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ABSTRACT      

The elastic property of a porous medium is closely related to the elastic properties of all 

the components, such as stiffness, density, orientation distribution, and the microstructure 

properties, such as porosity, pore shape, and pore connection. On the other hand, the 

permeability doesn’t feel the properties of solid matrix and is closely related to the transport 

properties of the pore fluid and microstructure properties. Therefore, the permeability can be 

correlated to the elastic properties when we neglect the effect from the matrix. A first attempt 

has been made to investigate the different influence from microstructure to the elastic property 

and permeability, using General Singular Approximation (GSA) effective medium theory. The 

GSA method takes into account the pore connection of the microstructure in porous media by 

the friability parameter.  

In this dissertation, first the microstructure properties of Barnett shale have been 

obtained by GSA inversion; second a GSA-based fluid substitution method has been introduced. 

The results are given for different pore connection and compared with Gassmann substitution; 

third and the most important, the GSA method has been used to model both the effective 

stiffness and effective permeability for the same model at the same time. Thus a series of GSA 

modeling has been done for the full range of friability and porosity in isotropic and anisotropic 

models, as a result, three categories of the correlations have been discovered: (1) the 

correlation between microstructure properties and the elastic properties, including stiffness 

tensor, Thomsen parameter, velocities, and Biot’s alpha parameter; (2) the correlation between 

microstructures properties and the permeability; and (3) the correlation between the 

permeability and the elastic properties, which shows nearly linear relation in the direction 

parallel to cracks, and hyperbolic relation in the direction vertical to cracks.  
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CHAPTER 1. Introduction 

1.1 The effective elastic and transport properties 

Both the effective elastic and transport properties, especially the elastic stiffness tensor 

and the permeability tensor, are very important in rock physics study. In the production of the 

shale reservoir, the permeability controls the producing rate of the hydrocarbon gas and oil in 

shale, and because of the usually very low permeability (nDarcy to µDarcy range) of the shale 

(Metwally and Chesnokov, 2010), the hydraulic fracturing is usually used in order to increase the 

permeability of the shale. The elastic information is usually available from seismic data; however 

the permeability is much harder to get. The relation between the permeability and the elastic 

parameter will greatly enhance our capability to estimate the in situ permeability from seismic 

data. 

Effective medium is one particular useful concept, which uses homogeneous physical 

properties to represent the total properties of an inhomogeneous medium, only when the 

inhomogeneity has much smaller scale than the physical property of measurement. For instance, 

when analyzing the elasticity of the porous medium, the size of pores or cracks should be much 

smaller than the wavelength of the wave used to measure the velocity of the porous medium. 

There are different types of effective physical properties to be investigated. The effective 

stiffness tensor and effective permeability draw the most attention in geophysical topics.  

Effective medium theory (EMT) is the mathematical explicit expression of the effective 

properties of the whole medium from the individual properties of all the components of the 

medium and the microstructure properties of the medium. EMT is used to approximate an 

inhomogeneous medium (for example porous rocks) using a homogeneous medium when the 

wavelength is much larger than the inner inhomogeneity. The properties of the approximated 



 

2 

homogeneous medium are so-called effective properties, in which the effective stiffness tensor 

is what we want for elasticity. Because the interaction of the strain and stress field among the 

internal complexity of the porous rocks, this problem becomes a many body problem, and 

generally doesn’t have exact solution (Mura, 1991).  Generally speaking, more complicated 

medium requires a more powerful effective medium theory with fewer restrictions about its 

assumptions. When the effective medium theory meets the requirement of the medium 

complicity, we can better understand the microstructure of the studied medium and make 

prediction of those unmeasured or hard-to-measure effective properties. This is very useful in 

geophysical study to understand the physical cause of the elastic or transport response of the 

porous media, or conversely predict the elastic and transport response of the whole media from 

the components and microstructure. In other words, effective medium theory gives us a bridge 

between the macro- and micro- physical properties.  

The elastic property of a porous medium is closely related to the elastic properties of all 

the components, such as stiffness, density, orientation distribution, and the microstructure 

properties, such as porosity, pore shape, and pore connection. On the other hand, the 

permeability doesn’t feel the properties of solid matrix and is closely related to the transport 

properties of the pore fluid and microstructure properties. Therefore, the permeability can be 

correlated to the elastic properties when we neglect the effect from the matrix. A first attempt 

has been made to investigate the different influence from microstructure to the elastic property 

and permeability, using General Singular Approximation (GSA) effective medium theory. The 

GSA method takes into account the pore connection of the microstructure in porous media by 

the friability parameter.  
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1.2 Objective of the dissertation 

The primary objective of this dissertation is the development of the correlation between 

the effective elastic properties and the effective permeability of the porous rock. The elasticity 

and transportation are two important aspects that we consider in general physical bodies. In the 

study of geophysics, the relation between elastic and transport properties are most looked for, 

although the exact relation is not clear between them; this is because the elastic properties, 

such as elastic moduli and velocities can be obtained cheaply and easily from surface seismic 

data, but the transport properties, such as the permeability, are usually obtained by the core 

measurements. If the relation between them can be found, we can predict the permeability 

from the velocities directly thus the costs can be dramatically reduced.  To achieve this objective, 

an accurate effective modeling method (GSA) has been used to calculate the effective stiffness 

and effective permeability for different condition of microstructures, trying to find a global 

relation between the permeability and the elasticity regardless of the other condition.   

This GSA method has to be evaluated before doing the modeling base study. So 12 

Barnett shale cores are measured in the lab and GSA inversion has been performed in order to 

explain the experimental result. The microstructure properties of these shale cores are also 

estimated. This gives us further understanding of the internal structure of shale samples and the 

good match between the experimental and modeled results gives us confident to rely on this 

effective medium theory to investigate the relation between elastic and transport properties. 

The power of GSA partly came from the involvement of the new parameter called friability, 

which describes the pore connectivity in the porous medium. The friability is the fundamental 

parameter this work based on, thus a fully understanding and explanation about the friability is 

also the objective of this dissertation.  



 

4 

In the path towards the primary objective, I thoroughly studied the GSA effective 

medium theory, and discovered that it’s also quite capable to be used as an accurate fluid 

substitution method; therefore, the GSA-based fluid substitution for anisotropic media with 

various pore connection conditions is also documented in this dissertation.  

1.3 Structure of the dissertation 

In order to help the reader to easily follow, the structure of the dissertation is: 

1. In chapter 2, most of the theories used in this work are introduced. The thorough 

derivation of GSA method has been given for both elasticity case and transport case. 

The understanding about the friability in the comparison body of GSA has been 

provided. Also an alternative form of GSA algorithm is derived in order to simplify 

the application. Several other related concepts and equations can be found here too, 

such as volume average, distribution function, and Christoffel equation. The 

workflows and guidelines for the GSA modeling and inversion are both given in this 

chapter. 

2. Chapter 3 focus on the whole procedure of the GSA inversion in order to obtain the 

microstructure of Barnett shale cores. All the experimental data are available here, 

including density, ultrasonic velocities, and X-ray diffraction analysis for mineralogy. 

The sources of error are summarized in the end of this chapter. The inverted 

optimal microstructure properties of Barnett shale core are very consistent with the 

expectation and other similar works (Tiwary, 2007), thus it’s trustworthy to use as a 

general knowledge about Barnett shale. 

3. Chapter 4 introduced the GSA fluid substitution method along with its comparison 

with three version of HTI Gassmann substitution. The comparison can only be done 
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under the limited condition required by Gassmann equation; beyond that, more 

calculation result from GSA fluid substitution will be provided additionally. 

4. Chapter 5 is the major objective of this dissertation: correlation between the elastic 

and transport properties. The two versions of GSA modeling (elastic and transport) 

will be used simultaneously to calculate the elastic response and the transport 

response (permeability) of the same model. The correlations between elastic and 

transport properties will be given in the full range of the microstructure properties 

(friability and porosity), for both isotropic and anisotropic cases. Some trends have 

been found to give the lower boundary of velocities or the higher boundary of Biot’s 

alpha parameter from permeability. Also the relation becomes one single curve 

under the assumption of well-connected pores. This is quite useful to predict the 

permeability from velocities, or vice versa.  
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CHAPTER 2. Methodology 

2.1 Introduction 

Many effective medium theories were created in the past under different assumptions, 

which brought the intrinsic limitations with them. Some of the most successful methods are 

either applicable to low concentration of inclusions (Eshelby, 1957; Hudson, 1981), or applicable 

to high concentration of inclusions, but didn’t consider the inner structure of the porous 

medium.  In reality the rocks can exhibit high concentration of inclusions and various inner 

structures simultaneously, such as most of sandstones and shale. In this case, an effective 

medium theory, which can handle high porosity and porous connectivity, is required to calculate 

the effective properties to have the best agreement with the experiment. General Singular 

Approximation (GSA) method is used extensively as the effective medium theory in this 

dissertation (Shermergor, 1977). It has the capability to take into consideration the porous 

media’s microstructure, including pore connectivity, porosity and arbitrary shapes of ellipsoidal 

inclusions. This is particular important for modeling the effective properties of shale, which 

usually shows a anisotropy cause by a very complicated combination of different minerals, 

alignment of clays, and sets of fractures.   

In this chapter, firstly the detailed derivation of GSA and its application will be 

introduced in the next section; an alternative formula will be introduced to increase the 

calculation efficiency; the tensor rotation will be described in order to model the effect from the 

alignment of minerals and fractures; the flowchart of GSA modeling and GSA inversion will be 

given to guide how to apply the GSA method to real measurements; the Green-Christoffel 

equation and its solution will be reviewed to connect the effective stiffness result from GSA to 

the measured anisotropic velocities in the porous media. 
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2.2 General singular approximation (GSA) 

GSA is a powerful effective medium modeling method for porous media (Shermergor, 

1977). Given properties of all components (matrix and inclusion), it gives the effective 

properties of the whole medium, which includes effective stiffness for elasticity and/or effective 

permeability for transport study. 

GSA is named after the fact that it uses the singular component of the derivatives of 

Green’s function to get the solution of the effective properties. The rigorous mathematical 

approach guarantees the model to cover as much microstructure properties as possible 

simultaneously to get the effective elastic moduli as a result of interaction between pore/cracks 

with arbitrary ellipsoid shape, volume concentration and connectivity.    

GSA has many advantages over the other EMT models.  

1. It can handle large volume of inclusions 

2. It takes into account the effect of the connection of pores 

3. It works for arbitrary ellipsoidal-shaped inclusion with any aspect ratios 

4. the elastic properties are anisotropic for both matrix and inclusions 

And it comes with the assumption that the inhomogeneity is statistical homogeneous, 

thus the size of inhomogeneity in the medium is much smaller than the scale of measuring 

physical property, which is the wavelength in elasticity case. When the medium is statistical 

homogeneous, all different components can be considered to locate at the same point inside 

the medium; the GSA method is based on the solution of the strain field at the surface of a 

representative volume, and because the singular part of the 2nd derivative of Green’s function 

(in the form of Dirac  ) is much larger than the formal part (proportional to 
 

  ) (Gelfand and 
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Shilov, 1959), so the formal part has been ignored to approximate the value of the derivative of 

Green’s function used in GSA (Shermergor, 1977). 

2.2.1 Fundamental derivation of GSA 

GSA can be used to calculation both the effective elastic constant and the effective 

transport properties. The derivations are similar for both cases, thus it is described based on the 

elastic case. The transport version of GSA can be similarly obtained in a similar format, only with 

some difference of the definitions of Green’s function and the rank of the effective properties. 

Specifically speaking the Green’s function changes from 2nd rank to 0st rank tensor (Eq. 9.29, 9.30, 

Page.340 in Shermergor, 1977) and the effective property changes from 4th rank to 2nd rank 

tensor, from the elastic version  of GSA to the transport version of GSA.  

 
Figure 2-1 The studied inhomogeneous original body and the assumed homogeneous comparison body. 

As shown in Figure 2-1, The studied porous medium, so-called “original body”, is an 

inhomogeneous body with unknown effective elastic property   and transport property   , 

which are 4th rank tensor of elastic constant and 2nd rank tensor of transport properties 

(conductivity for electrical transport or permeability for fluid transport), respectively. Another 

so-called “comparison body” is assumed to be a homogeneous body with known elastic 
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property    and transport property   , which shares the same boundary conditions with the 

original body.  

The following equilibrium equation is assumed to be true for the original body, 

       (2-1) 

It represents the equilibrium equation of state or wave equation in elasticity case, or the 

equilibrium equation of current, heat flux or Darcy’s law in transport case, respectively.  

For elasticity case, in equation (2-1), the operator   has the form:  

               (2-2) 

and in this vector equation,   is the displacement vector, vector   is the density of volume force, 

      is the 4th rank stiffness tensor in the inhomogeneous original body. 

For transport case, in equation (2-1), the operator   has the form: 

            (2-3) 

and in this scalar equation,   is the electrical potential for electrical conductivity, temperature 

fields for thermal conductivity, or pressure for permeability case; Scalar   is the density of 

electrical current, heat flux, or fluid flow rate, respectively;     is the 2nd rank tensor of electrical 

conductivity, heat conductivity, or permeability.  

For the comparison body, an equation similar to (2-1) is assumed to hold true: 

         (2-4) 

Because the comparison body shares the same boundary condition, thus the same 

volume force with the original body, after subtracting equation (2-4) from (2-1) we obtain: 

          (2-5) 

where                  . Equation (2-5) can be solved by Green’s function method, and 

the solution of     is the convolution of Green’s function and the right hand side of the equation, 

which is considered as the body force. 
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          (2-6) 

where the Green’s function is the impulse solution for operator    and satisfies: 

            (2-7) 

where    is the unit 4th rank tensor defined by       
 

 
               , for elastic case 

   
     ∫             

              

 

 (2-8) 

where           is the displacement solution at location   in j-th coordinate caused by the 

source at    in i-th coordinate. When we assume the medium is statistical homogeneous, the 

stiffness tensor      
  is constant to the coordinates, thus from equation (2-2) we know: 

    
         

            
       (2-9) 

Substitute to (2-8) we have: 

   
     ∫               

             

 

 (2-10) 

Switching m to n, it becomes: 

   
     ∫               

             

 

 (2-11) 

 

   
(Eq.(2-10))+ 

 

   
(Eq.(2-11)): 

     
         

     ∫[                       ]     
             

 

 (2-12) 

Integration by parts and because the boundary terms equal to 0, we have: 

    
     ∫                 

           

 

 (2-13) 
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where       
 

 
(             ), the strain difference    

         
 ; and the stiffness 

difference      
             

 . This expression is the definition of deformation commonly used 

in the study of elasticity (Mura, 1991).         is the 2nd order derivative of the Green’s function 

with respect to m- and n-coordinates. The integral volume V is the so-called representative 

volume, which is the smallest volume over which a measurement can be made that will yield a 

stable value representative of the whole medium. This equation (2-13) can be further simplified 

by using an integral operator  : 

    
               

        (2-14) 

For transport case, equation (2-14) reduces to a scalar equation: 

       ∫             
         

 

       
      (2-15) 

where                     , i.e., the first derivative of the Green’s function for transport. 

The above two equations give the relationship between the fluctuation of the fields and 

the product of the fields and fluctuation of the corresponding physical properties. Now we can 

use elasticity case as example to derive the final algorithm of the effective properties.  

The fluctuation of strain difference is 

        〈  〉 (2-16) 

where the angle bracket means the volume average (of the strain difference    between original 

and comparison body) for each component in the medium.        . 

First, substitute equation (2-16) to (2-16): 

           〈   〉 (2-17) 

From the definition of the effective stiffness: 

 〈  〉  〈 〉    〈 〉 (2-18) 
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and because    is constant, we know: 

 〈   〉  〈       〉  〈  〉  〈   〉    〈 〉    〈 〉     〈 〉 (2-19) 

where          , substitute (2-19) to (2-17), 

              〈 〉 (2-20) 

 Second, substitute         to (2-16): 

          ⟨    ⟩    ⟨ ⟩ (2-21) 

Subtract (2-20) from (2-21), we obtain: 

   ⟨ ⟩           ⟨ ⟩ (2-22) 

thus 

                    ⟨ ⟩ (2-23) 

Average both sides of (2-23), and because           is constant, we have: 

 ⟨ ⟩  ⟨         ⟩        ⟨ ⟩ (2-24) 

thus 

        ⟨         ⟩
  

 (2-25) 

Substitute (2-25) back to (2-23), 

            ⟨         ⟩
  

⟨ ⟩ (2-26) 

Substitute back to the definition of effective stiffness (2-18), we can obtain the final 

algorithm to calculate the effective stiffness in elasticity case. 

    ⟨          ⟩⟨         ⟩
  

 (2-27) 

where     is the effective stiffness of the inhomogeneous original body. Angle brackets mean 

volume average for all the components in the medium.   is the stiffness tensor for each 

component.   is the integral operator meaning convolution of the derivatives of Green’s 

function, which is 4th rank tensor in elastic case and 2nd rank tensor in transport case.    is the 
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stiffness difference between original and comparison body,        .   is the unit 4th rank 

tensor       
 

 
               . This algorithm will be used to calculate the effective stiffness 

tensor in this dissertation. 

In transport case, a similar algorithm can be simply obtained, 

    ⟨          ⟩⟨         ⟩
  

 (2-28) 

where    is 2nd rank tensor of effective electrical or thermal conductivity or the effective 

permeability.   is the unit 2nd rank tensor. This algorithm will be used to calculate the effective 

permeability in this dissertation. 

2.2.2 The Green’s function in GSA method 

The Green’s function is essential in GSA method, which the GSA method is actually 

named after. The GSA algorithm uses       the 2nd derivative of Green’s 2nd rank tensor for 

elasticity, and uses     the 2st derivative of Green’s 0st rank tensor for transport. The integral 

operater   is used to simplify the convolution of the derivative of Green’s tensor and the 

corresponding term it applied to.  In either case, the derivative of the Green’s function is a 

generalized function, which can be represented as a sum of singular and formal components 

(Gelfand and Shilov, 1959). The singular component is related to the Dirac delta function but 

doesn’t depend on  , and the formal component is a function of  . When the inclusions are 

randomly distributed in the inhomogeneous body, the singular component is supposed to be 

much larger than the formal component of the derivative of Green’s tensor, which hasn’t been 

theoretical verified but has been confirmed by comparison with the experimental data. 

Therefore the formal component can be neglected and only the singular component is used as 

the approximation of the value of the derivative of Green’s tensor. This is the reason why we call 

it “General Singular Approximation” method. Strictly speaking the GSA is accurate when     
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doesn’t correlate with  , which leads to a very important assumption that the inhomogeneous 

medium is statistical homogeneous and the pore size is much smaller than the wavelength. 

In elasticity case, the expression of Green’s tensor   in spherical coordinate system for 

ellipsoidal inclusions can be written as: 

 

      
                           

 
 

        
 

  
∫       

  
 

  

   

(2-29) 

where          
     and the unit volume in spherical coordinate system            , with 

the polar angle         and the azimuthal angle         . Therefore in one equation: 

        
 

   
∫ ∫ (      

         
         

         
  )

 

 

        
  

 

 (2-30) 

where  

 

         
     

         

               

               

           

(2-31) 

where           are the semi-axes of arbitrary ellipsoid which is assumed to be the shape of the 

effective grain of inhomogeneity. For the general case,         ; thus it can be used to 

approximate most of the shapes of pores, including spherical, penny-shaped, needle-shaped and 

rectangular, etc.       
  is the stiffness of the comparison body.  

 Similarly, the expression of Green’s tensor   for transport case can be written as: 

      
 

  
∫ ∫     

  
 

 

        
  

 

 (2-32) 
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where      
    .          are defined the same as equation (2-31). Einstein summation 

convention is used here that the repeating indices denote summing over 1, 2, and 3.    
  is the 

effective conductivity or permeability of the comparison body. 

2.2.3 The comparison body and friability in GSA method 

The comparison body is the assumed homogeneous body to have the same shape and 

boundary conditions with the original inhomogeneous body, whose property is 4th rank stiffness 

tensor    in elasticity case or 2nd rank tensor of conductivity or permeability    in transport case. 

(Figure 2-1) 

Applying the Hooke’s law to the comparison body, the homogeneous deformation is 

caused by the overall stress:          . Assuming the original body consists of two phases, 

matrix and inclusion. The elastic equilibrium equations for the inclusion and the matrix are: 

        and                 , respectively.   is the Biot-Willis’s parameter of 

effective stress law(Terzaghi, 1923; Biot, 1941; Biot and Willis, 1957; Nur and Byerlee, 1971). 

The index   denotes the inclusion phase and   denotes the matrix phase. Summing the two 

equations of the original body and subtracting the equation of the comparison body, also 

because of two bodies share the same boundary conditions and shapes, it becomes: 

                 (2-33) 

where           because the overall deformation of the comparison body equals to the 

summation of the deformations from both the matrix and the inclusion in the original body. It 

can then be further simplified as: 

 

               

       
     

               

(2-34) 
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where   is called the friability with the range of      ,   is the Biot-Willis’s effective stress 

parameter with the range of      , where   is the porosity. Notice in the simplest case, the 

friability   becomes a scalar and equation (2-34) reduces to a form of               . 

The friability   has a physical meaning of how the deformation is distributed among different 

components of the porous medium when the inhomogeneous body reaches an equilibrium 

state. The stiffness of the comparison body can be understood as a weighted average of the 

stiffness of the matrix and inclusion. The proportional ratio of this distribution between matrix 

and inclusion heavily depends on the internal structure of the inhomogeneous medium, in 

which the pore connectivity plays a major role (Bayuk and Chesnokov, 1998). For instance, if the 

matrix are all connected and all the pores are isolated, most of the confining stress will be 

carried by the strong skeleton of matrix (assuming the matrix is much stiffer than the inclusion), 

thus the deformation of the matrix contributes the most of the overall deformation of the 

comparison body      , and the friability     in equation (2-34); on the other hand, if the 

inclusions (pores and cracks) are all connected and the matrix can be treated as embedded in 

the inclusion, then the deformation of the inclusion will contribute the most of the overall 

deformation, because of no direct contact between matrix grains; therefore, the friability     

in equation (2-34), and      , because it’s essentially a representation of an unconsolidated 

medium, in which case the Biot-Willis parameter     (Terzaghi, 1923). 

The friability is special in GSA algorithm, because it involves the internal structure in the 

calculation of the effective stiffness (elasticity) and the effective permeability (transport) at the 

same time. We know that generally speaking, the elastic property and transport property are 

not directly connected, because they belong to the different physical phenomena. However in 

GSA we can analyze the values of effective elastic and transport property in the same model. 

Another word, the friability becomes a bridge to connect the elastic and transport properties. 
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Therefore, in a later chapter we will analyze the relationship between elastic and transport 

properties through the friability in the same model. 

2.2.4 An alternative expression of GSA algorithm 

In the algorithm of GSA equations (2-27) and (2-28), the effective properties    and    

are expressed with the product of two volume average terms. When the components of the 

medium are in different coordinate system, or another word not regularly distributed, this 

algorithm involves calculation of coordinate rotation for both the volume average terms. Thus it 

will simplify the calculation if the algorithm is written in an alternative form involving only one 

volume average term. Let’s use the effective stiffness case (2-27) as example, it can lead to: 

   ⟨         ⟩  ⟨          ⟩ (2-35) 

where          for i-th component in the medium. Let          
   , then 

    (      )
  

 (         )
  

 (2-36) 

Substitute (2-36) back to (2-35), and both sides multiplied by   , 

   ∑    

 

   

 ∑      

 

   

 (2-37) 

where     is the volume concentration of the i-th component.  

Substitute      
          to (2-37), 

 

  ∑    

 

   

 ∑  (  
         )  

 

   

 ∑  

 

   

 ∑    

 

   

(      ) 

 

(2-38) 

Because ∑   
 
      , dividing ∑     

 
    on both sides we have: 
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    (∑    

 

   

)

  

        (2-39) 

Therefore we have the simplified alternative formula of GSA for multiple-phase medium: 

    〈 〉          (2-40) 

where    (         )
  

 , angle bracket means volume average,   is the 2nd derivative of 

the 2th rank Green’s tensor in elasticity case, or the 2st derivative of the 0nd rank Green’s tensor 

in transport case. Moving        to LHS and we can even simplify it more to: 

    〈 〉 (2-41) 

where    (         )
  

 , then               . This alternative formula only 

involves one volume average and avoids the tensor multiplication in the original formula (2-27), 

so that it may greatly reduce the calculation burden of GSA method.  

 For two-phase medium containing one matrix and one inclusion, the alternative GSA 

formula can be written as: 

                   
          (2-42) 

where    (         )
  

;    (         )
  

;    is the stiffness of the matrix;    

is the stiffness of the inclusion,    is the volume concentration of the inclusion, and    is the 

stiffness of the comparison body. A similar form of GSA for two-phase medium is shown before 

without derivation. (Bayuk and Rodkin, 1999) 

2.2.5 Volume average and tensor rotation 

2.2.5.1 Volume average in GSA 

Volume average is performed for different components of the porous medium in GSA  

algorithms (2-27), (2-28), and (2-40). The general form of volume average is the continuous form: 

 〈 〉  
 

  
∫       

 

 (2-43) 
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where the angle bracket means volume average,    is the total volume,   is a point inside   , 

and      is the value of tensor   at any point   in the volume.  

The same averaging formula can be used to average either the stiffness tensor        or 

the compliance tensor       . To estimate the average stiffness      , Voigt average is defined as 

the average 〈 〉 when        , which always overestimates the effective stiffness(higher 

boundary); and Reuss average is defined as the inverse of average 〈 〉 when        , which 

always underestimates the effective stiffness (lower boundary). Therefore, the Voigt-Reuss-Hill 

average is used to take the mean of the Voigt and Reuss averages and can provide a better 

estimation. It needs to emphasize that the Voight and Reuss bonds are real bounds only for the 

diagonal components of the stiffness tensor, but not for the off-diagonal components, which 

has been proved by Kalinin and Bayuk (1990). 

The discrete form of (2-43) is: 

 〈 〉  ∑    

 

   

 (2-44) 

where   is the total number of components in the volume,    is the volume concentration of 

the i-th component (normalized to the total volume   ), and    is the corresponding tensor of 

physical parameter of i-th component in the volume. This is under the assumption that the 

materials are aligned in the same direction within each component, also all the components are 

aligned in the same direction too. However, it’s not always the case, and in reality most of the 

time the minerals are either aligned randomly or following some kind of distribution function. 

To reflect the distribution and alignment of the components in the porous rock, the coordinate 

transformation and distribution function are included in   .  

 
   ∫ ∫ ∫            

                  

  

 

 

 

  

 

 (2-45) 
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Then the volume average equation (2-44) becomes 

 〈 〉  ∑  ∫ ∫ ∫            
                  

  

 

 

 

  

 

 

   

 (2-46) 

where         are the Euler angles of ‘x-convention’.           is the distribution function of 

the i-th component along the orientation        .   
         is the oriented physical term    

characterized by Euler angles        , which is obtained by transforming    from the previous 

coordinate system to  the new coordinate system through rotations over Euler angles        .  

           is the volume element. It needs to mention that, for statistical homogeneous 

media, the volume average can be replaced by the statistical average. 

2.2.5.2 Rotation matrix and coordinate transformation using Euler angles 

 

Figure 2-2 Illustration of Euler angles         for the z-x’-z’ convention. The lowercase xyz stand for 
the original coordinate system, and the capital XYZ stand for the transformed coordinate system.  

Any global rotation can be described with only three angles, according to Euler’s 

rotation theorem. The Euler angles are three angles to describe the orientation of a rigid body 

introduced by Leonhard Euler (Euler, 1776). Euler angles have several conventions, depending 

on the axes around which the rotations are carried out. The so-called ‘x-convention’ or z-x’-z’ 

convention is the most common convention used for Euler angles as illustrated in Figure 2-2. In 
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this convention the global rotation is combination of three counterclockwise rotations defined 

by Euler angles        , where 

The first rotation is around the z-axis by an angle         , described as the rotation 

matrix D 

   [
         
          

   
] (2-47) 

The second rotation is around the formal x-axis(now x’) by an angle        , described 

as the rotation matrix C 

   [
   
         
          

] (2-48) 

The third rotation is around the formal z-axis(now z’) by an angle         , described 

as the rotation matrix B 

   [
         
          

   

] (2-49) 

Any global rotation matrix A can be written as the product of the above three matrices, 

 

      [
         
          

   
] [

   
         
          

] [
         
          

   
]

 [

                                                  
                                                    

                     
] 

(2-50) 

In GSA algorithms the averaged term   has the same dimension as the 4th rank stiffness 

tensor in elasticity case or as the 2nd rank conductivity/permeability tensor in transport case. 

The coordinate transformation of every pair of index requires one separate rotation matrix A.  

For the 4th rank tensor       (GSA of elasticity), the coordinate transformation is: 

      
                           (2-51) 
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where      is the rotation matrix defined in (2-50) for z-x’-z’ convention.      
  is in the 

transformed coordinate system XYZ .       is in the original coordinate system xyz. Euler angles 

        describes how to rotate the original oriented minerals to a standard coordinate system 

which is used to record the experimental data such as ultrasonic velocities, thus the averaged 

value can be compare with the experimental data under the same coordinate system.  

 Similarly for the 2nd rank tensor     (GSA of transport), the coordinate transformation is:  

    
                     (2-52) 

2.2.5.3 Orientation Distribution Functions (ODF) 

In equation (2-46), the orientation distribution function (ODF)           is used to 

describe the volume fraction of   
  in every orientation specified by Euler angles         for 

the same component in the medium. The sum of distribution functions’ values of all the angles 

equals to 1. 

 ∫ ∫ ∫                    

  

 

 

 

  

 

   (2-53) 

where the ODF    can be expressed as the volume fraction of grains with a certain orientation,  

           
         

∫ ∫ ∫                    
  

 

 

 

  

 

 (2-54) 

where the numerator    is the non-normalized distribution function. The denominator is the 

total volume, depending on the form of    

There are numerous of types of ODFs, among which several types of distributions of the 

minerals or inclusions are commonly seen in the real rocks.  

Case 1: random distribution in 3D volume.   

In this case, the mineral grains are randomly distributed for all the orientations, which is 
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a good assumption for unconsolidated or isotropic components, such as some of sandstones 

and the quartz, carbonate, feldspar etc. embedded in clays in shale. Thus the distribution 

function    is constant in (2-54) and can be taken out of the integral, and then the value of the 

ODF is obtained for 3D randomly distributed components:  

           
 

∫ ∫ ∫           
  

 

 

 

  

 

 
 

   
 (2-55) 

where             accounts for the total volume of the integral space. 

The corresponding rotational average of i-th component as described in (2-45) becomes: 

    
 

   
∫ ∫ ∫   

                  

  

 

 

 

  

 

 (2-56) 

Case 2: alignment with preferred direction 

 In this case, the mineral grains are aligned along a preferred direction specified by the 

Euler angles        . The grains are aligned along the direction of forces, which may be caused 

by the water flow during the generation of sedimentary rocks or the magma flow in the 

subduction zone in the cooling of rocks. Dirac delta functions defined below are used in the 

distribution functions to reflect the controlling of the preferred angles.  
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(2-57) 

 If three Euler angles         are fixed and the preferred direction is           , the 

component is 100% aligned along this direction. Then the ODF is: 

           
                     

∫ ∫ ∫                                
  

 

 

 

  

 

 (2-58) 

The corresponding rotational average of i-th component becomes one global rotation: 
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(2-59) 

where    
            is the global rotation of i-th component to the preferred direction. 

 If two angles of the Euler angles        , for example        , are fixed, and the other 

angle   is randomly distributed, the grains are rotating around a fixed symmetrical axis         

by a random angle  . This can be used to describe Tilted Isotropic (TI) medium, including 

Horizontally Tilted Isotropic (HTI) and Vertically Tilted Isotropic (VTI), etc. TI is the most common 

approximation for anisotropic rocks with one symmetric axis. The ODF becomes: 
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and the corresponding rotational average of i-th component becomes: 
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where in a special case of rotation around z-axis,        , and the rotation matrix A 

becomes D described in equation (2-47).  

Case 3: Normal (Gaussian) distribution. 

In shale, the mineral grains of clay components usually exhibit a normal distribution of 

the angle to the bedding plane. As shown in Figure 2-3, this can be confirmed by the observation 

from Scanning Electron Microphotograph (SEM) (Hornby et al. 1994).  
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Figure 2-3 The scanning electron microphotograph of a shale. The platey particles are clay minerals 
while the larger, nearly spherical, particles are silt. (Hornby et al., 1994) 

As shown in 2-4, the distribution of the clay platelets can be approximated by the 

Gaussian distribution function with a mean μ and standard deviation σ described as: 

            
 

 √  
 

 
      

    (2-62) 

where    is the physical parameter that shows normal distribution, which in our case is the angle 

between the clay platelet and the horizontal plane.  The mean μ denotes the angle shift of the 

Gaussian distribution from the horizontal plane. (about 6o in Figure 2-4). The standard deviation 

σ determines the shape of the Gaussian distribution; which we call “Gaussian sigma” afterwards. 

If        , the distribution is called the standard normal distribution. Generally speaking, 

assuming shale is a VTI medium, the distribution is the Gaussian distribution with zero mean and  

non-zero Gaussian sigma. 
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Figure 2-4 Clay platelet orientation distribution function computed from a digitized SEM image (Hornby 
et al., 1994). The density function can be approximated as the Gaussian distribution with a mean   and 
standard deviation   described in equation (2-62). 

In this case 3 of normal distribution, among the Euler angles        , the rotation   

around x-axis is normally distributed as equation (2-62), the rotation   around z-axis is evenly 

and randomly distributed (constant for  ) ,   is fixed as  . Thus the ODF becomes: 
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and the corresponding rotational average of i-th component becomes: 
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(2-64) 

where     is the normal distribution of angle   between clay platelets and the horizontal plane. 

2.2.6 Convention to transfer between 4th rank and 2nd rank tensor 

For elasticity case, the GSA algorithms (2-27) and (2-40) involves the inverse of the 4th 

rank tensors. The physical meaning of the 4th rank tensor is clear that the four independent 

indices indicate the coordinates in Cartesian system. However, the mathematical meaning of the 

inverse of the 4th rank tensor is not trivial; therefore in order to implement this algorithm in a 
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meaningful mathematical sense, the transformations between 4th rank and 2nd rank tensors are 

usually carried out.  

We have Hooke’s law of elasticity: 

                                        (2-65) 

Table 2-1 The convention of tensor to matrix index conversion 

Because the stress and strain tensors are symmetrical, following the conversion rule: 

       {                                         } , (see Table 2-1), 

the 2nd rank tensors of stress and strain can be reduced to 1st rank tensors       ; the 4th rank 

stiffness tensor       can be reduced to a 2nd rank tensor    
 . In this conversion, no information 

is lost due to the symmetry. The Hooke’s law can then be rewritten as: 

                                      (2-66) 

whose matrix form in Voigt notation is: 
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 (2-67) 

where the factor 2 accounts for the repeated index of the symmetrical components. 

The inverse relation in Voigt notation is 
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 (2-68) 

It can be shown that in RHS of equations (2-67) and (2-68) the two 6x6 matrices are 

inverse to each other. However, it needs to be emphasized that the 6x6 matrices directly 

   11 22 33 23 13 12 
  1 2 3 4 5 6 
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converted from       and       are not inverse to each other. The inverse relationship can be 

written as: 
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      ]

 
 
 
 
 

 

(2-69) 

The convention of the inverse of 4th rank tensor through 6x6 matrices can be shown to 

be: 

        
     

     
            

   (2-70) 

where the coefficient   is multiplied as a scalar to the corresponding component.      and     

are the direct 6x6 conversions of       and       by Table 2-1, respectively (the first and last two 

indices are grouped separately). The coefficient should be multiplied to each component of the 

inverse 6x6 matrix from the direct 6x6 conversion of the 4th rank tensor, in order to obtain the 

4th rank inverse tensor with correct physical meaning. The coefficient matrix has this form: 
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 (2-71) 

In the implementation of the GSA algorithm in elasticity case, we firstly convert the 4th 

rank tensor, which needs to be inverted, into 6x6 matrix; secondly calculate the inverse matrix 

of the 6x6 conversion; and thirdly scale each component of the 6x6 inverse matrix by the 

corresponding coefficient. If the 4th rank tensors are already written in 6x6 forms, only one 

addition step, i.e., multiplying the coefficient, will be needed after every inverse operation of 

the 6x6 matrix. 
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2.3 Workflow of the GSA modeling and inversion 

GSA method provides a link between the properties of components in the multi-phase 

medium and the effective properties of the whole medium. It can be employed forwardly to 

model the effective properties, such as stiffness and permeability; or inversely to optimize the 

unknown properties of the components, such as microstructure properties, stiffness of a certain 

mineral, and the orientation distribution of a component, etc. In case of elasticity, the workflow 

of both forward and inverse usage of GSA method is illustrated in Figure 2-5. It also includes the 

requirement of the input data with their sources. The details about GSA modeling and inversion 

will be described separately in the next two sections. 

 

Figure 2-5 The workflow of GSA modeling and inversion. When all the data in the left are available, GSA 
can be used to model the effective stiffness of the whole rock; On the other hand, when the effective 
stiffness is available (or the P- and S-wave velocities) but the microstructure parameters are unknown, 
GSA can be inversely used to find the optimizing microstructure parameters. 
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2.3.1 GSA modeling for effective properties 

If all the data in the left of Figure 2-5 are available, the effective stiffness    can be 

calculated using the GSA algorithm (2-27), which can be written in this detailed integration form 

when we take into account the orientation distribution function.  
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(2-72) 

where   is the index of components in the medium, with   as the total number;    is the volume 

concentration of i-th component;    is the stiffness of i-th component;   is the 2nd derivative of 

Green’s function defined by equation (2-30);    is the stiffness of the comparison body defined 

by equation (2-34);   is the friability to describe the pore connectivity;    is the effective 

stiffness of all the inclusions;    is the effective stiffness of all the matrices;         are the 

Euler angles of zx’z’-convention; and   is the unit 4th rank tensor defined by       
 

 
        

       . Notice here all the inversions of 4th rank tensors should follow the convention (2-70). 

 The inclusions are assume to have the average shape of an arbitrary ellipsoid, with semi-

axes         . The shape and friability (or connectivity) of the inclusions can vary the result of 

effective stiffness significantly, thus a good choice of their values is very important to a 

successful GSA modeling. In GSA modeling, variation of the shape and friability of the inclusions 

will change the stiffness of comparison and  , therefore a separate GSA modeling is required for 

each changing of the shape and friability of inclusions.  
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The rule of choosing the shape            and the friability is given for two most 

common cases in shale modeling, which are used repeatedly in this dissertation. 

Case 1: solid inclusions embedded in solid matrices 

 This is often used to model a polycrystalline body with randomly distributed minerals. 

Assumptions are made that the inclusions are isolated and granular minerals, and the matrices 

are stiffer and well-connected minerals. In the context of shale modeling, this case is applied to 

modeling the all the solid phases of shale into an effective ‘matrix’ of a two-phase model. 

Usually Clays are considered as the solid matrices, and the other granular silt minerals (quartz, 

feldspar, carbonate, etc.) are considered as the solid inclusion.            take values         

because of the spherical shape of the granular minerals. The friability    , because of the 

isolation of the solid inclusions. 

Case 2: fluid inclusions in solid matrices 

 This is used to model a multi-phase porous medium with fluids (gas, brine, or oil, etc.) in 

the pores or cracks. The shape of the inclusions is the average shape of pores or cracks. For 

instance,          for spherical pores;          for penny-shaped cracks/pores 

parallel to xy-plane when      , or needle-shaped cracks/pores along z-axis. . The friability 

    when the inclusions are all isolated; or     when the inclusions are well-connected. 

General values of friability range between      , depending on the internal structure of the 

porous medium.  

2.3.2 GSA inversion for microstructure properties 

As shown in Figure 2-5, when we know the effective stiffness but don’t know the 

microstructure parameters, the GSA method can also be used inversely to obtain the 

microstructure parameters including the friability  , the total porosity  , and the aspect ratio   

(assuming the average shape of inclusions is penny-shaped ellipsoid). The GSA inversion is 
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essentially an optimization problem. In this dissertation, Simulated Annealing (SA) method is 

used as the global optimization method to minimize the following objective function of the GSA 

inversion, because SA optimization has a superior performance on convergence, finding the 

global optimum(but not the local one), and  robustness. (Goffe et al., 1994) 

      √∑(    
               

   )
 

 

  (2-73) 

where     
    are anisotropic P- and S-wave velocities in different angles (depending on the 

available measurement, in this study, they are 0, 45, and 90 degree to the bedding plane of 

Barnett shale cores), calculated by the Christoffel equation from the GSA modeled effective 

stiffness using microstructure parameters of pore total porosity  , pore aspect ratio  , and pore 

connectivity (friability)  .     
    are the experimental measurements of the anisotropic P- and 

S-wave velocities in different angles. 

In order to avoid the non-uniqueness problem of the inversion problem, we should set 

good restrictions to all the parameters to be optimized. In case of the GSA inversion for pore 

porosity  , pore aspect ratio  , and pore connectivity (friability)  , the porosity   is restricted 

by the range of     of the measured porosity, the pore aspect ratio   is restricted by the range 

of       for the ratio of short axis versus long axis of the penny-shaped pores, and the friability   

is restricted by the range of      . Generally speaking, the smaller ranges of the optimized 

parameters, the better the inversion results are. In this case, the inversion results can be further 

improved by using a tighter restriction for the aspect ratio from the SEM images.  
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2.4 The Christoffel equation 

2.4.1 The wave equation of elastodynamics 

Let’s start with the elastic wave equation. The elastic wave equation can be deduced 

from three fundamental relations, which are the strain-displacement relation, the equation of 

motion (the 2nd Newton’s law) and the elastic constitutive equation (Hooke’s law). (Auld, 1973) 

The strain-displacement relation links strain tensor     to the displacement vector   . 
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)     (2-74) 

The equation of motion in anisotropic elastic medium links the stress tensor     and the 

displacement vector   . (Auld, 1973, Page 43) 

 
    

   
     

    

   
 (2-75) 

where    is the body force per unit volume. This equation is also known as the Euler’s equations 

for elasticity, derived from the Newton’s law of motion for particles. 

The Hooke’s law links the stress tensor     and the strain tensor     through the stiffness 

tensor      .  

              (2-76) 

Hooke’s law and the strain-displacement are substituted into equation (2-75), in order 

to simplify it to an equation only about the displacement, namely, the displacement wave 

equation of elastodynamics, 

                 
    

   
 (2-77) 

where the gradient    denotes the spatial derivative 
 

   
 ;       is the stiffness tensor;    is the 

displacement vector;   is the density;    is the body force. 
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2.4.2 The Christoffel equation 

The Christoffel equation can be obtained by performing a plane wave analysis to the 

wave equation of elastodynamics (2-77). The solutions of the Christoffel equation are the phase 

velocities and the particle-motion direction (polarization) of the different wave modes, 

assuming the waves are all uniform plane waves. Specifically, the Christoffel equation is the 

Fourier transformation of the elastic wave equation over space and time. 

When the body force is zero, the wave equation (2-77) can be reorganized as 
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where the Kronecker delta,     {
      

      
, is used to replace the index of    to   . In the 

operator form     , it can be written as 
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   )     (2-79) 

 A general plane-wave solution of this displacement wave equation is 

                         (2-80) 

where   is the amplitude;     is the unit vector of polarization (particle-motion direction);   is 

the travel time;   is the angular frequency; the wave vector                , where    is 

the unit vector of the wave propagation direction           , the scalar wave number 

  √  
    

    
 ; location             ; the phase velocities of the plane wave   

 

 
. It 

can also be written in the detailed component form 
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(2-81) 
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substitute the displacement (2-81) back to the wave equation (2-79), then Fourier transform it 

from       domain to       domain using the equivalences : 

 

 

  
 
  
→                                      

  
 

  
 
  
→                                          

(2-82) 

wave equation (2-79) becomes 

 [(     )                      ]     (2-83) 

substitute the phase velocity   
 

 
 and       , the Christoffel equation is finally derived as 

 (                )     (2-84) 

where        is the stiffness tensor;    is the component of the unit vector of wave propagation; 

  is the density;   is the phase velocity of plane wave;    is the displacement field in frequency 

domain. It’s also well known in the form (Landau and Lifshitz, 1986) 

                  (2-85) 

where the first term,              , is called Christoffel matrix, which is a symmetric matrix. This 

Christoffel equation is simply an eigenequation, and the solution can be obtained by solving an 

eigenvalue problem 
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]    (2-86) 

 The 3 solutions of this eigenvalue problem are the eigenvalues       
 , and the 

corresponding eigenvectors  . Each set of the solution represents one phase of the waves 

among P-, S1- and S2-wave. The phase velocity    can be calculated from the eigenvalue, and the 

polarization (particle-motion direction) of this phase is described by the corresponding 

eigenvector           , that is the unit directional vector.  
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CHAPTER 3. Microstructure properties of Barnett shale 
using GSA inversion 

3.1 Introduction 

A detailed knowledge of microstructure properties of shale rocks is very important to 

help us to understand the transport behavior of fluid inside porous shale, and further the 

quantitative study of permeability, which is critical in exploration of the unconventional 

reservoir, e.g. gas-bearing shale. Due to the fact that the scale of pore/crack is as small as 0.1 to 

0.005 μm in shale, it’s nearly impossible to direct measure all the microstructure properties of 

shale, including porosity, aspect ratio, pore connectivity and fluid type, assuming the pore and 

crack geometry is arbitrary ellipsoid. How could we get the microstructure properties of shale 

from rock physics model? Given the mineralogy of a rock, General Singular Approximation (GSA) 

method can take into account all the microstructure properties to apply the numerical rock 

physics modeling to obtain the effective stiffness, which can be used to calculate the anisotropic 

P- and S-wave velocities with regard to angle.  Therefore, the optimized anisotropic 

microstructure properties can be obtained from solving an inverse problem of GSA modeling, by 

minimizing the objective function, which is defined as the difference of anisotropic P- and S-

wave velocities between ultrasonic measurement and the GSA calculation. 

An accurate effective medium theory is required to calculate the effective stiffness of 

shale, and then compare with ultrasonic measurement. This will give us a way to get 

microstructure properties from the inverse problem of the effective media model. For this task, 

the effective medium theory needs to be applicable to strong anisotropy, multiple components 

and take into account the microstructure of the shale, such as volume concentration, shape, 

connectivity, and inclusion type of the pores or cracks. These properties are directly linked to 



 

37 

three physical parameters: porosity, aspect ratio, and friability, if we assume the pores and 

cracks are arbitrary penny-shaped ellipsoid. 

There were many existing effective media models before the interest and industrial 

scale production of gas-shale started around 2000 (Eshelby, 1957; Hudson, 1981; Nishizawa, 

1982); however,  none of the above models addressed the issue of microstructure connections. 

Bayuk and Chesnokov (1998) compared the above models with GSA models using a set of 

published synthetic physical model constructed by Rathore et al. (1995), and found a best 

agreement between the GSA model and the lab measurement among all the models. This is 

because GSA considers connectivity between pores/cracks through the additional parameter 

friability.   

In this chapter, GSA method is used as the effective media model to generate the 

effective stiffness tensor from the mineral composition of shale, plus the microstructure. 

Christoffel equation is used to calculate the P- and S-wave velocities in all directions. After 

comparing with the experimental measurement of the P- and S-wave velocities in 0, 45 and 90 

degree to bedding plane, we can get the optimizing microstructure parameters from the 

inversely used GSA method. 

During the GSA inversion, the other required data except the microstructure properties 

are: mineral composition, stiffness of all components, density of all components, P- and S-wave 

velocities in different angles. These data are obtained by X-ray diffraction (XRD) analysis, 

published literatures, ultrasonic measurement, respectively. 

3.2 Preparation and measurement of Barnett shale samples 

3.2.1 Short introduction about Barnett shale cores 

Shale, in terms of petroleum exploration, is the composite of clay-sized minerals, which 

can be rich in natural gas and usually exhibits strong anisotropy. Barnett shale is one of the 
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major gas-producing shale formations in United States. In industrial scale production of natural 

gas, hydraulic fracturing is usually required to create new cracks and to enlarge the existing 

cracks to increase the permeability to the economical level. Thus it came to our attention that 

the knowledge of the internal microstructure of shale is critical to quantitatively understand the 

shale permeability and production rate.  

The Barnett shale cores are taken at different depth from 6 wells in Barnett shale 

formation. Two cores are from each well, thus we have 12 shale cores in total. Then three 

cylinder shaped samples are cut from each shale core, along 0, 45, and 90 degree to the bedding 

plane as shown in Figure 3-1. The cylinders have a diameter of 1 inch and various heights. 

  

Figure 3-1 Three cylinder samples from one Barnett shale core, along 0, 45 and 90 degree to the 
bedding plane. The left picture is the illustration modified from Wang, 2002. The right picture is the 
photo of one set of our samples (Core-B; AS6485). 

3.2.2 Preparation of shale samples 

The shale samples should be prepared and treated before any measurement.  

1) The diamond saw is used to cut the long cylinder samples into shorter samples;  

2) Sandpapers (from coarse to very fine grained) are used to sand down the 2 ends of the 

samples into flat and parallel surfaces;  

3) The compressed air (100 Psi) is used to blow the surfaces to remove the fine grains 

produced in the sanding step and clean the surfaces of samples;  

4) The samples are saturated by toluene (cleaning solvent) for 8 hours in order to clean 

inside of samples, and remove all the fluid inside pores/cracks  
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5) The samples are oven dried for 8 hours.  

After these steps, the free water has been removed from the pores and the samples are 

considered ready for measurement.  

3.2.3 Measurement of shale samples 

3.2.3.1 Density and Ultrasonic velocities  

After the preparation of the 36 cylinder-shaped shale samples (12 sets of three samples 

each cut at 0o, 45o, and 90o to the bedding plane), we measured the area and length of the shale 

samples using a vernier calipers, and the mass of each sample using an electric balance. The 

density of each sample can be calculated by the ratio of its mass and volume.  

Each shale core has three samples cut in the direction 0o, 45o, and 90o to the bedding 

plane. The angles are defined as between the axis of cylinder sample and the normal direction of 

the bedding plane (shown in Figure 3-1, Figure 3-2).  

 

Figure 3-2 Scheme of the samples in different directions from one shale core. The single arrow 
represents the directions of wave propagation; double arrows represent directions of particle motion 
and dashed lines in the samples represent bedding planes. The angles are defined as between the axis 
of cylinder sample and the normal direction of the bedding plane (a) Sample 0

o
 to the bedding plane, (b) 

sample 90
o
 to the bedding plane and (c) sample 45

o
 to the bedding plane. (Deng et al., 2009) 
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The ultrasonic velocities of P-, S1- and S2-waves are measured along the axis of each 

cylinder samples from one shale core, using the pulse transmission technique. The SH- and SV-

wave in Figure 3-2 are S1- and S2-wave in our data, respectively; thus usually Vs1>Vs2. 

The workflow of the pulse transmission technique is as follows. First, an ultrasonic 

acoustic pulse generated from the piezoelectric transducer travels through the cylinder sample 

along the axis. Then, the travel time from two end of the cylinder sample is recorded by picking 

the corresponding phase of the waves (P, S1, and S2). Last, the ultrasonic velocities are 

calculated through dividing the length of the cylinder shale sample by the travel time of the 

corresponding waves. The equipment and the illustration of the experiment of ultrasonic 

velocities measurement are shown in Figure 3-3 (Lu, 2012). Notice that letters ‘A’ to ‘L’ are used 

to name the cores in order. 

The values of the experimental measurements about the densities and the ultrasonic 

velocities of all the Barnett shale samples are shown in Table 3-1. There are several observations 

about these measurements: 

First, the Barnett shale exhibits a strong heterogeneity. For instance, there are a large 

difference among the three samples from the same core, such as ST5205, JR7391, JR7717, and 

RC7830. The difference is more obvious for the sample of 45o, because they are harder to cut 

and usually thinner than the samples along the other two angles. 

Second, most of the Barnett shale cores exhibit a strong anisotropy; however, some 

shale cores exhibit rather isotropic velocities, such as AS6485 and BR7390. 

Third, some velocities may be problematic, for showing the largest velocities along 45o, 

such as JR7391, JR7717, and SC7590. This may cause errors when we do the following GSA 

inversion for the microstructure properties. 
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Figure 3-3 The scheme (a) and equipment (b) of the ultrasonic velocities measurement (Lu, 2012). 
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Table 3-1 Densities and velocities of the Barnett shale samples. Each core has three samples along 0, 45 
and 90 degree to bedding plane, respectively. The angles are defined as between the axis of cylindrical 
sample and the normal direction of bedding plane, which is z-axis in this study. (Lu, 2012). 

Core Sample 
Angle 

         
Length 
        

  
        

   

       
    

       
    

       

AS6586 

A-1 90o 1.663 2.522 4.923 2.983 2.352 
A-2 0o 0.406 2.548 3.130 2.255 2.236 
A-3 45o 0.204 2.535 4.056 2.449 2.012 

AS6485 

B-1 90o 0.942 2.662 5.952 3.260 3.207 
B-2 0o 0.734 2.670 5.793 3.192 3.170 
B-3 45o 0.479 2.665 5.794 3.271 3.202 

ST5105 

C-1 90o 0.633 2.404 4.701 2.861 2.227 
C-2 0o 0.393 2.407 3.015 2.144 2.126 
C-3 45o 0.259 2.399 3.257 2.300 2.223 

ST5205 

D-1 90o 0.954 2.475 4.965 2.905 2.303 
D-2 0o 0.216 2.471 3.630 2.230 2.230 
D-3 45o 0.390 2.566 3.752 2.251 1.756 

JR7391 

E-1 90o 0.794 2.559 4.690 2.949 2.305 
E-2 0o 0.536 2.716 4.477 2.815 2.793 
E-3 45o 0.252 2.714 5.238 3.362 3.018 

JR7717 

F-1 90o 1.045 2.866 4.897 3.047 2.853 
F-2 0o 0.233 2.626 3.565 2.368 2.368 
F-3 45o 1.213 2.747 5.102 3.090 2.941 

RC7630 

G-1 90o 0.915 2.490 4.469 2.905 2.083 
G-2 0o 0.306 2.499 2.944 2.313 2.313 
G-3 45o 0.355 2.545 3.665 2.732 2.437 

RC7830 

H-1 90o 0.712 2.607 4.734 3.014 2.249 
H-2 0o 0.209 2.461 3.160 2.176 2.176 
H-3 45o 0.422 2.625 4.060 2.094 1.798 

BR7390 

I-1 90o 0.567 2.675 4.338 2.483 2.466 
I-2 0o 0.287 2.637 4.238 2.497 2.497 
I-3 45o 0.268 2.613 4.420 2.521 2.484 

BR7180 

J-1 90o 0.803 2.530 4.928 3.149 2.589 
J-2 0o 0.186 2.529 3.810 2.313 2.313 
J-3 45o 0.230 2.529 4.005 2.070 1.698 

SC7590 

K-1 90o 0.889 2.399 4.784 3.027 2.407 
K-2 0o 0.353 2.449 3.053 2.320 2.308 
K-3 45o 0.558 2.446 4.788 3.055 2.402 

SC7391 

L-1 90o 1.252 2.666 5.301 3.125 2.810 
L-2 0o 0.377 2.735 3.787 2.533 2.520 
L-3 45o 0.134 2.700 4.613 2.474 2.438 
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3.2.3.2 XRD analysis 

The mineralogy compositions of the shale are also required in GSA modeling of shale 

samples. The common minerals in shale are quartz, feldspar, carbonates and clays. The X-ray 

diffraction (XRD) method is used to get the type and concentration of different minerals in the 

samples. The mass percentage of all different minerals in the powder of samples is obtained by 

observing the scattered intensity of an X-ray beam as a function of incident and scattered angle, 

polarization and wavelength. The XRD results, including mineral types and weight percentages 

are shown in Table 3-2. 

Table 3-2 Mineralogy composition of the power from 12 Barnett shale cores, obtained from the X-ray 
diffraction method. (Mass % for each type of minerals) 

From the results of the XRD analysis of Barnett shale cores, we can clearly see that the 

Barnett shale is composed mainly by silt minerals and clay minerals. ‘Silt’ used here indicates 

that the minerals are granular and whose grain size is usually larger than that of clay minerals, 

Core No. A B C D E F G H I J K L 

Quartz 57 7 60 36 47 66 66 52 71 24 71 71 

Orthoclase 0 0 1 0 1 0 0 0 0 2 0 1 

Albite 4 1 3 4 2 2 3 4 3 4 1 2 

Pyrite 3 0 3 3 2 1 1 2 3 1 2 2 

Total 
Carbonate 

12 62 13 31 20 7 5 13 4 15 7 4 

Calcite 8 58 9 27 10 2 3 9 0 2 2 1 

Dolomite 2 3 1 2 7 4 0 3 1 8 1 1 

Aragonite 1 0 2 1 2 1 2 1 1 2 3 2 

Siderite 1 0 0 1 1 0 0 1 1 3 1 1 

Sulfates&Halite 5 22 5 13 7 2 4 6 1 10 1 2 

Apatite 1 0 1 1 1 0 0 1 2 0 1 1 

Total Clay 18 7 15 12 21 21 20 21 16 44 16 18 

Smectite 2 2 2 2 4 3 2 3 2 12 2 2 

Illite 9 2 8 6 9 10 10 9 9 16 9 9 

Mixed layer 4 2 3 2 4 4 4 4 3 14 3 3 

Kaolinite 1 1 1 1 1 1 1 2 1 0 1 1 

Mica 2 1 2 1 2 2 2 2 2 1 2 2 

Chlorite 0 0 0 0 1 1 0 1 0 1 0 0 
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but smaller than sand. The XRD-detected silt minerals include quartz, feldspars (orthoclase, 

albite), pyrite, carbonate (calcite, dolomite, aragonite, and siderite), sulfates and halite, and 

apatite. The clay minerals include smectite, illite, mixed layer, kaolinite, mica, and chlorite. The 

first impression from the results is that the Barnett shale exhibits a strong heterogeneity even 

from the same well. 

3.2.3.3 Correlations between the P- and S-wave anisotropy, the S-wave splitting, and 
the clay content in shale samples 

The anisotropy is the characteristic that when a medium exhibits different physical 

parameters along different directions. In geophysics-related studies, the most common type of 

anisotropies is the anisotropy of velocities, that is, the P- and S-wave have different velocities 

along the different directions of the medium. Depending on the number of rotationally 

symmetric axes or mirror planes, there are 7 types of anisotropic systems of crystal, which are 

triclinic, monoclinic, orthorhombic, tetragonal, trigonal, hexagonal, and cubic systems. Among 

them, the simplest case is the transversely isotropic (TI) type of anisotropy, which only has one 

rotational symmetry axis. For the Barnett shale samples, VTI can be a good approximation of 

their anisotropic system, because the velocities are (nearly) the same on the bedding plane (we 

call it XY-plane), which can be seen clearly from the Vs1 and Vs2 in 0o samples (Table 3-1).   

The anisotropy of velocities is caused by the preferred orientation and alignment of 

certain components in the rock. In the case of shale, most clay minerals are in the platelet shape 

(Figure 2-3). Therefore the alignment of the clay minerals is one of major reasons to create the 

anisotropy of shale. The other reasons to cause anisotropy are possibly the natural fractures and 

non-spherical pores/cracks in the shale matrix. Since the anisotropy, S-wave splitting and clays 

are all related to the anisotropic distribution of the structure in shale, we assume they are 

correlated to each other. Several cross-plots are made to test this idea, and the results show 
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that P-wave anisotropy, S-wave anisotropy, and S-wave splitting are highly correlated to each 

other, but their correlations to the clay percentage are weak because no cracks are considered. 

 

 

 

Figure 3-4 The correlations among P- and S-wave velocities and S-wave splitting. The blue dots are the 
experimental data; the red lines are the least square fitting lines. These cross-plots are: 
(A) the S1-wave anisotropy and P-wave anisotropy; (B) the S2-wave anisotropy and P-wave anisotropy; 
(C) the S1-wave anisotropy and S2-wave anisotropy; (D) the S-wave splitting and P-wave anisotropy;  
(E) the S-wave splitting and S1-wave anisotropy; and (F) the S-wave splitting and S2-wave anisotropy. 
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From Figure 3-4 we can see good correlations among P- and S-wave velocities, S-wave 

splitting, which agrees with the assumption that they are all closely connected with the 

orientation preference of the internal components in the shale samples.  

 

Figure 3-5 The correlations among P- and S-wave velocities, S-wave splitting and clay content (mass%). 
The blue dots are experimental data; the red lines are the least square fitting lines. 
(A) The cross-plot of the P-wave anisotropy and the clay content (mass%). 
(B) The cross-plot of the S1-wave anisotropy and the clay content (mass%). 
(C) The cross-plot of the S2-wave anisotropy and the clay content (mass%). 
(D) The cross-plot of the S-wave splitting and the clay content (mass%). 

From Figure 3-5 we can see a general trend of increasing anisotropy due to increasing 

clay content in shale, with fluctuations here and there. First of all, the general trends confirmed 

our assumption that the clay platelets are one of the major reasons to cause anisotropy in shale; 

second, the weak correlations indicate that there are other causes of the anisotropy of shale, 

which are the non-spherical pores/cracks in the samples in this case.  
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3.3 Step.1 GSA modeling for the shale matrix without inclusions 

3.3.1 Required data 

The required data to model the polycrystalline matrix of shale are the mineralogy 

composition (type and the weight percent) from XRD analysis, densities, stiffness tensors, and 

orientational distributions of all the minerals.  

I. The type and weight percent of each mineral in Barnett shale cores are available 

from the XRD results (Table 3-2). For GSA method’s application, it’s necessary to 

convert the weight percent to volume percent by using the densities of all the 

minerals. 

II. The density and stiffness of each mineral are available from published 

literatures and databases (Ahrens, 1995). In this study, we assume the stiffness 

tensors and densities of minerals are constant values under room condition. 

III. The silt minerals (quartz, feldspars and carbonates, etc) are considered as 

granular particle composited of crystals, thus their stiffness tensor can be 

obtained from the averaging rule of randomly distributed minerals, or the 

isotropic bulk and shear moduli directly; On the other hand, the clay minerals 

are usually in the forms of platelets, thus their stiffness can be obtained by the 

averaging over the Z-axis in order to produce a VTI anisotropic platelets.  

3.3.2 Elastic properties of the common minerals in the Barnett shale cores 

The XRD analysis has been done for all 12 Barnett shale cores, and the results are shown 

in Table 3-2. From the results of the XRD analysis of Barnett shale cores, we can clearly see that 

the Barnett shale is composed mainly by silt minerals and clay minerals. ‘Silt’ used here indicates 

that the minerals are granular and whose grain sizes are usually larger than that of clay minerals. 

The XRD-detected silt minerals include quartz, feldspars (orthoclase, albite), pyrite, carbonate 
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(calcite, dolomite, aragonite and siderite), sulfates and halite, and apatite. The clay minerals 

include smectite, illite, mixed layer, kaolinite, mica, and chlorite. In total, there are 10 types of 

silt-sized minerals and 6 types of clay minerals.  

The single crystal forms of these minerals in shale are different in symmetric system, 

density and stiffness, which are quite stable for the same type of mineral; therefore the same 

set of their elastic properties under room condition, taken from published literatures and 

databases, are used and assumed to be constant throughout this study. (Ahrens, 1995; Bayuk et 

al., 2007; Sanchez-Valle et al., 2011; Gebrande, 1982; Raymer et al., 2000). The densities of the 

minerals in Barnett shale are shown in the following Table 3-3. 

Table 3-3 The bulk densities of all the minerals in Barnett shale cores.         

The stiffness tensors and symmetry systems of the single crystals for all the detected 

minerals in Barnett shale are organized in Table 3-4. Hexagonal crystal’s stiffness has the 

relation     
 

 
         ; Trigonal (6) crystal has one more relation             ; 

Trigonal (7) crystal has another more relation              . 

From the analysis about the SEM pictures of illite-rich clays, Wenk et al. (2007) and 

Lonardelli et al. (2007) observed that only clay minerals are aligned; therefore, the bulk modulus 

  and shear modulus   are provided for the silt minerals as well. The TI stiffness are used for 

the clay minerals except for smectite and mixed layer. Due to the comparable large variations of 

the elastic constants and the less alignment about smectite and mixed layer, the isotropic 

properties are used for them, which are                    for smectite,   

                  for mixed layer, respectively (Bayuk et al., 2007).  

Quartz Orthoclase Albite Pyrite Calcite Dolomite Aragonite Siderite 

2.65 2.56 2.62 5.016 2.712 2.87 2.93 3.96 

Halites Apatite Smectite Illite MixedLayer Kaolinite Mica Chlorite 

2.16 3.146 2.29 2.79 2.6 2.52 2.844 2.68 
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Table 3-4 The elastic stiffness tensors of the single crystal of common minerals in Barnett shale (Gpa) 

Q
uartz

O
rthoclase

Albite
Pyrite

Calcite
D

olom
ite

Aragonite
Siderite
H

alites
Apatite

Illite
Kaolinite

M
ica

Chlorite

 

Symm. Trig.6 Mono. Mono. Cubic Trig.6 Trig.7 Ortho. Trig.6 Cubic Hex. Hex. Hex. Mono. Hex. 

C11 86 67 74 361 144 205 160 229 49.1 140 179.9 171.5 184.3 181.8 

C12 7.4 45.3 36.3 33.6 53.9 71 37.3 112 14.0 13   48.3  

C13 11.91 26.5 37.6  51.1 57.4 1.7 75  69 14.5 27.1 23.8 20.3 

C14 -18.04    -20.5 -19.5  14       

C15  -0.2 -9.1   13.7       -2  

C22 86 169 137.5  144 205 87.2 229     178.4  

C23 11.91 20.4 32.6  51.1 57.4 15.7 75     21.7  

C24 18.04    20.5 19.5  -14       

C25  -12.3 -10.4   -13.7       3.9  

C26               

C33 105.75 118 128.9  84 113 84.8 125  180 55 52.6 59.1 106.8 

C34               

C35  -15 -19.1          1.2  

C44 58.2 14.3 17.2 105.2 33.5 39.8 41.3 41 12.7 36.2 11.7 14.8 16 11.4 

C45               

C46  -1.9 -1.3   -13.7       0.5  

C55 58.2 23.8 30.3  33.5 39.8 25.6 41     17.6  

C56 -18.04    -20.5 -19.5  14       

C66 39.3 36.4 31.1  45.05 67 42.7 58.5   70 66.3 72.4 62.5 

  38 55.4 56.9 142.7 73.3 94.9 46.9 124 24.9 80.4     

  44 28.1 28.6 125.7 32.0 45.7 38.5 51 14.7 45.6     
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Using the Christoffel equation (2-85), the anisotropic velocities distributions have been 

calculated at XZ-plane for all the minerals with known anisotropic stiffness. The results are 

shown in the rectangular coordinate system (Figure 3-6) and the polar coordinate systems 

(Figure 3-7), respectively. 

 

 

 

Figure 3-6 Anisotropic phase velocities in different directions in the XZ-plane for the single crystal of 
common minerals in Barnett shale. The red line is P-wave; the black line is S1-wave; the blue line is S2-
wave. The angle is between the wave propagation and the symmetry axis (Z). The used stiffness and 
density are from Table 3-3 and Table 3-4. 
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Figure 3-6 (cont.) 
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Figure 3-7 Anisotropic phase velocities angular distribution in the XZ-plane for the single crystal of 
common minerals in Barnett shale. The red line is P-wave; the black line is S1-wave; the blue line is S2-
wave. The angle is between the wave propagation and the symmetry axis (Z). The used stiffness and 
density are from Table 3 3 and Table 3 4.  
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Figure 3-7 (cont.) 
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Figure 3-7 (cont.) 

From the result we can observe the S-wave singularity, i.e., two S-waves have the same 

phase velocities, for some mineral crystals. Kiss singularity is defined as when two S-waves 

tangentially approach to each other but don’t intersect, and it generally happens along the 

symmetry axis of the TI medium.  

3.3.3 GSA Modeling for the solid matrix of shale 

As we discussed before in the workflow of GSA modeling (Page 29), the solid phase of 

the shale sample will be treated as a polycrystalline body. The GSA modeling will be used to 

calculate the effective stiffness of this polycrystalline material following equation (2-72). The 

choices of parameters will follow the case of solid inclusions in solid matrices of GSA modeling 

methodology in the last chapter (case 1 of section 2.3.1). Therefore, clays are considered as the 

solid matrices, and the other granular silt minerals (quartz, feldspar, carbonate, etc.) are 

considered as the solid inclusion.            take values        . The granular silt minerals are 

assumed to be isolated, thus the friability of inclusion of the granular minerals is 0, and the 

stiffness of comparison body is that of the matrix property (clays).  
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The modeled effective stiffness tensors of the solid matrices are used to calculate the 

velocities (Vp, Vs1, and Vs2 of 0, 45, and 90 degree), and then are compared with the measured 

ultrasonic velocities for all 12 Barnett shale cores (from Table 3-1).  

3.3.4 Results of the modeling of solid matrix 

 

 

 

Figure 3-8 The effective stiffness and density from the GSA modeling of the solid matrices of Barnett 
shale cores. The anisotropic velocities (Lines) of the pure mineral composites are shown against the 
ultrasonic measured velocities (Dots). The GSA modeling only considers the solid phase of the samples. 
GSA modeling for solid matrices will overestimate the stiffness because of no inclusions. 
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Figure 3-8 (cont.) 
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Figure 3-8 (cont.) 
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Figure 3-8 (cont.) 

3.4 Step.2 GSA inversion to get the microstructure properties 

In the second step, we treat the mineral composite as the new matrix with the stiffness 

obtained in step 1, then treat gas-filled penny-shaped pores as the new inclusion. We assume 

the pores are parallel to the bedding plane XY, and Z-axis is the symmetric axis for the shale. The 

optimized porosity, aspect ratio and friability are obtained through GSA inversion (Page.32)  

Simulated annealing method is used to find the global optimized microstructure 

parameters to minimize the objective function (2-73) of GSA inversion. The results of the GSA 

inversion (Figure 3-9) show that the velocities calculated from the effective stiffness with the 

optimized microstructure parameters have a very good agreement with the experimental 

ultrasonic velocities. The differences of the velocities in 0 and 90 degrees are more accurate 

than that of 45 degree, which is reasonable because of the better data quality in 0 and 90 

degrees. This can be confirmed from our experimental measurements (Table 3-1), for instance, 

the samples along 45 degrees generally have much smaller thickness and more different density 

than that of 0 and 90 degree.  

Finally, the optimized microstructure parameters for all the Barnett shale samples are 

obtained (shown in table 3).    ,     , and      are the microstructure parameters inverted 

from GSA method.      is the bulk density calculated using     .       is the bulk density 
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measured by dividing the mass with volume of samples.      is the density of pure minerals of 

sample using XRD composition and minerals’ densities from database.      is the total porosity 

based on measured densities       and     , using the mass balance equation 

                             (3-1) 

 

 

 

Figure 3-9 The effective stiffness and density from the GSA inversion of Barnett shale cores. The 
anisotropic velocities (Lines) of the shale samples with inclusions are shown against the ultrasonic 
measured velocities (Dots). The GSA modeling considers both the solid phase and the gas inclusion with 
the optimized microstructure parameters. 
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Figure 3-9 (cont.) 



 

61 

 

 

 

 

Figure 3-9 (cont.) 



 

62 

 

Figure 3-9 (cont.) 

Table 3-5 The microstructure parameters (friability     , total porosity     , aspect ratio     ) from 
GSA inversion; Bulk densities      are from the direct measurement; The matrix densities      are from 
mineralogy; Total porosity      are from bulk and matrix densities; The velocities errors are described 
by the objective functions      in equation (2-73). 

The global optimized microstructure parameters are independently acquired to match 

the experimental data, thus we can use      to check the accuracy of the GSA inversion result. 

Sample A, C, D, G, H, and K show successful inversion results, in which the porosity      and 

density      from GSA inversion are very close to the porosity      and density       from 

measurements, respectively. For sample B, E, F, I, and L, the porosity is overestimated and leads 

to a lower density      than the measured density      . This is caused by the commonly seen 

Shale 
Cores 

               
     

       

      

       

     

       
          

A. AS6586 0.92 7.40% 0.45 2.534 2.535 2.736 7.35% 0.0209 

B. AS6485 0.6 5.00% 4.48 2.588 2.665 2.724 2.17% 0.2109 

C. ST5105 0.9 11.00% 0.48 2.391 2.403 2.687 10.56% 0.0171 

D. ST5205 0.9 8.90% 0.49 2.504 2.504 2.749 8.91% 0.0983 

E. JR7391 0.8 10.00% 1.00 2.490 2.663 2.767 3.76% 0.1801 

F. JR7717 0.94 4.00% 0.56 2.602 2.746 2.710 -1.33% 0.1686 

G. RC7630 0.95 6.00% 0.53 2.521 2.511 2.682 6.38% 0.1469 

H. RC7830 0.94 6.00% 0.47 2.566 2.564 2.730 6.08% 0.0103 

I. BR7390 0.94 6.00% 1.00 2.574 2.642 2.738 3.51% 0.1018 

J. BR7180 0.74 6.91% 0.39 2.463 2.529 2.646 0.04% 0.0915 

K. SC7590 0.93 9.00% 0.64 2.467 2.431 2.711 10.33% 0.2487 

L. SC7391 0.97 1.54% 0.52 2.661 2.700 2.703 0.10% 0.1173 
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non-unique solution problem of inversion. The results may be further improved by using the 

measured porosity as additional restriction. To further improve the results of the optimized 

microstructure properties, we can try to reduce the sources of error, following the guideline 

introduced in the next section.  

3.5 Sources of error 

There are many sources for the error of the results from the GSA inversion. They are 

discussed here in three categories: the experimental error, the methodology error and the 

calculation error. 

3.5.1 The experimental error 

The GSA inversion involves many aspects of the laboratory experiment, such as sample 

preparation and treatment, density measurement, ultrasonic measurement, XRD analysis, SEM 

for mineral alignment estimation, porosity measurement, and more. Any inaccurate reading of 

these measurements will cause error of the GSA inversion results, which are the microstructure 

parameters (friability, aspect ratio, and total porosity) of the Barnett shale cores in this 

dissertation. In this particular study, the preparation of the 45o samples are the most difficult, 

because they are shorter and easier to break during cutting than the 0o and 90o samples; thus, 

and the measurements of densities and ultrasonic velocities are more inaccurate for the 45o 

samples. This can be observed by the experimental measurements data (Table 3-1), and also by 

the larger error for the velocities in 45o in the GSA inversion results (Figure 3-9). 

3.5.2 The methodology error 

 The methodology error consists of two types of errors: the error from the inversion 

(optimization) problem, and the error from the GSA method. (i) The error from inversion is 

caused by the non-unique solution problem, especially in non-linear inversion. GSA algorithm is 

heavily non-linear, that involves tensor rotation, volume average and the inverse of tensor. One 
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way to reduce the effect of the non-unique solution problem is to have good meaningful 

restrictions for all the parameters to be inverted. In this case, the SEM picture can be used to 

restrict the aspect ratio; the porosity measurement can be used to restrict the total porosity. (ii) 

The error from the GSA method is caused by the violation of the assumptions. The GSA 

modeling and inversion have some intrinsic and extrinsic assumptions. The intrinsic assumptions 

includes: first, the medium is statistical homogeneous; second, the pores are along the same 

direction and have an average shape of ellipsoid. The extrinsic assumptions are those we 

assumed during inversion, such as the shape and orientation of pores, cracks, and minerals. In 

this study, we assume that: (1) the pores/cracks are penny-shaped (        ), and parallel 

to the bedding plane (XY); (2) silt minerals are randomly distributed (isotropic), granular 

(        ) and isolated (   ), for the step of modeling solid matrix; (3) clay minerals are 

aligned in the bedding plane(XY). Error will be introduced when any violation of these 

assumptions exists in the real samples. This error can be reduced when we adjust the assumed 

model closer to the real samples. 

3.5.3 The calculation error 

Extensive calculations of 3D volume integration, inversion of 4th rank tensor are required 

in the algorithm of GSA method (2-72), and the calculation of Green’s function (2-30) and (2-32). 

The analytic solution is not possible in this process because of the combination of tensor 

rotation, tensor inversion and volume integration. Thus the choice of numerical integration and 

the optimization method will directly influence the error of GSA inversion.  

3.6 Conclusion  

The GSA inversion method is proved to be useful to obtain the microstructure 

parameters of Barnett shale. The microstructure properties optimized by simulated annealing 

for Barnett shale cores are as follows: the total porosities are varying in the range from 1.54% to 
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11%; the aspect ratios of pores are from 0.39 to 0.54 with the average value of 0.5, this is the 

average aspect ratio that accounts for all the pores; the friability is used in GSA to describe the 

pore connection and has the value range of (0-1), The friability is from 0.9 to 0.95, which 

indicates that the pores are very well connected in Barnett shale.     
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CHAPTER 4. GSA anisotropic fluid substitution 

4.1 Introduction 

In the petroleum industries, the rocks are not what we are looking for; instead, the 

hydrocarbon inclusions, such as natural gas and oil, inside the reservoir rocks are the eventual 

goal. Therefore, fluid substitution is very important and routinely used to fully understand the 

fluid-dependent seismic response of the porous rocks, which can be used to discriminate the 

fluid types. Thus it’s widely used in the direct hydrocarbon indicators (DHI) studies, including 

‘bright spots’, ‘dim spot’, amplitude versus offset (AVO), time-lapse monitoring, and so on. 

The basic function of the fluid substitution is to use the known elastic properties of the 

porous rock and the fluids (including porosities, elastic moduli, and densities of all components) 

to predict the effective elastic moduli of the same rock, only whose inclusion fluid has been 

substituted by another type fluid. For example, when the elastic properties of a dry sandstone 

(gas inclusion) are known, fluid substitution can be used to calculate the elastic moduli of the 

brine-saturated sandstone. Theoretically, fluid substitution can be used to replace the fluid 

inclusion to any other type; however, practically the substitution among the gas, water, and oil 

in the pores are the most important to look into, because it simulates the seismic response of 

the same rock formation with the most common inclusions in the real reservoir, such as natural 

gas, brine, and oil.  

In practical application, the Gassmann substitution (Gassmann, 1951) is the most widely 

used method for the fluid substitution of the log data, because of the concise formula, simple to 

understand, and fast calculation. Assuming isotropic inclusions, the bulk modulus of the 

saturated rock is calculated from the porosity, matrix and fluid properties of the dry rock, by 

using the Gassmann equation (Batzle and Han, 2000; Smith et al., 2003) 
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  (4-1) 

where   is the porosity;      is the bulk modulus of the saturated rock;    is the bulk modulus 

of the mineral matrix;     is the bulk modulus of the pore fluid; and   is the bulk modulus of the 

drained porous rock frame (sometimes it’s called      referring dry rock frame). This isotropic 

algorithm is normally valid for porous sands, which satisfies the isotropic assumption. However, 

when the anisotropy caused by clay content and non-spherical fractures is big enough, this 

equation will give inaccurate results, for which the empirical correction can be used to 

compensate the clay content (Han and Batzle, 2002), but the effect from the fractures is hard to 

compensate. 

Gassmann equation also has an anisotropic algorithm, which use the full elastic stiffness 

tensor instead of the bulk modulus of the saturated rock (Mavko and Bandyopadhyay, 2009). 

      
          

(             )(             )

(      ) (      )  (          )
 (4-2) 

where     is the Kronicker delta function; Einstein convention is used here that repeated indices 

indicate the summation over 1, 2, and 3. Even though the full rock is consider as anisotropic, the 

matrix is still assumed to be isotropic, and characterized by the bulk modulus   . In order to 

apply the algorithm, the full tensor of the stiffness should be known, which is difficult in field 

data; thus some rock models are used to simplify the requirement of data. For instance, based 

on the linear-slip model (Hsu and Schoenberg, 1993; Schoenberg and Sayers, 1995), different 

approaches of the anisotropic Gassmann’s fluid substitution are developed separately by 

Gurevich (2003), Sil et al. (2011) and Huang et al. (2012). 

There are many assumptions for the Gassmann fluid substitution that limit its 

performance, especially in anisotropic cases.   These assumptions are: (1) zero frequency. The 
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Gassmann’s equations are basically the zero frequency approximation of Biot’s general 

equations of motion in poroelastic media; (2) porosity and pore shape doesn’t change during 

saturation; (3) the dry bulk modulus is constant for different saturation fluid; (4) the saturated 

shear modulus doesn’t change due to saturation, or          ; and (5) the pores are well 

connected. 

The GSA method, as we discussed previously in chapter 2 and 3, is superior in many 

aspects as an effective medium theory (EMT), which relates the effective moduli of the whole 

rock with the properties of its components. The fluid substitution can be understood as one 

special application of the EMT, thus the GSA method can be used as a good fluid substitution 

method. The GSA method doesn’t have the many assumptions and restrictions of Gassmann 

equations, so it can take into account the shape of pores, anisotropic matrix, pore connection, 

and alignment of the minerals. The GSA substitution is not limited to fluid, and it can be used to 

the substitution of any component inside the rock, such as the phase changing during 

crystallization of igneous rock and the solid substitution of intrusion. In this chapter, the context 

of GSA substitution is set to be the fluid substitution for the reservoir rocks, and the examples 

are all from the synthetic rock model.  

4.2 GSA fluid substitution method 

The workflow of the GSA fluid substitution is straightforward. (see Figure 4-1). Assuming 

all the elastic properties of the matrix and fluid of the rock are available, the GSA fluid 

substitution of a two-phase medium can be done in three steps: 

Step 1: Following the GSA inversion methodology for the microstructure properties 

(Section 2.3.2, Page.32), we can invert the friability   of the original rock. The assumption has 

been made that the pore structure and connection of the rock is not changed during the fluid 

substitution, thus the aspect ratio, porosity, and friability are constant. The total effective 
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stiffness   
  is used as the experimental data described in Figure 2-5, which is required in the 

objective function of GSA inversion. The aspect ratio and porosity can be obtained from the 

measurement. 

Step 2: Replace the elastic properties for the substituted component in the rock. In this 

case of fluid substitution, only the stiffness tensor of the fluid inclusion is changed. The 

substituted fluid 2 can be pure or mixed fluid among gas, water, and oil, so the effect of 

saturation of any percentage can be investigated. Changing of the fluid stiffness leads to the 

change of the stiffness of the comparison body and the Green’s function, which must be 

updated for the new fluid.  

Step 3: Using GSA model to calculate the effective stiffness of the new rock with fluid 2 

as inclusion. The property of the matrix and microstructure are the same as the original rock 

with fluid 1; also, the inverted friability from step 1, and the properties of the new fluid 2 are 

used.  

 
Figure 4-1 The workflow of GSA fluid substitution for the two-phase medium. The friability is inverted 
from the elastic properties of the rock with fluid 1; then the fluid property is replaced by that of fluid 2; 
in the end, the effective stiffness is calculated for the rock with substituted fluid 2.    
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The effective stiffness after fluid substitution can be used to calculate the anisotropic 

velocities for better interpretation using the Christoffel equation (2-85). Furthermore, when the 

suitable rock physical model is available, the effect of the changing of the other properties can 

also be taken into account, such as the pore closing effect (porosity and aspect ratio change), 

cementation or dissolution (porosity change due to changing geochemical conditions), and 

elasticity change of the matrix (such as the swelling effect of clay minerals).  

4.3 Examples and results 

4.3.1 Synthetic sandstone model 

The synthetic sandstone model is based on Rathore’s model. (Rathore et al., 1995), 

because GSA method shows the best agreement with the experimental measurement, 

compared with many other EMTs (Bayuk and Chesnokov, 1998).  

 

Figure 4-2 Geometry of the studied model which consists of matrix and cracks two components.  The 

matrix has the homogenous moduli Km=5.21GPa and μm=4.17GPa, and matrix density as 1.712g/cc. 
The pore/crack is gas-filled penny-shaped ellipsoid perpendicular to X-axis. Thus it’s a HTI medium with 
the X-axis as the symmetric axis. (Modified from Rathore et al., 1995) 
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The synthetic sandstone model is a two phase model composed of matrix and cracks. 

The matrix is a mixture of sand and epoxy, with bulk modulus of 5.21 GPa, shear modulus of 

4.17 GPa and density of 1.712 g/cc. The cracks are penny-shaped cracks with thickness of 0.02 

mm, diameter of 1 mm and aspect ratio of 1/50 (ellipsoid with axes         ). The crack 

density is 0.018. Thus we can calculate the porosity of cracks which is 0.15% by using  

    
  

   
 (4-3) 

where    is crack density,   is porosity of cracks, and   is the aspect ratio of cracks. The bulk 

moduli and densities are 0.0001 GPa, 0.0007 g/cc for gas, and 2.16 GPa, 1 g/cc for water. So the 

input data of the fluid substitution are listed in Table 4-1. For the dry model, C11 = 1.03 GPa; 

C13= 0.30 GPa; C33 = 10.24 GPa; C44 = 4.15 GPa; C55 =0.78 GPa.  

Table 4-1 The input and output data of the GSA fluid substitution of the synthetic sandstone model. 

4.3.2 Comparison of GSA and Gassmann fluid substitution 

We start with the effective stiffness of the dry model, and input them with the given 

properties of the matrix, fluids and microstructure into the GSA fluid substitution. The friability 

should be inverted, but in order to compare with the results of Gassmann equation the friability 

is set to 1, which is required by the assumption of all pores being connected in Gassmann fluid 

substitution (Smith et al., 2003).  

Media Elastic properties (modulus in Gpa; density in g/cc) 

Matrix                                        

Fluid 1 (gas)   
 

                 
 

            
 

        

Fluid 2 (water)   
 

               
 

            
 

   

Microstructure                                             

Dry rock                                                          

Saturated rock                                                            
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Figure 4-3 Comparison of the results from GSA fluid substitution with three different HTI Gassmann 
methods for the saturated synthetic sandstone model. The upper panel shows the comparison of the 
five elastic moduli. The lower panel shows the comparison of the velocities. 

The stiffness of the saturated rock output from GSA fluid substitution is shown in Table 

4-1. The exact Gassmann’s equations (4-2), Huang’s HTI Gassmann approximation (2013), and 

the one from Gurevich (2003) are all used to calculate the stiffness of the saturated rock. The 
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result from the GSA fluid substitution is compared with that from the three different anisotropic 

Gassmann algorithms for the saturated synthetic model. The comparisons of GSA and Gassmann 

fluid substitution are shown in Figure 4-3, and the GSA substitution method matches very well 

with the exact Gassmann’s equations and Long’s approach. We should notice that Gassmann’s 

equations assume that shear rigidity remains constant regardless of fluid type. In this case, the 

GSA substitution might have better results for shear waves because of no assumption about the 

shear moduli          , which is an advantage of GSA over the Gassmann’s prediction. The 

change of the shear wave can be observed from the result of GSA method. 

4.3.3 Results of GSA fluid substitution 

The same model (Table 4-1) is used to test the effect of fluid type, porosity, and 

saturation in the GSA fluid substitution. The properties of the pore fluids (gas, brine and oil) 

under room condition are listed in Table 4-2. 

Table 4-2 The properties of pore fluids used in the GSA fluid substitution 

4.3.3.1 Gas in the cracks 

From the results of gas-saturated rock, we can clearly see that generally the moduli and 

velocities are decreasing with the increasing porosity. There are two major points: (1) the 

different pore connection (friability) will definitely change the seismic response; and higher pore 

connection will reduce the P- and S-wave velocities in all the directions; The velocities of the SV-

wave parallel to cracks (Figure 4-5) and the SV-wave vertical to cracks (Figure 4-6) are the same, 

because they have the same polarization. 

 

Fluid types Bulk modulus (Gpa) Density (g/cc) 

1. Gas 0.0001 0.0007 

2. Brine 2.3 1 

3. Oil 1.1 0.8 
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Figure 4-4 Elastic moduli vs. porosity in gas-saturated rock with friability 0.5(L) or 0.99(R).  

 
Figure 4-5 Velocities parallel to cracks vs. porosity in gas-saturated rock with friability 0.5(L) or 0.99(R).  

 
Figure 4-6 Velocities vertical to cracks vs. porosity in gas-saturated rock with friability 0.5(L) or 0.99(R).  
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4.3.3.2 Brine in the cracks 

 
Figure 4-7 Elastic moduli vs. porosity in brine-saturated rock with friability 0.5(L) or 0.99(R). 

 
Figure 4-8 Velocities parallel to cracks vs. porosity in brine-saturated rock with friability 0.5(L) or 0.99(R).  

 
Figure 4-9 Velocities vertical to cracks vs. porosity in brine-saturated rock with friability 0.5(L) or 0.99(R).  
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When porosity is 0 or 100%, the medium has the same velocities in all the direction, 

which is the matrix speed at porosity of 0, and the water speed at porosity of 100%. However, 

the friability (pore connection) will influence the changing trend of the velocities with increasing 

porosity. From Figure 4-8 and Figure 4-9 it’s evident that higher friability will lead to a faster 

drop of velocities when the porosity starts to increase from 0, and a slower drop of velocities 

when the porosity is large enough and approaches 100%, eventually the velocities will reach the 

water speed at porosity of 100%.  

Generally, the velocities Vp and Vsh in vertical-to-cracks direction are smaller than in 

parallel-to-crack direction, except for the Vsv, which is slowest among all phases of waves, and 

has a same value in both directions. 

4.3.3.3 Oil in the cracks 

For the oil-saturated rocks, the elastic moduli are similar to brine-saturated rock (Figure 

4-10). The velocities’ behavior of changing with porosity is between those of gas- and brine-

saturated rocks, depending on the exact values of the elastic moduli and density. Also it’s clear 

that higher pore connection leads to decreasing of the velocities. (Figure 4-11, 4-12) 

The shear modulus c44, c55 are very close for gas-, brine-, and oil-saturated rock, but 

they tend to increase when the pore connection increases. (Figure 4-13). 

As shown in Figures 4-14 and 4-15, the Vp/Vs ratios are also calculated for waves in 

directions vertical and horizontal to cracks. Vp/Vs vertical to cracks are similar to Vp/Vsh parallel 

to cracks, that it is increasing with porosity for brine- and oil-saturated rock, and almost 

constant for gas-saturated rock; however, in the direction vertical to cracks, Vp/Vs2 increases 

for gas-saturated rock, too.  (Figure 4-15) 
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Figure 4-10 Elastic moduli vs. porosity in oil-saturated rock with friability 0.5(L) or 0.99(R). 

 

Figure 4-11 Velocities parallel to cracks vs. porosity in oil-saturated rock with friability 0.5(L) or 0.99(R). 

 

Figure 4-12 Velocities vertical to cracks vs. porosity in oil-saturated rock with friability 0.5(L) or 0.99(R). 
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Figure 4-13 Shear moduli of gas-, brine-, and oil-saturated rock vs. porosity. Upper two figures are c44 
and c55‘s fluctuation when friability=0.5; lower two figures are c44 and c55’s fluctuation when 
friability=0.99.  

 
Figure 4-14 Vp/Vs ratio vertical to cracks of gas-, brine-, and oil-saturated rock vs. porosity. f=0.5 
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Figure 4-15 Vp/Vs ratio parallel to cracks of gas-, brine-, and oil-saturated rock vs. porosity. f=0.5. The 
left panel is for the Vp/Vs1(SH), the right panel is for the Vp/Vs2(SV). 

4.4 Conclusion   

The GSA fluid substitution method is proved to be a superior alternative method for the 

Gassmann fluid substitution, especially for the anisotropic medium. Using the GSA fluid 

substitution workflow, we can take into account much more complicated model such as 

anisotropic matrix and inclusion, not-all-connected pores, varying matrix, and multiple 

components medium. From the comparison to the result produced by Gassmann’s equation, we 

conclude that in case of isotropic or anisotropic medium with all connected pores, the GSA fluid 

substitution is more or less equivalent to the Gassmann substitution; but in case of anisotropic 

medium with arbitrary shape pore and not well connected pores, where the assumptions of 

Gassmann equation can’t be satisfied, the GSA fluid substitution can provide much accurate and 

meaningful results about the seismic response of the saturated rocks. The connection of the 

pores (friability) in the porous rock will significantly affect the seismic response of the saturated 

rock. GSA fluid substitution can take the pore connectivity into account through the additional 

parameter friability. Also the aspect ratio can significantly affect result as well. More tests 

should be done in the future on the field data to further evaluate the GSA fluid substitution.   
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CHAPTER 5. Connection of the elastic and transport 
properties of porous medium by the friability in GSA 

5.1 Introduction 

It’s well known that microstructure plays a significant role in determining both the 

overall effective elastic (elastic stiffness tensor) and transport (conductivity and permeability) 

properties of a porous medium. With the help of one accurate effective medium modeling 

method General Singular Approximation (GSA), we can numerically obtain the effective elastic 

and transport properties with known mineral composition, elastic/transport properties of all 

components and microstructure properties (Bayuk and Chesnokov, 1998; Bayuk and Rodkin, 

1999; Bayuk et al., 2007; Chesnokov et al., 2009; Jiang and Chesnokov, 2012). In a general 

porous medium, microstructure properties mainly include independent parameters such as 

porosity, aspect ratio, connectivity. Given aspect ratio, porosity, and crack density are 

interchangeable, we can also use crack density instead of porosity.  

GSA is one unique method in a sense that it can take into account all the 3 parameters, 

especially connectivity, which is included in GSA by introducing one empirical parameter called 

friability, but is missing from most of other effective medium models (Eshelby, 1957; Hudson, 

1981; Nishizawa, 1982). The friability parameter in GSA method is the very parameter that links 

the elastic and transport phenomena together (section 2.2.3). It closely relates with the pore 

connectivity, which itself is a transport parameter describing the network of connection and the 

capability to transport fluid in the porous medium, and in the meantime it’s involved in the GSA 

method to describe the effective elastic stiffness; therefore the elastic and transport properties 

may be linked thought the friability. 

First, the relation between the effective elastic moduli and friability in the porous 

medium is calculated using the GSA modeling for elasticity. In this step, we can also use the 
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effective stiffness to calculate the Biot Willis’s effective stress parameter, and the velocities. So 

the relation can also be obtained between Biot’s parameter and friability, the velocities and 

friability, respectively. 

Second, the relation between the effective permeability and the friability in the porous 

medium is calculated using the GSA modeling for transport property.  

Third, we can link the results from above two steps and build the relationship between 

the effective elastic moduli and the effective permeability for the porous media. The Biot’s 

parameter and the velocities can also be linked back to the corresponding permeability. 

Even this is only a qualitative study; the general trend of change of the permeability 

against elasticity is discovered for the porous media in the first time. In the future, quantitative 

study may be done based on this framework and calculate the empirical relationship between 

the permeability and velocities for anisotropic porous media, however, that’s beyond the scope 

of this dissertation. 

The involved parameters, including Biot’s effective pressure parameter and Thomsen 

parameters, are introduced before we start the calculations. 

5.1.1 Biot’s effective stress parameter      

Biot’s parameter 𝛼 is introduced by Biot (Biot, 1941; Biot and Willis, 1957) into analyzing 

strain of porous media caused by the total stress and the pore pressure on inclusion inside pores. 

Different names can be found in the literatures, such as effective pressure parameter, Biot-Willis 

parameter, with different notations, such as  𝛼,   and  , etc. It describes the proportional factor 

of pore pressure when calculating the effective pressure. The Biot 𝛼 has the isotropic expression 

       𝛼   (5-1) 

where    is effective pressure in the matrix,    is the confining pressure applied to the whole 

body,    is the pore pressure. Notice in the isotropic case, 𝛼 is a scalar. Terzaghi (1923) shows 
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𝛼    for unconsolidated rocks; Geertsma (1957) and Skempton (1960) suggested an analytic 

expression from bulk modulus, whose derivation has been given later by Nur and Byerlee (1971). 

 𝛼    
 

  
 (5-2) 

where   is the effective bulk modulus of the whole body,    is the bulk modulus of the solid 

material of the matrix. 

It has been developed to a more general anisotropic expression (Chesnokov et al., 2005) 

    
     

  𝛼   
  (5-3) 

where   
  is effective stress in the matrix,    

  is the confining stress applied to the whole body, 

   is the pore pressure. Notice in the anisotropic case, 𝛼   is a tensor of rank 2. The analytic 

expression of  𝛼   has also been given by Chesnokov et al. (2005)  

 𝛼                 
  (5-4) 

where     is Kronecker delta;       is the effective stress tensor of the whole body;      
  is the 

compliance tensor of the solid material of the matrix. Einstein’s summation convention is used 

here to sum repeated indices over 1, 2, and 3.  

For isotropic matrix, it can be simplified as: 

 𝛼                 (5-5) 

where    is the bulk modulus of matrix.  

 For VTI model with isotropic matrix, it can be further simplified as: 

 

𝛼  𝛼     
           

    
  

𝛼  𝛼   𝛼     
           

    
 

(5-6) 

5.1.2 Thomsen parameters 

Thomsen parameters (Thomsen, 1986) have these expressions: 
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(5-7) 

where   is the difference between P-wave velocities in horizontal and vertical directions;   is the 

difference between SH-wave velocities in horizontal and vertical directions for VTI medium;   

contributes both to near vertical P-wave velocities variations, and to the angular dependence of 

the SV-wave velocities. The Thomsen parameters are widely used in analyzing weak anisotropy. 

5.2 Studied model 

 

Figure 5-1 Geometry of the studied model which consists of matrix and inclusion two components.  The 
matrix has the homogenous moduli            and           , and matrix density as 

1.712     . The pore/crack is gas-filled penny-shaped ellipsoid perpendicular to Z-axis. Thus it’s a VTI 
medium with the Z-axis as the symmetric axis. Notice the coordinate system is different from Figure 4-2. 
(Modified from Rathore et al., 1995). 

As shown in Figure 5-1, the studied model is a two-phase (matrix and inclusion) VTI rock 

model with adjustable microstructure properties. Here we use the elastic moduli values from 

the synthetic sandstone model built by Rathore et al. (1995). The matrix is constructed from 

sand and epoxy mixture, and the inclusions are gas-filled pores/cracks under room condition. 

For the matrix, K=5.21GPa, μ=4.17GPa, and rho=1.712g/cc; for gas inclusion, K=0.0001GPa, μ

=0, and rho=0.0007g/cc; and for water inclusion, K=2.16GPa and μ=0, and rho=1g/cc. The 
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matrix is homogenous and isotropic, so that the anisotropy is caused by the distribution and 

aspect ratio of the pores/cracks. 

We are trying to find the relation of the effective properties and the microstructure 

properties, including the porosity, aspect ratio (or crack density instead), and the friability; 

therefore, the microstructure parameters are subject to change, which is the difference 

between the studied model and the original Rathore’s model. 

5.3 The relation between the elasticity and the microstructure 

The relation between elastic moduli and microstructure will enhance our understanding 

and prediction the change of one from that of the other, or vice versa. It also can give us 

information of how sensitive the elastic moduli are due to each of microstructure parameters. 

The rock model and its bulk and shear moduli of matrix (sand and epoxy mixture) and 

inclusion (gas) use values from the synthetic sandstone that is constructed and measured for 

Ultrasonic velocities in different directions to study anisotropy by Rathore et al. (1995). Later it 

has been used by Bayuk and Chesnokov (1998) to reproduce the laboratory ultrasonic velocities 

by GSA modeling. Thus this confirmation encourages us to use the same set of data with varying 

microstructure parameter to conduct our study. The bulk and shear moduli of matrix are 

5.21GPa and 4.17GPa, and the density of matrix is 1.712g/cc. We use gas under room condition 

(K=0.0001GPa, μ=0, and rho=0.0007g/cc) as inclusion inside penny-shaped ellipsoid with 

varying aspect ratio from 0 to 1. Crack density is dependent on aspect ratio and porosity, as a 

result of that there are only two independent parameters among those three. Thus we can 

transfer crack density to porosity to do GSA modeling and then analyze the results based on 

crack density. GSA give us access to the full components of effective stiffness, thus we can 

calculate and analyze effective compliance and anisotropic constant of Thomsen parameter. 

The microstructure parameters are selected to vary in a range as shown in Table 5-1. 
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Table 5-1 Varying range of microstructure parameters in this study of elasticity and microstructure  

Porosity and crack density are dependent to each other through aspect ratio (see 

equation (5-8)), so we decide to use either porosity with aspect ratio or crack density with 

aspect ratio together. 

        
 

  

 

 
 (5-8) 

where     is crack density, defined by the crack number density   and crack long radius  .    is 

the inclusion porosity;    is the aspect ratio of inclusion which equals   ⁄ , if we assume the 

shape of inclusion is penny-shaped ellipsoid with two equal long axis   and short axis   .  

5.3.1 Testing methodology 

For each set of microstructure parameters, we use GSA modeling to calculate the 

effective stiffness tensor    of the studied model, then we invert tensor    to get the effective 

compliance   . We are interested in the five independent components    
 ,    

 ,    
 ,    

 ,    
  of 

   and    
 ,    

 ,    
 ,    

 ,    
  of    since this is a VTI model.  Also the Thomsen parameters 

      can be obtained from   . The Biot’s 𝛼 is also calculated using the stiffness tensor. The link 

between Biot’s 𝛼 and the friability further confirmed the idea that the pore connectivity in the 

porous media can be expressed by the friability. 

  

Porosity       ;  (in this case    varies) 

Aspect ratio    
                                                          
                                                ;  
(0.00005 ~ 1 geometrically) 

Friability                                         ; (0 ~ 0.9 with 0.1 increment) 

Crack density       ;  (in this case    varies) 
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5.3.2 Relation between elastic properties and microstructure 

5.3.2.1 Elastic moduli’s relation to connectivity (friability) of microstructure 

We only let friability vary from 0 to 0.9, and keep all the other parameters as constants: 

        ,     . The five independent components of    and    are calculated and then 

compared with their values at    . Figure 5-2 shows the relative changes of    or    with 

regard to the friability.  

 

 

Figure 5-2 Relative changes of stiffness and compliance tensors with regard to friability, which describes 
the microstructure connectivity. 
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Figure 5-3 Computed three Thomsen parameters with different friability using GSA modeling. Model is 
the same as Figure 5-2, porosity and aspect ratio of pore/crack are constants as 5% and 0.1024 
respectively.  Friability changes from 0 to 0.9 

Figure 5-2 denotes that the connectivity can dramatically affect    
 ,    

 ,    
  and    

 , 

   
 ,    

 , but considerably has minimum effect on    
 ,    

 , and    
 ,    

 . Therefore generally 

speaking, horizontal P-wave and SH-wave are less influenced by the pore/crack connectivity; on 

the other hand vertical polarized P-wave and S-wave are much more affected by the pore/crack 

connection. Shown in Figure 5-3, Thomsen parameters increase with friability exponentially. This 

indicates that both P- and S-wave anisotropy are increased with increasing connectivity. 

5.3.2.2 Elastic moduli’s relation to aspect ratio of microstructure 

To study the effect of aspect ratio to the elastic moduli, we only allow the aspect ratio of 

inclusion to change from                   geometrically; meanwhile fix the other parameters 

as constants. Notice here the crack density also varies depending on porosity and aspect ratio by 

equation (5-8). Thus in this part, we first analyze the result for fixed friability and porosity, and 

then we analyze another result for fixed friability and crack density. Two very different results 

will appear depending on which parameter (porosity or crack density) we choose to keep as 

constant.  
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Case 1, for constant friability      , and porosity     , the results are 

 

 

 
 

Figure 5-4 The relative stiffness, relative compliance, and Thomsen parameters with regard to the 
varying aspect ratio, respectively. The other microstructure parameters are constants: friability is 0.5, 
porosity is 5%. Crack density changes with aspect ratio through equation (5-8).  
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Case 2, for constant friability      , and crack density       , the results show 

 

 

 

Figure 5-5 The relative stiffness, relative compliance, and Thomsen parameters with regard to the 
varying aspect ratio, respectively. Friability is 0.5, crack density is 0.1. Crack porosity changes with the 
aspect ratio through equation (5-8) 
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For the case 1 with fixed friability and porosity (Figure 5-4), we can state that with fixed 

porosity, 11 and 66 components of both    and    are not sensitive to aspect ratio, but 13, 33, 

44 components are fairly sensitive, with an exception of    
 . Thomsen parameters indicate that 

anisotropy is very sensitive to the change of small aspect ratio when       , and is less 

sensitive when       . 

For the case 2 with fixed friability and crack density (Figure 5-5), we can state that when 

the crack density is constant the elastic moduli are quite stable when   is lower than 0.1, with 

exception of    
 ,    

 . This partly agrees with the observation of Sevostianov and Kachanov 

(2009). From Thomsen parameters we can state that S-wave anisotropy   are not much affected 

by aspect ratio lower than 0.1, and P-wave anisotropy   is stable when            . 

5.3.2.3 Elastic moduli’s dependence on friability and porosity 

 
Figure 5-6 The stiffness dependence on friability and porosity. From top to bottom they are C11, C33, 
C66, C44, and C13, successively. Porosity’s range is 0%-10%, friability is 0-1. Aspect ratio is 0.1 for the 
left panel, and is 0.4 for the right panel. 

Figure 5-6 demonstrates that (1) the components of the stiffness tensor have a similar 

trend of decreasing with the increasing porosity and friability, this is because both will soften 

the rock; (2) a special case interception between     and     is possible for small aspect ratio of 

cracks, that the P-wave is slower than SH-wave in vertical-to-crack direction when the porosity 
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and the friability are larger than a certain point. However, it disappear when the aspect ratio is 

larger than 0.4 in this case; and (3) when porosity =0,     meets     surface, and     meets     

surface. 

 

Figure 5-7 Thomsen parameters dependence on friability and porosity; the surfaces are  ,  , and   from 
top to bottom, respectively. This model is VTI sandstone with horizontal cracks. Porosity’s range is 0%-
10%, friability is 0-1. Aspect ratio is 0.1 for the left panel, and is 0.4 for the right panel. 

From Figure 5-7 we can see: when the shape of pores/cracks doesn’t change (1) The 

Thomsen parameters are 0 at friability=0 and porosity=0; (2) and increase linearly with regard to 

porosity; (3) and increase exponentially with regard to friability. When the shape of pores/cracks 

change, generally      , and   is closer to   but farther to   when the aspect ratio 

increases (i.e. the pores become more spherical).  

5.3.3 Relation between Biot’s   and velocities and microstructure 

From the elastic stiffness, we can calculate Biot’s effective pressure parameter (we call it 

Biot’s 𝛼) and velocities (from Christoffel equation), thus their relations with friability can be 

found as well. The same model and elastic properties are used (see Figure 5-1). (for matrix, 

K=5.21GPa,μ=4.17GPa, and rho=1.712g/cc; and for the gas inclusion, K=0.0001GPa,μ=0, and 

rho=0.0007g/cc). 

In order to test the effect of different pore shapes, this test is done in two cases: 

isotropic case (aspect ratio=1), and anisotropic case (VTI, isotropic matrix, aspect ratio<1). 
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5.3.3.1  Isotropic case 

GSA modeling is used to get the effective stiffness for varying friability and porosity. The 

velocities can be obtained from the elastic moduli and the density. 

First, the elastic moduli and velocities with regard to the friability and porosity. 

 

Figure 5-8 The elastic moduli and velocities’ dependence on friability and porosity in isotropic medium. 
The left panel is about the elastic moduli; the right panel is about Vp and Vs.  

From Figure 5-8 we can see that (1)             ;          ; and      , 

where   and   are Lame constants (2) P-wave is faster than S-wave; (3) the general trend of the 

velocities are decreasing when friability and porosity increase; specifically, the velocities drop 

slower due to increasing pore connection than due to increasing porosity. 

 

Figure 5-9 Biot alpha dependence on friability and porosity. The friability is from 0 to 1, porosity from 0 
to 100%. Left panel is 3D view of right panel. In the right panel, the curves are for porosity 0% to 100% 
with increment 5% from bottom to top. 
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Then, the isotropic expression (5-2) 𝛼          is used to calculate Biot’s α. 

           for the matrix; the effective bulk modulus         . We can see that the 

friability has additional contribute to Biot’s alpha other than that from porosity. It’s clear that 

Biot’s alpha has physical meaning of pore structure, networking, and connectivity. This may 

point out that the pore connectivity, which is different from the porosity, is among the physical 

meaning of friability.  

5.3.3.2 Anisotropic case 

The crack aspect ratio is chosen to be 0.1, thus we can use the result from Figure 5-6 as 

the effective stiffness tensor. In the VTI medium, the velocities of P- and S-wave in horizontal 

and vertical planes can be calculated by 

 

      √
   

 
                      √

   

 
    

       √
   

 
             √

   

 
             √

   

 
  

(5-9) 

where   is the density, the angle is between the wave propagation and the symmetry axis (z). 

 

Figure 5-10 The stiffness dependence on friability and porosity in VTI medium. From top to bottom they 
are C11, C33, C66, C44, and C13, successively. Porosity’s range is 0-100% friability is 0-1. Aspect ratio is 
0.1. This figure is similar to Figure 5-6, but with a larger porosity range. (full range other than 0-10%). 
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Figure 5-11 Velocities’ dependence on friability and porosity in VTI medium. Left panel is for the waves 
in vertical direction (0 to symmetry axis), right panel is for the waves in horizontal direction. 

The anisotropic Biot alpha parameters can be calculated by equation (5-6). 

 

Figure 5-12 Biot alpha’s dependence on friability and porosity in a VTI medium. The friability is from 0 
to 1, porosity is from 0 to 100%, and aspect ratio of cracks is 0.1.  

As expected, the vertical component of Biot’s alpha is larger than the horizontal 

component in a VTI medium caused by penny-shaped cracks in the horizontal plane. Friability 
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and  Biot’s alpha have the same range of [0,1], and from the calculation result we can see that 

they will reach the upper limit 1 at the same time. Notice in Figure 5-13 the friability stops at 

0.95, so it seems the Biot alpha can’t reach 1, but actually it will arrive 1 when the friability=1. 

When f=1, and the pores are all connected, it’s equivalent to the unconsolidated rock, or matrix 

floating in the pore fluid, in which case Terzaghi (1923) pointed out that Biot alpha has the value 

1.  In the direction parallel to cracks, Biot’s alpha is smaller because the rock is harder to 

compress; but in the direction vertical to cracks, Biot’s alpha is larger for a certain friability 

because the rock now is easier to compress. The curves of Biot’s alpha are all larger than the 

corresponding porosity value, which agrees with the range   𝛼   . 

 

Figure 5-13 . The horizontal (a11, left panel) and vertical (a33, right panel) components of Biot alpha 
dependence on friability for the same porosity. The curves are for porosity 0% to 100% with increment 
5% from bottom to top. 

5.4  The relation between permeability and the microstructure  

One of the great advantages of GSA method is that it can also be used to calculate the 

effective transport properties for the same model. The transport version of GSA modeling (2-28)  

and expression of the derivative of Green’s tensor (2-32) will be used to calculate the effective 

permeability for the same model. We start with the Darcy’s law: 

   
  

 
   (5-10) 
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where   is the 2nd rank tensor of permeability of the medium (  );   is the viscosity of the fluid 

(Pa.s);   is the vector flux field (discharge per unit area, with units of length per time, m/s) and 

   is the pressure gradient vector (Pa/m). This value of flux, often referred to as the Darcy flux, 

is not the velocity which the water traveling through the pores is experiencing. The pore velocity 

( ) is related to the Darcy flux ( ) by the porosity ( ). The flux is divided by porosity to account 

for the fact that only a fraction of the total formation volume is available for flow. The pore 

velocity is given by        , and is larger than the Darcy flux.  

The continuity equation of steady state flow is  

           (5-11) 

where    is the vector field of Darcy flux,      is the source or sink of the fluid flow. Substitute 

equation (5-10) to (5-11), the steady-state diffusion equation can be written as an equation of 

pressure in a form as the starting point of the derivation of GSA (2-1)  

                          (5-12) 

then from (2-3) we know that the permeability     is the effective transport properties     in 

equation (2-28), the transport version of GSA method. 

Attention should be paid for the value of transport properties of each component in the 

porous media. Under the room condition, the permeability of matrix material is assumed to be 

zero, thus         , because the calculation is only stable when     . To estimate the 

transport property (permeability in this case) of the inclusion material, firstly we can calculate 

the velocity of the fluid flow under a unit lithostatic pressure from Navier-Stockes equation; 

then, we calculate the average path length of the flow through unit area in a unit time. This 

length is multiplied by the unit area to calculate the total discharge Q. In the end, we can 

calculate the permeability of the inclusion material. For a liquid with dynamic viscosity of 0.01 

poise (or 0.001Pa.s, water at room temperature), we can calculate the value of the permeability  
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                       (room condition). However, in order to reproduce the 

realistic values of permeability of shale under in situ conditions, the mineral matrix should not 

have zero permeability because of the imperfect contact of mineral grains; also the permeability 

of the inclusion itself is extremely large, thus the void’s size effect should be taken into account 

into the EMT by estimating the void’s permeability from their aspect ratio and size (Xu and 

White, 1996). Therefore, we choose the permeability values of matrix and fluid components as 

                 ;              , which are inverted values from experimental 

measurement for in situ conditions. (Chesnokov et al., 2010) 

Similarly, we analyze the permeability’s dependence on porosity and friability in two 

cases: isotropic and anisotropic media. 

5.4.1 Isotropic case 

The permeability tensor has the same value in X,Y and Z direction. 

 

Figure 5-14 The permeability dependence on porosity and friability. The porosity and friability have the 
same range of [0, 1]. The two pictures are different angle of viewing of the same result, the left one is 
adjusted for porosity, and the right one is adjusted for the friability. 

From Figure 5-14, we can have several observations: (1) zero porosity leads to zero 

permeability, and 100% porosity leads to the permeability of the pore fluid (            ). 

This is exactly what we expected for the range of the effective permeability; (2) zero friability 

leads to zero permeability (see Figure 5-14, far side of left panel and right side of right panel), 
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and friability=1 leads to a upper limit, which is determined by and nearly linear to the porosity. 

This is quite exciting, because f=0 means all pores are closed, and f=1 means all pores are 

connected from the physical meaning of the range of friability. If the pores are all closed then 

the permeability is zero, but if all the pores are connected, the permeability of the porous 

medium should be determined by the porosity.  

5.4.2  Anisotropic case 

In anisotropic medium, the permeability is in a form of 3x3 matrix  

     [

     
     
     

] (5-13) 

Where     is the permeability when the fluid flows through the medium in    direction. 

 A similar model is used here as the isotropic case, except the aspect ratio     now.  

 

Figure 5-15 The K11 component of permeability’s dependence on porosity and friability in anisotropic 
medium. The porosity and friability have the same range of [0, 1]. The two pictures are different angle 
of viewing of the same result, the left one is adjusted for porosity, and the right one is adjusted for the 
friability. 

Comparing the result of K11 (parallel to cracks, Figure 5-15) with the isotropic K (Figure 

5-14), we can see the permeability parallel to crack are less affected by friability, the K11 surface 

is nearly flat and linear to porosity when the friability is larger than 0.1; but rapidly drops to 0 

permeability when friability approaches to 0. 
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Figure 5-16 The K33 component of permeability’s dependence on porosity and friability in anisotropic 
medium. The porosity and friability have the same range of [0, 1]. The two pictures are different angle 
of viewing of the same result, the left one is adjusted for porosity, and the right one is adjusted for the 
friability. 

On the contrary, the comparison between K33 (vertical to cracks, Figure 5-16) to the 

isotropic K (Figure 5-14) shows a different trend, that in the direction vertical to cracks, the 

permeability is more affected by the friability (pore connectivity), and for a fixed porosity, 

permeability smoothly increases with the increasing friability, until it reaches the limit 

determined by porosity when f=1;  on the other hand, the permeability slower increases when 

      , but dramatically increase to the upper limit when the porosity approaches 100%. 

5.5  The relation between elasticity and permeability through 
microstructure parameters 

Table 5-2 Elastic and transport properties of the components in the porous rock modeled by GSA 

Using transport version of GSA, we obtained the permeability for the isotropic and VTI 

synthetic models with water-saturated cracks. Now the effective stiffness can be calculated for 

the same model using elasticity version of GSA. The used properties are shown in Table 5-2. 

 Matrix Inclusion (water) 

Elastic 
properties 

Bulk modulus( ) 5.21 Gpa 2.3 Gpa 

Shear modulus(   4.17 Gpa 0 

Density( ) 1.712 g/cc 1 g/cc 

Transport properties ( )                            
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5.5.1 Isotropic case 

Let’s set the aspect ratio=1, the permeability has been calculated (Figure 5-14) for each 

pair of      , we use GSA to generate the corresponding effective stiffness tensor, from which 

the velocities and Biot alpha parameter can also be calculated. Their relations can be given by 

the cross-plots in the following figures.  

Figure 5-17 shows the relations between each component of the stiffness tensor of the 

VTI model and the permeability. Notice in the isotropic case,                , and the 

velocities of P- and S-waves are constants.The relations between the elastic moduli and 

permeability are affected by the corresponding friability and porosity, the scattered point give 

an upper limit to the relation; for each fixed friability, the relation becomes hyperbolic; for a 

fixed porosity, the relation becomes asymptotic. 

As shown in Figure 5-18, the velocities of P- and S-waves are also calculated from the 

isotropic stiffness. The results show the similar trends as that of stiffness tensor, that the 

velocities are reversely correlated with the permeability, for a comparable larger friability (>0.5), 

the correlation curves are rather constrained and exhibit a hyperbolic relationship.  

 

Figure 5-17 Relations between the permeability and the elastic moduli C11, C13, C33, C44 and C66 in an 
isotropic medium (3 figures for each components). The friability is from 0-1, and the porosity is from 0-
100%. The left panel is the scattered points plot; middle panel is the relation curves for a fixed friability, 
the corresponding friability is 0 to 1 with increment of 0.05, for each curve from the bottom to the top, 
respectively; right panel is the relation curves for a fixed porosity, the corresponding porosity is 0 to 100% 
with increment of 5%, for each curve from left to right. 
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Figure 5-17 (cont.) 
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Figure 5-18 Relations between the permeability and the elastic velocities Vp and Vs in isotropic medium 
(3 figures for each components). The friability is from 0-1, and the porosity is from 0-100%. The left 
panel is the scattered points plot; middle panel is the relation curves for a fixed friability, the 
corresponding friability is 0 to 1 with increment of 0.05, for each curve from the bottom to the top, 
respectively; right panel is the relation curves for a fixed porosity, the corresponding porosity is 0 to 100% 
with increment of 5%, for each curve from left to right. 

The Biot alpha parameter can be calculated using its isotropic expression (5-2). 

 

Figure 5-19 Relations between the permeability and the Biot alpha in an isotropic medium. The friability 
is from 0-1, and the porosity is from 0-100%. The left panel is the scattered points plot; middle panel is 
the relation curves for a fixed friability, the corresponding friability is 0 to 1 with increment of 0.05, for 
each curve from the bottom to the top, respectively; right panel is the relation curves for a fixed 
porosity, the corresponding porosity is 0 to 100% with increment of 5%, for each curve from left to right. 



 

103 

Interestingly, we found that the relation between the permeability and the Biot’s alpha 

gives us the lower boundary for the Biot’s alpha parameter, which makes sense, because the 

Biot’s alpha parameter has a range of      , and to reach a certain value of permeability, the 

porosity has a lower limit too.(Figure 5-14) 

5.5.2 Anisotropic case 

In this case, we use an aspect ratio      , the other parameters of the model are the 

same as isotropic case. The results of tensor of permeability and elastic properties are only 

compared in the same direction.  

5.5.2.1 The relation between stiffness tensor and permeability component 

 

 

Figure 5-20 Relations between the component of permeability and the elastic moduli C11, C33, C44 and 
C66 in anisotropic medium (3 figures for each components). The friability is from 0-1, and the porosity is 
from 0-100%. The left panel is the scattered points plot; middle panel is the relation curves for a fixed 
friability, the corresponding friability is 0 to 1 with increment of 0.05, for each curve from the bottom to 
the top, respectively; right panel is the relation curves for a fixed porosity, the corresponding porosity is 
0 to 100% with increment of 5%, for each curve from left to right. 
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Figure 5-20 (cont.) 

 

5.5.2.2 The relation between the P- and S-wave velocities and permeability in the 
vertical and horizontal direction of a VTI medium 

The relation between velocities and the permeability show a dramatic change between 

the vertical direction and the horizontal direction. Generally speaking, for the same velocities, 

the permeability is much smaller in the vertical direction than in the horizontal direction. In the 

vertical direction the relation is hyperbolic, and in the horizontal direction the relation is like 

asymptotic curves. From the middle panel of Figure 5-22, we can see that for the friability away 

from 0, the relation between the velocities and the permeability are constrained in a narrow 

area, thus we can use this curve to predict permeability from velocities. This is also very useful 

to give an upper boundary of the permeability. 
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The relations between permeability and velocities are the most wanted correlations in 

the real application. The results I obtained here are the generalized case similar to the results 

from Bayuk and Chesnokov (1998), thus this provides a tool to predict the permeability from 

velocities or vice versa. The exact value of permeability is heavily depending on the permeability 

of the pore fluid, which changes with the type of fluid, viscosity, pore shape, and pore size; 

however, this change will only affect the limit of the effective permeability, but not the trend of 

the correlation curves.  Thus, with a fixed known permeability of pore fluid, we can obtain a 

certain correlation between the effective permeability and the velocities in either vertical or 

horizontal directions of VTI media. 

5.5.2.2.1 In the vertical direction of the VTI medium (vertical to cracks) 

 

 

Figure 5-21 Relation between the P- and S-wave velocities and the permeability component in the 
vertical direction of VTI medium. The friability is from 0-1, and the porosity is from 0-100%. The left 
panel is the scattered points plot; middle panel is the relation curves for a fixed friability; right panel is 
the relation curves for a fixed porosity. 
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5.5.2.2.2 In the horizontal direction of the VTI medium (parallel to cracks) 

 

 

 

Figure 5-22 Relation between the P- and S-wave velocities and the permeability component in the 
horizontal direction of VTI medium. The friability is from 0-1, and the porosity is from 0-100%. The left 
panel is the scattered points plot; middle panel is the relation curves for a fixed friability; right panel is 
the relation curves for a fixed porosity. 

It needs to be emphasized that these correlation between the permeability and the 

velocities are for known cracks directions; thus, they are not the general relations for unknown 

alignment of cracks. One value of velocity can be related to the different effective permeability 

in different directions. 
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5.5.2.3 The relation between the Biot’s alpha and the permeability tensor in the 
vertical and horizontal direction of a VTI medium 

 

 

Figure 5-23 Relations between the components of the Biot alpha and the permeability in the vertical 
and horizontal directions of a VTI medium. The friability is from 0-1, and the porosity is from 0-100%. 
The left panel is the scattered points plot; middle panel is the relation curves for a fixed friability; right 
panel is the relation curves for a fixed porosity. 

 

5.5.2.4 The relations between the Thomsen parameters and the K11/K33 ratio of 
permeability a VTI medium 

In VIT medium, the ratio of components of the tensor permeability, defined as K11/K33, 

increases with the increasing anisotropy. This K11/K33 ratio describes the anisotropy of the 

transport properties. In elastic properties, Thomsen parameters are calculated to describe the 

anisotropy of the elastic properties. Here I cross-plot them using the same model, trying to find 

a relation between the anisotropy of elastic and transport properties. The results are shown as: 
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Figure 5-24 Relation between Thomsen epsilon with K11/K33. The friability is from 0-1, and the porosity 
is from 0-100%. The top panel is the scattered points plot; left bottom panel is the relation curves for a 
fixed friability; right bottom panel is the relation curves for a fixed porosity. 

Thomsen epsilon is describe the difference between the P-wave velocities in the vertical 

and the horizontal direction. From Figure 5-24 left bottom panel, we can clearly see the 

Thomsen epsilon increases with the increasing K11/K33, when the pore connection friability is 

fixed; different pore connectivity will cause the different slop for the correlation between 

epsilon and K11/K33; the sudden drop of the curves are happening when the porosity 

approaches 100%. The right bottom panel tells us that, if the porosity is fixed, different friability 

(in each curve) will cause increasing K11/K33, but Thomsen epsilon will become constant after 

increase to a certain value, thus for a connected medium (friability>0), Thomsen epsilon will be 

constant for a fixed porosity. 
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Figure 5-25 Relation between Thomsen gamma with K11/K33. The friability is from 0-1, and the 
porosity is from 0-100%. The top panel is the scattered points plot; left bottom panel is the relation 
curves for a fixed friability; right bottom panel is the relation curves for a fixed porosity. 

Thomsen gamma describes the anisotropy of S-wave velocities in the vertical and 

horizontal directions. There are no big correlations between Thomsen gamma and K11/K33, in 

all range it’s either flat or jumps rapidly.  

 
Figure 5-26 Relation between Thomsen delta with K11/K33. The friability is from 0-1, and the porosity is 
from 0-100%. The top panel is the scattered points plot; left bottom panel is the relation curves for a 
fixed friability; right bottom panel is the relation curves for a fixed porosity. 

The Thomsen delta and K11/K33 shows the similar correlation to that of Thomsen 

epsilon and K11/K33, only with a reversed sign.   
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CHAPTER 6. Conclusions and future work 

6.1 Dissertation summary 

The work included in this dissertation has been devoted to understand the connection 

between the elastic and transport properties in porous media. Great effort has been paid to 

investigate the different influences of the microstructure properties in a porous body, including 

both isotropic and anisotropic situations. Particularly, the new empirical parameter friability in 

GSA method has been thoroughly studied about its physical meaning and expression. The 

friability is then used as a bridge to link between the elastic properties, i.e., moduli, velocities, 

Biot’s alpha, and so on, and the transport properties, which is permeability in this work. It’s 

necessary to realize that all the correlation obtained here are based on the assumption that all 

the anisotropy is caused by the inclusion; because in the porous media, the permeability 

depends solely on the pore connectivity and distribution, but doesn’t feel the internal structure 

and alignment of the solid and impermeable matrix. Therefore, all the tests done here have an 

isotropic and constant property for the matrix. For partial-permeable materials of the matrix, 

proper component permeability value should be inverted and assigned to this material, in order 

to calculate the effective permeability of the whole body.  

The finished tasks and discoveries can be summarized as: 

1. The General singular approximation, which is used as the main effective medium 

modeling and inversion method, is carefully derived mathematically for its two 

versions (elasticity and transport), and analyzed about its workflow for different 

models and applications, including forward modeling and inversion. The meaning of 

the comparison body and the friability has been explained and deduced, as well as 

the expression of Green’s tensor used in GSA. The closely related volume averaging 
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is explained for different distribution, along with the involved Enler angles. Some of 

the critical treatment about the GSA calculation in coding is particularly pointed out, 

such as the convention of the inverse 4th rank tensor and the conversion between 

the 4th and 2nd rank tensor. An alternative expression of GSA has been derived, in 

order to simplify the computation of the method.  

2. A case study has been done about the Barnett shale cores to study the 

microstructure of the Barnett shale. Various experimental measurements have been 

done and documented including density, ultrasonic velocities, and X-ray diffraction 

(XRD) analysis. The different behaviors of the anisotropic velocities of all the 

common minerals in Barnett shale have been calculated. The elastic properties of 

these common minerals are given as well. The GSA inversion gives the optimized 

microstructure properties of the Barnett shale samples, which gives us more 

information about the internal structure of shale. The GSA inversion provides a tool 

to investigate the microstructure in the real rock samples, which normally it’s very 

hard to measure directly; also it gives us a better chance to interpret the 

measurement about the velocities in the clay-rich anisotropic shale rocks. 

3. A fluid substitution in anisotropic medium based on GSA is explained with some 

synthetic examples. Quite commonly, the widely used Gassmann fluid substitution 

fails for the strongly anisotropic rock, we are urgently in need of a new method to 

handle this situation. GSA comes with some unique features and much less 

assumptions than Gassmann equation; therefore, it’s an good idea to put it into the 

application in fluid substitution. The results showed a good agreement between GSA 

and Gassmann fluid substitution under a special case (limited by Gassmann). In the 

region that Gassmann fails due to not well connected pores, the fluid substitution 



 

112 

results have been calculated using this new GSA fluid substitution. The friability in 

GSA significantly extended the capability of the fluid substitution.  

4. Most importantly, the correlation between the permeability and the elasticity are 

calculated and analyzed in both the isotropic and the anisotropic model. The two 

version of GSA modeling (elasticity version and permeability version) are used 

simultaneously for a wide range of friability (pore connectivity) and porosity in the 

same model. The contributions from friability and porosity are separated in order to 

better understand the correlation between permeability and the elasticity. Some 

meaningful results are: The relations between elastic moduli and permeability are 

affected by the corresponding friability and porosity, the scattered point figure gives 

an upper limit to the relation; for each curve with fixed friability, the relation 

becomes hyperbolic; for a fixed porosity, the relation becomes asymptotic. The 

correlation can be approximated as a hyperbolic with a negative slope, if we assume 

the friability is high enough (for general porous rock, this assumption stands). The 

relation of the elastic moduli and velocities to permeability can provide an upper 

boundary of the prediction of velocities from permeability. On the contrary, the 

correlation of Biot’s alpha parameter and the permeability shows a positive slope, 

which can be approximated as an asymptotic line with a positive slope, thus it can 

provide a lower boundary of the prediction of Biot’s alpha parameter from 

permeability. In an anisotropic media, the correlation curves between the elasticity 

and permeability becomes more linear in horizontal direction (see Figure 5-22) and 

becomes more hyperbolic in vertical direction (see Figure 5-21) 

In conclusion, the results from this work clearly show a definite link between the elastic 

properties and the permeability, especially under a condition that the pores are decently 
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connected (when the friability is away from 0 and close to 1). It needs to be emphasized that 

one of the assumptions of GSA method is that the considered medium is statistical 

homogeneous, that is to say, the wavelength should be much larger than the size of inclusions, 

thus it’s more or less a low frequency assumption. So the results in this work should be 

understood with this assumption bear in mind. 

6.2 Recommendation for future work 

Although the results received here have demonstrated the capability of GSA method 

and the effectiveness of the approach to correlate the effective properties of elasticity and 

permeability, it could be further improved in several ways: 

1. It would be very beneficial if we can have direct measurement to back up the 

correlation curves between the elastic properties and permeability. Right now, our 

facility in University of Houston could handle the measurement of tensor 

permeability in shale samples. The idea has been proposed that to measure the 

elastic stiffness and permeability simultaneously under the same condition. This will 

greatly increase the chance to correlate the laboratory measurements of 

permeability and stiffness a well-controlled condition.  

2. The correlation curves in chapter 5 show dependence on several factors, including 

porosity, friability, and the aspect ratio, and so on. Linear or nonlinear regression 

can be used to give an empirical function to match the modeled results. This will be 

a very time-consuming work, but if done well, it can greatly improve our knowledge 

about the exact function of microstructure properties in the relation of elastic and 

transport properties; and to enhance the capability to predict an accurate 

permeability if all the microstructure properties are known.  
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3. For the application of the GSA fluid substitution, more case studies can be done to 

test the robustness and effectiveness of this method in handing field data.  

4. The friability used in this work is scalar; however, physically the pore connectivity 

can be directional, thus in a form of tensor. There is clearly much more work to be 

done to extend the friability parameter into a full tensor form.  
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