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• Algorithm recovered a potential energy form containing:

• either the analytic functions

• or an accurate functional form for the  energy without the

analytic functions

• Accuracy of results highly depends on the sub-libraries provided

• Up to the user to determine if the solution is meaningful

• The quality of the sample is extremely important

• Must be a long simulation

• Trajectory run with a few stray data points can lead the

algorithm in the wrong direction

Cross Validation

Score deviation

plotted against

sparsity, shown

for 5 different

sub-libraries of

basis functions.

The optimal

solution is

strongly

dependent on

the library

composition.

However, each

accurately

reproduces the

potential energy

(data not

shown).

Abstract

The enormous amount of molecular dynamics data available calls for an ever-

growing need for extracting the macroscopic features while discarding less

relevant information; coarse-graining (CG) is a viable strategy to accomplish

that.

CG consists in lumping degrees of freedom into effective “beads”. Such low

resolution description requires both the coordinates of the newly formed

“beads” and their effective interactions. If a suitable CG model is found,

interpreting and simulating the low resolution dynamics is easier than it is in

the original system. However, current CG models are usually based on the

user’s physico - chemical intuition which does not guarantee that the correct

low resolution description is recovered; e.g., improper CG grouping could

produce unphysical results. Therefore, data-driven CG models are highly

desirable: trajectory data already contains the information in which we are

interested, we just need to uncover it.

Hereby, we take a first step towards postulating CG equations of motion, as

we test a data-based technique which allows to write out the system potential

energy function as a sparse linear combination of user-defined functions.

A sparse minimization problem is formulated on Brownian dynamics trajectory

data, and solved using cross validation. Preliminary results on a 1d toy model

show that our protocol systematically targets an optimally sparse linear

combination, which accurately approximates the system energy function.

Future perspectives and technique improvement steps are also discussed.

• Modify the algorithm to reconsider basis functions set to zero in

previous iterations.

• Algorithm can suppress an analytic function early in the

process, and stay in a local minima.

• Algorithm to be applied to more complex systems

• 2D Toy models

• Real macromolecular systems (e.g, integrate out water

degrees of freedom and factor them in the solute only)
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d).
(d) CV score plot as a function of

solution sparsity, for a carefully

chosen library of 7 basis functions.

A red vertical line identifies the

optimal solution which is both

accurate and sparse (only 3 terms

out of 7 survive): sparser solutions

are more parsimonious, but

inaccurate (as shown by larger

values in CV score).

The optimal solution is plotted on

the top of input trajectory data in

panel (e), and the agreement is

satisfactory. We noticed that the

three basis functions “surviving”

the SSR thresholding are the same

functions ( 𝑥2, 𝑥3, cos 3𝑥 ) which

were incidentally used to generate

the trajectory data in the first place.
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Sparsity Constraint

 𝑎 = 𝑚𝑖𝑛 𝕐 + 𝕏𝑎 2 − 𝜆 𝑎

A simple1-D toy model representing a molecular system was investigated. 

The system diffuses at constant temperature, following Brownian Dynamics.

Method: an unknown trajectory was analyzed with the goal of recovering a sparse energy function that 

generated the dynamics itself.

Algorithm Performance

Cross Validation Score

Prediction from 
Training Set

Test Set Data

Training Set Test Set

Trajectory Data

∆ 𝐶𝑉 𝑆𝑐𝑜𝑟𝑒

• Splits data into k folds

• Regression is run on each training set and its

prediction is compared to test set

• Deviations between test set values and

predictions are averaged; cross validation

score

Advantages:

• Fully data-based

• Assesses algorithm predictive ability

• Allows algorithm access to all information

from data to build predictions

K-fold Cross Validation:

Method

Brownian Motion (Reduced):
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Ansatz via a library of basis 
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Loss Function: ℒ =
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Thermal Noise
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Minimizing the Loss Function:
• Take partial derivative with respect to each

coefficents and set to zero.

• Solve for coefficents; optimal coefficients.

𝜕ℒ

𝜕𝑎𝑘
= 0

𝑈 𝑥 =

𝑞=1

𝐾

𝑎𝑞𝑓𝑞 x
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a) CV score as a function of solution sparsity for a given 11 basis function sub-library; the (slightly sparse) 10 term optimal solution is indicated by a red vertical

line and is plotted in panel (b) on the top of trajectory data. A 9 coefficient sparser solution is plotted in panel (c) and shows how increasing sparsity influences a

solution statistical meaning; specifically, such solution, while sparser, is unphysical.

c).

9 Coefficents 

b).

10 Coefficents 

a).

Motivation

High Resolution Description 

(HRD) 
Low Resolution Description

(LRD) 

Simplify the system by 
reduction of degrees of 

freedom

Why do we need 

Coarse-Grained 

models?

Highly dimensional systems

Simulations

Physical interpretation of 
system

large ensemble of 
molecular trajectory 

data

coarse-grained 

coordinates

dynamical model using

microscopic coord’s

coarse-grained 

Hamiltonian

dynamical model using

coarse coord’s

HRD Energy Function ≠ LRD Energy Function

The simplified model is described by a new energy function, which 

depends only on the remaining degrees of freedom and important HRD 

interactions.

Propose: Statistical mechanical approach to extract a sparse energy 

function of the CG model from high resolution trajectory data

Coarse-graining: procedure used to make a system simpler 
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Common Coarse-Graining Approach - Intuition based CG strategy 

Complication - Can lead to flawed results

CG Model Requirement – High/Low descriptions need to exhibit the 

same physical (e.g., long timescale) behavior

Solution - Growing interest in a data driven, or automatic, CG technique.

…

Solve a standard least square 

regression

Smallest coefficient is set to 

zero 

Solve remaining 

regression

Smallest coefficient is set to 

zero 

Solve remaining 

regression

“Law of Parsimony” 

Any value of sparsity can be achieved, however the solutions must be 

statistically meaningful. 

Cross validation is used to ensure values are statistically meaningful, and 

targets the one solution which optimally balances sparsity and accuracy in 

data description.

Stepwise Sparse Regressor

(SSR)  [4]

Sparsity Accuracy

(Underfitting) (Overfitting)

Values

Time

Values

Time Time

Values

Cross Validation : “Goldilocks principle”


