function of the thermoelectric current (ITE) and recording 

the electrical input power to the hot-junction heater at various hot-junction temperatures 

(TH) while the cold-junction temperature (TC) was maintained at 293 K. Figure 6.9c shows 

an example of a current-voltage and current-power curve for the single TE-leg device 

operating with a hot-junction temperature of 773 K.  Due to the large conductance of the 

measured TE samples, the radiative thermal shunting between the hot-side and cold-side 

was conservatively estimated to be below 0.5% in the measured temperature range. The 

effect of radiative heat transfer between the TE-leg and its surroundings on the 

measurement was similarly insignificant. 

 The measured values were ~22 W cm-2 and 5.6% for the output-power density and 

the conversion efficiency, respectively (Figures 6.10a-b). These values were lower than the 

calculated results, probably due to imperfect device fabrication and possible parasitic heat 

losses during the device measurement. To the best of our knowledge, this work obtained 

the highest power density for bulk thermoelectric materials, which could be important for 

power generation applications [3, 5, 27, 28]. 



140 

 Figures 6.10c and 6.10d show the power factor and ZT, respectively, of 

Nb0.95Ti0.05FeSb and Nb0.8Ti0.2FeSb. Clearly, from Figures 6.10a and 6.10c, higher power 

factor led to higher output-power density with the same leg length. Similarly, higher ZT 

resulted in higher efficiency, as shown in Figures 6.10b and 6.10d. 

 

Figure 6.9 a) A TE sample brazed to the copper hot-junction heater assembly. b) TE 

single-leg device mounted to the test rig and surrounded by a guard heater to minimize 

parasitic heat losses from the hot-junction heater. The cold-junction temperature was 

maintained with a thermoelectric cooler (TEC) mounted onto a liquid cooled cold stage. 

c) Thermoelectric voltage (VTE) and output-power density as functions of thermoelectric 

current (ITE) at constant hot-side and cold-side temperatures of 773 K and 293 K, 

respectively [7]. 
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Figure 6.10 Calculated (dotted lines) and measured (symbols) a) output-power density 

and b) conversion efficiency of Nb1-xTixFeSb (x = 0.05 and 0.2) samples with the cold 

side temperature at ~293 K and the leg length ~2 mm. Comparison of c) power factor and 

d) ZT of Nb0.95Ti0.05FeSb and Nb0.8Ti0.2FeSb [7]. 

 

6.4 Summary 

 A higher hot-pressing temperature up to 1373 K was found to be beneficial for 

higher carrier mobility due to larger grain-sizes. The resulting increase in electrical 

conductivity led to a much higher power factor of ~106 μW cm-1 K-2 in the p-type half-

Heusler Nb0.95Ti0.05FeSb. With the high power factor, a record output-power density of ~22 

W cm-2 was experimentally achieved, which could be important for power-generation 

applications. 
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6.5 Appendices 

6.5.1 Three-band model for calculating bipolar thermal conductivity 

6.5.1.1 Band structure of NbFeSb 

 The DFT band structure of the base composition NbFeSb is shown in Figure 6.11a. 

Two software packages were used, Quantum Espresso (QE, grey curves) and elk (red 

curves); the latter used the full electron approach and gave almost identical results as QE. 

It showed an indirect gap of 0.53 eV between the conduction band minima (CBM) X point 

(with valley degeneracy Nc = 3) and valance band maxima (VBM) L point (valley 

degeneracy Nv = 4). In addition, there was a light band (VL) and a heavy band (VH) at the 

VBM, and the total Nv = 8. 

6.5.1.2 Reduced Fermi level for each band 

 The Fermi-Dirac integral is defined as follows: 

𝐹𝑛(𝜂) = ∫
𝜒𝑛

1+𝑒𝜒−𝜂

∞

0
𝑑𝜒        (6.26) 

where η is the reduced Fermi energy.  

 The calculated carrier concentrations for the three bands are 

𝑛𝑐 = 4𝜋 (
2𝑚𝐶

∗ 𝑘𝐵𝑇

ℎ2
)

3 2⁄ 𝐹1 2⁄ (𝜂𝐶)

𝑟𝐻(𝜂𝐶)
       (6.27) 

𝑝𝑉𝐿 = 4𝜋 (
2𝑚𝑉𝐿

∗ 𝑘𝐵𝑇

ℎ2 )
3 2⁄ 𝐹1 2⁄ (𝜂𝑉𝐿)

𝑟𝐻(𝜂𝑉𝐿)
      (6.28) 

𝑝𝑉𝐻 = 4𝜋 (
2𝑚𝑉𝐻

∗ 𝑘𝐵𝑇

ℎ2 )
3 2⁄ 𝐹1 2⁄ (𝜂𝑉𝐻)

𝑟𝐻(𝜂𝑉𝐻)
      (6.29) 
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where kB is the Boltzmann constant, rH is the Hall factor, and h is the Planck constant. 

The carrier concentration of each band obeys the neutrality equation as follows: 

𝑁𝑒𝑥𝑝 = 𝑝𝑉𝐿 + 𝑝𝑉𝐻 − 𝑛𝐶        (6.30) 

 In this work, we assumed that Nexp remains constant throughout the entire 

temperature range.  

 The relationship between the reduced Fermi energies of each band is: 

𝜂𝑉𝐻 = −𝜂𝐶 − 𝐸 𝑘𝐵𝑇⁄         (6.31) 

𝜂𝑉𝐿 = −𝜂𝐶 − (𝐸 + 𝐻) 𝑘𝐵𝑇⁄        (6.32) 

where ηC, ηVH, and ηVL are the reduced Fermi energy for the conduction band, heavy valence 

band, and light valence band, respectively. E is the band gap and H is the band offset 

between the two valence bands. 

 Eqs. (6.26) through (6.32) were used to solve for the reduced Fermi energy for each 

band. 

6.5.1.3 Temperature-dependent band gap and band offset 

 The temperature dependence of band gap E on temperature can be expressed as 

follows: 

dE/dT = a1×10-4 eV/K        (6.33) 

where a1 could be estimated in the following way:  

 For undoped NbFeSb, the conductivity at high temperature satisfied 
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𝑙𝑛(𝜎) ∝ 𝐸 ×
−1

2𝑘𝐵𝑇
        (6.34) 

and E is ~0.51 eV using the data between 673 K to 973 K (Figure 6.11b). Therefore, a1 

varied between 0.2 and 0.4. In the calculation, a value of 0.3 was used. 

 The band gap, E, can be expressed as follows: 

E= E0 + (dE/dT)×T        (6.35) 

where E0 is the bandgap at 0 K. The E0 of NbFeSb was taken from the DFT calculation, 

~0.53 eV. 

6.5.1.4 Temperature-dependent band offset between two valance bands 

 H0 is the band offset at 0 K. In our case, the H0 of NbFeSb was estimated to be 

~0.003 eV (Figure 6.11c) by low temperature Hall measurement, as [29] 

𝛽 ∝ 𝑒𝑥𝑝 (−
𝐻0

𝑘𝐵𝑇
)        (6.36) 

|𝑙𝑜𝑔 (𝛽)| ∝
𝐻0

𝑘𝐵𝑇
        (6.37) 

where 

𝛽 =
𝑅𝑇−𝑅0

𝑅0
         (6.38) 

RT is the Hall coefficient at temperature T. 

 The dependence of the band offset H on temperature can be expressed as follows: 

dH/dT = a2×10-4 eV/K;       (6.39) 

where a2 needs to be fitted. The fitted value of a2 equals -1. 
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 The calculated carrier mobility of each band includes scattering by acoustic 

phonons within the deformation potential approximation. 

 The mobility for acoustic phonon scattering μph can be expressed as: 

𝜇𝐴𝑃 =
√2𝑒𝜋ℏ4

3(𝑘𝐵𝑇)3 2⁄

𝑣𝑙
2𝑑

𝐸𝑑𝑒𝑓
2 (𝑚𝑏

∗ )
5 2⁄

𝐹0(𝜂)

𝐹1/2(𝜂)
      (6.40) 

where vl is the longitudinal sound wave, ρ is the density, and Eph is the deformation 

potential due to the phonons wave. 

 The electrical conductivity for each band can be calculated as follows: 

𝜎𝐶 = 𝑒𝑛𝐶𝜇𝐶         (6.41) 

𝜎𝑉𝐻 = 𝑒𝑛𝑉𝐻𝜇𝑉𝐻        (6.42) 

𝜎𝑉𝐿 = 𝑒𝑛𝑉𝐿𝜇𝑉𝐿        (6.43) 

 The total electrical conductivity can be calculated as follows: 

𝜎𝑡𝑜𝑡 = 𝜎𝐶 + 𝜎𝑉𝐿 + 𝜎𝑉𝐻       (6.44) 

 The Lorenz number for each band can be calculated as follows. Assuming that the 

acoustic phonon scattering is the dominant scattering mechanism for electrons in each band, 

the scattering parameter is therefore, r = -1/2. 

𝐿𝐶 = (
𝑘𝐵

𝑒
)

2

{
(𝑟+7/2)𝐹𝑟+5/2(𝜂𝐶)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝐶)
− [

(𝑟+5/2)𝐹𝑟+3/2(𝜂𝐶)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝐶)
]

2

}    (6.45) 

𝐿𝑉𝐻 = (
𝑘𝐵

𝑒
)

2

{
(𝑟+7/2)𝐹𝑟+5/2(𝜂𝑉𝐻)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝑉𝐻)
− [

(𝑟+5/2)𝐹𝑟+3/2(𝜂𝑉𝐻)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝑉𝐻)
]

2

}   (6.46) 
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𝐿𝑉𝐿 = (
𝑘𝐵

𝑒
)

2

{
(𝑟+7/2)𝐹𝑟+5/2(𝜂𝑉𝐿)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝑉𝐿)
− [

(𝑟+5/2)𝐹𝑟+3/2(𝜂𝑉𝐿)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝑉𝐿)
]

2

}   (6.47) 

 The total Lorenz number Ltot is the weighted value of the Lorenz number for each 

band [30], 

𝐿𝑡𝑜𝑡 =
𝐿𝐶𝜎𝐶+𝐿𝑉𝐻𝜎𝑉𝐻+𝐿𝑉𝐿𝜎𝑉𝐿

𝜎𝐶+𝜎𝑉𝐻+𝜎𝑉𝐿
       (6.48) 

 The Seebeck-coefficient can also be calculated for each band as follows,  

𝑆𝐶 = −
𝑘𝐵

𝑒
[

(𝑟+5/2)𝐹𝑟+3/2(𝜂𝐶)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝐶)
− 𝜂𝐶]      (6.49) 

𝑆𝑉𝐻 = +
𝑘𝐵

𝑒
[

(𝑟+5/2)𝐹𝑟+3/2(𝜂𝑉𝐻)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝑉𝐻)
− 𝜂𝑉𝐻]     (6.50) 

𝑆𝑉𝐿 = +
𝑘𝐵

𝑒
[

(𝑟+5/2)𝐹𝑟+3/2(𝜂𝑉𝐿)

(𝑟+3/2)𝐹𝑟+1/2(𝜂𝑉𝐿)
− 𝜂𝑉𝐿]      (6.51) 

 Note that the Seebeck-coefficient for the conduction band is negative while it is 

positive for the valence band. 

 The total Seebeck-coefficient is the weighted value of the Seebeck-coefficient of 

each band [31], 

𝑆𝑡𝑜𝑡 =
𝑆𝐶𝜎𝐶+𝑆𝑉𝐻𝜎𝑉𝐻+𝑆𝑉𝐿𝜎𝑉𝐿

𝜎𝐶+𝜎𝑉𝐻+𝜎𝑉𝐿
       (6.52) 

 The measured Seebeck-coefficient in conjunction with electrical resistivity could 

be used to fit the value of a2. 
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 To complete the analysis, the knowledge of electron mobility of n-type NbFeSb 

was necessary. With the same sample process routine, I found Co doping effectively makes 

n-type materials. The required carrier mobility values are listed in Table 6.3. 

Table 6.3 nH and μH of NbFe1-yCoySb at room temperature [7]. 

y nH (1020 cm-3) μH (cm2 V-1 s-1) 

0.02 -2.0 26.3 

0.04 -3.6 22.3 

0.06 -8.5 23.3 

 

 

Figure 6.11 a) DFT-band structures calculated by Quantum Expresso (grey, squares) 

and elk (red, solid line) with full-electron approach. b) Estimated band gap using the 

conductivity of intrinsic (undoped) NbFeSb. c) Estimated band offset between the two 

valence bands. d) Bipolar thermal conductivity among different bands. κC-VL, κC-VH, and 

κVL-VH are the bipolar thermal conductivity values between the conduction-VL band, the 

conduction-VH band, and the VL band-VH band, respectively [7]. 



148 

 The bipolar thermal conductivity of each band can be calculated as follows: 

𝜅𝐶_𝑉𝐿 =
𝜎𝐶𝜎𝑉𝐿

𝜎𝑡𝑜𝑡
(𝑆𝐶 − 𝑆𝑉𝐿)2𝑇       (6.53) 

𝜅𝐶_𝑉𝐻 =
𝜎𝐶𝜎𝑉𝐻

𝜎𝑡𝑜𝑡
(𝑆𝐶 − 𝑆𝑉𝐻)2𝑇       (6.54) 

𝜅𝑉𝐿_𝑉𝐻 =
𝜎𝑉𝐿𝜎𝑉𝐻

𝜎𝑡𝑜𝑡
(𝑆𝑉𝐿 − 𝑆𝑉𝐻)2𝑇      (6.55) 

 Total bipolar thermal conductivity is the sum of the above-mentioned three 

components. 

𝜅𝑏𝑖𝑝 = 𝜅𝐶_𝑉𝐿 + 𝜅𝐶_𝑉𝐻 + 𝜅𝑉𝐿_𝑉𝐻      (6.56) 

 The calculated results are shown in Figure 6.11d, 

 

6.5.2 Grain-size analysis 

 I etched the fine polished sample surfaces for analyzing the grain-size distribution. 

The sample surfaces were first mechanically polished by alumina sandpaper with particle-

size of ~1 μm, following diamond suspension polishing with a particle-size ~0.25 μm, 

finishing with ~50 nm SiO2 suspension on a VibroMet machine, usually resulting in a 

surface roughness on the order of ~10 nm [32]. The smooth surfaces were then chemically 

etched for 10 to 15 seconds using etchant containing 50 ml distilled water, 1 ml HF acid 

(38%), 2 ml H2O2 (35%), similar to the reported work [33]. As an example, Figure 6.12 

shows the etched surface of a sample pressed at 1373 K. The statistical analysis of grain-

size is shown in Figure 6.13 and 6.14, where Figure 6.13 presents the normalized 

cumulative size distribution and Figure 6.14 shows the raw data. 
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Figure 6.12 The etched surface of Nb0.95Ti0.05FeSb pressed at 1373 K [7]. 

 

 

Figure 6.13 Normalized cumulative grain-size distribution of Nb0.95Ti0.05FeSb pressed 

at 1123, 1173, 1273, and 1373 K [7]. 
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Figure 6.14 Statistical grain-sizes analysis of Nb0.95Ti0.05FeSb pressed at 1123, 1173, 

1273, and 1373 K. The average size is area weighted; and thus larger grains have larger 

weight when averaging [7]. 

6.5.3 Klemens model for lattice thermal conductivity 

 In the Klemens model [13] the lattice thermal conductivity is: 

𝜅𝐿 =
𝑘𝐵

2𝜋2𝑣
(

𝑘𝐵

ℏ
)

3

𝑇3 ∫ 𝜏(𝑥)
𝑥4𝑒𝑥

(𝑒𝑥−1)2

𝜃𝐷 𝑇⁄

0
𝑑𝑥     (6.57) 

where 𝑘𝐵, 𝑣, ℏ, T, 𝜃𝐷, and 𝜏 are the Boltzmann constant, the phonon velocity, the Planck 

constant, the absolute temperature, the Debye temperature, and the phonon relaxation time, 
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respectively. 𝑥 is defined as 𝑥 = ℏω 𝑘𝐵𝑇⁄  (ω is the phonon frequency). It is important to 

evaluate the phonon relaxation time as a function of frequency, i.e. 𝜏(𝑥). 

 The Debye temperature and phonon velocity are related to each other by, 

𝑘𝐵𝜃𝐷 = ℏ𝑣(6𝜋2𝑛)1 3⁄         (6.58) 

where 𝑛 is the number of atoms per unit volume. 

 The evaluation of phonon relaxation time follows the Matthiessen’s rule [34], 

𝜏−1 = 𝜏𝑃𝐷
−1 + 𝜏3𝑃

−1 + 𝜏𝐸𝑃
−1 + 𝜏𝐺𝐵

−1      (6.59) 

where the subscripts PD, 3P, EP, and GB represent the point-defect scattering, three-

phonon processing, phonon-electron interaction, and grain-boundary scattering, 

respectively. 

6.5.3.1 Point-defect scattering 

 The relaxation time for point-defects is [35], 

𝜏𝑃𝐷
−1 = 𝐴𝑥4,    𝐴 = (

𝑘𝐵𝑇

ℏ
)

4 𝑉𝑎𝑡𝑜𝑚𝛤

4𝜋𝑣3       (6.60) 

𝑉𝑎𝑡𝑜𝑚 is the volume occupied per atom (not the volume of an atom), which is inversely 

proportional to the density 𝜌, 

𝜌𝑉𝑎𝑡𝑜𝑚 = �̅�         (6.61) 

�̅� is the average atomic mass. 
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𝛤 is an important parameter that is called the scattering parameter. It could be written as 

[36, 37], 

𝛤 =
1

3
(

�̅�

�̅�
)

2

[∑ 𝑓𝑖 (1 −
𝑚𝑖

�̅�
)

2

𝑖 + 휀 ∑ 𝑓𝑖 (1 −
𝑟𝑖

�̅�
)

2

𝑖 ]    (6.62) 

�̅�  and �̅�  are the average atomic mass and average radius of the substituted sites, 

respectively. 𝑓𝑖, 𝑚𝑖, and 𝑟𝑖 are the fractional concentration, atomic mass, and atomic radius 

of the i-th substitution atom, respectively, and 휀  is a phenomenological parameter for 

fitting.  

6.5.3.2 Phonon-phonon interaction 

 Roufosse and Klemens [38] studied the relaxation time of three-phonon processing 

of monatomic cubic crystals. Due to its higher complexity, the phonon relaxation time of 

half-Heuslers (HH) should be lower than that following the routine by Roufosse and 

Klemens. As pointed out by Geng et al. [39], by introducing a reduced anharmonicity 

constant 𝛾1, the phonon relaxation time of HH due to three-phonon processing could be 

written as 

𝜏3𝑃
−1 = 𝐵𝑥2,    𝐵 =

4𝜋

√2
 
𝑘𝐵𝛾1

2𝑉𝑎𝑡𝑜𝑚
1 3⁄

𝑚�̅�𝑣3 𝑇 (
𝑘𝐵𝑇

ℏ
)

2

     (6.63) 

𝑚 is the unit atomic mass and 𝛾1 is taken as the fitting parameter. Here, we use a linear 

interpolation when changing the compositions; thus B is not a constant value. 
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6.5.3.3 Electron-phonon interaction 

 Phonon relaxation time under electron-phonon interaction satisfies, 

𝜏𝐸𝑃
−1 = 𝐶𝑥2         (6.64) 

 As pointed out by Shi et al. [40], C is proportional to the four-thirds power of the 

carrier concentration (C~nH
4/3). 

6.5.3.4 Grain-boundary scattering 

𝜏𝐺𝐵
−1 = 𝑣 𝐷⁄          (6.65) 

𝐷  is the grain-size, which is set as 4.5 μm. 𝑣  is the averaged phonon velocity of one 

longitudinal branch (𝑣𝐿) and two transverse branches (𝑣𝑇1 𝑎𝑛𝑑 𝑣𝑇2), 

1

𝑣3 =
1

3
(

1

𝑣𝐿
3 +

1

𝑣𝑇1
3 +

1

𝑣𝑇2
3 )       (6.66) 

 The three speed branches are estimated through the elastic constants (C11, C12, and 

C44). For Nb1-xTixFeSb, I assume their phonon velocities can be linearly interpolated 

between NbFeSb to TiFeSb. Therefore, I only need to know the elastic constants of the 

compositions at the two ends. The elastic constants of NbFeSb were previously calculated 

by Hong et al. [17]. However, I cannot find any previous report on the elastic properties of 

ternary TiFeSb, and thus the values of TiCoSb were used because the elastic constants 

barely changed in the TiCo1-δFeδSb systems [41]. Table 6.4 lists the fitting parameters. 
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Table 6.4 Important parameters in Klemens model for Nb1-xTixFeSb [7]. 

x 
PD 3P EP 

v (m s-1) 
𝛤(10-3) 휀 B (1011 s-1) γ1 𝐶 × 𝑛𝐻

−4/3
 (m4 s-1) 

0 0 

80 

8.06 

0.69 3.86×10-25 

3879 

0.04 4.5 8.16 3871 

0.05 5.6 8.19 3869 

0.06 6.6 8.22 3867 

0.07 7.6 8.24 3865 

0.1 10.6 8.32 3859 

0.2 19.0 8.59 3838 

0.3 25.4 8.90 3818 

 

6.5.4 Phonon mean-free-path (MFP) measurement 

 We used a recently developed phonon mean-free-path (MFP) spectroscopy 

technique [14-16, 42, 43] to approximately measure the room temperature distribution of 

phonon MFPs that contributed to thermal transport in Nb0.95Ti0.05FeSb hot-pressed at 1273 

K. Briefly, the spectroscopy technique is based upon observing non-diffusive thermal 

transport at length scales comparable with or smaller than the dominant thermal phonon 

MFPs [44]. To access the non-diffusive transport regime, nanoscale metallic gratings of 

variable line widths were microfabricated on top of the Nb0.95Ti0.05FeSb samples that had 

been fine polished to achieve a root-mean-square roughness ~5 nm before microfabrication. 

Figure 6.15a shows a representative scanning electron microscopy (SEM) image of the 
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fabricated metallic grating on top of the sample. The metallic gratings served as both 

heaters and thermometers in the time-domain thermoreflectance (TDTR) measurements 

that were used to measure the size-dependent thermal conductivities. When the heater size 

(i.e. grating line width) was much larger than the phonon MFPs, phonons experienced 

sufficient scattering to establish a local thermodynamic equilibrium after they traversed the 

metal-substrate interface, resulting in a diffusive transport regime that could be accurately 

described by the Fourier’s law. However, when the heater size became comparable with 

the dominant thermal-phonon MFPs, some long-MFP phonons did not scatter as inherently 

assumed by the heat diffusion theory, leading to a non-diffusive transport regime where 

the measured thermal conductivity became size-dependent [44]. 

 An in-house two-tint TDTR setup was used to probe the size-dependent thermal 

transport in the fabricated material system [15, 45, 46]. Details of the measurement 

technique were described in Ref. 15. Briefly, the two-tint TDTR utilized a ~791 nm pump 

beam to heat the sample and used another time-delayed ~780 nm probe beam to monitor 

the reflectance change at the sample surface. The delay time was regulated by a mechanical 

delay line on the laser table. Since the system was in the linear response regime, measuring 

the reflectance change was equivalent to measuring the temperature change at the sample 

surface. To avoid carrier excitation in the substrate, the microfabricated metallic gratings 

were designed with subwavelength gaps between neighboring metal lines that prevented 

the pump and probe light from transmitting through the grating when the laser beams were 

polarized parallel to the grating [14]. We used a combination of a quarter waveplate and a 

linear polarizer to align the laser beams with the metallic gratings during the measurement. 
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The size-dependent effective thermal conductivities were extracted by matching the 

measured reflectance signals with the prediction from the heat-diffusion theory. 

 Figure 6.15b shows the measured size-dependent thermal conductivities of 

Nb0.95Ti0.05FeSb (hot-pressed at 1273K) at room temperature. As shown in Figure 6.15b, 

the transport transitions from the near-diffusive regime to the non-diffusive regime when 

the heater size was systematically reduced from ~500 nm to ~100 nm, consistent with our 

understanding of non-diffusive thermal transport. The size-dependent thermal 

conductivities were utilized to approximately extract the phonon MFP distribution in 

Nb0.95Ti0.05FeSb via a MFP-reconstruction algorithm that was described in detail in Ref. 

15. Figure 6.15c shows the reconstructed phonon MFP spectra of Nb0.95Ti0.05FeSb at room 

temperature. The dominant thermal phonon MFPs at room temperature were in the range 

of a few tens to a few hundreds of nanometers. In particular, phonons with MFPs shorter 

than 300 nm contributed approximately 70% to the total thermal conductivity. Due to 

increasing three-phonon scattering processes with increasing temperatures, the dominant 

thermal phonon MFPs were typically further suppressed at elevated temperatures. 

Consequently, the grain-size dependence of the thermal conductivity of Nb0.95Ti0.05FeSb at 

elevated temperatures was expected to be much weaker than that at room temperature when 

the studied grain-sizes were larger than 0.3 µm, consistent with our experimental 

observation shown in Figures 6.3d-e. 
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Figure 6.15 a) A representative SEM image of the micro-fabricated metallic grating on 

the Nb0.95Ti0.05FeSb substrate. b) TDTR measured size-dependent Nb0.95Ti0.05FeSb 

thermal conductivities at room temperature. The error bars represent the standard 

deviation of the measurement uncertainty. c) Reconstructed phonon MFP distribution of 

Nb0.95Ti0.05FeSb at room temperature [7]. 
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Chapter 7 Summary 

 The thermoelectric (TE) effects are the coupled transport between electrons and 

phonons in solids. It includes three intertwined effects: the Seebeck effect that allows the 

generation of current from heat flow; the Peltier effect that generates a temperature gradient 

from electric current; and the Thomson effect that describe the heating or cooling of a 

conductor that simultaneously possess a current and a temperature difference. These effects 

have been studied extensively due to their application potentials. In this dissertation, I 

measured the mechanical properties of various TE materials using nanoindentation 

technique; then I improved the TE performances of half-Heusler compounds by 

suppressing the material cost, boosting the figure-of-merit (ZT) and the power factor. 

 Firstly I tested the hardness and modulus of the commonly studied thermoelectric 

materials using nanoindentation. The tested materials included half-Heusler, skutterudite, 

bismuth-telluride, silicon-germanium, and lead-selenide. To incorporate the contact-edge 

pile-ups, I used the AFM corrections by adding average pile-up heights to the penetration 

depth. The results showed that the hardness/modulus are 12.8 GPa/221 GPa, and 9.1 

GPa/186 GPa, for p-type and n-type half-Heusler compounds with composition 

Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2, and Hf0.25Zr0.75NiSn0.99Sb0.01, respectively. Admittedly, 

hardness and modulus are not complete design parameters for choosing TE materials due 

to the complexity of application environments. However, as higher hardness indicates 

higher resistance to deformation, and high modulus affects the fracture strength and the 

thermal-shock resistance of a material, we might conclude that half-Heusler ranks well 

above competitive materials for use in thermoelectric power generators, where the 
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demands for mechanical stability are equally important as the energy conversion efficiency. 

These results offered a first-order ranking to consider further detailed studies of these TE 

materials. 

 Next, I investigated the thermoelectric performance of nanostructured p-type half-

Heusler MCoSb0.8Sb0.2 (M = Hf, Zr, and Ti) by decreasing the usage of Hf to suppress the 

material cost. I started from the TE properties of binary (Hf, Zr)CoSb0.8Sb0.2 system with 

Hf concentration less than 0.25. A peak ZT of ~0.85 was realized in Hf0.2Zr0.8CoSb0.8Sb0.2 

at 700 °C. Besides, previous report showed that the peak ZT of the binary (Hf, 

Ti)CoSb0.8Sb0.2 system is ~1 at 700 °C when the composition is Hf0.8Ti0.2CoSb0.8Sb0.2, in 

which the Hf:Ti ratio is 4:1. Thus, by keeping the optimized atomic ratio of Hf:Ti=4:1, and 

Hf:Zr=1:4, I obtained a new composition Hf0.19Zr0.76Ti0.05CoSb0.8Sn0.2. Comparing to the 

previously optimized ternary compound Hf0.44Zr0.44Ti0.12CoSb0.8Sn0.2, the new 

composition I obtained possessed similar ZT and much less amount of Hf. As a result, the 

calculated specific power cost ($ W-1) was suppressed by 48%. This work could accelerate 

the large-scale applications of half-Heusler materials for waste-heat recovery. 

 To further decrease the material cost, I focused on finding HH compounds that are 

Hf-free. One interesting material is the NbCoSn-based compounds. Although the band-

structure indicated promising p-type TE properties of NbCoSn, the experimental results 

favored the n-type properties. With 10% Sb substitution at Sn site, the peak power factor 

and ZT of ~34 μW cm-1 K-2 and ~0.6 were obtained at 600 °C and 700 °C, respectively. 

The ZT was improved by 100% comparing to the previously reports as a result of improved 

phase purity. In terms of ZT, the NbCoSn-based n-type HH cannot compete with the 
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HfNiSn-based HH. However, due to the elimination of Hf, the specific power cost ($ W-1) 

of the NbCoSn-based HH was ~68% lower than the HfNiSn-based HH. 

 The NbFeSb-based HH compound is another Hf-free system. Previous reports 

showed promising ZT ~1 at 973 K with Ti substitution at Nb sites. For this system I 

emphasized on the power factor enhancement by improving the carrier mobility. This was 

realized by increasing the average grain-size from 0.3 to 4.5 μm through elevating the hot-

pressing temperature from 1123 to 1373 K. Larger grains were weaker in scattering charge 

carriers. On the other hand, the phonon transport was insensitive to the grain-sizes since 

the majority phonons had mean-free-path shorter than the smallest grain-size (0.3 μm) in 

this system. Therefore, the peak ZT was improved to ~1.1 at 973 K in this study. Notably, 

the obtained peak power factor was ~106 μW cm-1 K-2, which is the highest comparing to 

all other half-Heusler compounds, and also higher than most other thermoelectric materials. 

The high power factor subsequently yielded a record output-power density of ~22 W cm-2 

based upon a single-leg device operating at between 293 and 868 K. Such a high output-

power density can greatly facilitate the large-scale power generation applications. 


