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Abstract

This dissertation aims at developing robust numerical methodologies to solve advective-

diffusive-reactive systems that provide accurate and physical solutions for a wide range

of input data (e.g., Péclet and Damköhler numbers) and for complicated geometries.

It is well-known that physical quantities like concentration of chemical species and

the absolute temperature naturally attain non-negative values. Moreover, the gov-

erning equations of an advective-diffusive-reactive system are either elliptic (in the

case of steady-state response) or parabolic (in the case of transient response) partial

differential equations, which possess important mathematical properties like compar-

ison principles, maximum-minimum principles, non-negativity, and monotonicity of

solution. It is desirable and in many situations necessary for a predictive numeri-

cal solver to meet important physical constraints. For example, a negative value for

the concentration in a numerical simulation of reactive-transport will result in an

algorithmic failure.

The objective of this dissertation is two fold. First, we show that many ex-

isting popular numerical formulations, open source scientific software packages, and

commercial packages do not inherit or mimic fundamental properties of continuous

advective-diffusive-reactive systems. For instance, the popular standard single-field

Galerkin formulation produce negative values and spurious node-to-node oscillations

for the primary variables in advection-dominated and reaction-dominated diffusion-

type equations. Furthermore, the violation is not mere numerical noise and cannot

be neglected. Second, we shall provide various numerical methodologies to overcome

such difficulties. We critically evaluate their performance and computational cost for

a wide range of Péclet and Damköhler numbers.
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We first derive necessary and sufficient conditions on the finite element matri-

ces to satisfy discrete comparison principle, discrete maximum principle, and non-

negative constraint. Based on these conditions, we obtain restrictions on the compu-

tational mesh and generate physics-compatible meshes that satisfy discrete properties

using open source mesh generators. We then show that imposing restrictions on com-

putational grids may not always be a viable approach to achieve physically meaning-

ful non-negative solutions for complex geometries and highly anisotropic media. We

therefore develop a novel structure-preserving numerical methodology for advective-

diffusive-reactive systems that satisfies local and global species balance, comparison

principles, maximum principles, and the non-negative constraint on coarse general

computational grids. This methodology can handle complex geometries and highly

anisotropic media. The proposed framework can be an ideal candidate for predic-

tive simulations in groundwater modeling, reactive transport, environmental fluid

mechanics, and modeling of degradation of materials. The framework can also be

utilized to numerically obtain scaling laws for complicated problems with non-trivial

initial and boundary conditions.
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Chapter 1

INTRODUCTION

“Not ignorance, but ignorance of

ignorance, is the death of

knowledge.”

Alfred North Whitehead

Advection-diffusion-reaction partial differential equations are pervasive in engi-

neering, sciences, and economics. Obtaining stable and accurate numerical solutions

for these equations can be challenging. This is because the underlying equations are

coupled, nonlinear, and non-self-adjoint. Currently, there is neither a robust com-

putational framework available nor a reliable commercial package known that can

handle various complex situations. Hence, this dissertations aims at developed ro-

bust numerical methodologies to solve advective- diffusive-reactive systems that pro-

vide accurate and physical solutions for a wide range of input data, Péclet numbers,

Damköhler numbers, and for complicated geometries.

In continuous setting, the governing equations for advective-diffusive-reactive

systems possess various important properties (such as non-negativity, maximum prin-

ciples, comparison principles, monotonicity, monotone property, local species balance,

and global species balance). All these properties are not inherited during finite dif-

ference, finite volume, and finite element discretizations. In this dissertation, we

unequivocally demonstrate that many existing numerical and commercial packages

1



do not provide physically meaningful values for the concentration of the chemical

species for various realistic benchmark problems. We shall also show that the pop-

ular stabilized numerical formulations violate non-negative constraint and various

other discrete principles. Furthermore, through representative numerical simulations,

we show that unphysical values for concentration of chemical species due to viola-

tion of non-negative constraint and spurious node-to-node oscillations will result in

large errors in local and global species balance. In discrete setting, there are various

ways to satisfy different discrete principles, local species balance, and global species

balance. In this dissertation, we shall provide a comprehensive analysis of various ver-

sions of comparison principles, maximum principles, and the non-negative constraint

and their influence on meeting local and global species balance.

Each chapter is self contained. It has its own introduction, literature survey, and

design philosophy of the proposed numerical methods. Chapter 2 provides a quick

summary of the mathematical properties of underlying partial differential equations.

In Chapter 3, we show the deficiencies of some popular stabilized finite element for-

mulations such as SUPG (Streamline Upwind Petrov Galerkin) and GLS (Galerkin

Least-Squares) for nonlinear ecological models and chemical reacting flows. We also

quantify the errors incurred in satisfying the local and global species balance for var-

ious realistic benchmark problems. This demonstrate the need and importance of

developing locally conservative non-negative numerical formulations for chemically

reacting systems.

Chapter 4 discusses a methodology based on mesh restrictions to overcome such

limitations. We proposed a nonlinear iterative method to generate meshes using var-

ious open source mesh generators such as Gmsh, BAMG, and FreeFem++ to satisfy

different discrete principles. Using representative numerical examples and mathe-

matical analysis, pros and cons of mesh restriction approach is critically analyzed.

This research work forms the basis for Chapter 5. In this Chapter, we propose a

2



new and novel methodology based on least-squares finite element framework com-

bining the principles of constrained optimization methods to satisfy local and global

species balance, comparison principles, maximum principles, and the non-negative

constraint on coarse general computational grids. Using this framework, we also

obtained numerically a scaling law for a transport-controlled bimolecular reaction.

Chapter 6 discusses nonlinear techniques and numerical formulations for steady-state

and transient semi-linear reaction-diffusion equations, and their structure preserv-

ing properties. Numerical experiments for a popular physics-based chemical reaction

model are studied. Finally, in Chapter 7, conclusions are drawn and future directions

are outlined.
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Chapter 2

A PRIMER ON PARTIAL DIFFERENTIAL

EQUATIONS

“Every kind of science, if it has only

reached a certain degree of

maturity, automatically becomes a

part of mathematics.”

David Hilbert

This chapter is devoted to a quick introduction to the mathematical analysis and

some theoretical issues of some popular partial differential equations (PDEs). Herein,

our research focuses on various particular PDEs that are important for applications

within the context of diffusion-type equations Evans (1998).

2.1 DEFINITION AND CLASSIFICATION OF PDES

In general, a PDE for a function u(x1, · · · , xn) is of the form as

F (x1, · · · , xn, u, ux1, · · · , uxn
, ux1x1, ux1x2, · · · ) = 0. (2.1.1)

The order of the above equation is the highest derivative occurring in the equation. A

PDE is called linear if it depends linearly on u and its derivatives. If all derivatives of
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u occur linearly with coefficients depending only on x, then the equation is semilinear.

If all highest-order derivatives of u occur linearly with coefficients depending only on

x, u and lower-order derivatives of u, then the equation is quasilinear. Otherwise, the

equation is nonlinear.

In dealing with partial differential equations, it is useful to differentiate between

several types. In particular, we classify PDEs of second order as elliptic, hyperbolic,

and parabolic. Both the theoretical and numerical treatment differ considerably for the

three types. The general linear PDE of second order in n variables x = (x1, · · · , xn)

has the form as

n∑

i,j=1

aij(x)uxixj
+

n∑

i=1

bi(x)uxi
+ c(x)u = f(x). (2.1.2)

Since uxixj
= uxjxi

for any function which is twice continuously differentiable, without

loss of generality we can assume the symmetry aij(x) = aji(x). The corresponding

n× n matrix is denoted as A = (aij(x)).

Definition 2.1.1. The equation (2.1.2) is called elliptic at the point x provided the

matrix A(x) is positive definite. The equation (2.1.2) is called hyperbolic at the point

x provided the matrix A(x) has one negative eigenvalue and n−1 positive eigenvalues.

The equation (2.1.2) is called parabolic at the point x provided the matrix A(x) is

positive semidefinite but not positive definite. An equation is called elliptic, hyperbolic

or parabolic provided it has the corresponding property for all points of the domain.

We now specifically consider second-order linear partial differential equation. A

general form of such an equation can be written as follows:

a11uxx + a12uxy + a22uyy + b1ux + b2uy + cu = f, (2.1.3)

where

5



• Elliptic equation: a2
12 < 4a11a22

• Hyperbolic equation: a2
12 > 4a11a22

• Parabolic equation: a2
12 = 4a11a22.

Definition 2.1.2. A boundary (or initial) value problem is called well-posed (in the

sense of Hadamard) if a solution exists, is unique, and depends continuously on the

given data.

2.2 NOTATION ABOUT CM(Ω), CM(Ω) AND SOBOLEV SPACES

Let Ω ⊂ Rn be a open set. Let Ω denote the closure (all limit points) of Ω. The

boundary ∂Ω of a domain Ω is the set of all limit points of Ω. That is, ∂Ω = Ω− Ω.

If Ω = Rn then ∂Ω = ∅. We shall denote the continuous functions on Ω as C(Ω),

and those whose first-order derivatives are also all continuous functions by C1(Ω).

Similarly, for k ∈ N, Ck(Ω) denotes the functions having all derivatives up to the

order k continuous on Ω. Let C(Ω) denote the space of all continuous functions on

Ω that can be continuously extended to the boundary ∂Ω. Similarly, one can define

Ck(Ω). The set of infinitely differentiable (or sometimes called smooth) functions

is denoted by C∞(Ω). The set of all infinitely differential functions with compact

support is denoted by C∞
0 (Ω) or C∞

c (Ω). It should be noted that even if Ω is bounded,

a function u ∈ Ck(Ω) may not be bounded as it may grow near the boundary.

Definition 2.2.1. The support of a function f(x) defined on Ω ⊂ Rn is the closure

of the set of points where f(x) is nonzero: supp f = {x ∈ Ω : f(x) 6= 0}.

Definition 2.2.2. A function f(x) defined on a domain Ω is integrable if
∫

Ω |f(x)| dΩ

is defined and bounded. We shall denote all such functions by L1(Ω).

Definition 2.2.3. A function f(x) defined on a domain Ω is square integrable if

∫
Ω f

2 dΩ is defined and bounded. We shall denote all such functions by L2(Ω). That
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is,

L2(Ω) := {f(x) : Ω→ R|
∫

Ω
f 2 dΩ < +∞}. (2.2.1)

Definition 2.2.4. The space L1
loc(Ω) is set of all functions that are “locally" inte-

grable, i.e., integrable on any compact subset of Ω but not necessarily integrable at the

boundary of Ω or at infinity.

Definition 2.2.5. Lp(Ω) is the set of all (measurable) functions u(x) defined on Ω

such that the norm

‖u‖p,Ω :=
(∫

Ω
|u(x)|p dΩ

)1/p

is finite.

Remark 2.2.6. Note that functions in L1(Ω) or L1
loc(Ω) may have discontinuities

(including singularities) provided they are not too severe for the integral to converge.

From the above definitions, we have the following inclusions:

1. C(Ω) ⊂ C(Ω)

2. C∞(Ω) ⊂ · · · ⊂ C1(Ω) ⊂ C(Ω) ⊂ L1(Ω) ⊂ L1
loc(Ω)

Definition 2.2.7. The H1(Ω) is the set of all functions that belong to L2(Ω) and

their partial derivatives are also square integrable. That is,

H1(Ω) :=

{
f(x) ∈ L2(Ω)

∣∣∣
∂f

∂xi

∈ L2(Ω), i = 1, · · · , n
}
. (2.2.2)

Similarly, H2(Ω) is the set of all functions that belong to H1(Ω) and each component

of the Hessian belongs to L2(Ω). That is,

H2(Ω) :=

{
f(x) ∈ H1(Ω)| ∂2f

∂xi∂xj
∈ L2(Ω); i, j = 1, · · · , n

}
. (2.2.3)
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The spaces H1(Ω), H2(Ω), · · · are called Sobolev spaces.

Theorem 2.2.8. The spaces Hk(Ω) (k = 1, 2, · · · ) are all Hilbert spaces.
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Chapter 3

ON LOCAL AND GLOBAL SPECIES

CONSERVATION ERRORS FOR NONLINEAR

ECOLOGICAL MODELS AND CHEMICALLY

REACTING FLOWS

“A theory with mathematical

beauty is more likely to be correct

than an ugly one that fits some

experimental data.”

Paul Dirac

Advection-controlled and diffusion-controlled oscillatory chemical reactions ap-

pear in various areas of life sciences, hydrogeological systems, and contaminant trans-

port. These types of reactions are everywhere in nature, ranging from large-scale

atmospheric and ocean currents to flow past micro-organisms and plankton in porous

media. In this chapter, we analyze whether the existing numerical formulations and

commercial packages provide physically meaningful values for concentration of the

chemical species for two popular oscillatory chemical kinetic schemes. The first one

corresponds to the CDIMA (chlorine dioxide-iodine-malonic acid) reaction while the
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second one is a simplified version of BZ (Belousov-Zhabotinsky) reaction of a non-

linear chemical oscillator. The governing equations for species balance are presented

based on the theory of interacting continua. This results in a set of coupled non-

linear partial differential equations. Obtaining analytical solutions is not practically

viable. Moreover, it is well-known in literature that if the local dynamics becomes

complex, the range of possible dynamic behavior in the presence of diffusion and ad-

vection becomes practically unlimited. Hence, we resort to numerical solutions. These

solutions are constructed using popular finite element formulations such as SUPG

(Streamline Upwind Petrov Galerkin) and GLS (Galerkin Least-Squares). The re-

sulting non-linear system of equations are solved using the Newton-Raphson method.

However, it should be noted that the numerical solution behavior is dependent on

certain stoichiometric coefficients and chemical reaction rates (which are not con-

stants). In order to make the computational analysis tractable, an estimate on the

range of these system-dependent parameters is obtained based on model reduction

performed on the strong-form of the governing equations. Finally, we quantify the

errors incurred in satisfying the local and global species balance for various realis-

tic benchmark problems. Through these representative numerical examples, we shall

demonstrate the need and importance of developing locally conservative non-negative

numerical formulations for chaotic and oscillatory chemically reacting systems.

3.1 INTRODUCTION TO TRANSPORT-CONTROLLED OSCILLATORY

CHEMICAL REACTIONS

Chemical reactions involving a number of interacting chemical species with non-

linear kinetics are ubiquitous in air pollution modeling Neufeld and H.-García (2010),

plankton population dynamics Epstein and Pojman (1998), and contaminant trans-

port Yong and Thomas (1997). It has been reported in the literature that some

components of a non-linear chemical kinetics system can exhibit oscillatory dynamics
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in certain range of system parameters Poppe and Lustfeld (1997). Typically, when

the period of these oscillations is within the range of characteristic timescales of ad-

vection/diffusion processes, there will be a significant change in the global dynamics

of the chemically reacting system. For example, oceanic plankton, phytoplankton–

zooplankton, and other more complicated plankton population models exhibit oscil-

latory solutions Edwards and Yool (2000). Moreover, oscillations and chaotic fluctua-

tions generated by the plankton population dynamics can provide a mechanism for the

coexistence of enormous number of plankton species, which are competing for limited

key resources Huisman and Weissing (1999). Some popular oscillatory chemical reac-

tion schemes, which are commonly studied by chemists, physicists, and mathemati-

cians, are Lotka-Volterra, Briggs-Rauscher, Bray-Liebhafsky, Belousov-Zhabotinsky,

CIMA, and CDIMA Neufeld and H.-García (2010); Epstein and Pojman (1998).

3.1.1 Governing equations for mixing in oscillatory media

The interplay between mixing and oscillations in chemically reacting flows and

biological systems have been studied in different contexts. A popular example is

the study of chaotic dynamics of oscillatory chemical reactions in a stirred reactor.

Stronger stirring leads to more uniform concentrations of chemical species within

the reactor. Hence, one expects that such a system should be well approximated

by a set of differential equations that describes the temporal dynamics of the mean

concentrations (independently of the stirring rate). However, it is well-known from

experiments that significant non-uniformities in the concentration field persist even at

high stirring rates, resulting in stirring effects Menzinger and Dutt (1990); Noszticzius

et al. (1991). Such effects cannot be captured by simple models that assume spatially

uniform concentrations Neufeld and H.-García (2010).

The framework offered by the theory of interacting continua Bowen (1976) can

provide complex models, which can describe non-uniformities in the concentration
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field and other intricate effects resulting from higher stirring rates Neufeld and H.-

García (2010). This framework is based on continuum description and is ideal to

study advection-controlled or diffusion-controlled oscillatory chemical reactions. The

governing equations for the fate of the chemical species are given as follows:

∂ci

∂t
+ div[v(x, t)ci −D(x, t) grad[ci]] = fi(x, t) + ri(x, t, c1, . . . , cn) in Ω×]0,I[, (3.1.1a)

ci(x, t) = c
p
i (x, t) on ΓD

i ×]0,I[, (3.1.1b)

(v(x, t)ci(x, t)−D(x, t)grad[ci(x, t)]) • n̂(x) = h
p
i (x, t) on ΓN

i ×]0,I[, and (3.1.1c)

ci(x, t = 0) = c0
i (x) in Ω, (3.1.1d)

where ci(x, t) is the molar concentration of the i-th chemical species (i = 1, · · · , n),

v(x, t) is the advection velocity vector field, D(x, t) is the diffusivity tensor. fi(x, t)

and ri(x, t, c1, . . . , cn) are, respectively, the non-reactive and reactive components of

the volumetric source. c0
i (x) is the initial condition of i-th chemical species. Corre-

spondingly, cp
i (x, t) and hp

i (x, t) are the prescribed concentration and normal flux on

the boundary. Ω is the domain in which the chemical reaction takes place, which is

typically assumed to be a bounded open set in a mathematical setting. ΓD
i and ΓN

i

are respectively the Dirichlet and Neumann boundaries of the domain. The time is

denoted by t ∈]0, I[, where I is the total time of interest.

3.1.2 Problem statement and main contributions

In continuous setting, the governing equations given by (3.1.1a)–(6.4.25e) possess

various important properties such as non-negativity, maximum principles, compari-

son principles, monotonicity, monotone property, local species balance, and global

species balance Nakshatrala and Valocchi (2009); Nagarajan and Nakshatrala (2011);

Mudunuru and Nakshatrala (2012); Nakshatrala et al. (2013), Nakshatrala et al.
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(2013); Karimi and Nakshatrala (2015); Mudunuru and Nakshatrala (2015). In gen-

eral, all these properties are not inherited during finite difference, finite volume, and

finite element discretizations. In this chapter, we analyze whether the existing numer-

ical and commercial packages provide physically meaningful values for the concentra-

tion of the chemical species for various realistic benchmark problems. Furthermore, we

also quantify the errors incurred in satisfying the local and global species balance for

two popular chemical kinetics schemes Neufeld and H.-García (2010). First one being

an important and versatile group of oscillatory reactions involving the chlorite ion and

iodine-containing reactants. Examples include CIMA (chlorite-iodine-malonic acid)

and the CDIMA (chlorine dioxide-iodine-malonic acid) reactions schemes Epstein and

Pojman (1998). A simplified reaction scheme capturing the essential features of the

chemical kinetics is as follows:

MA + I2
k−2−−→ I− + IMA + H+, (3.1.2a)

2I− + 2ClO2
k−1−−→ 2ClO−

2 + I2, and (3.1.2b)

ClO−
2 + 4I− + 4H+ k0−→ 4Cl− + 2I2 + 2H2O, (3.1.2c)

where MA and IMA are the malonic acid and the iodomalonic acid, respectively.

Based on the usual experimental conditions, for the CDIMA case, it is appropriate

to assume that cI− and cClO−

2
are the only dynamical variables. The concentration of

other chemical species stay essentially as constants. With these approximations, an

appropriate reactive-component volumetric source model for the CDIMA reaction is

given as

rI− = α1 − cI− −
4cI−cClO−

2

1 + c2
I−

and (3.1.3a)

rClO−

2
= α2

(
cI− −

cI−cClO−

2

1 + c2
I−

)
, (3.1.3b)
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where α1 and α2 are parameters, which depend on the reaction rate k0.

Second one corresponds to a (three-species) Oregonator model, which is a sim-

plified version of BZ (Belousov-Zhabotinsky) reaction scheme of a non-linear chemical

oscillator. This is given as follows Neufeld and H.-García (2010):

BrO−
3 + Br− k1−→ HBrO2 + HOBr, (3.1.4a)

HBrO2 + Br− k2−→ 2HOBr, (3.1.4b)

BrO−
3 + HBrO2

k3−→ 2HBrO2 + 2Ce4+, (3.1.4c)

2HBrO2
k4−→ BrO−

3 + HOBr, and (3.1.4d)

2X + 2Ce4+ k5−→ γBr−, (3.1.4e)

where X = oxidizable organic species (for example, MA or IMA) and γ is a stoi-

chiometric parameter. It should be noted that there are several simplified versions

of the BZ reaction as the chemical mechanism is very complex. But the most com-

mon version involves the oxidation of malonic acid (MA) by bromate ions (BrO−
3 ) in

acid medium and catalyzed by cerium, which oscillates during the reaction between

the Ce4+ and Ce3+ states. The first two reactions given by equations describe the

depletion of bromide (Br−). While the last three reactions build the concentration of

HBrO2 and Ce4+ that finally leads to Br− recovery, and then to a new cycle. Assum-

ing that cBrO−

3
and cX remain constant, and noticing that HOBr enters the chemical

reaction as a passive product, an appropriate reactive-component volumetric source

model for the BZ reaction is given as follows Field and Noyes (1974):

rHBrO2 =
1
ǫ1

(
βcBr− − cHBrO2cBr− + cHBrO2 (1− cHBrO2)

)
, (3.1.5a)

rBr− =
1
ǫ2

(
γcCe4+ − βcBr− − cHBrO2

cBr−

)
, and (3.1.5b)

rCe4+ = cHBrO2
− cCe4+ , (3.1.5c)
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where the constants ǫ1 > 0, ǫ2 > 0, and β > 0 are given as

ǫ1 =
k5cX

k3cBrO−

3

, ǫ2 =
2k4k5cX

k2k3cBrO−

3

, β =
2k1k4

k2k3
. (3.1.6)

It should be noted that as γ is a stoichimetric coefficient, we need to have γ > 0.

3.1.3 Outline of this chapter

The remainder of this chapter is organized as follows. Section 3.2 presents a

model reduction method based on dynamical systems approach to obtain qualitative

nature of the solution for CDIMA and BZ reaction schemes. In Section 3.3, we present

a non-linear finite element formulation based on SUPG and GLS to obtain numerical

solutions for our transport-controlled chemically reacting flows. The resulting system

of equations are solved using the Newton-Raphson method. In Section 3.4, represen-

tative numerical examples are presented to illustrate the performance of the proposed

computational framework with respect to non-negativity, local species balance, and

global species balance. Conclusions are drawn in Section 3.5.

3.2 REDUCED-ORDER MODELS: QUALITATIVE NATURE OF THE

SOLUTION

The complex behavior in the oscillatory media arises from the diffusive and ad-

vection coupling of the local dynamics. The range of possible dynamic behavior in

the presence of advection/diffusion becomes practically unlimited when the local dy-

namics becomes more complex. This is because coupling chaotic subsystems could

produce an extremely rich dynamics (which is the case for even periodic local dynam-

ics) Pikovsky and Popovych (2003). Advectively/diffusively coupled chemical and

biological oscillators may become synchronized and spatial heterogeneity may lead to

additional instabilities Pikovsky et al. (2001). This may result in target waves, spiral
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patterns, front instabilities, and several different types of spatio-temporal chaos Ku-

ramoto (2003). It is extremely difficult to simulate or capture all of these complex

dynamic phenomena without properly understanding the qualitative behavior of the

coupled advective-diffusive-reactive systems.

It should be noted that various model reduction frameworks exist in literature

Antoulas et al. (2001) to understand the qualitative nature of the solution for the

equations given by (3.1.1a)–(6.4.25e). Herein, we shall consider model reduction

based on a simplified dynamical systems approach Neufeld and H.-García (2010). The

dynamical system framework provides rich tools of mathematical results to analyze

the solution behaviour for various interesting experimental scenarios Kinoshita (2013).

This framework has many advantages, one of which is to obtain qualitative and

quantitative information on the parameters such as α1, α2, β, ǫ1, and ǫ2 (which

is used in our finite element simulation to perform a parametric study).

To summarize, using dynamical systems framework, we reduce the non-linear

coupled partial differential equations to an autonomous system of first-order cou-

pled non-linear ordinary differential equations. The ROM equations for the CDIMA

reaction scheme is given as

dcI−

dt
= α1 − cI− −

4cI−cClO−

2

1 + c2
I−

and (3.2.1a)

dcClO−

2

dt
= α2

(
cI− −

cI−cClO−

2

1 + c2
I−

)
. (3.2.1b)

Correspondingly, the ROM equations for the BZ reaction based on the three-species
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Oregonator model is given as

dcHBrO2

dt
=

1
ǫ1

(
βcBr− − cHBrO2cBr− + cHBrO2 (1− cHBrO2)

)
, (3.2.2a)

dcBr−

dt
=

1
ǫ2

(
γcCe4+ − βcBr− − cHBrO2cBr−

)
, and (3.2.2b)

dcCe4+

dt
= cHBrO2 − cCe4+ . (3.2.2c)

From continuous maximum principle Evans (1998), we need to have cI− , cClO−

2
, cHBrO2 ,

cBr− , and cCe4+ to be non-negative in the entire domain and time interval of interest.

3.2.1 Hopf bifurcations and chemical reaction system stability

In general, the numerical solution for the CDIMA and BZ reaction scheme ROM

models are obtained by solving a systems of non-linear Differential-Algebraic Inequal-

ities (DAI). In discrete setting, these set of non-linear DAIs are given as

dc

dt
= r(c), (3.2.3a)

c(t = 0) = c0 � 0, and (3.2.3b)

c � 0 ∀t ∈]0, I[, (3.2.3c)

where c is the vector of unknown concentrations of chemical species for a given reac-

tion scheme and r is the reactive component of the volumetric source. For example,

in-case of CDIMA scheme, c =
[
cI−, cClO−

2

]T
. Similar inference can be drawn on

BZ reaction scheme. It should be noted that the non-linear DAI system given by

(3.2.3a)–(3.2.3c) may have multiple solutions. This is because in complex chemically

reacting systems, many times it is difficult to estimate the values of the parameters

related to stoichiometric coefficients and chemical reaction rates. Moreover, some

parameters are frequently not fully identifiable from the experimental data at all Er-

rami et al. (2015). This parametric uncertainty with large potential variations of
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parameters by several orders of magnitudes often leads to severe limitations of exist-

ing numerical techniques to obtain physically meaningful values for concentrations of

chemical species even for reduced-order models (see the following subsection 3.2.2).

Constrained optimization-based numerical continuation methods can be used to ob-

tain all the set of solutions. However, it should be noted that not all the solutions

obtained are stable.

Stability or multistability of a given set of numerical solutions depends on the

nature of Hopf bifurcation fixed points. Recently, efficient algorithmic methods using

convex coordinates and tropical geometry are proposed for parametric detection of

Hopf bifurcations fixed points Errami et al. (2015). This computational framework

is for a class of chemical reaction networks with symbolic rate constants that obey

generalized mass action kinetics such as equations (3.2.3a)–(3.2.3c). However, con-

structing such effective numerical methods within the context of tranport-controlled

chemically reacting systems has been rarely studied. This is because obtaining Hopf

bifurcation fixed points and subsequently analyzing their stability nature for the fol-

lowing non-linear DAI system:

M
dci

dt
+ Kci = f(t) + r(c1, c2, · · · , ci, · · · , cn−1, cn) and (3.2.4a)

ci � 0 ∀t ∈]0, I[ and ∀i = 1, 2, · · · , n (3.2.4b)

is challenging due to the high computational costs. M and K are the mass and

stiffness matrices of a given finite element discretization. ci is the nodal concentration

of the ith-chemical species. f and r are the corresponding discretized non-reactive

and reactive components of the volumetric source. n is the total number of chemical

species involved in the CDIMA/BZ reaction scheme. It should be noted that M is

symmetric and positive definite. While K is neither symmetric nor positive definite.

In case of advection-dominated/reaction-dominated scenarios, this nature of the
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matrix K poses numerical difficulties in obtaining physically meaningful values for

Hopf bifurcation fixed points (which should be non-negative). Detailed analysis of

these fixed points and their stability within the context of finite element method is be-

yond the scope of this dissertation. Herein, for CDIMA and BZ reduced-order models,

we have calculated the Hopf bifurcation fixed points and analyzed their stability an-

alytically. The following subsection describe the nature of these fixed points and the

qualitative aspects of the solution near them for all t ∈]0, I[. From this subsection, it

will be evident that obtaining non-negative parametric Hopf bifurcation fixed points

and examining their stability even for reduced-order models is highly demanding.

3.2.2 Stability analysis of CDIMA and BZ reduced-order models

The fixed points of the CDIMA reaction scheme are given as

c∗
I− =

α1

5
c∗

ClO−

2
= 1 +

α2
1

25
. (3.2.5)

From equation (3.2.5), it is clear that α1 ≥ 0 (as the concentration of chemical species

has to be non-negative). The characteristic polynomial of the CDIMA reaction scheme

based on linearizing the system of equations given by (3.2.1a)–(3.2.1b) near these fixed

points is given as

λ2
cdima −

(
4α2

1 − 5α1α2 − 125
α2

1 + 25

)
λcdima +

5α1α2 (4α2
1 + 125)

(α2
1 + 25)2 = 0. (3.2.6)

Based on Routh-Hurwitz stability criterion for second-order polynomial Wood (1990),

it is evident that the fixed points given by equation (3.2.5) are stable if the following

conditions are satisfied:

4α2
1 − 5α1α2 − 125 < 0 α1 > 0 α2 > 0. (3.2.7)
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Otherwise they are unstable. Hence, for a certain parameter space (α1, α2) there is

a curve of Hopf bifurcation so that oscillations in the chemical concentrations are

expected at one side of that curve. This Hopf bifurcation curve is the set of all

parameters (α1, α2), which does not satisfy the following inequality:

0 < α1 <
5
8

(
α2 +

√
α2

2 + 80
)
. (3.2.8)

In a similar fashion, the fixed points for the BZ reaction scheme (for β 6= 0) are

given as

c∗
HBrO2

= c∗

Br− = c∗

Ce4+ = 0, (3.2.9a)

c∗
HBrO2

= c∗

Ce4+ =
(1− β − γ) +

√
(1− β − γ)

2
+ 4β(1 + γ)

2
c∗

Br− =
γc∗

HBrO2

c∗
HBrO2

+ β
, and (3.2.9b)

c∗
HBrO2

= c∗

Ce4+ =
(1− β − γ)−

√
(1− β − γ)

2
+ 4β(1 + γ)

2
c∗

Br− =
γc∗

HBrO2

c∗
HBrO2

+ β
. (3.2.9c)

Unlike the CDIMA scheme, BZ scheme has a set of three fixed points. Based on

the non-negativity of the chemical species and positivity of BZ chemical reaction

parameters, it is apparent that only certain set of fixed points are allowable. In order

to delineate physics-compatible fixed points for the BZ scheme, various conditions on

the combination of parameters β and γ are investigated. These are given as follows:

• For any value of 1 − β − γ, the fixed point given by equation (3.2.9c) is not

allowed as c∗
HBrO2

= c∗
Ce4+ < 0.

The characteristic polynomial of the BZ reaction scheme based on linearizing the
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system of equations given by (3.2.2a)–(3.2.2c) near these fixed points is given as

λ3
bz +

(
1 +

c∗
HBrO2

+ β

ǫ2
+

2c∗
HBrO2

+ c∗
Br− − 1

ǫ1

)
λ2

bz

+



c∗

Br−

(
β − c∗

HBrO2

)

ǫ1ǫ2
+
c∗

HBrO2
+ β

ǫ2
+

2c∗
HBrO2

+ c∗
Br− − 1

ǫ1


λbz

+

(
c∗

HBrO2
+ β

) (
2c∗

HBrO2
+ c∗

Br− − 1
)

+
(
β − c∗

HBrO2

) (
c∗

Br− − γ
)

ǫ1ǫ2
= 0, (3.2.10)

where c∗
HBrO2

and c∗
Br− are the fixed points given by equations (3.2.9a)–(3.2.9c). Based

on Routh-Hurwitz stability criterion for third-order polynomial, it is evident that the

fixed points given by equation (3.2.9a)–(3.2.9c) are stable if the following conditions

are satisfied:

1 +
c∗

HBrO2
+ β

ǫ2
+

2c∗
HBrO2

+ c∗
Br− − 1

ǫ1
> 0, (3.2.11a)

c∗
Br−

(
β − c∗

HBrO2

)

ǫ1ǫ2
+
c∗

HBrO2
+ β

ǫ2
+

2c∗
HBrO2

+ c∗
Br− − 1

ǫ1
> 0, (3.2.11b)

(
c∗

HBrO2
+ β

) (
2c∗

HBrO2
+ c∗

Br− − 1
)

+
(
β − c∗

HBrO2

) (
c∗

Br− − γ
)

ǫ1ǫ2
> 0, and (3.2.11c)

(
1 +

c∗
HBrO2

+ β

ǫ2
+

2c∗
HBrO2

+ c∗
Br− − 1

ǫ1

)
×


c

∗
Br−

(
β − c∗

HBrO2

)

ǫ1ǫ2
+
c∗

HBrO2
+ β

ǫ2
+

2c∗
HBrO2

+ c∗
Br− − 1

ǫ1


 >

(
c∗

HBrO2
+ β

) (
2c∗

HBrO2
+ c∗

Br− − 1
)

+
(
β − c∗

HBrO2

) (
c∗

Br− − γ
)

ǫ1ǫ2
. (3.2.11d)

From equations (3.2.11a)–(3.2.11d), it is clear that for a certain parameter space

(β, γ, ǫ1, ǫ2) there is a region of Hopf bifurcation so that oscillations in the chemical

concentrations are expected towards the opposite side of that region. For instance, if

the fixed point is given by equation (3.2.9a), the Hopf bifurcation region is indepen-

dent of stoichiometric coefficient γ. It is characterized by the set of all parameters

(β, ǫ1, ǫ2), which satisfies the following inequality: βǫ1 < ǫ2.
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3.3 NUMERICAL FORMULATIONS: SPECIES BALANCE ERRORS

On coarse meshes, it is well-known in literature that the standard single-field

Galerkin formulation exhibits spurious node-to-node oscillations for advection-dominated

advection-diffusion-reaction equations Gresho and Sani (2000). This is due to the

presence of characteristic layers such as interior and/or boundary layers in the solution

(when advection processes is predominant than the diffusion and reaction processes).

Hence, we resort to stabilized numerical formulations. However, it should be noted

that spurious node-to-node oscillations or numerical instabilities in the solution based

on a certain numerical formulation should not be confused with the (physically mean-

ingful) oscillatory behaviour of a chemically reacting system. These two are entirely

different.

Herein, we shall present two popular stabilized weak formulations for the initial

boundary value problem given by equations (3.1.1a)–(6.4.25e). These are used to

obtain numerical solutions for the concentration of the chemical species in Section

3.4. First one being the streamline upwind Petrov-Galerkin (SUPG) formulation and

second one is the Galerkin least-squares (GLS) formulation. Before we present these

two popular stabilized weak formulations, we will introduce the following function

spaces:

Ct
i :=

{
ci(x, •) ∈ H1(Ω)

∣∣∣ ci(x, t) = cp
i (x, t) on ΓD

i ×]0, I[
}

and (3.3.1a)

Wi :=
{
wi(x) ∈ H1(Ω)

∣∣∣ wi(x) = 0 on ΓD
i

}
, (3.3.1b)

where H1(Ω) is a standard Sobolev space Evans (1998). For convenience, we shall

denote the standard L2 inner-product for a given two fields a(x, t) and b(x, t) over a
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set D as

(a; b)D =
∫

D

a(x) • b(x) dD. (3.3.2)

The subscript on the inner-product will be dropped if D = Ω

3.3.1 SUPG formulation

Find ci(x, t) ∈ Ct
i such that we have

(wi;
∂ci

∂t
)− (grad[wi] • v; ci) + (grad[wi]; D(x, t)grad[ci])

+
Nele∑

e=1

(
τSUPG v • grad[wi];

∂ci

∂t
+ div [vci −D(x, t)grad[ci]]− fi − ri

)

Ωe

= (wi; fi)− (wi; q
p
i )ΓN

i
∀wi(x) ∈ Wi, (3.3.3)

where Ω̄ =
⋃Nele

e=1 Ω̄e and Nele is the total number of mesh elements. The superposed

bar denotes the set closure. The boundary of Ωe is denoted as ∂Ωe := Ω̄e−Ωe. τSUPG

is the stabilization parameter within the context of the SUPG formulation. Herein,

we shall use the stabilization parameter proposed by John and Knobloch John and

Knobloch (2007), which is given as

τSUPG =
hΩe

2‖v‖ξ0 (Peh) , ξ0 (χ) = coth (χ)− 1
χ
, (3.3.4)

where hΩe
is the maximum element length, ξ0 is known as the upwind function, and

Peh = hΩe ‖v‖
2λmin

is the local (element) Péclet number. λmin is the minimum eigenvalue

of the anisotropic diffusivity.

3.3.2 GLS formulation

Find ci(x, t) ∈ Ct
i such that we have
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(wi;
∂ci

∂t
)− (grad[wi] • v; ci) + (grad[wi]; D(x, t)grad[ci])

+

Nele∑

e=1

(
wi

∆t
+ div[vwi −D(x, t)grad[wi]]; τGLS

(
∂ci

∂t
+ div [vci −D(x, t)grad[ci]]− fi − ri

))

Ωe

= (wi; fi)− (wi; q
p
i )ΓN

i

∀wi(x) ∈ Wi, (3.3.5)

where τGLS is the stabilization parameter under the GLS formulation and ∆t is the

time-step. Herein, we shall take τGLS = τSUPG, which is a prevailing practice. For these

two stabilized finite element formulations, we shall now present the errors incurred in

satisfying local species balance and global species balance.

3.3.3 Local and global species balance errors

Given ci(x, t) and for any arbitrary Ωe ∈ Ω, the error incurred in satisfying the

local species balance of ith chemical species is given as

ǫi,Ωe
=
∫

Ωe

∂ci

∂t
dΩe +

∫

∂Ωe

qi • n̂ dΓe −
∫

Ωe

(fi + ri) dΩe, (3.3.6)

where qi = vci−D(x, t) grad[ci] is the total flux of ith chemical species. Correspond-

ing, the error incurred in satisfying the global species balance of ith chemical species

for the entire Ω is given as

ǫi =
Nele∑

e=1

ǫi,Ωe
. (3.3.7)

In the next section, we shall quantify ǫi. Furthermore, we study the influence of

non-negativity of chemical species on the performance of SUPG and GLS numerical

formulations with respect to species balance errors.
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3.4 CHEMICALLY REACTING LID-DRIVEN CAVITY FLOWS

In this section, we shall present a benchmark problem Erturk (2009) to investi-

gate the accuracy of SUPG and GLS for transport-controlled CDIMA and BZ reaction

models. A pictorial description of the initial boundary value problem is shown in Fig-

ure 3.1. The stream function and the corresponding advection velocity field to model

lid-driven cavity flows is given as follows Adrover et al. (2002):

Ψ(x, y) = sin2
(
πx

Lx

)
sin

(
πy2

L2
y

)
, (3.4.1a)

vx(x, y) = −∂Ψ
∂y

= −2πy
L2

y

sin2
(
πx

Lx

)
cos

(
πy2

L2
y

)
, and (3.4.1b)

vy(x, y) =
∂Ψ
∂x

=
2π
Lx

sin
(
πx

Lx

)
cos

(
πx

Lx

)
sin

(
πy2

L2
y

)
. (3.4.1c)

Numerical simulations are performed for various sets of reaction scheme parameters

are taken as follows Neufeld and H.-García (2010):

α1 = 1 α2 = 10−1 γ = 1 β = 10−2 ǫ1 = 4× 10−2 ǫ2 = 8× 10−1 and (3.4.2a)

α1 = 10−3 α2 = 10−3 γ = 1 β = 10−4 ǫ1 = 1 ǫ2 = 1. (3.4.2b)

The total time of interest I is taken to be equal to 3. The discrete non-linear system

of equations are solved using backward Euler and Newton-Raphson method with

tolerance being equal to 10−4. The time-step is equal to 0.1. Four-node structured

quadrilateral meshes are used for the numerical simulation. The mesh size is taken

as h = 1
160

. Analysis is performed for different types of diffusivities, which are given
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as follows:

D(x) = 10−4, (3.4.3a)

D(x) = 10−6, and (3.4.3b)

D(x) = κ0




(y + κ1)2 + κ2(x+ κ1)2 −(1− κ2)(x+ κ1)(y + κ1)

−(1− κ2)(x+ κ1)(y + κ1) κ2(y + κ1)2 + (x+ κ1)2


 . (3.4.3c)

The parameters κ0, κ1, and κ2 are taken as

κ0 = 10−2, κ1 = 10−2, κ2 = 10−3 and (3.4.4a)

κ0 = 10−4, κ1 = 10−2, κ2 = 10−3. (3.4.4b)

It should be noted that for these set of parameters and mesh size, the element Péclet

number Peh ≫ 1. However, the stabilized numerical formulations (such as SUPG

and GLS) fail to prevent spurious node-to-node oscillations. Furthermore, in most

of these cases they produce non-physical values for the concentration of the chemical

species involved in CDIMA and BZ reaction schemes. The corresponding concen-

tration profiles and local species balance errors are shown in Figures 3.2–3.8. The

white region represents the area in which concentration has violated the non-negative

constraint. For cClO−

2
at t = 1, this negative value is as high as -0.16. Analysis is

performed based on the parameter set given by equations (3.4.2a) and (3.4.3a).

The errors incurred in satisfying global species balance is quantified in Table 3.1

and Table 3.2. From these figures and tables, it is clear that violating non-negative

constraint and having spurious node-to-node oscillations in the numerical solution has

a profound impact on species balance errors. Moreover, the negative values obtained

and the species balance errors quantified are not close to machine precision, which is

ǫmach ≈ 2.22× 10−16 for a 64-bit machine.
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(b) Problem description: BZ reaction
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Figure 3.1: Transport-controlled chemically reacting lid-driven cavity flows: A pictorial de-
scription of the initial boundary value problem for CDIMA and BZ reaction
schemes. Herein, Lx = Ly = 1 and non-reactive volumetric sources are zero.

Table 3.1: Global species balance error for CDIMA reaction scheme for various h-refined
meshes at t = 1. Analysis is performed for anisotropic diffusivity. Negative values
for concentration of chemical species are clipped.

Mesh |ǫI− | |ǫClO−

2
|

21× 21 2.58× 10−4 5.22× 10−2

41× 41 4.76× 10−4 5.20× 10−2

81× 81 2.76× 10−5 4.83× 10−2

161× 161 7.79× 10−5 4.28× 10−2
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(a) cI− at t = 1 (b) cClO−

2

at t = 1

(c) cI− at t = 2 (d) cClO−

2

at t = 2

(e) cI− at t = 3 (f) cClO−

2
at t = 3

Figure 3.2: Transport-controlled CDIMA reaction (Isotropic diffusivity): This figure shows
the concentration profiles of I− and ClO−

2 ions at various time levels.
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(a) Isotropic diffusivity: cI− (b) Isotropic diffusivity: cClO−

2

(c) Anisotropic diffusivity: cI− (d) Anisotropic diffusivity: cClO−

2

Figure 3.3: Transport-controlled CDIMA reaction: This figure shows the concentration pro-
files of I− and ClO−

2 ions at t = 1. We also see spurious node-to-node oscilla-
tions and negative values are as high as -0.46.

Table 3.2: Global species balance error for BZ reaction scheme for various h-refined meshes at
t = 1. Analysis is performed for anisotropic diffusivity. Negative values are clipped.

Mesh |ǫHBrO2 | |ǫBr−| |ǫCe4+ |
21× 21 6.68× 10−3 3.82 8.33× 10−3

41× 41 6.25× 10−3 3.80 9.83× 10−3

81× 81 4.52× 10−3 3.71 1.02× 10−3

161× 161 2.63× 10−3 3.64 1.00× 10−3
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(a) cHBrO2
at t = 1 (b) cBr− at t = 1 (c) cCe4+ at t = 1

(d) cHBrO2
at t = 2 (e) cBr− at t = 2 (f) cCe4+ at t = 2

(g) cHBrO2
at t = 3 (h) cBr− at t = 3 (i) cCe4+ at t = 3

Figure 3.4: Transport-controlled BZ reaction (Isotropic diffusivity): This figure shows the
concentration profiles of HBrO2, Br−, and Ce4+ at various times. Analysis is
performed based on the parameters given by equations (3.4.2a) and (3.4.3a).
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(a) cHBrO2
at t = 1 (b) cBr− at t = 1 (c) cCe4+ at t = 1

(d) cHBrO2
at t = 2 (e) cBr− at t = 2 (f) cCe4+ at t = 2

(g) cHBrO2
at t = 3 (h) cBr− at t = 3 (i) cCe4+ at t = 3

Figure 3.5: Transport-controlled BZ reaction (Anisotropic diffusivity): This figure shows the
concentration profiles of HBrO2, Br−, and Ce4+ at various times. Analysis is
performed based on the parameters given by (3.4.2a), (3.4.3c), and (3.4.4a).
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(a) Isotropic diffusivity: cHBrO2
(b) Isotropic diffusivity: cBr−

(c) Isotropic diffusivity: cCe4+ (d) Anisotropic diffusivity: cHBrO2

(e) Anisotropic diffusivity: cBr− (f) Anisotropic diffusivity: cCe4+

Figure 3.6: Transport-controlled BZ reaction: This figure shows the concentration profiles
of HBrO2, Br−, and Ce4+ at t = 1. We see spurious node-to-node oscillations
in various parts of the domain and the negative values are as high as -0.35.
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(a) Isotropic diffusivity: ǫI−,Ωe
(b) Isotropic diffusivity: ǫClO−

2
,Ωe

(c) Anisotropic diffusivity: ǫI−,Ωe
(d) Anisotropic diffusivity: ǫClO−

2
,Ωe

Figure 3.7: Transport-controlled CDIMA reaction: This figure shows the local species bal-
ance errors for I− and ClO−

2 ions at t = 1. Analysis is performed based on the
parameter set given by equations (3.4.2a), (3.4.3a), (3.4.3c), and (3.4.4a).

(a) Isotropic diffusivity: cHBrO2
(b) Isotropic diffusivity: cBr− (c) Isotropic diffusivity: cCe4+

(d) Anisotropic diffusiv-
ity: cHBrO2

(e) Anisotropic diffusivity: cBr− (f) Anisotropic diffusiv-
ity: cCe4+

Figure 3.8: Transport-controlled BZ reaction: This figure shows the local species balance
errors for HBrO2, Br−, and Ce4+ at t = 1. Analysis is performed based on
the parameter set given by equations (3.4.2a), (3.4.3a), (3.4.3c), and (3.4.4a).
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3.5 SUMMARY AND CONCLUSIONS

In this chapter, we have shown that not satisfying local and global species bal-

ance and meeting maximum principles and non-negative constraint has dire conse-

quences in transport-controlled chemical reactions. We have quantified the errors

incurred in satisfying species balance errors for CDIMA and BZ reaction schemes

using stabilized numerical formulations such as SUPG and GLS. First, we have writ-

ten the governing equations for the advective-diffusive-reactive systems based on the

framework offered by the theory of interacting continua. Qualitative nature of the

solution for CDIMA and BZ reaction schemes is presented using non-linear dynamical

systems approach. Next, we presented a non-linear stabilized finite element formu-

lations to obtain numerical solutions for our transport-controlled CDIMA and BZ

advective-diffusive-reactive systems. The resulting non-linear system of equations are

solved using the Newton-Raphson method. Lastly, we have performed numerical sim-

ulation to quantify species balance errors using chemically reacting lid-driven cavity

flow benchmark problem. Based on these numerical simulations, we have observed

that unphysical values for concentration of chemical species due to violation of non-

negative constraint and spurious node-to-node oscillations can result in large errors

in local and global species balance. Hence, this shows the need and importance of

developing locally conservative non-negative numerical formulations for advection-

dominated and reaction-dominated advective-diffusive-reactive systems.
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Chapter 4

ON MESH RESTRICTIONS TO SATISFY

COMPARISON PRINCIPLES, MAXIMUM

PRINCIPLES, AND THE NON-NEGATIVE

CONSTRAINT: RECENT DEVELOPMENTS

AND NEW RESULTS

“It is an error to believe that rigor

is the enemy of simplicity. On the

contrary, we find it confirmed by

numerous examples that the

rigorous method is at the same time

simpler and more easily

comprehended. The very effort for

rigor forces us to find out simpler

methods of proof.”

David Hilbert

This chapter concerns with mesh restrictions that are needed to satisfy several

important mathematical properties – maximum principles, comparison principles, and
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the non-negative constraint – for a general linear second-order elliptic partial differ-

ential equation. We critically review some recent developments in the field of discrete

maximum principles, derive new results, and discuss some possible future research

directions in this area. In particular, we derive restrictions for a three-node triangu-

lar (T3) element and a four-node quadrilateral (Q4) element to satisfy comparison

principles, maximum principles, and the non-negative constraint under the standard

single-field Galerkin formulation. Analysis is restricted to uniformly elliptic linear

differential operators in divergence form with Dirichlet boundary conditions speci-

fied on the entire boundary of the domain. Various versions of maximum principles

and comparison principles are discussed in both continuous and discrete settings. In

the literature, it is well-known that an acute-angled triangle is sufficient to satisfy

the discrete weak maximum principle for pure isotropic diffusion. Herein, we show

that this condition can be either too restrictive or not sufficient to satisfy various

discrete principles when one considers anisotropic diffusivity, advection velocity field,

or linear reaction coefficient. Subsequently, we derive appropriate restrictions on the

mesh for simplicial (e.g., T3 element) and non-simplicial (e.g., Q4 element) elements.

Based on these conditions, an iterative algorithm is developed to construct simplicial

meshes that preserves discrete maximum principles using existing open source mesh

generators. Various numerical examples based on different types of triangulations are

presented to show the pros and cons of placing restrictions on a computational mesh.

We also quantify local and global mass conservation errors using representative nu-

merical examples and illustrate the performance of metric-based meshes with respect

to mass conservation.

4.1 INTRODUCTION AND MOTIVATION

Diffusion-type equations are commonly encountered in various branches of en-

gineering, sciences, and even in economics Crank (1975); Mei (2000); Aoki (2004).
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These equations have been well-studied in Applied Mathematics, and several prop-

erties and a priori estimates have been derived Pao (1993). Numerous numerical

formulations have been proposed and their performance has been analyzed both the-

oretically and numerically Gresho and Sani (2000). Several sophisticated software

packages, such as ABAQUS Aba (2014), ANSYS Ans (2015), COMSOL Com (2014),

and MATLAB’s PDE Toolbox MAT (2015), have been developed to solve these types

of equations. Special solvers for solving the resulting discrete equations have also

been proposed and studied adequately Gresho and Sani (2000).

It should, however, be noted that a numerical solution always loses some mathe-

matical properties that the exact solution possesses. In particular, the aforementioned

software packages and popular numerical formulations do not satisfy the so-called dis-

crete comparison principles (DCPs), discrete maximum principles (DMPs), and the

non-negative constraint (NC). This chapter is concerned with numerical solutions for

anisotropic advection-diffusion-reaction equations.

To provide a motivation for the present work, we solve a pure anisotropic dif-

fusion equation in an L-shaped domain with multiple holes using the commercial

software package ABAQUS Aba (2014). Numerical simulations are performed using

various unstructured finite element meshes (see Figure 4.1, which is to the scale), and

using the following popular anisotropic diffusivity tensor from hydrogeological and

subsurface flow literature Nakshatrala et al. (2013):

D(x) = RDeigenRT, (4.1.1)

where Deigen is a diagonal matrix comprised of the eigenvalues of D(x). The corre-

sponding principal eigenvectors are the column entries in the orthogonal matrix R.
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The expressions for Deigen and R are assumed as

R =




cos(θ) − sin(θ)

sin(θ) cos(θ)


 Deigen =



dmax 0

0 dmin


 and (4.1.2a)

dmax = 103 dmin = 1 θ = π/3 v(x) = 0 α(x) = 0 f(x) = 0. (4.1.2b)

Herein, dmax and dmin correspond to the maximum and minimum eigenvalues. θ corre-

sponds to the angle of orientation of the eigenvector coordinate system. It should be

noted that these eigenvalues have physical significance and are related to the trans-

verse and longitudinal diffusivities in the eigenvector coordinate system. Diffusion

process is simulated based on equations (5.2.1a)–(5.2.1b). The prescribed concen-

tration on the sides of the L-shaped domain is equal to zero. Correspondingly, the

concentration on the perimeter of the holes are set to be equal to one. Very fine

triangular (where the total number of nodes and mesh elements are equal to 86326

and 169453) and quadrilateral (where the total number of nodes and mesh elements

are equal to 91778 and 90625) meshes are used to perform ABAQUS numerical simu-

lations.

The concentration profile obtained using ABAQUS numerical simulations is shown

in Figure 4.2. In this figure, we have not shown the concentration contour using four-

node quadrilateral mesh, as it is almost identical to that of the contour obtained by

employing three-node triangular mesh. The white area within the L-shaped domain

with multiple holes represents the regions in which the obtained numerical nodal con-

centrations are negative and at the same time exceeded the maximum value provided

by the maximum principle. Quantitatively, more than 6% of the nodes have unphys-

ical negative values for the concentration. To be precise, in the case of triangular

mesh, 2.22% and 3.92% of the nodes have violated the non-negative and maximum

constraints. Correspondingly, the minimum and maximum values for concentration
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(a) T3 mesh (b) Q4 mesh

Figure 4.1: ABAQUS unstructured meshes for an L-shaped domain with multiple holes: The
left and right figures show an instance of three-node triangular and four-
node quadrilateral meshes employed in the numerical simulation of a pure
anisotropic diffusion problem using ABAQUS.

Figure 4.2: ABAQUS numerical simulation for an L-shaped domain with multiple holes: The
contours of concentration obtained using ABAQUS are based on three-node
triangular mesh.
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(a) Non-negative constraint violation
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(b) Maximum constraint violation

Figure 4.3: Minimum and maximum values for concentration in an L-shaped domain with
multiple holes: The left and right figures show the minimum and maximum
values attained in the computational domain.
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(a) % violation: Non-negative constraint

0 2 4 6 8 10
x 10

4

2.5

3

3.5

4

4.5

5

Total number of mesh nodes

%
 v

io
la

tio
n

 

 

T3−mesh
Q4−mesh

(b) % violation: Maximum constraint

Figure 4.4: Percentage of violation in minimum and maximum constraints for concentration
in an L-shaped domain with multiple holes: The left and right figures show the
percentage of nodes that have violated the constraints.

obtained are -0.0238 and 1.0076. These are considerably far away from the possible

values, which are between 0 and 1. Similarly, for quadrilateral mesh, these values are

slightly lower. Quantitatively, these are around 2.17% and 3.75%. But the minimum

and maximum values of concentration (-0.0287 and 1.0086) are slightly higher than

that of the triangular mesh. Figures 4.3 and 4.4 show that these negative values do

not decrease with mesh refinement. There are three possible routes to overcome such

limitations and satisfy DCPs, DMPs, and NC; which we shall describe below.

4.1.1 Strategy I: Mesh restrictions

The first strategy is to place restrictions on the mesh to meet maximum principles

and the non-negative constraint. For isotropic homogeneous diffusivity, Ciarlet and
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Raviart Ciarlet and Raviart (1973) have shown that numerical solutions based on

the single-field Galerkin finite element formulation, in general, does not converge

uniformly. However, the single-field Galerkin formulation is a converging scheme.

Ciarlet and Raviart have also shown that a sufficient condition for single-field Galerkin

formulation to converge uniformly for pure isotropic diffusion is to employ a well-

centered three-node triangular element mesh with low-order interpolation.

The obvious advantage is that one can use the single-field Galerkin formulation

without any modification. The drawback is that an appropriate computational mesh

may not exist because of the required restrictions on the shape and size of the finite

element. For example, it is not an easy task (sometimes it is not possible) to generate

a well-centered triangular mesh for any given two-dimensional domain Vanderzee

et al. (2010). Note that requiring a mesh to be well-centered is a more stringent than

requiring the mesh to be Delaunay. In fact, a well-centered mesh is Delaunay but the

converse need not be true.

In scientific literature, there are numerous commercial and non-commercial mesh

generators that produce premium quality structured and unstructured meshes for

various complicated domains. For instance, the survey paper by Owen Owen (1998)

accounts for more than 70 unstructured mesh generation software products. But, it

needs to be emphasized that Owen Owen (1998) rarely mentions about non-obtuse,

acute, and anisotropic M-uniform mesh generators. However, it is evident from

the above discussion that these types of meshes have a profound impact on solving

various important physical problems related to diffusion-type equations. In recent

years, there has been considerable effort in developing such types of mesh generators.

For example, some open source meshing software packages which are relevant to mesh

restrictions methodology are

• Non-obtuse and acute triangulations in 2D: aCute Erten and Üngör (2007,

2009a,b) (a meshing software, which is based on Triangle Shewchuk (1996))
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• AnisotropicM-uniform triangulations in 2D: BAMG Hecht (2006) in FreeFem++

Hecht et al. (2014); Hecht (2012), BL2D Laug and Borouchaki (1996)

• Anisotropic M-uniform triangulations in 3D: Mmg3d Dobrzynski (2012)

• Locally uniform anisotropic Delaunay meshes (surface, 2D, and 3D): CGALmesh

Alliez et al. (2003); Boissonnat et al. (2008, 2009, 2011)

However, the use of these mesh generators in the area of numerical analysis and

engineering, in particular, to construct mesh restrictions for diffusion-type equations

to satisfy DCPs, DMPs, and NC is hardly known. Recently, Huang and co-workers Li

and Huang (2010); Lu et al. (2012); Huang (2013) used BAMG to generate anisotropic

simplicial meshes to satisfy various discrete properties for linear advection-diffusion-

reaction equations. But in their research works, the computational domains under

consideration are not complicated. In addition, they did not study the role played by

mesh restrictions on meeting local and global species balance.

4.1.2 Strategy II: Non-negativity, monotone, and monotonicity preserv-

ing formulations

The second strategy is mainly concerned with developing new numerical formu-

lations based on physical and variational principles as to satisfy DCPs, DMPs, and

NC. These formulations can be broadly classified into three categories:

• Non-negative formulations: A numerical formulation is said to be non-negative if

the resulting numerical solution satisfies certain DMPs and NC. The formulation

need not satisfy DCPs or stronger versions of DMPs.

• Monotone formulations: A numerical formulation is said to be monotone if

the resulting numerical solution satisfies certain DMPs, DCPs, and NC. The

formulation is not required to satisfy stronger versions of any given discrete

principle. In addition, the solution may contain spurious oscillations.
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• Monotonicity preserving formulations: A numerical formulation is said to be

monotonicity preserving if the resulting numerical solution does not exhibit

spurious oscillations within itself. There is no restriction on the numerical

solution to satisfy DMPs and DCPs.

A non-negative formulation need not satisfy monotone conditions, a monotone

numerical formulation need not be monotonicity preserving, and vice-versa. It is

still an open research problem to develop a numerical formulation that meets all the

aforementioned properties. Some notable research works, which take Strategy II, are

references Ciarlet (1970a); Varga (1966) for finite difference schemes (FDS), Brezzi

et al. (2005); Lipnikov et al. (2011) for mimetic finite difference methods (MFDM),

Potier (2009); Nordbotten et al. (2007); Droniou and Potier (2011) for finite vol-

ume methods (FVM), and Burman and Ern (2005); Drǎgǎnescu et al. (2005); Liska

and Shashkov (2008); Nakshatrala and Valocchi (2009) for finite element methods

(FEM). It needs to be emphasized that most of these techniques involve non-linear

solution procedures. For example, the optimization-based finite element formulations

proposed in Nakshatrala and Valocchi (2009); Nagarajan and Nakshatrala (2011),

Nakshatrala et al. (2013), Nakshatrala et al. (2013) enforce the desired properties as

explicit constraints under variationally consistent constrained minimization problems.

This, of course, comes at an expense of additional computational cost.

4.1.3 Strategy III: Post-processing methods

The third strategy is to employ a post-processing (PP) method to recover various

discrete properties. In the literature, there exists various types of PP methods for

diffusion-type equations. Some notable research works in this direction include:

• Local and global remapping/repair methods Kucharik et al. (2003); Garimella

et al. (2007)
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• Constrained monotonic regression based methods Burdakov et al. (2012)

• Cutoff methods (also known as the clipping methods) Kreuzer (2014); Lu et al.

(2013)

• A combination of remapping/repair methods and cutoff methods Wang et al.

(2012); Zhao et al. (2013)

We now briefly describe the pros and cons of these methods. Note that it is difficult

to apply these techniques to recover DCPs, DMPs, and NC for higher-order FEM

methods, as the shape functions can change their sign within the element. In addition,

most of the above methods do not have a variational basis.

The remapping/repair techniques proposed by Shashkov and co-workers are de-

signed to improve the quality of numerical solutions by satisfying certain mathe-

matical properties in the discrete setting. Even though these are efficient, conser-

vative, and linearity- and bound-preserving interpolation algorithms, they are mesh-

dependent. Moreover, a systematic application of such algorithms for anisotropic

advection-diffusion-reaction equations to satisfy DCPs, DMPs, and NC has not been

done yet Wang et al. (2012); Zhao et al. (2013).

The post-processing procedure proposed by Burdakov et al. Burdakov et al.

(2012) is based on a constrained monotonic regression problem. The procedure is

a locally conservative, bound-preserving, monotonicity-recovering, and constrained

optimization-based PP method. It is applicable to FDS, FVM, and FEM. But in the

case of FEM, this PP method is valid only for linear and multi-linear shape functions.

In order to construct appropriate constraints for the optimization problem, one needs

to know a prior information on the lower bounds, upper bounds, and monotonicity

of the numerical solution for a given physical problem. In general, obtaining the

qualitative and quantitative nature of the solution is not always possible. If such

information on the monotonicity, and lower and upper bounds for the numerical
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solution is not known a prior, then this method reduces to the standard clipping

procedure. In addition, one should note that it is not always possible to satisfy

DCPs using this constrained monotonic regression algorithm. For example, one can

construct a counterexample similar to the one presented in (Nakshatrala et al., 2013,

Section 4)) to show that it does not satisfy DCP.

Finally, we would like to emphasize that a posterior cutoff method is a variational

crime. In general, this approach is neither conservative nor satisfies DMPs and DCPs.

The primary objective is to chop-off the values of a numerical solution if it is less than

a given number. In the case of highly anisotropic diffusion problems and for distorted

meshes, this method predicts erroneous numerical results Nagarajan and Nakshatrala

(2011); Nakshatrala et al. (2013). By specifying the cutoff value to be zero, it is always

guaranteed to satisfy NC through this methodology. In addition, if the nature of the

solution is known a prior, then one can also prevent undershooting and overshooting

of the numerical solution by chopping off those values.

4.1.4 Main contributions and an outline of this chapter

Herein, we focus on the first approach of placing restrictions on the computa-

tional mesh to meet desired mathematical properties. We derive sufficient conditions

on the restrictions to be placed on the three-node triangular and four-node quadri-

lateral finite elements to meet comparison principles, maximum principles, and the

non-negative constraint in the case of heterogeneous anisotropic advection-diffusion-

reaction (ADR) equations. The notable contributions of this chapter are:

(i) We provide an in-depth review of various versions of comparison principles,

maximum principles, and the non-negative constraint in the continuous setting.

(ii) We derive necessary and sufficient conditions on the coefficient (i.e., the “stiff-

ness") matrix to satisfy discrete weak and strong comparison principles.
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(iii) A relationship between various discrete principles within the context of mesh

restrictions, numerical formulations, and post-processing methods is presented.

(iv) We propose an iterative method to generate simplicial meshes that satisfy dis-

crete properties using open source mesh generators such as BAMG Hecht (2006),

FreeFem++ Hecht et al. (2014); Hecht (2012), and Gmsh Geuzaine and Remacle

(2015).

(v) Different types of non-dimensional quantities are proposed for anisotropic dif-

fusivity, which are variants of the standard Péclet and Damköhler numbers.

These quantities are extremely useful in numerical simulations and have not

been discussed in the literature.

(vi) Lastly, several realistic numerical examples are presented to corroborate the

theoretical findings as well as to show the importance of preserving discrete

principles.

The remainder of this chapter is organized as follows. In Section 4.2, we present

the governing equations for a general linear second-order elliptic equation and discuss

associated mathematical principles: comparison principles, maximum principles, and

the non-negative constraint. Section 4.3 provides several important remarks on the

continuous and discrete properties of elliptic equations. In Section 4.4, we shall derive

mesh restrictions for the three-node triangular element and the rectangular element

to meet the discrete versions of maximum principles, comparison principles, and the

non-negative constraint. Finally, conclusions are drawn in Section 4.5.

We will denote scalars by lower case English alphabet or lower case Greek al-

phabet (e.g., concentration c and density ρ). We will make a distinction between

vectors in the continuum and finite element settings. Similarly, a distinction will be

made between second-order tensors in the continuum setting versus matrices in the

discrete setting. The continuum vectors are denoted by lower case boldface normal
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letters, and the second-order tensors will be denoted using upper case boldface normal

letters (e.g., vector x and second-order tensor D). In the finite element context, we

shall denote the vectors using lower case boldface italic letters, and the matrices are

denoted using upper case boldface italic letters (e.g., vector f and matrix K). Other

notational conventions are introduced as needed.

4.2 LINEAR SECOND-ORDER ELLIPTIC EQUATION AND ASSO-

CIATED MATHEMATICAL PRINCIPLES

Let Ω ⊂ Rnd be a open bounded domain, where “nd” denotes the number of

spatial dimensions. The boundary of the domain is denoted by ∂Ω, which is assumed

to be piecewise smooth. Mathematically, ∂Ω := Ω − Ω, where a superposed bar

denotes the set closure. A spatial point is denoted by x ∈ Ω. The gradient and

divergence operators with respect to x are, respectively, denoted by grad[•] and div[•].

Let c(x) denote the concentration field. We assume that Dirichlet boundary condition

(i.e., the concentration) is prescribed on the entire boundary. The rest of this chapters

deals with the following boundary value problem, which is written in divergence form:

L[c] := −div [D(x)grad[c(x)]] + v(x) • grad[c(x)] + α(x)c(x) = f(x) in Ω and (4.2.1a)

c(x) = cp(x) on ∂Ω, (4.2.1b)

where L denotes the second-order linear differential operator, f(x) is the prescribed

volumetric source, α(x) is the linear reaction coefficient, v(x) is the velocity vec-

tor field, D(x) is the anisotropic diffusivity tensor, and cp(x) is the prescribed con-

centration. Physics of the problem demands that the diffusivity tensor (which is a
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second-order tensor) be symmetric:

DT(x) = D(x) ∀x ∈ Ω. (4.2.2)

Remark 4.2.1. In mathematical analysis, the divergence form is a suitable setting

for the application of energy methods. However, some studies on maximum principles

do employ the following non-divergence form:

L[c] =
nd∑

i,j=1

(P)ij
∂2c

∂xi∂xj

+
nd∑

i=1

(q)i
∂c

∂xi

+ r(x)c, (4.2.3)

where the coefficient (P)ij, (q)i, and r(x), can be related to the physical quantities

such as the diffusivity tensor, velocity field, and linear reaction coefficient. It should

however be noted that the non-divergence form exists irrespective of differentiability

of the diffusivity tensor. If D(x) is continuously differentiable, then there exists a

one-to-one correspondence between the divergence form and the non-divergence form.

In such cases, the operator L in the divergence form given by equation (5.2.1a) can

be put into the following non-divergence form:

L[c] = −D(x) • grad [grad[c(x)]] + (v(x)− div [D(x)]) • grad[c(x)] + α(x)c(x). (4.2.4)

Based on the nature of the coefficients and connectedness of the physical domain,

different versions of maximum and comparison principles exist in the mathematical

literature Evans (1998); Gilbarg and Trudinger (2001). As stated earlier, we shall

restrict our study to Dirichlet boundary conditions on the entire boundary. Analysis

pertaining to Neumann and mixed boundary conditions in the context of maximum

principles, comparison principles, and the non-negative constraint is beyond the scope

of this chapter, and one can consult references Karátson and Korotov (2005); Borsuk
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and Kondratiev (2006); Pao (1993).

We shall say that the operator L is elliptic at a point x ∈ Ω if

0 < λmin(x)ξ • ξ ≤ ξ •D(x)ξ ≤ λmax(x)ξ • ξ ∀ξ ∈ Rnd\{0}, (4.2.5)

where λmin(x) and λmax(x) are, respectively, the minimum and maximum eigenvalues

of D(x). The operator L is said to be strictly elliptic if there exists a constant λ0

such that

0 < λ0 ≤ λmin(x) ∀ x ∈ Ω (4.2.6)

and uniformly elliptic if

0 <
λmax(x)
λmin(x)

< +∞ ∀ x ∈ Ω. (4.2.7)

In the studies on maximum principles, it is common to impose the following restric-

tions on the velocity field v(x) and the linear reaction coefficient α(x):

α(x) ≥ 0 ∀ x ∈ Ω, (4.2.8a)

α(x)− 1
2

div [v(x)] ≥ 0 ∀ x ∈ Ω, and (4.2.8b)

0 ≤ |(v(x))i|
λmin(x)

≤ β0 < +∞ ∀ x ∈ Ω and ∀ i = 1, · · · , nd, (4.2.8c)

where β0 is a bounded non-negative constant. If (D)ij and (v)i are continuous in Ω,

then the operator L is uniformly elliptic for any bounded subdomain Ω
′ ⊂⊂ Ω (which

means that Ω
′

is compactly embedded in Ω) and the condition given in equation (4.2.8c)

holds. The restrictions given in equation (4.2.8b) can be relaxed in some situations

(e.g., see references Lu et al. (2012); Huang (2013)). But the constraint on α(x) given

by equation (4.2.8a) cannot be relaxed. If α(x) < 0, then equation (5.2.1a) is referred
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to as an Helmholtz-type equation, which does not possess a maximum principle. From

the theory of partial differential equations, it is well-known that the aforementioned

boundary value problem given by equations (5.2.1a)–(5.2.1b) satisfies the so-called

(weak and strong) comparison principles, (weak and strong) maximum principles,

and the non-negative constraint. For future reference and for completeness, we shall

briefly outline the main results. For a more detailed mathematical treatment, one

could consult references Evans (1998); Pao (1993); Gilbarg and Trudinger (2001).

Theorem 4.2.2 (Continuous weak and strict weak maximum principles). Let

L be a uniformly elliptic operator satisfying the conditions given by equations (4.2.8a)–

(4.2.8c). In addition, let D(x) be continuously differentiable. Suppose that c(x) ∈

C2(Ω) ∩ C0(Ω) satisfies the differential inequality L[c] ≤ 0 in Ω, then the maximum

of c(x) in Ω is obtained on ∂Ω. That is, c(x) possesses the weak maximum principle

(wMP), which can be written as

max
x∈Ω

[c(x)] ≤ max
[
0,max

x∈∂Ω
[c(x)]

]
. (4.2.9)

Moreover, if α(x) = 0, then we have the strict weak maximum principle (WMP):

max
x∈Ω

[c(x)] = max
x∈∂Ω

[c(x)] . (4.2.10)

Theorem 4.2.3 (Continuous strong and strict strong maximum principles).

Let the domain Ω be simply connected. Given that c(x) satisfies wMP and the con-

ditions given in Theorem 6.2.1, then c(x) cannot attain an interior non-negative

maximum in Ω unless it is a constant. This means that, c(x) possesses the strong

maximum principle (sMP) if the following hold:

max
x∈Ω

[c(x)] = max
x∈Ω

[c(x)] = m ≥ 0 ⇒ c(x) ≡ m in Ω. (4.2.11)
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Moreover, if α(x) = 0 and c(x) satisfies WMP, then we have the strict strong maxi-

mum principle (SMP) given as

max
x∈Ω

[c(x)] = max
x∈Ω

[c(x)] = m ⇒ c(x) ≡ m in Ω. (4.2.12)

Theorem 4.2.4 (Continuous weak and strong comparison principles). Let c1(x)

and c2(x) ∈ C2(Ω)∩C0(Ω). Suppose L be a uniformly elliptic operator satisfying the

conditions given by the equations (4.2.8a)–(4.2.8c). Then L is said to possess

• the weak comparison principle (wCP) if c1(x) and c2(x) satisfies wMP, L[c1] ≤

L[c2] in Ω, and c1(x) ≤ c2(x) on ∂Ω, then the following holds:

c1(x) ≤ c2(x) ∀x ∈ Ω. (4.2.13)

• the strong comparison principle (sCP) if c1(x) and c2(x) satisfies sMP, L[c1] <

L[c2] in Ω, and c1(x) ≤ c2(x) on ∂Ω, then the following holds:

c1(x) < c2(x) ∀x ∈ Ω. (4.2.14)

For mathematical proofs to Theorems 6.2.1–4.2.4, see reference Gilbarg and

Trudinger (2001). Numerical formulations based on the finite element method, fi-

nite volume method, and finite difference method exist to solve the boundary value

problem (5.2.1a)–(5.2.1b). It is well-known that the framework offered by the finite

element method is particularly attractive in obtaining accurate numerical results for

elliptic partial differential equations. In particular, the single-field Galerkin formu-

lation is a very popular finite element formulation. In this chapter, we shall use the

single-field Galerkin formulation to derive mesh restrictions. It should be, however,

noted that restrictions imposed on a mesh may alter if an alternate numerical for-

mulation is employed. But the overall procedure presented in this chapter can be
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employed to derive mesh restrictions for other numerical formulations.

4.2.1 Single-field Galerkin formulation

Let us define the following function spaces:

C :=
{
c(x) ∈ H1(Ω)

∣∣∣ c(x) = cp(x) on ∂Ω
}

and (4.2.15a)

W :=
{
w(x) ∈ H1(Ω)

∣∣∣ w(x) = 0 on ∂Ω,
}

(4.2.15b)

where H1(Ω) is a standard Sobolev space Evans (1998). Given two fields a(x) and

b(x) on a set D, the standard L2 inner-product over D will be denoted as

(a; b)D =
∫

D

a(x) • b(x) dD. (4.2.16)

The subscript on the inner-product will be dropped if D = Ω. The single-field

Galerkin formulation for the boundary value problem (5.2.1a)–(5.2.1b) can be written

as: Find c(x) ∈ C such that we have

B(w; c) = L(w) ∀ w(x) ∈ W, (4.2.17)

where the bilinear form and the linear functional are, respectively, defined as

B(w; c) := (w;α(x)c) + (w; v(x) • grad[c]) + (grad[w]; D(x)grad[c]) and (4.2.18a)

L(w) := (w; f(x)) . (4.2.18b)
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4.2.2 Discrete single-field Galerkin formulation

Let the computational domain Ω be decomposed into “Nele” non-overlapping

open sub-domains, which in the finite element context will be elements. That is,

Ω =
Nele⋃

e=1

Ω
e
. (4.2.19)

The boundary of Ωe is denoted as ∂Ωe := Ω
e−Ωe. Let P1(Ωe) denote the vector space

spanned by linear polynomials on the sub-domain Ωe. We shall define the following

finite dimensional subsets of C and W:

Ch :=
{

ch(x) ∈ C
∣∣ ch(x) ∈ C0(Ω̄); ch(x)

∣∣
Ωe ∈ P1(Ωe); e = 1, · · · , Nele

}
and (4.2.20a)

Wh :=
{

wh(x) ∈ W
∣∣ wh(x) ∈ C0(Ω̄); wh(x)

∣∣
Ωe ∈ P1(Ωe); e = 1, · · · , Nele

}
. (4.2.20b)

A corresponding finite element formulation can be written as follows: Find ch(x) ∈

Ch, such that we have

B(wh; ch) = L(wh) ∀ wh(x) ∈ Wh, (4.2.21)

where B(wh; ch) and L(wh) are, respectively, given as

B(wh; ch) :=
(
wh; α(x)ch

)
+
(
wh; v(x) • grad[ch]

)
+
(
grad[wh]; D(x)grad[ch]

)
and (4.2.22a)

L(wh) :=
(
wh; f(x)

)
. (4.2.22b)

Let “nt” denote the total number of degrees-of-freedom, “nf ” denote the free

degrees-of-freedom, and “np” be the prescribed degrees-of-freedom for the concentra-

tion vector. Obviously, we have nt = nf + np. We assume that nt, np ≥ 2. After
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finite element discretization, the discrete equations for the boundary value problem

take the following form:

Kc = r, (4.2.23)

where K ≡ [Kff |Kfp] is the stiffness matrix, c ≡
[
cT

f | cT
p

]T
is the vector containing

nodal concentration, and r = [rf ]T is the corresponding nodal volumetric source

vector. The stiffness matrices K, Kff , and Kfp are, respectively, of size nf × nt,

nf × nf , and nf × np. Correspondingly, the nodal concentration vectors c, cf , and

cp are of sizes nt × 1, nf × 1, and np × 1. Similar inference is applicable to the load

vector r.

Before we state a discrete version of (weak and strong) maximum and compari-

son principles, we introduce the required notation. The symbols � and � shall denote

component-wise inequalities for vectors and matrices. That is, given two (finite di-

mensional) vectors a and b

a � b means that ai ≤ bi ∀ i. (4.2.24)

Correspondingly, given two matrices A and B

A � B means that (A)ij ≤ (B)ij ∀ i, j. (4.2.25)

Similarly, one can define the symbol �, ≺, and ≻. In the remainder of this chapter,

we will be frequently using the symbols 0 and O, which, respectively, denote a zero

vector and a zero matrix.

We shall now briefly outline the main results corresponding to the discrete weak

and strong maximum principles in the form of definitions and theorems. Using these

results, we shall discuss in detail about discrete comparison principles. However,
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it should be noted that Theorem 4.2.8 and its proof are new and have not been

discussed elsewhere. We shall also present the necessary and sufficient conditions on

the stiffness matrices Kff and Kfp to satisfy different versions of discrete maximum

principles and the non-negative constraint. For more details, see references Ishihara

(1987); Mincsovics and Hórvath (2012).

Definition 4.2.5 (Discrete maximum principles Mincsovics and Hórvath (2012)).

A numerical formulation is said to possess

• the discrete weak maximum principle (DwMP) if

r � 0 implies max [c] ≤ max [0,max [cp]] (4.2.26)

• the discrete strict weak maximum principle (DWMP) if

r � 0 implies max [c] = max [cp] (4.2.27)

• the discrete strong maximum principle (DsMP) if it possesses DwMP and sat-

isfies the following condition:

r � 0, and max [c] = max [cf ] = m ≥ 0 implies c = m1 (4.2.28)

• the discrete strict strong maximum principle (DSMP) if it possesses DWMP

and satisfies the following condition:

r � 0, and max [c] = max [cf ] = m implies c = m1 (4.2.29)

where max [•] denotes the maximal element of a vector and the symbol 1 is the vector

whose components are all equal to 1.
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Theorem 4.2.6 (Necessary and sufficient conditions to satisfy DMPs). The

stiffness matrix K given by equation (4.2.23) is said to possess

• the discrete weak maximum principle (DwMPK) if and only if all of the follow-

ing conditions are satisfied:

(a)K−1
ff � O (b)−K−1

ff Kfp � O (c)−K−1
ff Kfp1 � 1 (4.2.30)

• the discrete strict weak maximum principle (DWMPK) if and only if all of the

following conditions are satisfied:

(a)K−1
ff � O (b)−K−1

ff Kfp � O (c)−K−1
ff Kfp1 = 1 (4.2.31)

• the discrete strong maximum principle (DsMPK) if and only if all of the fol-

lowing conditions are satisfied:

(a)K−1
ff ≻ O (b)−K−1

ff Kfp ≻ O (c)−K−1
ff Kfp1 ≺ 1 or −K−1

ff Kfp1 = 1

(4.2.32)

• the discrete strict strong maximum principle (DSMPK) if and only if all of the

following conditions are satisfied:

(a)K−1
ff ≻ O (b)−K−1

ff Kfp ≻ O (c)−K−1
ff Kfp1 = 1 (4.2.33)

Proof. For a proof, see reference Mincsovics and Hórvath (2012).

Definition 4.2.7 (Discrete weak and strong comparison principles). A nu-

merical formulation is said to possess

56



• the discrete weak comparison principle (DwCP) if it satisfies DwMP, and

c1 � c2 on ∂Ω and r1 � r2 in Ω implies c1 � c2 in Ω (4.2.34)

• the discrete strong comparison principle (DsCP) if it satisfies DsMP, and

c1 � c2 on ∂Ω and r1 ≺ r2 in Ω implies c1 ≺ c2 in Ω (4.2.35)

Theorem 4.2.8 (Necessary and sufficient conditions to satisfy DCPs). Let

c1 and c2 be two nodal concentration vectors corresponding to the volumetric source

vectors r1 and r2 based on the equation (4.2.23). If c1 and c2 satisfy DwMP and

the hypothesis of DwCP (i.e., c1 � c2 on ∂Ω and r1 � r2 in Ω), then a necessary

and sufficient condition to satisfy the discrete weak comparison principle (DwCPK)

(which means that c1 � c2 in Ω) is that the stiffness matrix K possess DwMPK

(which is given by equation (6.3.9) in Theorem 4.2.6).

If c1 and c2 satisfy DsMP and the hypothesis of DsCP, (i.e., c1 � c2 on ∂Ω and

r1 ≺ r2 in Ω), then a necessary and sufficient condition to satisfy the discrete strong

comparison principle (DsCPK) (which means that c1 ≺ c2 in Ω) is that the stiffness

matrix K possess DsMPK (which is given by equation (4.2.32) in Theorem 4.2.6).

Proof. For convenience, let us define the following

c3 := c1 − c2 and (4.2.36a)

r3 := r1 − r2. (4.2.36b)

Clearly, c3 and r3 satisfy the following:

Kc3 = r3. (4.2.37)
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Necessary condition to satisfy DwCPK : Let c1 � c2 in Ω, which implies that

c3 � 0 in Ω. The hypothesis of DwCPK and the fact that c3 � 0 in Ω imply the

following:

r3 � 0 in Ω, (4.2.38a)

c3 � 0 on ∂Ω, (4.2.38b)

max [c3] ≤ 0 on ∂Ω, and (4.2.38c)

max
Ω

[c3] ≤ max
[
0,max

∂Ω
[c3]

]
= 0, (4.2.38d)

which implies that c3 satisfies DwMP (based on equation (4.2.26) in Definition 4.2.5).

But vector c3 also satisfies equation (4.2.37). Hence, according to equation (6.3.9)

and the hypothesis of Theorem 4.2.6, it is evident that K must possess DwMPK .

This completes the proof for the necessary condition to satisfy DwCPK .

Sufficient condition to satisfy DwCPK : It is given that c1 and c2 satisfy DwMP.

Equations (4.2.36a)–(4.2.36b) and DwCPK imply that

c3 � 0 on ∂Ω and (4.2.39a)

r3 � 0 in Ω. (4.2.39b)

If the stiffness matrix K possess DwMPK , it is evident from Theorem 4.2.6 and

equations (4.2.37), (4.2.39a)–(4.2.39b) that vector c3 satisfies DwMP. Hence, from

Definition 4.2.5 and equations (4.2.26), (4.2.39a)–(4.2.39b), we have the following

result:

max
Ω

[c3] ≤ max
[
0,max

∂Ω
[c3]

]
= 0. (4.2.40)

From equation (4.2.40), it is evident that the least upper bound for any component

of vector c3 is equal to zero. Hence, we have c3 � 0 in Ω. This implies that c1 � c2
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on Ω, which completes the proof for the sufficient condition to satisfy DwCPK .

Necessary condition to satisfy DsCPK : Following the arguments about the proof

for the necessary condition to satisfy the DwCPK property, it is evident that c3

satisfies DwMP. In addition, we are given that c1 ≺ c2 in Ω. This implies c3 ≺ 0 in

Ω. Based on the hypothesis of DsCPK and utilizing the fact that c3 ≺ 0 in Ω yields

the following

max [c3] ≤ 0 on ∂Ω and (4.2.41a)

max [c3] < 0 in Ω. (4.2.41b)

This means that vector 0 is the least upper bound for c3 in Ω, and any component of

c3 is strictly less than zero in the interior of the domain Ω. From equation (4.2.41a)

and (4.2.41b), it is clear that the non-negative maximum value for vector c3 occurs on

the boundary ∂Ω. From equation (4.2.28) in Definition 4.2.5, it follows that vector c3

satisfies DsMP. Hence, according to conditions specified by equation (4.2.32) and the

hypothesis of Theorem 4.2.6, it is evident that K must possess the DsMPK property.

This completes the proof for the necessary condition to satisfy DsCPK .

Sufficient condition to satisfy DsCPK : Given that c1 and c2 satisfy DsMP.

Under the assumptions of DsCPK and from equations (4.2.36a)–(4.2.36b), we have

the following relations:

r3 ≺ 0 in Ω and (4.2.42a)

c3 � 0 on ∂Ω. (4.2.42b)

If the stiffness matrix K possess DsMPK , it is evident from Theorem 4.2.6 and equa-

tions (4.2.37), (4.2.42a)–(4.2.42b) that vector c3 satisfies DsMP. Hence, by appealing

to Definition 4.2.5 and equation (4.2.28), if vector c3 does not attain a non-negative
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maximum value at an interior point of Ω, then we have the following result:

max
Ω

[c3] < max
[
0,max

∂Ω
[c3]

]
= 0, (4.2.43)

which implies that each component of vector c3 is less than zero. Hence, we have

c1 ≺ c2 in Ω. Suppose, if vector c3 attains a non-negative maximum value at an

interior point of Ω, then according to the surmise of DsMP, we first need to satisfy

DwMP. So from equation (4.2.26), we have the following relation:

max
Ω

[c3] ≤ max
[
0,max

∂Ω
[c3]

]
= 0. (4.2.44)

Secondly, according to DsMP, we also need to satisfy the equation (4.2.28). These

conditions in terms of vector c3 are given as follows:

max
Ω

[c3] = max
Ω

[c3] = m ≥ 0 and (4.2.45a)

c3 = m1 in Ω. (4.2.45b)

From equations (4.2.44) and (4.2.45a)–(4.2.45b), it is evident that m = 0; which

implies that c3 = 0. Thus, we have c1 = c2 in Ω. But from equation (4.2.37), it is

obvious that r3 = 0 in Ω, which contradicts the hypothesis of DsCPK given by the

equation (4.2.42a). Hence, we have the final result c1 ≺ c2 in Ω, which completes the

proof for the sufficient condition to satisfy DsCPK .

In the next section, we shall discuss the various factors that influence the sat-

isfaction of discrete versions of maximum principles, comparison principles, and the

non-negative constraint. These factors include, mesh restrictions, numerical formula-

tions, and post-processing methods.
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4.3 AN IN-DEPTH LOOK AT CONTINUOUS AND DISCRETE PRIN-

CIPLES

Based on the finite element methodology outlined in subsection 4.2.2, we shall

analyze the properties that the stiffness matrix K inherits from the continuous prob-

lem. An important attribute that the discrete system needs to have in order to mimic

the mathematical properties that the continuous system possesses is that the stiffness

matrix Kff has to be a (reducible or irreducible) monotone matrix. The part (a)

in all the equations (6.3.9)–(4.2.33) of Theorem 4.2.6 corresponds to reducibility or

irreducibility of Kff .

On general computational grids, it is well-known that the stiffness matrix Kff

obtained via low-order finite element discretization might not be a monotone ma-

trix Ciarlet and Raviart (1973); Drǎgǎnescu et al. (2005); Mincsovics and Hórvath

(2012). So, the discrete single-field Galerkin formulation might (or shall) violate the

non-negative constraint, discrete maximum principles, and discrete comparison prin-

ciples on unstructured computational meshes Ciarlet and Raviart (1973); Ishihara

(1987); Liska and Shashkov (2008); Nakshatrala and Valocchi (2009); Nagarajan and

Nakshatrala (2011); Mincsovics and Hórvath (2012). The violation is more severe

if the diffusion tensor is anisotropic. One of the ways to overcome such unphysical

values for concentration and preserve the discrete properties is to restrict the element

shape and size in a computational mesh. This can be achieved by developing suffi-

cient mesh conditions under which Kff is ensured to be a reducibly or irreducibly

diagonally dominant matrix Berman and Plemmons (1979). Before we discuss such a

class of monotone matrices, which are easily amenable for deriving mesh restrictions,

some important remarks on various DMPs and their relationship to DCPs and NC

are in order. We would like to emphasize that such a comprehensive discussion is not

reported elsewhere in the literature.
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4.3.1 Simply connected vs. multiple connected domains

For many applications in mathematics, sciences, and engineering, it is neces-

sary to at least satisfy the weak or strict weak maximum principle. But there are

numerous cases where in it is required to satisfy a strong version of the maximum

principle Ishihara (1987); Drǎgǎnescu et al. (2005). In such scenarios, geometry and

topology of the domain play a vital role. According to the hypothesis of Theorem

4.2.3, it is evident that a strong maximum principle exists if the domain is simply

connected (see reference (Gilbarg and Trudinger, 2001, Chapter 3)). However, one

should not immediately conclude that if a domain is not simply connected, then a

strong maximum principle will not exist Mincsovics and Hórvath (2012).

In a discrete setting, Ishihara Ishihara (1987), Drǎgǎnescu et.al. Drǎgǎnescu

et al. (2005), and Mincsovics and Hovárth Mincsovics and Hórvath (2012) have con-

ducted various numerical experiments related to discrete strong maximum principles

for multiple connected domains. They performed analysis related to satisfaction of

DsMPK and DSMPK for various non-obtuse and acute triangulations for multiple

connected domains. In particular, Mincsovics and Hovárth discuss various interesting

examples related to the irreducibility property of the stiffness matrix Kff when the

domain is not simply connected. In all of their examples, they solve the following

equations:

αc−∆c = 0 in Ω and (4.3.1a)

c(x) = cp(x) on ∂Ω, (4.3.1b)

where the linear decay α = 0 or α = 128. Through numerical experiments, the

authors demonstrate that even though the triangulation satisfies the non-obtuse or

acute angled mesh condition (proposed by Ciarlet and Raviart Ciarlet and Raviart
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(1973)), it is not guaranteed to fulfill either DsMP or DSMP. This means that non-

obtuse Erten and Üngör (2007) and well-centered triangulation Vanderzee et al. (2010)

of any given domain will always satisfy the weak DMPs, but need not satisfy the strong

DMPs.

Within the context of directed graphs Berman and Plemmons (1979); Drǎgǎnescu

et al. (2005), there is a one-to-one correspondence between irreducibility of the stiff-

ness matrix Kff and the interior vertices of the computational mesh Huang (2013).

In order to satisfy the discrete (strong and strictly strong) maximum principle, the

mesh has to be interiorly connected, which in turn implies that Kff has to be irre-

ducible Varga (2009). By interiorly connected mesh, we mean that any pair of interior

vertices of the mesh are connected at least by an interior edge path Drǎgǎnescu et al.

(2005). Hence, K−1
ff ≻ 0 and −K−1

ff Kfp ≻ 0 in Theorem 4.2.6 correspond to this

discrete connectedness property of the computational mesh Drǎgǎnescu et al. (2005);

Mincsovics and Hórvath (2012). However, it should be noted that irreducibility is

a necessary condition, but not sufficient. For other details on numerical aspects re-

lated to mesh connectivity, see references (Mincsovics and Hórvath, 2012, Section 4,

Figures 1–4), Drǎgǎnescu et al. (2005), and Huang (2013).

4.3.2 Minimum principles, and non-negative and min-max constraints

Due to linearity of the operator L, similar theorems corresponding to minimum

principles and the non-negative constraint for equations (5.2.1a)–(5.2.1b) can be de-

rived. To obtain the non-negative solution and corresponding min-max constraint on

c(x), we shall appeal to the continuous weak minimum/minimum-maximum principle,

which can be written as follows Evans (1998); Gilbarg and Trudinger (2001):

Lemma 4.3.1 (Continuous weak minimum/minimum-maximum principle). Let L

be a uniformly elliptic operator satisfying the conditions given by (4.2.8a)–(4.2.8c)

and D(x) be continuously differentiable. Given that L[c] ≥ 0, cp(x) ≥ 0, and c(x) ∈
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C2(Ω) ∩ C0(Ω), then c(x) possess a continuous weak minimum principle, which is

given as

min
x∈Ω

[c(x)] ≥ min
[
0, min

x∈∂Ω
[c(x)]

]
. (4.3.2)

Moreover, if L[c] = 0, then we obtain the classical weak minimum-maximum principle

for c(x) in Ω, which is given as

min
[
0, min

x∈∂Ω
[c(x)]

]
≤ c(x) ≤ max

[
0,max

x∈∂Ω
[c(x)]

]
. (4.3.3)

Proof. For a proof, see references Gilbarg and Trudinger (2001); Evans (1998).

It is evident from equation (4.3.2) that for f(x) ≥ 0 and cp(x) ≥ 0, we have

c(x) ≥ 0 for any x ∈ Ω. Correspondingly, a discrete version of continuous weak

minimum principle and weak minimum-maximum principle is given as follows:

Definition 4.3.2 (Discrete weak minimum/minimum-maximum principle). A nu-

merical formulation is said to possess

• the discrete weak minimum principle if

r � 0 implies min [c] ≥ min [0,min [cp]] (4.3.4)

• the discrete weak minimum-maximum principle if

r = 0 implies cmin1 � c � cmax1, (4.3.5)

where cmin := min [cp], cmax := max [cp], and min [•] denotes the minimal element of

a vector.
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4.3.3 High-order finite element methods

An attribute of low-order finite elements, which plays a central role in designing

non-negative formulations for diffusion-type equations, is that the shape functions

for these elements are monotonic and do not change their sign within the element

Nagarajan and Nakshatrala (2011). Moreover, they are convenient to generate com-

putational meshes for complex geometries, to perform error analysis, and for adaptive

local mesh refinement George and Frey (2010). High-order finite elements are widely

use for solving smooth problems, as one can obtain exponential convergence under

high-order interpolations for these problems. But the shape functions of high-order

finite elements change the sign within an element, which makes them not suitable un-

der most of the current non-negative formulations (e.g., see reference Nagarajan and

Nakshatrala (2011); Payette et al. (2012)). The conditions presented in this chapter

will also not be applicable to high-order finite elements for the same reason of change

in sign of interpolation functions within an element.

As compared to low-order finite element methods, the discrete counterparts of

continuous weak and strong maximum principles for high-order finite element meth-

ods is not well understood yet. This is because of the complicated task related to the

test of non-negativity of a multivariate polynomial Vejchodský (2010). It should be

noted that construction of non-negative high-order shape functions for finite element

methods is still an unsolved problem and its roots can be traced back to the famous

Hilbert’s 17th problem Prestel and Delzell (2001); Reznick (2000). Within the context

of variational methods, probably, the research works by Ciarlet Ciarlet (1970b); Cia-

rlet and Varga (1970) are the first attempt to develop high-order non-negative shape

functions to satisfy a discrete maximum principle. This study is based on a general

theory of discrete Green’s function (DGF) for uniformly elliptic linear partial differen-

tial operators. Later, various attempts were made by different researchers to develop

shape functions and derive mesh restrictions based on the DGF approach. Most of
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them are pertinent to one-dimensional problems or particular cases of isotropic dif-

fusion. The conditions to be met for high-order elements to satisfy DMPs based on

DGF methodology are much more stringent and have a less broad scope for gen-

eral applications. Furthermore, one should be aware that the discrete analogues of

continuous Green’s functions are applicable only for linear problems, and cannot be

extended to to non-linear problems (such as semi-linear and quasi-linear elliptic par-

tial differential equations). Hence, such a method will have limited scope. For more

details, one can consult the following references Höhn and Mittelmann (1981); Šolín

and Vejchodský (2007); Vejchodský (2010).

4.3.4 Relationship between various DCPs and DMPs

It is evident from Definitions 4.2.5, 4.2.7, and 4.3.2; Lemma 4.3.1; and Theo-

rems 4.2.6 and 4.2.8 that if a numerical formulation satisfies either DwCP/DwCPK

or DsCP/DsCPK , then it automatically obeys DwMP/DwMPK and NC. Figure 4.5

illustrates a graphical representation among various numerical solution spaces that

satisfy different DMPs and DCPs within the context of mesh restrictions. By a (fi-

nite dimensional) numerical solution space Vp, we mean a set of numerical solutions

{ci}n
i=1, which satisfy a given discrete property given by p. For example, if a con-

centration vector ci corresponding to a given volumetric source vector ri satisfies the

discrete property DwMP, then ci ∈ VDwMP. It should be noted that within the con-

text of DMPs, DCPs, and NC; Vp is not a vector space. This is because if ci ∈ Vp,

then according to non-negative property −ci /∈ Vp, which is one of the properties

needed for Vp to be a vector space. Moreover, it is evident from the above figure that

VDSMPK
⊂ VDsMPK

⊂ VDWMPK
⊂ VDwMPK

and VDsCPK
⊂ VDwCPK

. But we would like

to emphasize that we do not have the following enclosures: VDwCPK
⊂ VDWMPK

and

VDsCPK
⊂ VDSMPK

.
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VDwMPK

VDWMPK

VDsMPK

VDSMPK

VDwCPK

VDsCPK

Figure 4.5: Venn diagram for the space of solutions based on mesh restrictions: A pictorial
description of the space of numerical solutions satisfying various DMPs and
DCPs based on equation (4.2.23) and Theorem 4.2.6.

In numerical literature, most of the numerical methods that exist to satisfy var-

ious DMPs are mainly non-linear. In the past decade, considerable advancements

have been made to fulfill various version of DMPs for a certain class of linear ellip-

tic and parabolic partial differential equations. But it should be noted that there is

seldom research progress related to satisfaction of different DCPs (see (Nakshatrala

et al., 2013, Section 4)). Hence, we would like to highlight that developing a gen-

eral and variationally consistent numerical technique to encompass all these discrete

principles is still an open problem.

Herein, we would like to emphasize that the route taken to satisfy p is very

important. One can fulfill a discrete property p in numerous ways. In general, this

is achieved by either placing mesh restrictions or developing a new (non-negative

or monotone or monotonicity based) numerical formulation or through various post-

processing methods. Couple of these techniques are developed based along the lines

similar to Theorem 4.2.6 and others based on Definition 4.2.5. But it should be noted
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that developing numerical formulations accordant to Theorem 4.2.6 is much more

difficult than that of Definition 4.2.5. This is because in order to satisfy Theorem

4.2.6, we need to place restrictions on the stiffness matrices Kff and Kfp. On

the other hand, the hypothesis of Definition 4.2.5 does not assume any particular

constraints on K. Hence, we would like to differentiate between the set of discrete

properties given by DwMPK , DWMPK , DsMPK , DSMPK , DwCPK , and DsCPK to

that of DwMP, DWMP, DsMP, DSMP, DwCP, and DsCP.

In spite of the fact that there are several numerical methods available to satisfy

a given discrete property p, from the characterization of Vp, it is evident that the

resulting numerical solution spaces will be the same (for example, we have VDwCPK
≡

VDwCP). From Theorems 4.2.6 and 4.2.8, it is evident that among various DMPs and

DCPs, we have the following set inclusions:

VDSMPK
⊂ VDsMPK

⊂ VDWMPK
⊂ VDwMPK

and (4.3.6a)

VDsCPK
⊂ VDwCPK

. (4.3.6b)

But it should be noted that a similar type of enclosure for numerical solution

spaces between DMPs and DCPs does not hold:

VDwCPK
6⊂ VDWMPK

, (4.3.7a)

VDwCPK
6⊂ VDsMPK

, (4.3.7b)

VDwCPK
6⊂ VDSMPK

, and (4.3.7c)

VDsCPK
6⊂ VDSMPK

. (4.3.7d)

The reason for such a non-enclosure stems from the hypothesis of Theorems 4.2.6 and

4.2.8, wherein we only need to satisfy DwMPK for DwCPK and DsMPK for DsCPK .

In a discrete setting, a numerical methodology may inherit one or more than one

68



VNC VDwMP

VDWMP

VDsMP

VDSMP

VDwCP

VDsCP

Numerical solution space based on

FDS, MFDM, FVM, FEM, and PP-methods

Figure 4.6: Venn diagram for the space of solutions based on various numerical formulations:
A pictorial description of the space of numerical solutions satisfying various
DMPs, DCPs, and NC.

of these discrete principles and in some cases none. Now, we shall discuss in detail

a class of numerical formulations, which satisfy a certain discrete property p. We

shall epitomize our findings based on various popular research works in literature,

which span across different disciplines, such as computational geometry, optimization

theory, numerical linear algebra, and partial differential equations.

(a) Isotropic and anisotropic non-obtuse angle conditions: Recently, Huang and co-

workers Li and Huang (2010); Lu et al. (2012); Huang (2013) were able to sat-

isfy certain discrete properties through mesh restrictions, which are based on

anisotropic M-uniform mesh generation techniques. However, their theoretical

investigation is mainly restricted to linear simplicial elements, specifically, the

three-node triangular element and four-node tetrahedral element. But one should

note that it is difficult to extend the procedure outlined by Huang and co-workers
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to multi-linear elements, such as the four-node quadrilateral element, six-node

wedge element, and eight-node brick element. This is because the partial deriva-

tives of the shape functions for multi-linear finite elements are not constant (for

more details, see subsection 4.4.4 of this chapter, which discusses mesh restrictions

for a rectangular element). Nevertheless, constructing a WCT mesh Vanderzee

et al. (2010) or an anisotropicM-uniform triangular mesh Huang (2005); Schnei-

der (2013) that satisfies various DMPs for an arbitrary domain is still an open

problem Křížek and Qun (1995). The key-concept we would like to emphasize is

that the numerical solutions obtained for isotropic diffusion-type equations using

WCT meshes and anisotropic diffusion-type equations using the diffusivity ten-

sor based anisotropicM-uniform meshes satisfy all versions of discrete maximum

principles. In addition, if the hypothesis of DwCPK and DsCPK is satisfied, then

these meshes also satisfy all versions of discrete comparison principles.

(b) Non-linear finite volume and mimetic finite difference methods: Le Potier’s method

Potier (2009) and Lipnikov et al. Lipnikov et al. (2007) are some of the note-

worthy works in the direction of FVM that satisfy the non-negative constraint,

but do not possess a discrete version of the comparison principles and the max-

imum principles. However, it should be noted that recently these authors have

developed techniques based on non-linear finite volume methods Potier (2009);

Droniou and Potier (2011) and mimetic finite difference methods Lipnikov et al.

(2011) to satisfy various versions of DMPs for a certain specific class of linear

self-adjoint elliptic operators. But it should be noted that there is no discussion

on satisfying various DCPs.

(c) Optimization-based finite element methods: Based on the works by Liska and

Shashkov Liska and Shashkov (2008) and Nakshatrala and co-workers Naksha-

trala and Valocchi (2009); Nagarajan and Nakshatrala (2011), Nakshatrala et al.
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(2013), Nakshatrala et al. (2013), the optimization-based low-order finite element

methods, under certain conditions (when Kff is symmetric and positive definite),

can be written as follows:

Kffcf = r −Kfpcp + λmin − λmax, (4.3.8a)

c∗
min1 � cf � c∗

max1, (4.3.8b)

λmin � 0, (4.3.8c)

λmax � 0, (4.3.8d)

(cf − c∗
min1) • λmin = 0, and (4.3.8e)

(c∗
max1− cf) • λmax = 0, (4.3.8f)

where c∗
min and c∗

max are the minimum and maximum concentration values possible

in Ω. These values can be obtained based on the boundary conditions and a

prior knowledge about the solution. λmin is the vector of Lagrange multipliers

corresponding to the constraint c∗
min1 � cf and similarly λmax is the vector of

Lagrange multipliers corresponding to the constraint cf � c∗
max1.

Based on the nature of constraints, one can satisfy different discrete principles and

it should be emphasized that DsMP, DSMP, DwCP, and DsCP can be fulfilled

only under certain conditions. If either r ≻ 0 or r ≺ 0, then the non-negative

constraint and the weaker versions of discrete minimum/maximum principles can

be satisfied by specifying either c∗
min or c∗

max. But in the case of r = 0, both c∗
min

and c∗
max can be prescribed based on the Dirichlet boundary conditions; moreover,

according to Definition 4.3.2 and from equation (4.3.5), we have c∗
min = cmin and

c∗
max = cmax. However, one should note that if the qualitative and quantitative

nature of the solution is known a prior, then one can satisfy all of the discrete

versions of (weak and strong) maximum principles by specifying c∗
min and c∗

max

in the Karush-Kuhn-Tucker conditions given by equations (4.3.8a)–(4.3.8f). In
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general, these methods do not inherit a discrete strong maximum principle and a

discrete comparison principle. For more details, a counter example is shown in the

reference (Nakshatrala et al., 2013, Section 4, Figure 1)). Nevertheless, satisfying

DsMP, DSMP, DwCP, and DsCP is still an open problem and are interesting

topics to investigate in future endeavors.

(d) Variationally inconsistent methods: In literature, there are various post-processing

methods Kreuzer (2014); Burdakov et al. (2012); Lu et al. (2013) available that

can recover certain discrete properties if a prior information about the numerical

solution is known. However, one should note that such methods are variationally

inconsistent. A summary of the above discussion between various discrete prin-

ciples within the context of FDS, MFDM, FVM, FEM and PP based methods is

pictorially described in Figure 4.6.

In the next section, we shall derive sufficient conditions on the three-node tri-

angular element and four-node quadrilateral element to satisfy discrete versions of

comparison principles, maximum principles, and the non-negative constraint.

4.4 MESH RESTRICTIONS TO SATISFY DISCRETE PRINCIPLES

In this section, we shall utilize and build upon the research works of Huang

and co-workers Huang (2005); Li and Huang (2010); Lu et al. (2012); Huang (2013)

for linear second-order elliptic equations. We first present, without proofs, relevant

mathematical and geometrical results required to obtain mesh restrictions for simpli-

cial elements. We will then use these results to construct mesh restriction theorems

and generate various types of triangulations (see Algorithm 1 and the discussion in

subsection 4.4.3) using the open source mesh generators, such as Gmsh Geuzaine and

Remacle (2015) and BAMG Hecht (2006) available in the FreeFem++ software pack-

age Hecht et al. (2014); Hecht (2012). It should be emphasized that these results
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cannot be extended to Q4 element, as this element is not simplicial. For more details

on mesh restrictions for Q4 element, see subsection 4.4.4 of this chapter.

Let x̂1, x̂2, . . . , x̂nd+1 denote the vertices of an arbitrary simplex Ωe ∈ Th, where

Th is a simplicial triangulation of the domain Ω. The subscript ‘h’ in the triangulation

Th corresponds to the maximum element size (which will be described later in this

section, see equation (4.4.20)). Based on various values of h, we have an affine family

of such simplicial meshes denoted by {Th}. Designate the total number of vertices

and the corresponding interior vertices of Th by ‘Nv’ and ‘Niv’. The edge matrix of

Ωe, which is denoted by EΩe
, is defined as

EΩe
:= [x̂2 − x̂1, x̂3 − x̂1, . . . , x̂nd+1 − x̂1] ∀Ωe ∈ Th, (4.4.1)

then an edge connecting vertices x̂p and x̂q of Ωe is denoted as epq. Correspondingly,

the edge vector epq,Ωe
(which can be expressed as a linear combination of the elements

corresponding to the edge matrix EΩe
) and the element boundary ∂Ωe in-terms of

x̂p, x̂q, and epq are given by

∂Ωe =
nd+1⋃

p,q=1
p 6=q

epq epq,Ωe
= x̂q − x̂p ∀p, q = 1, 2, . . . , nd+ 1 and p 6= q. (4.4.2)

Following references Brandts et al. (2008); Li and Huang (2010), a set of q-vectors

corresponding to this edge matrix EΩe
are defined as

E−T
Ωe

:=
[
q2, q3, . . . , qnd+1

]
q1 +

nd+1∑

p=2

qp = 0 ∀Ωe ∈ Th. (4.4.3)

Let ϕpg
denote the linear basis function associated with the pg-th global vertex in the

triangulation Th. Then, {ϕpg
}Nv

pg=1 and {ϕpg
}Niv

pg=1 span the respective finite dimen-

sional subsets Ch and Wh given by equations (4.2.20a)–(4.2.20b). Denote the face
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Figure 4.7: Geometrical properties of an arbitrary simplex in 2D: A pictorial description of
simplicial mesh element properties.

opposite to vertex x̂p by Fp and the corresponding unit inward normal pointing to-

wards the vertex x̂p by np. The perpendicular distance (or the height) from vertex x̂p

to face Fp is denoted by hp. In the case of 2D, the above set of geometrical properties

are pictorially described in Figure 4.7. The left figure shows a pictorial description

of various geometrical properties, such as unit inward normals (np, nq, and nr), di-

hedral angles in Euclidean metric (βpq, βpr, and βrq), and heights (hp, hq, and hr)

of an arbitrary element Ωe ∈ Th. Correspondingly, the vertices of this triangle PQR

are given by x̂p, x̂q, and x̂r. The right figure shows an arbitrary patch of elements

Ωe and Ω
′

e, (which belong to the triangulation Th) sharing a common edge epq. The

edge epq connects the coordinates x̂p (= x̂p′ ) and x̂q (= x̂q′ ). The dihedral angles in

Euclidean metric opposite to edge epq are denoted by βpq,Ωe
and βpq,Ω′

e
.

Definition 4.4.1 (Positive linear maps). Let Mn := Mn×n(R) be the set of all

real matrices of size n × n, which forms a vector space over the field R. A linear

map Φ : Mn → Mk is called positive if Φ(A) is positive semi-definite whenever A

is positive semi-definite. Similarly, Φ is called strictly positive if Φ(A) is positive

definite whenever A is positive definite.

Theorem 4.4.2 (Strictly positive linear mapping of anisotropic diffusivity).
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Let Φ[•] :=
∫

Ωe
[•]dΩ. Show that Φ[•] is a linear map and Φ[D(x)] is symmetric, uni-

formly elliptic, and bounded above.

Proof. From Definition 4.4.1, it is evident that Φ[•] is a linear map and Φ[D(x)]

is symmetric. From equations (6.2.2) and (4.2.19), we have ξ • D(x)ξ > 0 and

meas(Ωe) > 0. It is well known that Lebesgue integration of a scalar for a strictly

positive measure is always greater than zero. Hence,
∫

Ωe
ξ •D(x)ξdΩ > 0 ∀x ∈ Ωe.

Now, integrating equation (6.2.2) over Ωe results in the following relation:

0 < γminξ • ξ ≤ 1

meas(Ωe)

∫

Ωe

ξ •D(x)ξdΩ ≤ γmaxξ • ξ ∀ξ ∈ Rnd\{0} and ∀x ∈ Ωe, (4.4.4)

where the positive constants γmin and γmax are respectively the integral average of

minimum and maximum eigenvalues of D(x) over Ωe. These are given as

γmin :=
1

meas(Ωe)

∫

Ωe

λmin(x)dΩ γmax :=
1

meas(Ωe)

∫

Ωe

λmax(x)dΩ. (4.4.5)

Since the vector ξ is independent of x and Ωe, we can interchange the order of

integration. This gives us the following equation:

0 < γminξ • ξ ≤ 1

meas(Ωe)
ξ •Φ[D(x)]ξ ≤ γmaxξ • ξ ∀ξ ∈ Rnd\{0} and ∀x ∈ Ωe, (4.4.6)

which shows that Φ[D(x)] is a strictly positive linear map of D(x) and indeed

preserves its properties.

4.4.1 Geometrical properties and finite element analysis of simplicial el-

ements

Based on the above notation, we have the following important mathematical

results relating the linear basis functions, finite element matrices, and geometrical
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properties of simplicial elements.

1. The integral element average anisotropic diffusivity D̃Ωe
is given by

D̃Ωe
:=

1
meas(Ωe)

∫

Ωe

D(x)dΩ ∀Ωe ∈ Th (4.4.7)

is a strictly positive linear map (see Definition 4.4.1 and Theorem 4.4.2).

2. For any arbitrary simplicial element Ωe ∈ Th, the vector qp associated with

the face Fp, the gradient of the linear basis function grad[ϕpg
], the unit inward

normal np, and the height hp are related as follows Křížek and Qun (1995);

Brandts et al. (2008):

qp = grad[ϕpg
]
∣∣∣∣
Ωe

=
np

hp

∀p = 1, 2, . . . , nd+ 1. (4.4.8)

3. The dihedral angle βpq (measured in the Euclidean metric) between any two

faces Fp and Fq is related to q-vectors (qp and qq) and unit inward normals (np

and nq) by the following equation Li and Huang (2010); Lu et al. (2012):

cos(βpq) = −np • nq = − qp • qq

‖qp‖ ‖qq‖
∀p, q = 1, 2, . . . , nd + 1 and p 6= q, (4.4.9)

where ‖•‖ is the standard Euclidean norm. Similarly, the dihedral angle β
pq,D̃

−1

Ωe

measured in D̃
−1

Ωe
metric is given as

cos(β
pq,D̃

−1

Ωe

) = − qp • D̃Ωe
qq

‖qp‖
D̃Ωe

‖qq‖
D̃Ωe

∀p, q = 1, 2, . . . , nd + 1 and p 6= q, (4.4.10)

where ‖ • ‖
D̃Ωe

denotes the norm in D̃Ωe
metric. For example, ‖qp‖D̃Ωe

=
√

qp • D̃Ωe
qp.
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4. For any simplex Ωe ∈ Th, the gradient of the linear basis functions (grad[ϕpg
]

and grad[ϕqg
]), the dihedral angle βpq, and heights (hp and hq) are related as

follows Li and Huang (2010); Lu et al. (2012):

meas(Ωe)

(
grad[ϕpg

]
∣∣∣
Ωe

• grad[ϕqg
]
∣∣∣
Ωe

)
=− meas(Ωe) cos(βpq)

hphq

∀p, q = 1, 2, . . . , nd + 1 and p 6= q. (4.4.11)

and in 2D, equation (4.4.11) reduces to:

meas(Ωe)

(
grad[ϕpg

]
∣∣∣
Ωe

• grad[ϕqg
]
∣∣∣
Ωe

)
=− cot(βpq)

2

∀p, q = 1, 2, . . . , nd + 1 and p 6= q (4.4.12)

5. For any arbitrary simplicial element Ωe ∈ Th, the integral element average

anisotropic diffusivity D̃Ωe
, the gradient of the linear basis functions (grad[ϕpg

]

and grad[ϕqg
]), the dihedral angle β

pq,D̃
−1

Ωe

measured in D̃
−1

Ωe
metric, and heights

(hp and hq) are related as follows Lu et al. (2012):

meas(Ωe)

(
grad[ϕpg

]
∣∣∣
Ωe

• D̃Ωe
grad[ϕqg

]
∣∣∣
Ωe

)
= −

meas(Ωe) cos(β
pq,D̃

−1

Ωe

)

‖qp‖−1

D̃Ωe

‖qq‖−1

D̃Ωe

∀p, q = 1, 2, . . . , nd + 1 and p 6= q (4.4.13)

and in 2D, equation (4.4.13) reduces to:

meas(Ωe)

(
grad[ϕpg

]
∣∣∣
Ωe

• D̃Ωe
grad[ϕqg

]
∣∣∣
Ωe

)
= −det[D̃Ωe

]
1
2

2
cot(β

pq,D̃
−1

Ωe

)

∀p, q = 1, 2, . . . , nd + 1 and p 6= q. (4.4.14)
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4.4.2 Sufficient conditions for a three-node triangular element

Using the mathematical results outlined in subsection 4.4.1, we shall present

various sufficient conditions on the T3 element to satisfy different types of discrete

properties. In general, there are two different approaches to obtain sufficient condi-

tions. The first approach, which shall be called global stiffness restriction method,

involves manipulating the entries of the global stiffness matrix, so that it is either

weakly or strictly diagonally dominant (see Theorems 4.4.3 and 4.4.4) based on the

nature of α(x). This means that K−1
ff exists and K−1

ff � 0. The component wise

entries of Kff satisfy the following conditions:

(a) Positive diagonal entries: (Kff )ii > 0,

(b) Non-positive off-diagonal entries: (Kff )ij ≤ 0 ∀i 6= j, and

one of the following two conditions:

(c) Strict diagonal dominance of rows: | (Kff )ii | >
∑

i6=j

| (Kff )ij | ∀i, j

(c) Weak diagonal dominance of rows: | (Kff)ii | ≥
∑

i6=j

| (Kff)ij | ∀i, j

The second method, which shall be called local stiffness restriction method, engineers

on stiffness matrices at the local level, so that they are weakly diagonally dominant.

Once we ascertain that all of the local stiffness matrices are weakly diagonally dom-

inant, then the standard finite element assembly process Wathen (1989) guarantees

that the global stiffness matrix Kff is monotone and weakly diagonally dominant.

In particular, if α(x) > 0, then Kff is strictly diagonally dominant. It should be

noted that the above three conditions are sufficient, but not necessary, for the global

stiffness matrix Kff to be monotone.
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4.4.2.1 Global and local stiffness restriction methods

In general, to get an explicit analytical formula for K−1
ff is extremely difficult

and not practically viable. Hence, it is not feasible to find mesh restrictions based

on the condition that K−1
ff � 0. So an expedient route to obtain monotone stiffness

matrices through mesh restrictions is by means of weakly or strictly diagonally dom-

inant matrices, which form a subset to the class of monotone matrices (Varga, 2009,

Section 3, Corollary 3.20 and Corollary 3.21). The obvious edge being that there

is no need to compute (K−1
ff )ij explicitly. Based on the global stiffness restriction

method, we shall now present stronger and weaker mesh restriction theorems. These

mesh restriction theorems shall be used in constructing triangular meshes to satisfy

different discrete principles (see subsection 4.4.3).

Theorem 4.4.3 (Anisotropic non-obtuse angle condition). If any nd-simplicial

mesh satisfies the following anisotropic non-obtuse angle condition:

0 <
hp ‖v‖∞,Ωe

(nd+ 1) Λ
min,D̃Ωe

+
hp hq ‖α‖∞,Ωe

(nd+ 1) (nd+ 2) Λ
min,D̃Ωe

≤ cos(β
pq,D̃

−1

Ωe

)

∀p, q = 1, 2, · · · , nd+ 1, p 6= q, Ωe ∈ Th (4.4.15)

then we have the following three results:

• The global stiffness matrix Kff is (reducibly/irreducibly) weakly diagonally dom-

inant if α(x) ≥ 0 and is (reducibly/irreducibly) strictly diagonally dominant if

α(x) > 0 for all x ∈ Ω.

• The discrete single-field Galerkin formulation given by equations (4.2.22a)–

(4.2.22b) in combination with equations (4.4.7)–(4.4.14) satisfies DwMPK/DWMPK ,

where ‖v‖∞,Ωe
and ‖α‖∞,Ωe

are defined as

‖v‖∞,Ωe
:= maximize

x∈Ωe

‖v(x)‖ ‖α‖∞,Ωe
:= maximize

x∈Ωe

α(x) (4.4.16)
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and Λ
min,D̃Ωe

denotes the minimum eigenvalue of D̃Ωe
; hp, hq, and β

pq,D̃
−1

Ωe

are

respectively the heights and metric based dihedral angle opposite to the face Fr

of element Ωe.

• Moreover, if the triangulation Th is interiorly connected, then the global stiff-

ness matrix Kff is irreducibly weakly or strictly diagonally dominant based on

the nature of α(x) and the discrete single-field Galerkin formulation given by

equations (4.2.22a)–(4.2.22b) satisfies DsMPK/DSMPK.

Proof. For proof, see References Lu et al. (2012); Huang (2013).

Theorem 4.4.4 (Generalized Delaunay-type angle condition). In 2D, if a sim-

plicial mesh satisfies the following generalized Delaunay-type angle condition (which

is much weaker than that of equation (4.4.15)):

0 <
1
2

[
β

pq,D̃
−1

Ωe

+ β
pq,D̃

−1

Ω
′

e

]
+

1
2

arccot




√√√√det[D̃Ω′

e
]

det[D̃Ωe
]
cot(β

pq,D̃
−1

Ω
′

e

)−
2Cq,Ωe,Ω′

e√
det[D̃Ωe

]




+
1
2

arccot




√√√√√
det[D̃Ωe

]

det[D̃Ω′

e
]
cot(β

pq,D̃
−1

Ωe

)−
2Cq,Ωe,Ω′

e√
det[D̃Ω′

e
]


 ≤ π (4.4.17)

for every internal edge epq connecting the p-th and q-th vertices of the elements Ωe

and Ω
′

e that share this common edge (see Figure 4.7), then we have the following three

results:

• The global stiffness matrix Kff is (reducibly/irreducibly) weakly diagonally dom-

inant if α(x) ≥ 0 and is (reducibly/irreducibly) strictly diagonally dominant if

α(x) > 0 for all x ∈ Ω.

• The discrete single-field Galerkin formulation given by equations (4.2.22a)–

(4.2.22b) in association with equations (4.4.7)–(4.4.14) satisfies DwMPK/DWMPK.

The quantities hp,Ωe
and hq,Ωe

are the heights of Ωe, hp,Ω′

e
and hq,Ω′

e
are the
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heights of Ω
′

e, βpq,D̃
−1

Ωe

and β
pq,D̃

−1

Ω
′

e

are the relevant metric based dihedral angles

in the elements Ωe and Ω
′

e that face the edge epq, and the parameters ‖v‖∞,Ωe

and ‖α‖∞,Ωe
are evaluated in Ωe based on the equations (4.4.16). Similarly,

‖v‖
∞,Ω

′

e

and ‖α‖
∞,Ω

′

e

are evaluated in Ω
′

e. The constant Cq,Ωe,Ω′

e
in equation

(4.4.17) is given as follows:

Cq,Ωe,Ω′

e
:= meas(Ωe)

(
‖v‖

∞,Ωe

3hq,Ωe

+
‖α‖

∞,Ωe

12

)
+ meas(Ω

′

e)

(‖v‖
∞,Ω

′

e

3hq,Ω′

e

+
‖α‖

∞,Ω
′

e

12

)
(4.4.18)

• Additionally, if the triangulation Th is interiorly connected, then the global stiff-

ness matrix Kff is irreducibly weakly or strictly diagonally dominant based on

the nature of α(x) and the discrete single-field Galerkin formulation given by

equations (4.2.22a)–(4.2.22b) satisfies DsMPK/DSMPK.

Proof. For proof, see References Lu et al. (2012); Huang (2013).

Each method (global stiffness restriction method or local stiffness restriction

method) has it own advantages and disadvantages. The advantage of the global

stiffness restriction method is that we can operate at a global level. This gives us

different types of relationships between various mesh parameters, which can be used

in generating different types of triangulations, such as Delaunay-Voronoi, non-obtuse,

well-centered, and anisotropicM-uniform finite element meshes. For instance, Taylor

series expansion of equations (4.4.15) and (4.4.17) gives the following restrictions on
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the metric based dihedral angles for all simplicial elements in a triangulation:

0 < β
pq,D̃

−1

Ωe

≤ π

2
−O

(
h‖v‖∞,Th

+ h2‖α‖∞,Th

)
and (4.4.19a)

0 <
1
2

[
β

pq,D̃
−1

Ωe

+ β
pq,D̃

−1

Ω
′

e

]
+

1
2

arccot




√√√√det[D̃Ω′

e
]

det[D̃Ωe
]
cot(β

pq,D̃
−1

Ω
′

e

)




+
1
2

arccot




√√√√√det[D̃Ωe
]

det[D̃Ω′

e
]
cot(β

pq,D̃
−1

Ωe

)


 ≤ π −O

(
h‖v‖∞,Th

+ h2‖α‖∞,Th

)
,

(4.4.19b)

where the maximum element size h, maximum element normed velocity ‖v‖∞,Th
, and

maximum element normed linear reaction coefficient ‖α‖∞,Th
are given as

h := max
Ωe∈Th

[hmax,Ωe
] ‖v‖∞,Th

:= max
Ωe∈Th

[
‖v‖

∞,Ωe

]
‖α‖∞,Th

:= max
Ωe∈Th

[
‖α‖

∞,Ωe

]
(4.4.20)

where hmax,Ωe
is the maximum possible height in a given simplicial element Ωe,

and O(•) is the standard “big-oh” notation. Specifically, on a h-refined triangu-

lar mesh, which conforms to Theorems 4.4.3 and 4.4.4, then equation (4.4.19a) im-

plies that all the dihedral angles when measured in the metric of D̃
−1

Ωe
have to be

O (h‖v‖∞,Th
+ h2‖α‖∞,Th

) acute/non-obtuse and equation (4.4.19b) indicates that

the triangulation needs to be O (h‖v‖∞,Th
+ h2‖α‖∞,Th

) Delaunay.

One downside of the global stiffness restriction approach is that obtaining mesh

conditions is mathematically cumbersome. Moreover, extending it to non-simplicial

low-order finite elements is extremely hard and is not straightforward. This is because

the basis functions ϕpg
spanning the finite dimensional subsets Ch and Wh are multi-

linear, which makes grad[ϕpg
] on any arbitrary element Ωe to be non-constant. So

most of properties given by equations (4.4.7)–(4.4.14) are not valid for low-order finite

elements such as the Q4 element and its corresponding elements in higher dimensions.

Now we shall describe the local stiffness restriction method and highlight the pros
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and cons of using this methodology. For the sake of illustration, we shall consider

a pure anisotropic diffusion equation and assume that x̂p = (0, 0), x̂q = (1, 0), and

x̂r = (a, b). Our objective is to find the coordinates (a, b), such that the local stiffness

matrix is weakly diagonally dominant for any given type of diffusivity tensor. The

local stiffness matrix for an anisotropic diffusion equation based on discrete single-field

Galerkin formulation is given by

Ke =
∫

Ωe

BD(x)Bt dΩ B =
1
b




−b (a− 1)

b −a

0 1



. (4.4.21)

In the subsequent subsections, we present various sufficient conditions through which

we can find these coordinates (a, b) and glean information on the possible angles and

corresponding shape and size of the triangle PQR.

4.4.2.2 T3 element for heterogeneous isotropic diffusivity

In this subsection, we consider the case where the diffusivity is isotropic and

heterogeneous in the total domain. For this case, we show that the diffusivity does

not have any influence on determining the coordinates (a, b). This means that the

restrictions we obtain on the coordinates and the angles of the triangle PQR is in-

dependent of how the diffusivity is varying across the domain. The following is the

local stiffness matrix for scalar heterogeneous isotropic diffusion:

Ke =
D̃

2b




b2 + (a− 1)2 a− a2 − b2 (a− 1)

a− a2 − b2 a2 + b2 −a

(a− 1) −a 1



, (4.4.22)

where D̃ is the integral average of the diffusivity D(x) over the actual T3 element

Ωe (triangle PQR). We shall now present the sufficient conditions so that the matrix
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Ke is weakly diagonally dominant:

Condition #1

Positive diagonal entries: (Ke)ii > 0 ∀i = 1, 2, 3. This restriction gives us the

following inequalities:

D̃

2b

(
b2 + (a− 1)2

)
> 0

D̃

2b

(
a2 + b2

)
> 0

D̃

2b
> 0. (4.4.23)

As D̃ > 0 and b > 0, it is evident that all of the inequalities given by equations (4.4.23)

are trivially satisfied. Hence, this condition has no effect on obtaining restrictions on

coordinates (a, b).

Condition #2

Weak diagonal dominance of rows: | (Ke)ii | ≥
∑

i6=j

| (Ke)ij | ∀i, j, where i =

1, 2, 3 and j = 1, 2, 3. This restriction gives the following inequalities:

b2 + (a− 1)2 ≥
(
a2 + b2 − a

)
+ (1− a) a2 + b2 ≥ a +

(
a2 + b2 − a

)
1 ≥ (1− a) + a. (4.4.24)

Note that these inequalities (4.4.24) are trivially satisfied. Hence, this condition has

no influence on obtaining restrictions on triangle PQR.

Condition #3

Non-positive off-diagonal entries: (Ke)ij ≤ 0 ∀i 6= j, where i = 1, 2, 3 and

j = 1, 2, 3. As D̃ > 0 and b > 0, we get the following inequalities:

(
a− 1

2

)2

+ b2 ≥
(1

2

)2

a ≤ 1 a ≥ 0. (4.4.25)

The region in which the coordinates (a, b) satisfy the above inequalities given by
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x

y

(0, 0) (1
2
, 0) (1, 0)

Feasible region

Acute-angled triangle

Right-angled triangle

Figure 4.8: T3 element for heterogeneous isotropic diffusivity: A pictorial description of the
feasible region is shown in light blue color.

the equation (4.4.25) is shown in Figure 4.8. According to these inequalities (4.4.25),

heterogeneity of the scalar diffusivity has no role in obtaining the feasible region

for the coordinates (a, b). It is evident from Figure 4.8 that the interior angles of

the triangle PQR are either acute or at most right-angle. Based on the sufficient

conditions, one can also notice that an obtuse-angled triangle is not possible. So in

order to satisfy discrete comparison principles, discrete maximum principles, and non-

negative constraint, the triangulation of a given computational domain must contain

acute-angled triangles or right-angled triangles. These three sufficient conditions show

that non-obtuse or well-centered triangulations inherit all the three discrete versions

of continuous properties of scalar heterogeneous isotropic diffusion equations.

4.4.2.3 T3 element for heterogeneous anisotropic diffusivity

In this subsection, we consider the case where the diffusivity D(x) =
(

Dxx(x) Dxy(x)
Dxy(x) Dyy(x)

)

is anisotropic and heterogeneous across the domain. For the sake of brevity and ease

of manipulations, we shall drop the symbol (x) in the components of the diffusivity

tensor. Note that the symbol ‘x’ in the components of D(x) is dropped for the sake of

convenience and should not be interpreted as though the diffusivity tensor is constant.

As discussed in Section 4.2, the diffusivity tensor needs to satisfy certain properties.
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Based on equations (4.2.2) and (6.2.2), we derive various results related to D(x) that

will be used in deriving mesh restrictions.

Remark 4.4.5. In 2D, it is trivial to show that, if the matrix D(x) is symmet-

ric, uniformly elliptic, and bounded above, then its components satisfy the following

relations:

Dxx > 0 Dyy > 0 DxxDyy > D2
xy. (4.4.26)

Let us denote ǫ := D̃yy

D̃xx

and η := D̃xy

D̃xx

, where D̃xx, D̃xy, and D̃yy are the com-

ponents of matrix D̃Ωe
given by equation (4.4.7). From Theorem 4.4.2, it is evident

that D̃xx > 0, D̃yy > 0, and D̃xxD̃yy > D̃2
xy. So from equation (4.4.26), we have

η ∈ (−√ǫ,√ǫ). These two non-dimensional quantities ǫ and η govern the mesh

restrictions that we impose on the coordinates (a, b). From equation (4.4.21), the

stiffness matrix for any given anisotropic diffusivity tensor is given as

Ke =




D̃xxb2
−2D̃xyb(a−1)+D̃yy(a−1)2

2b
− D̃xxb2+D̃xy(b−2ab)+D̃yy a(a−1)

2b

−D̃xyb+D̃yy (a−1)

2b

− D̃xxb2+D̃xy(b−2ab)+D̃yy a(a−1)

2b

D̃xxb2
−2D̃xyab+D̃yya2

2b

D̃xyb−D̃yya

2b

−D̃xyb+D̃yy(a−1)

2b

D̃xyb−D̃yy a

2b

D̃yy

2b


 . (4.4.27)

We now present sufficient conditions so that the matrix Ke is weakly diagonally

dominant.

Condition #4

Positive diagonal entries: (Ke)ii > 0 ∀i = 1, 2, 3, gives the following relations:

(
b

√
D̃xx − |a− 1|

√
D̃yy

)2

+ 2b|a− 1|
(√

D̃xx

√
D̃yy − Sgn [|a− 1|] D̃xy

)
> 0 and (4.4.28a)

(
b

√
D̃xx − |a|

√
D̃yy

)2

+ 2b|a|
(√

D̃xx

√
D̃yy − Sgn [|a|] D̃xy

)
> 0, (4.4.28b)
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where Sgn[•] is the standard lignum function (which provides the sign of the real

number). It is evident that
√
D̃xx

√
D̃yy > D̃xy. Hence, equations (4.4.28a)-(4.4.28b)

are trivially satisfied for any abscissa a.

Condition #5

Non-positive off-diagonal entries: (Ke)ij ≤ 0 ∀i 6= j, where i = 1, 2, 3, and

j = 1, 2, 3. This restriction gives the following relations:

(
a− 1

2

)2

+

(
b√
ǫ

)2

− 2b
(
η

ǫ

)(
a− 1

2

)
≥
(1

2

)2 a− 1
b
≤ η

ǫ

a

b
≥ η

ǫ
, (4.4.29)

which dictate the feasible region for coordinates (a, b). For a given ǫ and by varying η,

which lies between −√ǫ and
√
ǫ, we get different feasible regions for (a, b). Herein, we

have chosen ǫ = 10 and η ∈ {−1, 0, 1}. For these values, we have plotted the feasible

region based on the inequalities (4.4.29). From Figures 4.9–4.13, the following can be

inferred based on the feasible region:

• If η = 0, the possible T3 elements are either acute-angled or right-angled trian-

gles.

• If either η < 0 or η > 0, then obtuse-angled triangles are also possible. More-

over, the resulting triangles can be skinny or skewed.

In Figure 4.9, the numerical values for the two parameters, which decide the

feasible region, are chosen to be ǫ = 10 and η = 0. In this case, the right figure

indicates that acute-angled and right-angled triangles are possible. As ǫ increases,

the coordinate b has to increase proportionally to satisfy the inequality given by the

equation (4.4.29). In Figure 4.10, we have chosen ǫ = 10 and η = −1. For a fixed η

as ǫ increases, the value of coordinate b also increases. So it is a daunting task to find

a viable T3 element. One can also notice that the feasible region is not contiguous.

In Figure 4.11, we have chosen ǫ = 10 and η = 1. For a fixed η as ǫ increases, the
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(a) Feasible region for (a, b)

Right-angled triangle

Acute-angled triangle

(b) Possible T3 elements when D̃xy = 0

Figure 4.9: T3 element for anisotropic diffusivity when D̃xy = 0: A pictorial description of
the feasible region (left figure) for the coordinates (a, b) is indicated in light
blue color.

value of coordinate b also increases. For higher values of ǫ, it is very difficult to find

a suitable T3 element, which can mesh any given computational domain.

Condition #6

Weak diagonal dominance of rows: | (Ke)ii | ≥
∑

i6=j

| (Ke)ij | ∀i, j, where i =

1, 2, 3, and j = 1, 2, 3. This gives the following relations:

(
b2 − 2ηb(a− 1) + ǫ(a− 1)2

)
≥
(
b2 + η(b − 2ab) + ǫa(a− 1)

)
+ (ηb− ǫ(a− 1)) , (4.4.30a)

(
b2 − 2ηab + ǫa2

)
≥
(
b2 + η(b − 2ab) + ǫa(a− 1)

)
(ǫa− ηb) , and (4.4.30b)

ǫ ≥ (ηb− ǫ(a− 1)) + (ǫa− ηb) , (4.4.30c)

if Condition #4 and Condition #5 are satisfied, then this condition is trivially sat-

isfied. In a similar fashion, for a general case, where x̂p = (x1, y1), x̂q = (x2, y2), and

x̂r = (x3, y3), we have the following conditions based on the local stiffness restriction
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(a) Feasible region for (a, b)

Acute-angled triangle

Right-angled triangle

Obtuse-angled triangle

(b) Possible T3 elements when D̃xy < 0

Figure 4.10: T3 element for anisotropic diffusivity when D̃xy < 0: The left figure indicates
the feasible region for the coordinates (a, b) in light blue color. The right
figure indicates that the T3 element can be acute/right/obtuse-angled.

(a) Feasible region for (a, b)

Obtuse angled triangle

Right angled triangle
Acute angled triangle

(b) Possible T3 elements when D̃xy > 0

Figure 4.11: T3 element for anisotropic diffusivity when D̃xy > 0: The left figure indicates
the feasible region for the coordinates (a, b) in light blue color. The right
figure indicates that the T3 element can be acute/right/obtuse-angled.
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(a) ǫ = 2 and η = −1 (b) ǫ = 10 and η = −1

(c) ǫ = 50 and η = −1 (d) ǫ = 100 and η = −1

(e) ǫ = 200 and η = −1 (f) ǫ = 500 and η = −1

Figure 4.12: T3 element for fixed η and varying ǫ: A pictorial description of the feasible
region (light blue color) for a fixed η and varying ǫ. Analysis is performed
for η = −1 and ǫ = {2, 10, 50, 100, 200, 500}.
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(a) ǫ = 100 and η = −2 (b) ǫ = 100 and η = 2

(c) ǫ = 100 and η = −4 (d) ǫ = 100 and η = 4

(e) ǫ = 100 and η = −8 (f) ǫ = 100 and η = 8

Figure 4.13: T3 element for fixed ǫ and varying η: A pictorial description of the feasible
region (light blue color) for a fixed ǫ and varying η. Analysis is performed
for ǫ = 100 and η = {−8,−4,−2, 2, 4, 8}.
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method:

(y1 − y3)(y3 − y2) − η(x1 − x3)(y3 − y2) − η(x3 − x2)(y1 − y3) + ǫ(x1 − x3)(x3 − x2) ≤ 0, (4.4.31a)

(y2 − y1)(y3 − y2) − η(x3 − x2)(y2 − y1) − η(x2 − x1)(y3 − y2) + ǫ(x2 − x1)(x3 − x2) ≤ 0, (4.4.31b)

(y1 − y3)(y2 − y1) − η(x1 − x3)(y2 − y1) − η(x2 − x1)(y1 − y3) + ǫ(x1 − x3)(x2 − x1) ≤ 0, and (4.4.31c)

(x1 − x3)(y2 − y1) − (x1 − x2)(y3 − y1) > 0, (4.4.31d)

where the first three inequalities given by equations (4.4.31a)–(4.4.31c) are obtained

based on the condition that (Ke)ij ≤ 0. The last inequality given by equation

(4.4.31d) is the result of the condition that meas(Ωe) > 0.

The benefit (attractive feature) of the local stiffness restriction method is that

the local stiffness matrix for the discrete Galerkin formulation given by equations

(4.2.22a)–(4.2.22b) can be calculated quite easily and could be extended to even

non-simplicial elements (see subsection 4.4.4). Using this approach, we can obtain

general restrictions and analytical expressions relating various coordinates of an ar-

bitrary mesh element, using popular symbolic packages like Mathematica Wolfram

(2013). But a flip-side of this procedure is that incorporating the inequalities given

by equations (4.4.31a)-(4.4.31d) in a mesh generator is very difficult and needs fur-

ther detailed investigation. Additionally, the conditions obtained using this method

are stringent and similar to that of Theorem 4.4.3 given by the global stiffness re-

striction method (which will be evident based on the numerical examples discussed

in the following subsection). Finally, it should be noted that extending the local stiff-

ness restriction method to include advection and linear reaction is straightforward

and shall not be dealt with to save space. We shall now present various numerical

examples and respective triangular meshes corresponding to different types of D(x).

Using these meshes, we shall analyze and study in detail, which kind of DMPs and

DCPs are preserved.
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4.4.3 Numerical examples based on different types of triangulations

In this subsection, we shall first briefly discuss on a metric tensorM(x) to satisfy

DCPs, DMPs, and NC. Based on this metric tensor, we shall describe an algorithm

to generate various types of DMP-based triangulations (mainly utilizing open source

mesh generators, such as Gmsh and BAMG). Simplicial meshes constructed based on

M(x) (where the metric tensor M(x) is not equal to a scalar multiple of identity

tensor) are called anisotropicM-uniform simplicial meshes. They are uniform in the

metric specified by M(x) Huang (2005); George and Frey (2010) and are of primal

importance in satisfying various important discrete properties in the areas of trans-

port of chemical species, fluid mechanics, and porous media applications Castro-Diaz

et al. (1997); Frey and Alauzet (2005). Given aM(x), there are different approaches

to generate anisotropic M-uniform simplicial meshes. Some of the notable research

works in this direction include blue refinement, bubble packing, Delaunay-type trian-

gulation, directional refinement, front advancing, local refinement and modification,

and variational mesh generation George and Frey (2010); Schneider (2013). In gen-

eral, the metric tensor M(x) is symmetric and positive definite, and gives relevant

information on the shape, size, and orientation of mesh elements in the computational

domain.

Let χ be an affine mapping from the reference element Ωref to background mesh

element Ωe. Denote its Jacobian by JΩe
. The affine mapping χ and its Jacobian JΩe

are given as

x = χ(X̂,N) = X̂
T

NT JΩe
= X̂

T
DN , (4.4.32)

where X̂ is the nodal matrix, which comprises of nodal vertices (x̂1, x̂2, . . . , x̂nd+1)

of an arbitrary simplex Ωe. The elements of vector N consists of shape functions

corresponding to Ωref . The entries of matrix DN (which are constants for simplicial
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elements) correspond to the derivatives of shape functions. Straightforward manipu-

lations on equations (4.4.8) and (4.4.32) give the following result:

qp,ref = JΩe
qp, (4.4.33)

where qp,ref is the corresponding q-vector of the reference element Ωref . Huang Huang

(2005) has shown that an anisotropicM-uniform simplicial mesh satisfies the follow-

ing two conditions:

ρΩe
meas(Ωe) =

σh

Nele
∀Ωe ∈ Th and (4.4.34a)

1
nd

tr
[
JT

Ωe
MΩe

JΩe

]
= det

[
JT

Ωe
MΩe

JΩe

] 1
nd ∀Ωe ∈ Th. (4.4.34b)

The quantities MΩe
, ρΩe

, and σh are given as follows:

MΩe
:=

1
meas(Ωe)

∫

Ωe

M(x)dΩ ∀Ωe ∈ Th, (4.4.35a)

ρΩe
:=
√

det [MΩe
] ∀Ωe ∈ Th, and (4.4.35b)

σh :=
∑

Ωe∈Th

ρΩe
meas(Ωe). (4.4.35c)

The condition given by the equation (4.4.34a) is called equidistribution condition and

that by equation (4.4.34b) is called alignment condition. Equidistribution condition

decides the size of Ωe, while alignment condition characterizes the shape and orien-

tation of Ωe. From AM-GM inequality, equation (4.4.34b) implies

JT
Ωe
MΩe

JΩe
=
( σh

Nele

) 2
nd

I ∀Ωe ∈ Th. (4.4.36)

Now, through trivial manipulations on equations (4.4.33), (4.4.10), and (4.4.36), the
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Figure 4.14: DMP-based T3 elements for heterogeneous isotropic and anisotropic diffusiv-
ity: A pictorial description of a mesh generation procedure to obtain a new
triangulation using a given background mesh.

metric tensor MΩe
has to satisfy the following equation in order to meet various

DMPs as

MΩe
= ΘΩe

D̃
−1

Ωe
, (4.4.37)

where ΘΩe
is an arbitrary piecewise positive scalar constant, which in general is a

user-define parameters. Loosely speaking, an anisotropicM-uniform simplicial mesh

satisfying (4.4.37) satisfies weak DMPs. Furthermore, if the resulting simplicial mesh

is interiorly connected, then it satisfies strong DMPs.

For a given type of metric tensor (for example,M(x) given by equation (4.4.37)),

open source mesh generators (such as BAMG, BL2D, and Mmg3d) take this as an input

and operate on a background mesh to produce an anisotropic M-uniform simplicial

mesh. Algorithm 1 provides a methodology to develop an anisotropic M-uniform

simplicial mesh based on a background mesh, and Figure 4.14 highlights the salient

aspects of this algorithm. Nevertheless, it should be noted that Algorithm 1 is a gen-

eral algorithm to generate DMP-based triangulations (is not limited to either Gmsh
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or BAMG) for any type of mesh generator, which operates on a background mesh.

On the other hand, there are certain open source and commercially available soft-

ware packages, such as CGAL cga (2015) and Simmetrix Mes (2015), which create an

anisotropic M-uniform simplicial mesh directly based on the metric tensor Nguyen

et al. (2009); Huang et al. (2013) without the need of background meshes. Investi-

gation of such mesh generators is beyond the scope of this research and is neither

critical nor central to the ideas discussed here. Before we discuss various numeri-

cal examples based on different types of triangulations, we shall now present certain

important (mesh-based) non-dimensional numbers relevant to our numerical study.

Such a discussion is first of its kind and is not discussed elsewhere.

Remark 4.4.6. It should be noted that STEP-7 in Algorithm 1 might be computation-

ally intensive, as we need to solve a series of small constrained optimization problem

for each ‘Ωe,i ∈ T̃h,i’ and at every iteration level ‘i’. The corresponding constrained

optimization problems are given as

‖v‖e,i := maximize
x∈Ωe,i

‖v(x)‖ ∀1 ≤ i ≤ MaxIters and (4.4.38a)

‖α‖e,i := maximize
x∈Ωe,i

α(x) ∀1 ≤ i ≤ MaxIters. (4.4.38b)

As Ωe,i is convex, triangular, and closed, by half-space representation theorem for

convex polytopes (Boyd and Vandenberghe, 2004, Section-2.2.4) equation (4.4.38a)

can be written as

maximize
x∈R2

‖v(x)‖ and (4.4.39a)

subject to Ae,ix � be,i ∀1 ≤ i ≤ MaxIters, (4.4.39b)
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Algorithm 1 An iterative method to generate an anisotropic M-uniform mesh satisfying discrete principles

1: INPUT: Background mesh (Th,0, Nele0, Nv0, and Nbv0); anisotropic diffusivity tensor (D(x));
velocity vector field (v(x)); linear reaction coefficient (α(x)); maximum number of iterations
(MaxIters); piecewise positive scalar element metric constants ({Θe}Nele0

e=1 ); and a stopping
criteria (StopCrit)

• Th,0 is the initial background triangulation on which an anisotropic mesh generator op-
erates

• Nv0 and Nbv0 are correspondingly the total number of vertices and boundary vertices

2: Set the iteration number: i = 0
3: while (True) do

4: Compute the element average anisotropic diffusivity tensor using a quadrature rule (for ex-
ample, see Reference Zienkiewicz et al. (2013))

• D̃e,i := 1
meas(Ωe)

∫
Ωe

D(x)dΩ ∀e = 1, 2, · · · , Nelei

5: Compute the element metric tensor by explicitly inverting D̃e,i

• Me,i := Θe(D̃e,i)
−1 ∀e = 1, 2, · · · , Nelei

6: Based on the set of metric tensors {Me,i}Nelei

e=1 , compute a new triangulation T̃h,i

• Output the new triangulation T̃h,i. Corresponding to this T̃h,i, we have Ñelei, Ñvi,

and Ñbvi

7: Compute the following quantities: ∀e = 1, 2, · · · , Ñelei

• D̃e,i ; Λ
min,D̃e,i

; ‖v‖e,i := ‖v(x)‖
∞,Ωe,i

; and ‖α‖e,i := ‖α(x)‖
∞,Ωe,i

• Need to use a constrained optimization methodology to calculate ‖v‖e,i and ‖α‖e,i

(see Remark 4.4.6 for more details)

8: if (StopCrit = Anisotropic non-obtuse angle condition) then

9: Check the inequality given by equation (4.4.15) in Theorem 4.4.3 ∀e = 1, 2, · · · , Ñelei

10: if (true) then

11: OUTPUT: The triangulation T̃h,i and corresponding {Me,i}Nelei

e=1 . EXIT
12: else

13: Update Th,i ← T̃h,i, Nelei ← Ñelei, Nvi ← Ñvi, Nbvi ← Ñbvi, and i← (i + 1)
14: end if

15: end if

16: if (StopCrit = Generalized Delaunay-type angle condition) then

17: Check the inequality given by equation (4.4.17) in Theorem 4.4.4 ∀e = 1, 2, · · · , Ñelei

18: if (true) then

19: OUTPUT: The triangulation T̃h,i and corresponding {Me,i}Nelei

e=1 . EXIT
20: else

21: Update Th,i ← T̃h,i, Nelei ← Ñelei, Nvi ← Ñvi, Nbvi ← Ñbvi, and i← (i + 1)
22: end if

23: end if

24: if (i > MaxIters) then

25: OUTPUT: The existing triangulation T̃h,i and corresponding {Me,i}Nelei

e=1 .
26: Anisotropic M-uniform triangulation not found in MaxIters. EXIT
27: end if

28: end while
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where Ae,i is a 3 × 2 matrix and be,i is a 3 × 1 vector, whose coefficients corre-

spond to the linear inequalities defining the relevant half-spaces and supporting hyper-

planes of the triangle Ωe,i. If the element maximum value ‘‖v‖e,i’ is known a priori

(through analytically or by means of a rigorous mathematical analysis), then one can

use such information in STEP-7 of Algorithm 1. Otherwise, we need to solve equa-

tions (4.4.39a)–(4.4.39b) using the standard constrained optimization algorithms for

small-scale problems Boyd and Vandenberghe (2004). Similarly, equation (4.4.38b)

can be reformulated based on the lines of equations (4.4.39a)–(4.4.39b).

4.4.3.1 Péclet and Damköhler numbers for simplicial meshes

Herein, we shall describe three types of Péclet and Damköhler numbers for sim-

plicial meshes. They are devised based on Theorems 4.4.3 and 4.4.4. However, it

should be noted that extending it to non-simplicial elements, such as Q4, is not

straightforward. This is because in order to construct Péclet and Damköhler num-

bers for non-simplicial meshes, one needs to obtain mesh restrictions using the global

stiffness restriction method. This is beyond the scope of the current chapter.

• Element Péclet and Damköhler numbers: Based on Theorem 4.4.3, one can

define the following mesh-based non-dimensional element Péclet (PeΩe
) and

Damköhler (DaΩe
) numbers:

PeΩe
:=

hmax,Ωe
‖v‖∞,Ωe

Λ
min,D̃Ωe

DaΩe
:=

hmax,Ωe
hpumax,Ωe

‖α‖∞,Ωe

Λ
min,D̃Ωe

, (4.4.40)

where the height hpumax,Ωe
is given as follows:

0 < h1 ≤ h2 ≤ · · · ≤ hi ≤ · · · ≤ hpumax,Ωe
≤ hmax,Ωe

∀i = 1, 2, · · · , nd+ 1, Ωe ∈ Th. (4.4.41)
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Correspondingly, using equations (4.4.40) in equation (4.4.15) gives the follow-

ing (stronger) mesh restriction condition based on Theorem 4.4.3:

0 <
PeΩe

(nd+ 1) cos(β
ij,D̃

−1

Ωe

)
+

DaΩe

(nd+ 1) (nd+ 2) cos(β
ij,D̃

−1

Ωe

)
≤ 1

i = max and j = pumax, i 6= j, ∀Ωe ∈ Th. (4.4.42)

• Edge Péclet and Damköhler numbers: In a similar fashion, utilizing Theorem

4.4.4, one can define the following mesh-based non-dimensional edge Péclet

(PeΩe,epq
) and Damköhler (DaΩe,epq

) numbers:

PeΩe,epq
:=

meas(Ωe)‖v‖∞,Ωe

hq,Ωe

√
det[D̃Ωe

]
DaΩe,epq

:=
meas(Ωe)‖α‖∞,Ωe√

det[D̃Ωe
]

. (4.4.43)

Correspondingly, using equations (4.4.43) in equation (4.4.17) gives the follow-

ing (weaker) mesh restriction condition based on Theorem 4.4.4:

0 <
1

2π

[
β

pq,D̃
−1

Ωe

+ β
pq,D̃

−1

Ω
′

e

]

+
1

2π
arccot



√

det[D̃
Ω

′

e
]

det[D̃Ωe
]

(
cot(β

pq,D̃
−1

Ω
′

e

) −
2Pe

Ω
′

e,epq

3
−

Da
Ω

′

e,epq

6

)
−

2PeΩe,epq

3
−

DaΩe,epq

6




+
1

2π
arccot

(√
det[D̃Ωe

]

det[D̃
Ω

′

e
]

(
cot(β

pq,D̃
−1

Ωe

) −
2PeΩe,epq

3
−

DaΩe,epq

6

)
−

2Pe
Ω

′

e,epq

3
−

Da
Ω

′

e,epq

6

)

≤ 1. (4.4.44)

• Global mesh Péclet and Damköhler numbers: On sufficiently fine h-refined sim-

plicial meshes (which confirm to Theorem 4.4.3), one can define a global mesh

Péclet (Peh) and Damköhler (Dah) numbers by modifying equations (4.4.40) as

Peh :=
h max

Ωe∈Th

[
‖v‖∞,Ωe

]

min
Ωe∈Th

[
Λ

min,D̃Ωe

] Dah :=
h2 max

Ωe∈Th

[
‖α‖∞,Ωe

]

min
Ωe∈Th

[
Λ

min,D̃Ωe

] . (4.4.45)
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Conservatively, equation (4.4.42) can be modified to give a (stronger) global

mesh restriction condition based on Theorem 4.4.3:

0 <
Peh

(nd+ 1) min
Ωe∈Th

[
cos(β

ij,D̃
−1

Ωe

)
] +

Dah

(nd+ 1) (nd+ 2) min
Ωe∈Th

[
cos(β

ij,D̃
−1

Ωe

)
] ≤ 1.

i = max and j = pumax, i 6= j. (4.4.46)

One should note that equation (4.4.46) can provide a useful a priori (conserva-

tive) estimate on h for constructing highly refined simplicial meshes.

4.4.3.2 Physics-based Péclet and Damköhler numbers

For isotropic diffusivity, it is well-known that the following three physics-based

non-dimensional numbers can be used to understand the qualitative nature of the

solutions Gresho and Sani (2000); Donea and Huerta (2003):

PeD :=
‖v(x)‖∞L

min
x∈Ω

[D(x)]
Péclet number, (4.4.47a)

DaI :=
‖α(x)‖∞L

‖v(x)‖∞
Damköhler number of first kind, and (4.4.47b)

DaII,D :=
‖α(x)‖∞L

2

min
x∈Ω

[D(x)]
Damköhler number of second kind, (4.4.47c)

where L is the characteristic length of the domain and ‖ • ‖∞ is the standard max-

norm/infinity-norm for vectors. However, it should be noted that the above three

non-dimensional numbers are not independent, as they satisfy the relation DaII,D =

PeD DaI. Physically, the non-dimensional Péclet number characterizes the relative

dominance of advection as compared to diffusion processes. For larger Péclet numbers,

the advection process dominates and for smaller Péclet numbers, the diffusion process

dominates.

In the literature on chemically reacting systems (e.g., see (Chung, 2010, Table
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22.2.1)), there exists various Damköhler numbers that relate progress of chemical

reactions with respect to mixing, diffusivity, reaction coefficient, thermal effects, and

advection. The Damköhler number of first-kind, DaI, gives information about the

relative influence of a linear reaction coefficient to that of advection. For small values

of DaI, advection progresses much faster than decay of the chemical species and

has the opposite effect for large values of the number. The Damköhler number of

second kind, DaII,D, gives information related to the progress of chemical reaction

with respect to diffusion. Based on the chemical system under consideration, these

three non-dimensional numbers dictate how the reaction, advection, and diffusion

interact with each other. On the other hand, one should note that extending it to

anisotropic diffusivity is not straightforward. Motivated by equations (4.4.45), a way

to define physics-based non-dimensional numbers for anisotropic diffusivity tensor

D(x) is as

PeD :=
‖v(x)‖∞L

min
x∈Ω

[
Λmin,D(x)

] Péclet number and (4.4.48a)

DaII,D :=
‖α(x)‖∞L

2

min
x∈Ω

[
Λmin,D(x)

] Damköhler number of second kind, (4.4.48b)

where Λmin,D(x) is the minimum eigenvalue of D(x) at a given point x. The Damköhler

number of first kind, DaI, given by equation (4.4.47b) remains the same as it does

not depend on diffusivity tensor D(x). Alternatively, inspired by equations (4.4.43),

one can define a different set of physics-based Péclet and Damköhler numbers. These
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are given as

PeD :=
‖v(x)‖∞L√

min
x∈Ω

[
Λmin,D(x)

]
max
x∈Ω

[
Λmax,D(x)

] Péclet number and (4.4.49a)

DaII,D :=
‖α(x)‖∞L

2

√
min
x∈Ω

[
Λmin,D(x)

]
max
x∈Ω

[
Λmax,D(x)

] Damköhler number of second kind,

(4.4.49b)

where Λmax,D(x) is the maximum eigenvalue of D(x) at a given point x. One should

note that both these sets of non-dimensional numbers (given by equations (4.4.48a)–

(4.4.48b) and (4.4.49a)–(4.4.49b)) are perfectly valid, as anisotropy in diffusivity ten-

sor can introduce multiple ways of defining physics-based Péclet and Damköhler num-

bers. Now, we shall present various numerical examples to demonstrate the pros and

cons of the mesh restrictions approach.

4.4.3.3 Test problem #1: Transport in fractured media

This test problem has profound impact in simulating the transport of chemical

species in fractured media Therrien and Sudicky (1996). The numerical simulations,

using the Delaunay-Voronoi triangulation (with MaxIters = 50) for different cases

of diffusivity, velocity field, and linear reaction coefficient, are presented in Figure

4.15. Homogeneous Dirichlet boundary conditions are prescribed on the sides of

the fractured domain; cp(x) = 1.0 on the left set of fracture lines and cp(x) = 2.5

on the right set of fracture lines. The volumetric source f(x) is zero inside the

fractured domain. Diffusivity is assumed to isotropic and scalar, whose value is given

by D(x) = 10−3. We perform numerical simulations for three different cases of

velocity field and linear reaction coefficient, which are given by v(x) = (0.0, 0.0) and

α(x) = 0.0, v(x) = (0.1, 1.0) and α(x) = 0.0, and v(x) = (0.1, 1.0) and α(x) = 1.0.

From Figure 4.15, it can be inferred that we need highly refined DMP-based
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triangular meshes to obtain physically meaningful values for concentration for large

values of edge Péclet and Damköhler numbers. The white region in the figures indi-

cates the area in which the value of concentration is negative and also violated the

maximum constraint. The coarse Delaunay-Voronoi mesh obtained using the open

source mesh generator Gmsh satisfies NC and DMPs in the case of pure diffusion.

But, this is not true for AD and ADR cases. In such scenarios, it produces unphys-

ical values for the concentration field. Moreover, the percentage of nodes that have

violated NC and maximum constraint is also very high.

Quantitatively, Tables 4.1 and 4.2 provide more details pertinent to the viola-

tions in NC and DMPs for AD and ADR cases. It should be noted that the decrease in

unphysical values of concentration is not monotonic. This is because the generalized

Delaunay-type angle condition, in general, does not ensure uniform convergence

for diffusion-type equations in L∞ norm (for example, in case of pure isotropic dif-

fusion, see the mesh restriction result by Ciarlet and Raviart Ciarlet and Raviart

(1973)). Figure 4.16 shows that the weak DMP-based condition is satisfied only

for pure diffusion equation. But in all other cases, generalized Delaunay-type

condition is violated. In the case of pure diffusion, it should be noted that DMP-

based mesh given in Figure 4.16 is not interiorly connected. Hence, it only satisfies

DWMPK , but not DSMPK .

4.4.3.4 Test problem #2: Species dispersion in subsurface flows

A pictorial description of the boundary value problem with various parameters is

shown in Figure 4.17. Homogeneous Dirichlet boundary conditions are prescribed on

all sides of the square. The volumetric source f(x) is zero inside the domain, except

for the square region (including the boundaries) located at vertex H = (0.375, 0.375).

In this region, f(x) is equal to unity. Herein, we assume that the velocity vector

field and linear reaction coefficient are equal to zero everywhere in the computational
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(a) Delaunay-Voronoi mesh: Nv = 539 and Nele =
906

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5

(b) v = (0, 0) and α = 0

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5

(c) v = (0.1, 1.0) and α = 0

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5

(d) v = (0.1, 1.0) and α = 1.0

Figure 4.15: Test problem #1: The top left figure shows a coarse triangulation employed
in the numerical study, which is to the scale. The top right figure and the
bottom two figures show the concentration profiles obtained using this mesh.
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60 70 79 89 98 108 118 127 137 146 156

(a) Element maximum angles: Nv = 539 and
Nele = 906

0.00 0.30 0.60 0.91 1.21 1.51 1.81 2.11 2.42 2.72 3.02

(b) Delaunay-type condition: v = (0, 0) and α = 0

-0.44 -0.15 0.14 0.42 0.71 1.00 1.29 1.58 1.86 2.15 2.44

(c) Delaunay-type condition: v = (0.1, 1.0) and α =
0

-0.43 -0.15 0.14 0.42 0.71 0.99 1.27 1.56 1.84 2.13 2.41

(d) Delaunay-type condition: v = (0.1, 1.0) and α =
1.0

Figure 4.16: Test problem #1: The top left figure shows the maximum angle possible in
each element of the mesh. The top right figure and the bottom two figures
show the element maximum generalized Delaunay-type condition.
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Figure 4.17: Test problem #2: The computational domain under consideration is a bi-unit
square with one of its vertices at origin O = (0, 0).

domain. Relevant (coarse) background mesh used and the corresponding DMP-based

mesh (with MaxIters = 50) obtained using BAMG are shown in Figure 4.18. The

diffusivity tensor for this problem is taken from the subsurface hydrology literature

Pinder and Celia (2006) and is given as

Dsubsurface(x) = αT‖v‖I +
αL − αT

‖v‖ v⊗ v, (4.4.50)

where ⊗ is the tensor product, I is the identity tensor, v is velocity vector field of

the subsurface flow, and αT and αL are, respectively, transverse and longitudinal

diffusivity coefficients with αT = 0.01 and αL = 0.1. It should be emphasized that

we have neglected advection. Correspondingly, the numerical values for the velocity

vector field used to define the diffusion tensor is given by v(x) = (1.0, 1.0). This

test problem has importance in simulating diffusion of chemical species in subsurface

flows of hydrogeological systems Dentz et al. (2011).

Numerical simulations using these meshes are shown in Figure 4.19. The white

region in this figure depicts the area in which the value of concentration is negative.

From Figure 4.19, it is apparent that the coarse anisotropic triangulation violates
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(a) Background mesh: Nv = 47 and Nele = 68 (b) Anisotropic mesh: Nv = 593 and Nele = 1088

Figure 4.18: Test problem #2: The left figure shows the background mesh on which BAMG
operates to give an anisotropic triangulation, which is shown in the right
figure.
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(a) Background mesh: v = (0, 0) and α = 0
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(b) Anisotropic mesh: v = (0, 0) and α = 0

Figure 4.19: Test problem #2: The left figure shows the concentration profile based on
the background mesh, while the right figure shows the concentration profile
using the anisotropic triangulation.
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the DMPs and NC. This is because the Algorithm 1 did not converge in MaxIters.

However, quantitatively, this violation in NC is low as compared to background mesh.

Specifically, the minimum concentration and the percentage of nodes that have vio-

lated the non-negative constraint on the background mesh is about −4.8× 10−5 and

2.13%, while these values on the anisotropic triangulation are around −1.35 × 10−8

and 0.34%. Additionally, from Figure 4.19, it is evident that we need a highly refined

DMP-based anisotropic mesh to avoid negative values for concentration. Neverthe-

less, it should be noted that there is a considerable decrease in the negative values for

concentration if a traditionally h-refined anisotropic triangulation is used (see Figure

4.23 and subsubsection 4.4.3.6 for more details).

4.4.3.5 Test problem #3: Contaminant transport in leaky wells

The computational domain is a circle with a hole centered at origin (0, 0). The

radius of the circular hole and the circular domain are 0.1 and 1.0. Numerical simula-

tions are performed for four different cases of the velocity vector field and linear reac-

tion coefficient, which are given by v(x) = (0.0, 0.0) and α(x) = 0.0, v(x) = (1.5, 1.0)

and α(x) = 1.0, v(x) = (5.0, 0.5) and α(x) = 1.0, and v(x) = (0.0, 0.0) and

α(x) = 1000. Each case is designed to test a particular aspect. For example,

v(x) = (5.0, 0.5) and α(x) = 1.0 corresponds to advection-dominated ADR prob-

lems, while v(x) = (0.0, 0.0) and α(x) = 1000 corresponds to reaction-dominated

diffusion-reaction problems. The diffusivity tensor for this problem is given by equa-

tions (4.1.1)–(4.1.2a). Correspondingly, the values for the parameters dmax, dmin, and

θ are equal to 1, 0.001, and π
3
.

The computational domain in this test problem has various practical applications

related to well design in multi-aquifers and groundwater distribution systems Konikow

and Hornberger (2006), understanding emanation of gaseous hydrocarbons through

bore-holes in oil and gas reservoirs Myers (2012), and to study leakage of contaminants
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(a) Background mesh: Nv = 5079 and Nele = 9918 (b) Anisotropic mesh: Nv = 297 and Nele = 436

Figure 4.20: Test problem #3: The left figure shows the background mesh and the right
figure shows the anisotropic triangulation obtained using BAMG for all the
four cases.

(such as CO2, salts, and nitrates) through abandoned wells Avci (1994); Lacombe

et al. (1995); Ebigbo et al. (2007); Nakshatrala and Turner (2013). The background

mesh used and the corresponding DMP-based (coarse) mesh obtained using BAMG

are shown in Figure 4.20 (MaxIters = 50). For the cases when v(x) = (0.0, 0.0) and

α(x) = 0.0, v(x) = (1.5, 1.0) and α(x) = 1.0, Algorithm 1 converged in MaxIters.

But for v(x) = (5.0, 0.5) and α(x) = 1.0, v(x) = (0.0, 0.0) and α(x) = 1000, Al-

gorithm 1 did not converge in MaxIters. Herein, the DMP-based coarse mesh is

composed of needle-type triangles. This is because the ratio of the minimum eigen-

value of D(x) to its maximum is 0.001 (which is related to the aspect ratio of the

sides of the triangle in the DMP-based anisotropic mesh). Moreover, it is evident

that the triangles in the mesh are aligned and oriented along the principal axis of the

eigenvectors of the diffusivity tensor.

Numerical simulations using these meshes are shown in Figure 4.21. The white

region in the figures (circular annulus) shows the area in which the value of concentra-

tion is negative. The minimum concentration and the percentage of nodes that have
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(a) Background mesh: v = (0, 0) and α = 0
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(b) Anisotropic mesh: v = (0, 0) and α = 0
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(c) Anisotropic mesh: v = (1.5, 1.0) and α =
1.0
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(d) Anisotropic mesh: v = (5.0, 0.5) and α =
1.0
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(e) Anisotropic mesh: v = (0, 0) and α =
1000

Figure 4.21: Test problem #3: This figure shows the concentration profiles for four differ-
ent cases based on the background mesh and anisotropic meshes shown in
Figure 4.20.
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violated the non-negative constraint for the background mesh are about −1.67×10−2

and 30.28%. As the anisotropic mesh is coarse and the Algorithm 1 did not con-

verge in MaxIters for advection-dominated ADR problems and reaction-dominated

diffusion-reaction problems, the resulting mesh not only violates the non-negative

constraint, but also produces spurious oscillations. The minimum concentration and

the percentage of nodes that have violated the non-negative constraint for the case

when v = (5.0, 0.5) and α = 1.0 are about −1.78× 10−1 and 13.47%, whereas for the

case when v = (0.0, 0.0) and α = 1000 are around −2.79× 10−1 and 20.54%. Hence

in both these cases, we need a highly refined DMP-based mesh to avoid negative

values for concentration (see subsubsection 4.4.3.6 for more details). For scenarios

when v(x) = (0.0, 0.0) and α(x) = 0.0, v(x) = (1.5, 1.0) and α(x) = 1.0, the coarse

DMP-based mesh is interiorly connected and satisfies DsMPK (or DSMPK , when

α(x) = 0).

4.4.3.6 Issues with DMP-based h-refinement

From the above set of test problems, it is apparent that mesh refinement is

needed to avoid spurious node-to-node oscillations and satisfaction of various dis-

crete principles (mainly for the cases when the values of the velocity vector field and

linear reaction coefficient are predominant as compared to minimum eigenvalue of

diffusivity tensor). In general, within the context of computational geometry and

mesh generation literature, there are various methods to generate different types of

h-refined meshes George and Frey (2010); Schneider (2013). However, it is evident

from these test problems that we are interested in h-refined meshes that conform to ei-

ther anisotropic non-obtuse angle condition or generalized Delaunay-type

angle condition. Herein, we shall study two different and important methodologies

that are popular in mesh generation literature and implemented in the open source
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mesh generators, such as Gmsh and BAMG in FreeFem++. Our objective is to un-

derstand whether the h-refined meshes generated using these mesh generators satisfy

DMPs, DCPs, and NC or not.

Traditional h-refinement

In this method, an h-refined mesh is obtained by splitting each triangle in the

coarse mesh into multiple triangles. Based on this methodology, numerical simulations

are performed using the traditional h-refined meshes (which are derived based on the

DMP-based coarse meshes presented in Figures 4.15, 4.18, and 4.20). The resulting

concentration profiles for test problems #1, #2, and #3, are shown in Figures 4.22–

4.24. Qualitatively and quantitatively, the following inferences can be drawn from

these numerical results:

• Test problem #1: For isotropic diffusivity, from Figure 4.22, Table 4.1, and Ta-

ble 4.2, it is apparent that there is a decrease in negative values for concentration

and reduction in spurious oscillations.

• Test problem #2: Qualitatively, based on Figure 4.23, it can be concluded

that there is a considerable decrease in the violation of non-negative constraint.

Quantitatively, for this h-refined anisotropic triangulation, the minimum con-

centration and the percentage of nodes that have violated the non-negative

constraint is about −1.15 × 10−11 and 0.02% (which is significantly close to

machine epsilon ǫmach ≈ 2.22× 10−16).

• Test problem #3: For the pure anisotropic diffusion case, the coarse anisotropic

DMP-based mesh given in Figure 4.20 satisfies NC and all of the DMPs. How-

ever, contrary to this, on traditional h-refinement, the resulting anisotropic tri-

angulation produces unphysical negative values and violates the DMPs. Quan-

titatively, this violation is far from machine epsilon, ǫmach. Correspondingly,
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the minimum concentration and the percentage of nodes that have violated the

non-negative constraint is about −2.7× 10−1 and 28.51%, which is way higher

as compared the numerical simulations based on the background mesh.

To summarize, it is clear that traditional h-refinement does not always reduce the

unphysical numerical values. Certainly, there is a decrease in negative values for

concentration for test problem #1 and #2. But, this is not the case for test problem

#3. This is because the methodology to obtain traditional h-refinement meshes from

a given coarse mesh need not conform to the conditions outlined in either Theorem

4.4.3 or Theorem 4.4.4.

Non-traditional h-refinement

In this method, a h-refined mesh is obtained directly from the background mesh

(using Algorithm 1) by change certain parameters related to metric tensor, geom-

etry of the domain, and number of nodes on the boundary of the domain (Hecht

et al., 2014, Chapter-5). It should be noted that this methodology is completely

different from the traditional h-refinement procedure, as we never generate a coarse

DMP-based triangulation and then split the respective mesh elements. However, even

this non-traditional h-refined mesh is not guaranteed to produce physics-compatible

numerical values for concentration (as the mesh generation procedure need not con-

verge in MaxIters). This is evident from the numerical simulations performed on

the non-traditional h-refined mesh for test problem #3. The corresponding concen-

tration profile is shown in Figure 4.25. Quantitatively, the minimum concentration

and the percentage of nodes that have violated the non-negative constraint are about

−9.69 × 10−2 and 34.11%, which is comparatively similar to that of the traditional

h-refinement methodology.
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(a) Delaunay mesh: Nv = 1564 and Nele = 2826

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5

(b) Delaunay mesh: Nv = 5090 and Nele = 9620
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(c) Delaunay mesh: Nv = 18372 and Nele = 35665
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(d) Delaunay mesh: Nv = 69995 and Nele = 137881

Figure 4.22: Issues with traditional mesh refinement: Concentration profiles for the fracture
domain when v = (0.1, 1.0) and α = 1.0. The white region in the figures
shows the area in which the numerical simulation has violated the NC and
maximum constraint.
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(a) Anisotropic mesh: Nv = 8897 and Nele = 17408
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(b) Pure anisotropic diffusion: Concentration profile

Figure 4.23: Issues with traditional mesh refinement: The left figure shows the anisotropic
mesh obtained using the traditional mesh refinement procedure on the
anisotropic triangulation given in Figure 4.18. The right figure shows the
concentration profile obtained using this refined mesh.

(a) Anisotropic mesh: Nv = 2199 and Nele = 3924
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(b) Pure anisotropic diffusion: Concentration profile

Figure 4.24: Issues with traditional mesh refinement: The left figure shows the anisotropic
mesh obtained using the traditional mesh refinement procedure on the
anisotropic triangulation given in Figure 4.20. The right figure shows the
concentration profile obtained using this refined mesh.
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(a) Anisotropic mesh: Nv = 2647 and Nele = 4789
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(b) Pure anisotropic diffusion: Concentration profile

Figure 4.25: Issues with non-traditional mesh refinement: The left figure shows a refined
anisotropic mesh obtained using the non-traditional approach. The right
figure shows the concentration profile obtained using this refined mesh (did
not converge in MaxIters = 100).

Table 4.1: Fractured domain with isotropic diffusivity: For AD equation

Delaunay triangulation Concentration % of nodes violated
(Nv,Nele, h) Minimum Maximum (NC) (DMP)
(539, 906, 0.1) -10.51 9.85 17.44 13.73

(1564, 2826, 0.05) -18.26 5.86 18.22 14.19
(5090, 9620, 0.025) -4.65 5.71 16.09 13.77

(18372, 35665, 0.0125) -2.97 5.17 12.82 12.70
(69995, 137881, 0.00625) -1.62 3.89 8.08 8.47

Table 4.2: Fractured domain with isotropic diffusivity: For ADR equation

Delaunay triangulation Concentration % of nodes violated
(Nv,Nele, h) Minimum Maximum (NC) (DMP)
(539, 906, 0.1) -9.64 4.53 14.29 8.16

(1564, 2826, 0.05) -1.54 3.57 18.03 1.53
(5090, 9620, 0.025) -4.47 3.30 16.01 0.29

(18372, 35665, 0.0125) -2.95 2.56 12.89 0.04
(69995, 137881, 0.00625) -1.62 2.50 8.06 0.00
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4.4.3.7 Errors in local and global species balance

It is well-known that without using a post-processing method, the discrete stan-

dard single-field Galerkin formulation does not possess local and global conservation

properties Hughes et al. (2000); Burdakov et al. (2012). In finite element literature,

there are various post-processing methods to quantify the errors incurred in satis-

fying local and global species balance Gresho and Sani (2000); Donea and Huerta

(2003); Zienkiewicz et al. (2013). Herein, we shall use Herrmann’s method of opti-

mal sampling (Zienkiewicz et al., 2013, Subsection 15.2.2), which is a popular post-

processing technique to obtain derived quantities from primary variables (such as the

concentration variable in single-field finite element formulations). In the context of

recovery-based error estimators, this post-processing method is also known as tradi-

tional global smoothing method. To summarize, this method involves minimizing a

unconstrained least-squares flux functional to obtain nodal flux vectors. Then, using

these flux vectors, local and global species balance errors are computed.

Qualitatively, the contours corresponding to local species balance errors for test

problems #1, #2, and #3 on coarse DMP-based meshes are shown in Figure 4.26.

From this figure, it is clear that test problem #3 exhibits considerable errors in

satisfying local species balance. Quantitatively, Table 4.3 provides local and global

species balance errors on traditional h-refined meshes for test problems #1 and #2.

From this table, it can be concluded that the decrease in these errors is slow. Hence,

there is need for locally conservative DMP-preserving finite element methods.

Remark 4.4.7. It should be noted that there are various ways in which one can de-

velop locally conservative global smoothing methods. For example, this can be achieved

by constructing a constrained monotonic regression based method (following the pro-

cedure outlined by Burdakov et al. Burdakov et al. (2012)) to obtain a conservative

flux vector. However, as discussed in Section 4.1 and Section 4.3, it should be note

that such type of post-processing methods are not variationally consistent and refutes
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Table 4.3: Errors in local and global species balance: For pure isotropic and anisotropic
diffusion equation.

h
Test problem #1

h
Test problem #2

LSB (abs. max.) GSB LSB (abs. max.) GSB
0.1 1.80× 10−3 1.53× 10−2 0.08 5.75× 10−4 −1.44× 10−4

0.05 4.66× 10−4 1.23× 10−2 0.042 1.47× 10−4 −1.38× 10−4

0.025 3.48× 10−4 8.48× 10−3 0.028 7.34× 10−5 −1.12× 10−4

0.0125 7.14× 10−4 7.82× 10−3 0.0135 1.59× 10−5 −6.83× 10−5

0.00625 6.75× 10−4 5.38× 10−3 0.0075 5.46× 10−6 −4.36× 10−5

the purpose of developing physics-compatible DMP-based meshes.

4.4.4 Sufficient conditions for a rectangular element

For the sake of illustration, consider a rectangular element whose vertices are

located at (0, 0), (a, 0), (a, b), and (0, b). Our objective is to derive conditions on a

and b, such that the local stiffness matrix is weakly diagonally dominant. Herein, we

consider a pure anisotropic diffusion equation and derive restrictions on the coordi-

nates of the rectangular element. Based on the lines of the local stiffness restriction

method outlined in subsubsection 4.4.2.1, the local stiffness matrix for the case when

diffusivity D(x) =
(

Dxx Dxy

Dxy Dyy

)
is anisotropic and constant in Ω is given as

Ke =
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+
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+
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(4.4.51)
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(d) Test problem #3: v = (1.5, 1.0) and α =
1.0

Figure 4.26: Local species balance errors: The figures show the errors incurred in satisfying
local species balance for various test problems on coarse meshes.

119



Condition #7

From AM-GM inequality, we have the following relation:

bDxx

3a
+
aDyy

3b
≥ 2

3

√
DxxDyy >

2
3
|Dxy| ≥

1
2
|Dxy|, (4.4.52)

which implies that the positive diagonal entries: (Ke)ii > 0 ∀i = 1, 2, 3, 4, is trivially

satisfied.

Condition #8

Non-positive off-diagonal entries: (Ke)ij ≤ 0 ∀i 6= j where i = 1, 2, 3, 4, and

j = 1, 2, 3, 4, needs to be satisfied. For instance, when i = 1 and j = 2, 3, 4, this

restriction gives the following relations:

√
Dxx

2Dyy
≤ a

b
≤
√

2Dxx

Dyy
− bDxx

6a
− Dxy

2
− aDyy

6b
≤ 0. (4.4.53)

Additionally, we should also satisfy the restrictions imposed by equation (4.4.26) on

diffusivity tensor. In a similar fashion, one can derive restrictions for other combina-

tions of i and j.

Condition #9

Weak diagonal dominance of rows: | (Ke)ii | ≥
∑

i6=j

| (Ke)ij | ∀i, j where i =

1, 2, 3, 4, and j = 1, 2, 3, 4, is trivially satisfied if Condition #7 and Condition #8 are

met. This is because from equation (4.4.51), it is evident that (Ke)ii +
∑

i6=j

(Ke)ij =

0 ∀i, j where i = 1, 2, 3, 4, and j = 1, 2, 3, 4.

Finally, as explained in subsubsection 4.4.2.1, extending the local stiffness re-

striction approach to incorporate advection and linear reaction is straightforward and

shall not be dealt with to save space. Moreover, it is easy to construct mesh restric-

tions for any set of arbitrary coordinates of a quadrilateral element using symbolic
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packages like Mathematica. But the resulting inequalities will be more complex to

analyze mathematically and visualize graphically.

4.5 CONCLUDING REMARKS AND OPEN QUESTIONS

We outlined a general procedure to obtain the restrictions that are needed for a

computational grid to satisfy various mathematical principles – comparison principles,

maximum principles, and the non-negative constraint. We illustrated the workings of

this procedure by obtaining the mesh restrictions for T3 and Q4 finite elements. The

procedure is, however, equally applicable to other low-order finite elements.

First, we critiqued three different approaches to satisfy maximum principles,

comparison principles, and non-negative constraint for a general linear second-order

elliptic equation. A pictorial description of a generic relationship between DMPs,

DCPs, and NC based on a Venn diagram is proposed. This sketch helps to easily

relate the space of solutions obtained using mesh restrictions, non-negative numerical

formulations, and post-processing methods. We then presented necessary and suffi-

cient conditions on the stiffness matrix K to meet the mathematical properties. Using

these conditions, we derived stronger and weaker mesh restrictions for T3 element.

The stronger mesh restriction corresponds to the anisotropic non-obtuse angle

condition while the weaker one corresponds to the generalized Delaunay-type

angle condition. Motivated by these mesh restriction conditions, different kinds of

Péclet and Damköhler numbers are proposed for advective-diffusive-reactive systems

when diffusivity is anisotropic.

For isotropic diffusivity, we established that acute-angled or right-angled trian-

gle is sufficient to satisfy discrete principles. However, for anisotropic diffusivity, we

showed that in order to satisfy DMPs, DCPs, and NC, all the dihedral angles of a

simplex measured in the metric of D̃
−1

Ωe
have to be either O (h‖v‖∞,Th

+ h2‖α‖∞,Th
)

acute/non-obtuse or O (h‖v‖∞,Th
+ h2‖α‖∞,Th

) Delaunay. Pictorially, this means
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that the feasible region for T3 and Q4 elements to satisfy various discrete principles

is based on a metric tensor whose components are a function of anisotropic diffusiv-

ity with respect to a suitable coordinate system. Then, an anisotropic metric tensor

and an iterative algorithm to generate various types of DMP-based triangulations

are described. Different numerical examples and respective DMP-based triangular

meshes are presented for different types of D(x) to demonstrate the pros and cons of

imposing mesh restrictions. Furthermore, the errors incurred in satisfying local and

global species balance are documented. Based on these numerical experiments, the

following inferences can be drawn:

(C1) For pure isotropic or anisotropic diffusion equation, a coarse DMP-based trian-

gulation is sufficient to satisfy various discrete principles. However, for advection-

dominated and reaction-dominated scenarios, we need a highly refined DMP-

preserving computational mesh to obtain non-negative solutions.

(C2) Existing traditional and non-traditional methods of h-refinement may not guar-

antee the satisfaction of DMPs, DCPs, and NC always.

(C3) On coarse DMP-based meshes, errors incurred in satisfying local and global

species balance for highly anisotropic diffusion-type problems is considerable

due to the skewed nature of the mesh elements. Moreover, the decrease in local

and global species balance errors upon h-refinement is slow.

(C4) DMP-based meshes change as one alters the underlying anisotropic diffusivity

tensor.

In the light of the recent developments and motivated by the above discussions,

we have chosen to emphasize on the following four open problems that we consider

particularly interesting in view of their mathematical richness, numerical challenges,

and potential applications:
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(OP1) In this chapter, all the meshes used in the numerical examples are of Delaunay-

type. This is because most of the existing open source mesh generators such

as BAMG, Gmsh, Triangle, BL2D, Mmg3d, and CGALmesh are Delaunay. Re-

cently, Erten and Üngör Erten and Üngör (2007, 2009a,b) have developed a

non-obtuse/acute angled mesh generator called aCute by modifying Triangle.

However, aCute is restricted to 2D and Eucledian metric tensors. Hence, such

a software can only be used to satisfy discrete principles for problems involving

heterogeneous isotropic diffusivity. Having an anisotropic non-obtuse/acute

M-uniform meshing software would be of great importance, as the numerical

solutions obtained from these meshes not only satisfy DMPs, DCPs, and NC,

but also converge uniformly (an attractive aspect in finite element analysis

Ciarlet and Raviart (1973)). To date, there is no such mesh generator. De-

veloping such a software will have a profound impact on obtaining physically

meaningful numerical solutions for diffusion-type equations.

(OP2) For advection-dominated and reaction-dominated advection-diffusion-reaction

problems, mesh refinement that adheres to DMPs is needed to obtain stable

and sufficiently accurate numerical solutions. As described in (C2), not every

method of h-refinement is DMP-preserving. Hence, a consistent way of gener-

ating a DMP-based h-refined mesh (that satisfies Generalized Delaunay-type

angle condition) is still unresolved.

(OP3) From (C3), it is apparent that local and global mass conservation prop-

erty is needed. An approach to preserve such a property without violating

DMPs, DCPs, and NC, is to obtain mesh restrictions for mixed Galerkin

formulation based on lowest-order Raviart-Thomas spaces. Recently, Huang

and Wang Huang and Wang (2014) have developed a methodology to satisfy

123



DMPs for a class of locally conservative weak Galerkin methods using lowest-

order Raviart-Thomas spaces. However, this methodology is limited to pure

anisotropic steady-state diffusion equation in two-dimensions. Hence, a mesh

restriction based method to satisfy different discrete principles, local species

balance, and global species balance for anisotropic advection-diffusion-reaction

equations thus far is unsolved.

(OP4) In order to construct DMP-based meshes for low-order non-simplicial finite

elements such as Q4, from subsection 4.4.4, it is evident that stronger and

weaker mesh conditions are needed. So far, there are no mesh restriction the-

orems analogous to simplicial meshes that can provide a general framework

to construct non-simplicial meshes for anisotropic diffusivity tensors. The-

oretically and numerically, it would be very interesting and informative to

have a comparative study on the performance of simplicial vs. non-simplicial

DMP-based meshes for various benchmark problems discussed in Section 4.4.

Nevertheless, due to enormous research activity in the field of advection-diffusion-

reaction equations, it is impossible to list every open question on preserving DCPs,

DMPs, and NC. To conclude, the research findings in this chapter will be invaluable

to the research community and finite element practitioners in two respects. First, it

will guide the existing users on the restrictions to be placed on the computational

mesh to meet important mathematical properties like maximum principles, compar-

ison principles, and the non-negative constraint. Second, for complex geometries

and highly anisotropic media, this study has clearly shown that placing restrictions

on computational grids may not always be a viable approach to achieve physically

meaningful non-negative solutions. We hope that this research work will motivate

researchers to develop new methodologies for advective-diffusive-reactive systems that

satisfy local and global species balance, comparison principles, maximum principles,

and the non-negative constraint on coarse general computational grids.
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Chapter 5

ON ENFORCING MAXIMUM PRINCIPLES

AND ACHIEVING ELEMENT-WISE SPECIES

BALANCE FOR

ADVECTION-DIFFUSION-REACTION

EQUATIONS UNDER FINITE ELEMENT

METHOD

“As time goes on, it becomes

increasingly evident that the rules

which the mathematician finds

interesting are the same as those

which nature has chosen.”

Paul Dirac

We present a robust computational framework for advective-diffusive-reactive

systems that satisfies maximum principles, the non-negative constraint, and element-

wise species balance property. The proposed methodology is valid on general com-

putational grids, can handle heterogeneous anisotropic media, and provides accurate

numerical solutions even for very high Péclet numbers. The significant contribution
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of this chapter is to incorporate advection (which makes the spatial part of the dif-

ferential operator non-self-adjoint) into the non-negative computational framework,

and overcome numerical challenges associated with advection. We employ low-order

mixed finite element formulations based on least-squares formalism, and enforce ex-

plicit constraints on the discrete problem to meet the desired properties. The resulting

constrained discrete problem belongs to convex quadratic programming for which a

unique solution exists. Maximum principles and the non-negative constraint give rise

to bound constraints while element-wise species balance gives rise to equality con-

straints. The resulting convex quadratic programming problems are solved using an

interior-point algorithm. Several numerical results pertaining to advection-dominated

problems are presented to illustrate the robustness, convergence, and the overall per-

formance of the proposed computational framework.

5.1 INTRODUCTION AND MOTIVATION

Advection-diffusion-reaction (ADR) equations are pervasive in the mathemat-

ical modeling of several important phenomena in mathematical physics and engi-

neering sciences. Some examples include degradation/healing of materials under

extreme environmental conditions Chatterjee et al. (2001), coupled chemo-thermo-

mechano-diffusion problems in composites Sih et al. (1986), contaminant transport

Bear et al. (1993), turbulent mixing in atmospheric sciences Cant and Mastorakos

(2008), diffusion-controlled biochemical reactions Saltzman (2001), tracer modeling

in hydrogeology Leibundgut et al. (2009), and ionic mobility in biological systems

Keener and Sneyd (2009). Additionally, ADR equation serves as a good mathemat-

ical model in numerical analysis, as it offers various unique challenges in obtaining

stable and accurate numerical solutions Morton (1996).
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The primary variables in these mathematical models are typically the concen-

tration and/or the (absolute) temperature. These quantities naturally attain non-

negative values. Under some popular constitutive models (such as Fourier model and

Fickian model, and their generalizations), these physical quantities satisfy diffusion-

type equations, which are elliptic/parabolic partial differential equations (PDEs) and

can be non-self-adjoint. These PDEs are known to satisfy important mathematical

properties like maximum principles and the non-negative constraint (e.g., see Gilbarg

and Trudinger (2001)). A predictive numerical formulation needs to satisfy these

mathematical properties and physical laws like the (local and global) species balance.

It is well-documented in the literature that traditional numerical methods perform

poorly for advection-dominated ADR equations (e.g., see Donea and Huerta (2003);

Morton (1996)). In the past few decades, considerable progress has been made to

obtain sufficiently accurate numerical solutions for ADR equations on coarse compu-

tational grids Codina (2000). It is then natural to ask: “why there is a need for yet

another numerical formulation for ADR equation?”. We now outline several reasons

for such a need.

(a) Localized phenomena and node-to-node spurious oscillations: For advection-dominated

problems, it is well-known that the standard single-field Galerkin finite element

formulation gives node-to-node spurious oscillations on coarse computational grids

Morton (1996). Moreover, it cannot capture steep gradients such as interior and

boundary layers. Various alternate numerical techniques have been proposed to

avoid these spurious oscillations Gresho and Sani (2000). Some methods seem

to capture steep gradients in interior layers while others capture boundary lay-

ers. However, most of them do not seem to capture both interior and boundary

layers, and at the same time avoid node-to-node spurious oscillations Augustin

et al. (2011). A notable work towards this direction is by Hsieh and Yang Hsieh
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and Yang (2009), which can capture both interior and boundary layers under ad-

equate mesh refinement. However, this formulation has several other deficiencies

some of which are discussed below and illustrated using numerical examples in

subsequent sections.

(b) Violation of the non-negative constraint and maximum principles: As mentioned

earlier, physical quantities such as concentration and temperature naturally at-

tain non-negative values. It is highly desirable for a numerical formulation to

respect these physical constraints. This is particularly important in a numerical

simulation of reactive transport, as a negative value for concentration will result

in an algorithmic failure. However, it is clearly documented in the literature that

many existing formulations based on finite element Liska and Shashkov (2008);

Nakshatrala and Valocchi (2009); Nagarajan and Nakshatrala (2011), finite vol-

ume Potier (2005), and finite difference Brezzi et al. (2005) do not satisfy the

non-negative constraint and maximum principles in the discrete setting. They

also discuss various methodologies to satisfy such properties. But most of these

methodologies are for pure diffusion equations, which are self-adjoint. For ex-

ample, in Reference Nakshatrala and Valocchi (2009), two mixed formulations

based on RT0 spaces and variational multiscale formalism have been modified

to meet the non-negative constraint for diffusion equations. This approach is

not directly applicable to ADR equations for two reasons. First, these formu-

lations do not cure the node-to-node spurious oscillations. Second, they do not

possess a variational structure for ADR equations. Some numerical formulations

are constructed to satisfy the non-negative constraint and maximum principles

by taking advection into account (e.g., Burman and Hansbo (2004); Burman and

Ern (2005)). However, they do not satisfy local and global species balance, and

are restricted to isotropic diffusion. Conservative post-processing methods exist

in the literature to recover certain desired properties such as species balance. But

128



such formulations are not variationally consistent Burdakov et al. (2012).

(c) Satisfying local and global species balance: In transport problems, the balance

of species is an important physical law that needs to be met. It is therefore

desirable for a numerical formulation to satisfy local and global species balance,

say, up to machine precision (which is approximately 10−16 on a 64-bit machine).

However, many finite element formulations do not satisfy local and global species

balance (see Codina (1998, 2000); Hsieh and Yang (2009)). The main focus of the

methods outlined in these papers is to capture the localized phenomena such as

boundary and interior layers. Moreover, these works did not quantify the errors

incurred in satisfying local species balance and global species balance. It needs to

be emphasized that many finite element methods do exist that inherently satisfy

local and global species balance, for example, Raviart-Thomas spaces Raviart and

Thomas (1977) and BDM spaces Brezzi et al. (1987). But these approaches do

not fix other issues discussed herein such as the node-to-node spurious oscillations

or meeting maximum principles for ADR equations.

(d) Other influential factors: Some other important factors that can affect the per-

formance of a numerical formulation are the advection velocity field and its diver-

gence, anisotropy of the medium, reaction coefficients, topology of the medium,

computational mesh, multiple spatial-scales arising due to the heterogeneity of

the medium, and multiple time-scales involved in various physical processes. An-

other aspect that brings tremendous numerical challenges is chemical reactions

involving multiple species.

It is a herculean task to address all the aforementioned deficiencies, and we

strongly believe that it may take a series of papers to overcome all the deficiencies.

A similar sentiment is shared in the review article by Stynes entitled “Numerical

methods for convection-diffusion problems or the 30 years war” Stynes (2013). We
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therefore take motivation from George Pólya’s quote Pólya (2009): “If you can’t solve

a problem, then there is an easier problem you can solve: find it.” In this chapter, we

shall pose a problem that is simpler than the grand challenge of overcoming all the

aforementioned numerical deficiencies but still make a significant advancement with

respect to the current state-of-the-art. We then provide a solution to this simpler

problem. To state it more precisely, the main contribution of this chapter is developing

a least-squares-based finite element framework for ADR equations that possesses the

following properties on general computational grids:

(P1) No spurious node-to-node oscillations in the entire domain.

(P2) Captures interior and boundary layers for advection-dominated problems.

(P3) Satisfies discrete maximum principles and the non-negative constraint.

(P4) Satisfies local and global species balance.

(P5) Gives sufficiently accurate solutions even on coarse computational grids1.

To the best of authors’ knowledge, there exists no finite element methodology for

advective-diffusive-reactive systems that possesses the desirable properties (P1)–(P5).

The rest of the chapter is organized as follows. Section 5.2 presents the gov-

erning equations for an advective-diffusive-reactive system, and discusses the asso-

ciated mathematical properties. Section 5.3 outlines several plausible approaches,

and discusses their drawbacks in meeting the mentioned mathematical properties.

In Section 5.4, we propose a constrained optimization-based low-order mixed finite

element method to satisfy maximum principles, the non-negative constraint, local

species balance, and global species balance. In Section 5.6, we perform a numerical

h-convergence study using a benchmark problem. In Section 5.7, we specialize to

1One may expect some subjectivity in calling a mesh to be coarse. But in this chapter, we will
define precisely what is meant by a “coarse mesh” for advection-diffusion-reaction equations in terms
of M -matrices.
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transport-limited bimolecular reactions to solve problems related to plume develop-

ment and mixing in isotropic/anisotropic heterogeneous media. Finally, conclusions

are drawn in Section 5.8.

We shall denote scalars by lowercase English alphabet or lowercase Greek al-

phabet (e.g., concentration c and stabilization parameter τ). The continuum vectors

are denoted by lowercase boldface normal letters, and the second-order tensors will

be denoted using uppercase boldface normal letters (e.g., vector x and second-order

tensor D). In the finite element context, the vectors are denoted using lowercase

boldface italic letters, and the matrices are denoted using uppercase boldface italic

letters (e.g., vector v and matrix K). We shall use NN to denote non-negative, DMP

denotes discrete maximum principle, LSB to denote local species balance, and GSB

to denote global species balance. We shall use XSeed to denote the number of (finite

element) nodes in a mesh along x-direction. Likewise for YSeed. Other notational

conventions adopted in this chapter are introduced as needed.

5.2 GOVERNING EQUATIONS: ADVECTIVE-DIFFUSIVE-REACTIVE

SYSTEMS

Let Ω ⊂ Rnd be a bounded open domain, where “nd” denotes the number of

spatial dimensions. The boundary of the domain is denoted by ∂Ω, which is assumed

to be piecewise smooth. Mathematically, ∂Ω := Ω − Ω, where a superposed bar

denotes the set closure. A spatial point is denoted by x ∈ Ω. The gradient and

divergence operators with respect to x are, respectively, denoted by grad[•] and div[•].

The unit outward normal to the boundary is denoted by n̂(x). Let c(x) denote the

concentration field. The boundary is divided into two parts: Γc and Γq such that

meas(Γc) > 0, Γ
c ∪ Γ

q
= ∂Ω, and Γc ∩ Γq = ∅. Γc is the part of the boundary on

which the concentration is prescribed and Γq is the other part of the boundary on

which the diffusive/total flux is prescribed.
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The governing equations for steady-state response of an ADR system take the

following form:

α(x)c(x) + div [c(x)v(x)−D(x)grad[c(x)]] = f(x) in Ω, (5.2.1a)

c(x) = cp(x) on Γc, and (5.2.1b)
((

1− Sign[v • n̂]

2

)
v(x)c(x) −D(x)grad[c(x)]

)
• n̂(x) = qp(x) on Γq. (5.2.1c)

v(x) is the known advection velocity field, f(x) is the prescribed volumetric source,

D(x) is the anisotropic diffusivity tensor, α(x) is the linear reaction coefficient, cp(x)

is the prescribed concentration, qp(x) is the prescribed diffusive/total flux, and the

sign function is defined as

Sign[ϕ] :=





−1 if ϕ < 0

0 if ϕ = 0

+1 if ϕ > 0

. (5.2.2)

The advection velocity need not be solenoidal in our treatment (i.e., div[v(x)] need

not be zero). The Neumann boundary condition given in equation (5.2.1c) can be

interpreted as

n̂(x) • (v(x)c(x)−D(x)grad[c(x)]) = qp(x) on Γq
− (total flux) and (5.2.3a)

−n̂(x) •D(x)grad[c(x)] = qp(x) on Γq
+ (diffusive flux), (5.2.3b)

where Γq
+ and Γq

− are, respectively, defined as (see Figure 5.1)

Γq
− :=

{
x ∈ Γq

∣∣∣ v(x) • n̂(x) < 0
}

(inflow boundary) and (5.2.4a)

Γq
+ :=

{
x ∈ Γq

∣∣∣ v(x) • n̂(x) ≥ 0
}

(outflow boundary). (5.2.4b)
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Γq
−

Γc

Γq
+

v(x)

P

Q

R

Figure 5.1: This figure illustrates concentration and flux boundary conditions.

In Figure 5.1, Γq
− corresponds to the inflow boundary while Γq

+ corresponds to the

outflow boundary. Total flux is prescribed on Γq
−, diffusive flux is prescribed on Γq

+,

and concentration is prescribed on Γc. P = Γ
c ∩ Γ

q

+, Q = Γ
c ∩ Γ

q

−, and R = Γ
q

+ ∩ Γ
q

−.

For well-posedness, we have Γ
c ∪ Γ

q

+ ∪ Γ
q

− = ∂Ω, Γc ∩ Γq
+ = ∅, Γc ∩ Γq

− = ∅, and

Γq
+ ∩ Γq

− = ∅.

Remark 5.2.1. In the literature, more predominantly in the numerical literature, the

term advection is often used synonymously with convection. It should, however, be

noted that these two terms describe different physical phenomena, and there is a need

to clarify the terminology here. An ADR equation arises from the balance of mass of

a given species. In 1D, an ADR equation takes the following form:

α(x)c(x) +
d(vc)
dx
− d

dx

(
D(x)

dc

dx

)
= f(x), (5.2.5)

which is mathematically equivalent to the following equation:

(
α(x) +

dv

dx

)
c(x) + v(x)

dc

dx
− d

dx

(
D(x)

dc

dx

)
= f(x). (5.2.6)

One can obtain a “similar” mathematical equation by linearizing the incompressible

Navier-Stokes equation, and an appropriate name for this linearized equation is the

convection-dissipation-reaction (CDR) equation. The CDR equation in 1D has the
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following mathematical form:

dv0

dx
ṽ(x) + v0(x)

dṽ

dx
− d

dx

(
µ(x)

dṽ

dx

)
= b(x, p0(x)) + 2v0(x)

dv0

dx
, (5.2.7)

where ṽ(x) is the velocity of the fluid, and p0(x) and v0(x) are known pressure and

velocity fields about which the Navier-Stokes equation is linearized. From equations

(5.2.6) and (5.2.7), it is evident that 1D ADR equation and 1D CDR equation have

similar mathematical forms. However, their physical underpinnings are completely

different, as the Navier-Stokes equation is obtained by substituting a specific constitu-

tive model into the balance of linear momentum.

5.2.1 Weak formulations

The following function spaces will be used in the rest of this chapter:

C :=
{
c(x) ∈ H1(Ω)

∣∣∣ c(x) = cp(x) on Γc
}
, (5.2.8a)

W :=
{
w(x) ∈ H1(Ω)

∣∣∣ w(x) = 0 on Γc
}
, and (5.2.8b)

Q :=
{

q(x) ∈ (L2(Ω))nd
∣∣∣ div[q(x)] ∈ L2(Ω)

}
, (5.2.8c)

where q(x) = c(x)v(x) − D(x)grad[c(x)] and H1(Ω) is a standard Sobolev space

Evans (1998). Given two vector fields a(x) and b(x) on a set K, the standard L2

inner product over K is denoted as:

(a; b)K =
∫

K

a(x) • b(x) dK. (5.2.9)

The subscript will be dropped if K = Ω. The most popular way to construct a weak

formulation is to employ the Galerkin formalism. Based on the manner in which one

applies the divergence theorem, the single-field Galerkin formulation for equations

(5.2.1a)–(5.2.1c) can be posed in two different ways.
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Single-field Galerkin formulation #1 (SG1): Find c(x) ∈ C such that we

have

(w;αc)− (grad[w] • v; c) + (grad[w]; D(x)grad[c])

+

(
w;

(
1 + Sign[v • n̂]

2

)
(v • n̂) c

)

Γq

= (w; f)− (w; qp)Γq ∀w(x) ∈ W. (5.2.10)

Single-field Galerkin formulation #2 (SG2): Find c(x) ∈ C such that we

have

(w; (α + div[v]) c) + (w; grad[c] • v) + (grad[w]; D(x)grad[c])

−
(
w;

(
1− Sign[v • n̂]

2

)
(v • n̂) c

)

Γq

= (w; f)− (w; qp)Γq ∀w(x) ∈ W. (5.2.11)

Note that the solution obtained will be the same regardless whether we use

either SG1 or SG2. However, this is not true if one uses total/diffusive flux on Neu-

mann boundary without giving due consideration to inflow and/or outflow Neumann

boundary conditions. For more details, see subsection 5.2.3.

5.2.2 Maximum principles and the non-negative constraint

A basic qualitative property of elliptic boundary value problems is the maximum

principle. This property gives a priori estimate for c(x) in Ω through its values on Γc.

The following assumptions will be made to present a continuous maximum principle

for ADR equations with both Dirichlet and Neumann boundary conditions:

(A1) Ω is piecewise smooth domain with Lipschitz continuous boundary ∂Ω.
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(A2) The scalar functions α : Ω→ R, (v)i : Ω→ R, and (D)ij : Ω→ R are continu-

ously differentiable in their respective domains for i = 1, · · · , nd. Furthermore,

f ∈ L2(Ω), qp ∈ L2(Γq), and cp = g∗|Γc with g∗ ∈ H1(Ω).

(A3) The diffusivity tensor is assumed to be symmetric, uniformly elliptic, and

bounded above. That is, there exists two constants (i.e., independent of x),

0 < γlb ≤ γub < +∞, such that we have

0 < γlby • y ≤ y •D(x)y ≤ γuby • y ∀y ∈ Rnd\{0}. (5.2.12)

(A4) The advection velocity field v(x) and the reaction coefficient α(x) are restricted

as:

0 ≤ α(x) + div [v(x)] ≤ β1(x) ∀x ∈ Ω, (5.2.13a)

0 ≤ α(x) +
1
2

div [v(x)] ≤ β2(x) ∀ x ∈ Ω, and (5.2.13b)

0 ≤ |v(x) • n̂(x)| ≤ β3(x) ∀x ∈ Γq, (5.2.13c)

where β1(x) ∈ Lnd/2(Ω), β2(x) ∈ Lnd/2(Ω), and β3(x) ∈ Lnd−1(Γq). It is as-

sumed that functions β1(x), β2(x), and β3(x) are bounded above for a unique

weak solution to exist based on the Lax-Milgram theorem.

(A5) The part of the boundary on which Dirichlet boundary condition is enforced is

not empty (i.e., Γc 6= ∅).

We shall use the standard abbreviation of a.e. for almost everywhere Evans (1998).

Theorem 5.2.2 (A continuous maximum principle). Let assumptions (A1)–(A5)

hold and let the unique weak solution c(x) of equations (5.2.1a)–(5.2.1c) belong to
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C1(Ω) ∩ C0(Ω). If f(x) ∈ L2(Ω) and qp(x) ∈ L2(Γq) satisfy:

f(x) ≤ 0 a.e. in Ω and (5.2.14a)

qp(x) ≥ 0 a.e. on Γq
+ ∪ Γq

− (5.2.14b)

then c(x) satisfies a continuous maximum principle of the following form:

max
x∈Ω

[c(x)] ≤ max
[
0,max

x∈Γc
[cp(x)]

]
. (5.2.15)

In particular, if cp(x) ≥ 0 then

max
x∈Ω

[c(x)] = max
x∈Γc

[cp(x)] (5.2.16)

If cp(x) ≤ 0 then we have the following non-positive property:

max
x∈Ω

[c(x)] ≤ 0 (5.2.17)

Proof. Let Φmax and m(x) are, respectively, defined as

Φmax := max
[
0,max

x∈Γc
[cp(x)]

]
and (5.2.18)

m(x) := max [0, c(x)− Φmax] (5.2.19)

It is easy to check that m(x) is a non-negative, continuous, and piecewise C1(Ω)

function. From equation (5.2.19), it is evident that m(x)|Γc = 0 and c(x) = m(x) +

Φmax for any x ∈ Ω unless m(x) = 0. Moreover, m(x) ∈ W. By choosing w(x) =
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m(x), the weak formulation given by equation (5.2.10) becomes:

(m;α(m+ Φmax))− (grad[m] • v; (m+ Φmax)) + (grad[m]; D grad[m])

+

(
m;

(
1 + Sign[v • n̂]

2

)
v • n̂ (m+ Φmax)

)

Γq

= (m; f)− (m; qp)Γq . (5.2.20)

It is easy to establish the following identities:

(m; v • n̂ (m+ Φmax))Γq = (grad[m] • v; (m+ Φmax)) + (m; div[v] (m+ Φmax))

+ (m; grad[m] • v), (5.2.21a)

2(grad[m] • v; (m+ Φmax)) = (m; v • n̂ (m+ Φmax))Γq − (m; div[v] (m+ Φmax))

− (Φmax; grad[m] • v), (5.2.21b)

(Φmax; grad[m] • v) = (Φmax; v • n̂m)Γq − (Φmax; div[v]m), and (5.2.21c)

(grad[m] • v; (m+ Φmax)) =
(
m; v • n̂

(
Φmax +

1
2
m
))

Γq

−
(
m; div[v]

(
Φmax +

1
2
m
))

. (5.2.21d)

Using the above identities, equation (5.2.20) can be written as:

(
m;
(
α +

1
2

div[v]
)
m
)

+ (m; (α + div[v]) Φmax) + (grad[m]; D grad[m])

+

(
m;
|v • n̂|

2
m

)

Γq

−
(
m;

(
1− Sign[v • n̂]

2

)
(v • n̂) Φmax

)

Γq

= (m; f)− (m; qp)Γq . (5.2.22)
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From equations (5.2.12) and (5.2.13a)–(5.2.13c), it is evident that

(
m;
(
α +

1
2

div[v]
)
m
)

+ (m; (α + div[v]) Φmax) + (grad[m]; D grad[m])

+

(
m;
|v • n̂|

2
m

)

Γq

−
(
m;

(
1− Sign[v • n̂]

2

)
v • n̂ Φmax

)

Γq

≥ 0. (5.2.23)

From equation (5.2.14) we have:

(m; f)− (m; qp)Γq ≤ 0. (5.2.24)

Therefore, one can conclude that

(
m;
(
α +

1
2

div[v]
)
m
)

+ (m; (α + div[v]) Φmax) + (grad[m]; D grad[m])

+

(
m;
|v • n̂|

2
m

)

Γq

−
(
m;

(
1− Sign[v • n̂]

2

)
(v • n̂) Φmax

)

Γq

= 0. (5.2.25)

In the light of assumption (A3) and equation (5.2.25), we need to have grad[m] = 0

(as D(x) is bounded below by a constant γlb). This further implies:

m(x) ≡ φ0 ≥ 0 ∀x ∈ Ω, (5.2.26)

where φ0 is a non-negative constant. Since m(x)|Γc = 0 and meas(Γc) > 0, we have

φ0 = 0. This implies that c(x) ≤ Φmax, which further implies the validity of the

inequality given by equation (5.2.15). Finally, equations (5.2.16) and (5.2.17) are

trivial consequences of equation (5.2.15).

We have employed the SG1 formulation in the proof of Theorem 5.2.2. One

will come to the same conclusion even under the SG2 formulation. By reversing the

signs in equation (5.2.14), one can easily obtain the following continuous minimum

principle.
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Corollary 5.2.3 (A continuous minimum principle). Let assumptions (A1)–(A5)

hold and let the unique weak solution c(x) of equations (5.2.1a)–(5.2.1c) belong to

C1(Ω) ∩ C0(Ω). If f(x) ∈ L2(Ω) and qp(x) ∈ L2(Γq) satisfy

f(x) ≥ 0 a.e. in Ω and (5.2.27a)

qp(x) ≤ 0 a.e. on Γq
+ ∪ Γq

− (5.2.27b)

then c(x) satisfies a continuous minimum principle of the following form:

min
x∈Ω

[c(x)] ≥ min
[
0,min

x∈Γc
[cp(x)]

]
. (5.2.28)

In particular, if cp(x) ≤ 0 then

min
x∈Ω

[c(x)] = min
x∈Γc

[cp(x)] . (5.2.29)

If cp(x) ≥ 0 then we have the following non-negative property:

min
x∈Ω

[c(x)] ≥ 0. (5.2.30)

This chapter also deals with transient analysis, and the details are provided in

Sections 5.4 and 5.7.

5.2.3 On appropriate Neumann BCs

Many existing numerical formulations Ayub and Masud (2003) and packages

such as ABAQUS Aba (2014), ANSYS Ans (2015), COMSOL Com (2014), and MAT-

LAB’s PDE Toolbox MAT (2015) do not pose the Neumann BCs in correct form for

advection-diffusion equations. These formulations and packages either use the diffu-

sive flux or the total flux on the entire Neumann boundary without discerning the
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following situations:

• Do we have inflow (i.e., v • n̂ ≤ 0) on the entire Neumann boundary?

• Do we have outflow (i.e., v • n̂ ≥ 0) on the entire Neumann boundary?

• Or do we have both inflow and outflow on the Neumann boundary?

These conditions will dictate whether the resulting boundary value problem is well-

posed or not. If a numerical formulation does not take into account these conditions,

the numerical solution can exhibit instabilities, which will have dire consequences in

mixing problems. To illustrate, consider the following 1D boundary value problem:

d

dx

(
vc−Ddc

dx

)
= 0 ∀x ∈ (0, L) and (5.2.31a)

c(x = 0) = c0, (5.2.31b)

where v, D and c0 are constants, and L is the length of the domain. We now consider

two different cases for the Neumann BC:

(
vc−Ddc

dx

)
= q0 at x = L and (5.2.32a)

−D dc

dx
= q0 at, x = L, (5.2.32b)

where q0 is a constant. Equation (5.2.32a) corresponds to the total flux BC while

equation (5.2.32b) is the diffusive flux BC. The analytical solutions for these two

different Neumann BCs are, respectively, given as:

c1(x) =
1
v

(
q0 + (vc0 − q0) e

vx
D

)
and (5.2.33a)

c2(x) =
1
v

(
vc0 + q0e

−vL
D − q0e

v(x−L)
D

)
. (5.2.33b)
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The solution c1(x) blows if v > 0, and c2(x) blows if v < 0. On the other hand, the

exact solution based on the Neumann BC given in equation (5.2.1c) is well-posed for

both inflow and outflow cases.

To summarize, the boundary value problem is well-posed under the prescribed

diffusive flux on the entire Neumann boundary if the flow is outflow on the entire

Γq. The boundary value problem is well-posed under the prescribed total flux on the

entire Neumann boundary if the flow is inflow on the entire Γq. The Neumann BC

given by equation (5.2.1c) is more general, and the boundary value problem under

this BC is well-posed even if the Neumann boundary is composed of both inflow and

outflow.

5.3 PLAUSIBLE APPROACHES AND THEIR SHORTCOMINGS

There are numerous numerical formulations available in the literature for advective-

diffusive-reactive systems. A cavalier look at these formulations can be deceptive, as

one may expect more than what these formulations can actually provide. We now

discuss some approaches that seem plausible to satisfy the maximum principle and

the non-negative constraint for an advective-diffusive-reactive system, and illustrate

their shortcomings. This discussion is helpful in two ways. First, it sheds light on the

complexity of the problem, and can bring out the main contributions made in this

chapter. Second, the discussion can provide a rationale behind the approach taken

in this chapter in order to develop the proposed computational framework. To start

with, it is well-known that the single-field Galerkin formulation does not perform well,

as it produces spurious node-to-node oscillations on coarse grids Donea and Huerta

(2003). The formulation also violates the non-negative constraint and maximum

principles for anisotropic medium, and does not possess element-wise species balance

property Nakshatrala and Valocchi (2009); Nagarajan and Nakshatrala (2011).
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5.3.1 Approach #1: Clipping/cut-off methods

There are various post-processing procedures such as clipping/cut-off methods

Burdakov et al. (2012); Kreuzer (2014) to ensure a certain numerical formulation

satisfies the non-negative constraint. The idea of these methods is to cut-off the

negative values in a numerical solution. This approach predicts erroneous numerical

results for highly anisotropic diffusion or advection-diffusion problems Nakshatrala

et al. (2013); Karimi and Nakshatrala (2015). Moreover, such a post-processing pro-

cedure is a variational crime. Furthermore, clipping/cut-off methods satisfy neither

maximum principles nor element-wise local species balance property.

5.3.2 Approach #2: Mesh restrictions

Recently, there has been a surge on the study of constructing meshes to satisfy

various discrete maximum principles both within the context of single-field and mixed

finite element formulations Huang (2014); Huang and Wang (2014); Mudunuru and

Nakshatrala (2015). The primary objective of these methods is to develop restrictions

on the computational meshes to meet the underlying principles. However, it should

be noted that there are various drawbacks for these methods. The important ones

are described as follows:

(i) Most of these mesh restriction methods are for simplicial meshes (such as three-

node triangular element and four-node tetrahedral element). Extending these

results to non-simplicial elements is not trivial or may not be possible.

(ii) The boundary conditions are restricted to only Dirichlet on the entire boundary

of the domain. Incorporating mixed boundary conditions or a general Neumann

BC given by equation (5.2.1c) has not been addressed.

(iii) Generating a DMP-based mesh for complex domains is extremely difficult and

sometimes impossible.
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(iv) For highly advection-dominated and reaction-dominated problems, we need a

highly refined DMP-based meshes. Constructing such meshes is computationally

intensive.

(v) Even though the mesh restriction conditions put forth for the weak Galerkin

method by Huang and Wang Huang and Wang (2014) is locally conservative, it

is restricted to pure anisotropic diffusion equations. Generalizing it to obtain

locally conservative DMP-based meshes for anisotropic ADR equations is not

apparent. Moreover, it still suffers from the above set of drawbacks.

5.3.3 Approach #3: Using non-negative methodologies for diffusion equa-

tions

Recently, optimization-based finite element methods Liska and Shashkov (2008);

Nakshatrala and Valocchi (2009); Nagarajan and Nakshatrala (2011); Nakshatrala

et al. (2013) are proposed to satisfy the non-negative constraint and maximum prin-

ciples for diffusion-type equations. These non-negative methodologies are for self-

adjoint operators and are constructed by invoking Vainberg’s theorem Vainberg (1964).

That is, they utilize the fact that there exists a scalar functional such that the

Gâteaux variation of this functional provides the weak formulation and the Euler-

Lagrange equations provide the corresponding governing equations for the diffusion

problem. Corresponding to this continuous variational/minimization functional, a

discrete non-negative constrained optimization-based finite element method is devel-

oped. Unfortunately, such a variational principle based on Vainberg’s theorem does

not exist for the Galerkin weak formulation for an ADR equation, as the spatial

operator is non-self-adjoint Nakshatrala and Valocchi (2010).
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5.3.4 Approach #4: Posing the discrete equations as a P -LCP

Let h be the maximum element size, ‖v‖∞,Ω be the maximum value for advection

velocity field, α∞,Ω be the maximum value for linear reaction coefficient, and λmin

be the minimum eigenvalue of D(x) in the entire domain. Mathematically, these

quantities are defined as:

h := max
Ωe∈Ωh

[hΩe
] , (5.3.1a)

‖v‖∞,Ω := max
1≤i≤nd

[|(v(x))i|] ∀x ∈ Ω, (5.3.1b)

α∞,Ω := max
x∈Ω

[α(x)] , (5.3.1c)

λmin := min
x∈Ω

[
λmin,D(x)

]
, and (5.3.1d)

λmax := max
x∈Ω

[
λmax,D(x)

]
, (5.3.1e)

where Ωh is a regular linear finite element partition of the domain Ω such that Ωh =
⋃Nele

e=1 Ωe. “Nele” is the total number of discrete non-overlapping open sub-domains.

The boundary of Ωe is denoted as ∂Ωe := Ωe − Ωe. hΩe
is the diameter of element

Ωe. λmin,D(x) and λmax,D(x) are, respectively, the minimum and maximum eigenvalue

of D(x) at a given point x ∈ Ω. Correspondingly, the element Péclet number Peh

and the element Damköhler number Dah are defined as:

Peh :=
‖v‖∞,Ωh

2λmin

and (5.3.2a)

Dah :=
α∞,Ωh

2

λmin

. (5.3.2b)

Herein, Dah is defined based on linear reaction coefficient and diffusivity. However,

it should be noted that there are various ways to construct different types of element

Damköhler numbers (for instance, see Reference Chung (2010) for isotropic diffusiv-

ity).
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After low-order finite element discretization of either SG1 or SG2, the discrete

equations for the ADR boundary value problem take the following form:

Kc = f , (5.3.3)

where K is the stiffness matrix (which is neither symmetric nor positive definite), c

is the vector containing nodal concentrations, and f is the volumetric source vector.

The matrix K is of size ncdofs×ncdofs, where “ncdofs” denotes the number of free

degrees-of-freedom for the concentration. The vectors c and f are of size ncdofs×1.

In the rest of this chapter, the symbols � and � will be used to denote the

component-wise comparison of vectors and matrices. That is, given two vectors a

and b, a � b means that (a)i ≤ (b)i for all i. Likewise, given two matrices A and

B, A � B means that (A)ij ≤ (B)ij for all i and j. The mathematical means of the

symbols �, ≺ and ≻ should now be obvious. We shall use 0 and O to denote zero

vector and zero matrix, respectively.

Definition 5.3.1 (P-matrix, Z-matrix, and M-matrix). A matrix A ∈ Rnd×nd

is a P -matrix if 1
2

(
A + AT

)
is positive-definite. The matrix is a Z-matrix if (A)ij ≤

0, where i 6= j and i, j = 1, · · · , nd. The matrix is an M-matrix if A is a P -matrix

and a Z-matrix.

Definition 5.3.2 (Coarse mesh demarcation for anisotropic ADR equations).

A regular low-order finite element computational mesh Ωh is said to be coarse with

respect to

(a) spurious oscillations if Peh > 1

(b) spurious oscillations and large linear reaction coefficient if Peh > 1 and Dah > 1

(c) spurious oscillations, large linear reaction coefficient, and a discrete maximum

principle if the stiffness matrix K associated with either SG1 or SG2 is not an
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M-matrix

It can be easily shown through counterexamples that the stiffness matrix K for

ADR equation will not always be a Z-matrix. We shall now provide two such coun-

terexamples. The first counterexample is the low-order finite element discretization

based on two-node linear element for the following 1D ADR equation (with constant

velocity, diffusivity, and linear reaction coefficients):

αc+ v
dc

dx
−Dd2c

dx2
= f(x) ∀x ∈ Ω := (0, 1) and (5.3.4a)

c(x) = cp(x) ∀x ∈ ∂Ω := {0, 1} (5.3.4b)

with α ≥ 0, D > 0, and v ∈ R. The entries of stiffness matrix K for an ith

intermediate node (using equal-sized two-node linear finite element) is given as follows:

αh

6

[
1 4 1

]




ci−1

ci

ci+1





+
v

2

[
−1 0 1

]




ci−1

ci

ci+1





+
D

h

[
−1 2 −1

]




ci−1

ci

ci+1





. (5.3.5)

On trivial manipulations on equation (5.3.5), it is evident that the stiffness matrix

is a Z-matrix if and only if the following condition is satisfied:

h ≤ hmax :=
12D

3|v|+
√

9v2 + 24αD
(5.3.6)

which is not always the case. The second counterexample is based on a simplicial finite

element discretization (e.g., three-node triangular/four-node tetrahedron element) of

ADR equation with Dirichlet BCs on the entire boundary. If any nd-simplicial mesh

does not satisfy the following condition then K is not a Z-matrix (Mudunuru and
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Nakshatrala, 2015, Theorem 4.3):

0 <
hp ‖v‖∞,Ωe

(nd+ 1) Λ
min,D̃Ωe

+
hp hq α∞,Ωe

(nd+ 1) (nd+ 2) Λ
min,D̃Ωe

≤ cos(β
pq,D̃

−1

Ωe

)

∀p, q = 1, 2, · · · , nd+ 1, p 6= q, Ωe ∈ Ωh, (5.3.7)

where p and q are the any two given arbitrary vertices of Ωe. D̃Ωe
is the integral

element average anisotropic diffusivity. Λ
min,D̃Ωe

denotes the minimum eigenvalue of

D̃Ωe
. hp and hq are the perpendicular distance (or the height) from vertices p and

q to their respective opposite faces. β
pq,D̃

−1

Ωe

is the dihedral angle measured in D̃
−1

Ωe

metric between two faces opposite to vertices p and q of an element Ωe.

Proposition 5.3.3 (P-matrix linear complementarity problem for ADR equations).

Given that assumptions (A1)–(A5) hold, then the stiffness matrix K associated with

low-order finite element discretization of either SG1 or SG2 is a P -matrix. Further-

more, if c has to be DMP-preserving on any arbitrary coarse mesh, then the resulting

constrained discrete equations of single-field Galerkin formulation can be posed as a

P -LCP.

Proof. We prove only for SG1 formulation and extending it to SG2 is a trivial manip-

ulation. The symmetric part of the element stiffness matrix Ke is given as:

1
2

(
Ke + KT

e

)
=
∫

Ωe

(
α(x) +

1
2

div[v(x)]
)

NTN dΩe +
∫

Ωe

BD(x)BT dΩe

+
∫

Γq
e

1
2
|v • n̂|NTN dΓq

e, (5.3.8)

where N is row vector containing shape functions and B = (DN)J−1 (see Appendix

7.1 for details on DN and J). From equation (5.3.8) and assumptions (A1)–(A5), it is

evident 1
2

(
Ke + KT

e

)
is positive semi-definite. Furthermore, the assembly procedure

ensures that the global stiffness matrix K is positive definite (Wathen, 1989, Section
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2 and Section 3). As the mesh is coarse, K is not an M-matrix. But we want c to

satisfy the DMP constraints. Hence, this results in the following constrained discrete

system of equations:

Kc = f + λ, (5.3.9a)

λ � 0, (5.3.9b)

c � 0, and (5.3.9c)

λ • c = 0. (5.3.9d)

As K is a P -matrix, the above system is a P -matrix linear complementarity problem.

This completes the proof.

It needs to be emphasized that solving a LCP problem with P-matrix is, in

general, NP-hard Rüst (2007). Therefore, posing the discrete equations as a LCP

problem and numerically solving it is not a viable approach, especially for large-scale

ADR problems with high Peh. Moreover, it is not always feasible to find a DMP-based

h-refined mesh that will produce accurate results for ADR equation for sufficiently

high element Péclet number and element Damköhler number.

5.3.5 Approach #5: Posing the discrete problem as constrained normal

equations

One way of constructing an optimization-based approach to meet the non-

negative constraint is to rewrite the discrete problem as the following constrained

normal equations:

minimize
c ∈Rncdofs

1
2
〈c; KTKc〉 − 〈c; KTf〉 and (5.3.10a)

subject to c � 0, (5.3.10b)
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where 〈•; •〉 denotes the standard inner-product in Euclidean spaces. The correspond-

ing first-order optimality conditions can be written as follows:

KTKc = KTf + λ, (5.3.11a)

c � 0, (5.3.11b)

λ � 0, and (5.3.11c)

λici = 0 ∀i = 1, · · · , ncdofs. (5.3.11d)

If there are no constraints, the optimization problem becomes:

minimize
c ∈Rncdofs

1
2
〈c; KTKc〉 − 〈c; KTf〉. (5.3.12)

The first-order optimality condition for the unconstrained discrete optimization prob-

lem is:

KTKc = KTf . (5.3.13)

In the numerical mathematics literature (e.g., see Demmel (1997)), the above system

of equations (5.3.13) is referred to as normal equations. The three main deficiencies

of this approach are:

(i) The constrained optimization-based normal equations method does not avoid

node-to-node spurious oscillations. In addition, there is no obvious way of fixing

the method to avoid this type of unphysical solutions.

(ii) It is well-known that the condition number of KTK will be much worse than

K. So the numerical solution will be less reliable, less accurate, and numerically

not stable Demmel (1997).
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(iii) The discrete optimization problem given by equation (5.3.12) on which non-

negative constraints are enforced does not have a corresponding continuous

variational/minimization problem.

We shall use the following academic problem to illustrate the aforementioned

deficiencies:

v
dc

dx
−Dd2c

dx2
= f ∀x ∈ (0, 1) and (5.3.14a)

c(x = 0) = c(x = 1) = 0, (5.3.14b)

where v, D, and f are assumed to be constants. In our numerical experiment, we have

taken the number of mesh elements to be 11, v/D = 150, and f = 1. The element

Péclet number (Peh = vh
2D

) is approximately 6.82. Since it is greater than unity, there

be will spurious node-to-node oscillations under the standard single-field Galerkin

formulation. From Figure 5.2, it is evident that the normal equations approach does

not eliminate the spurious node-to-node oscillations. The condition number of the

stiffness matrix under the standard single-field Galerkin formulation is 8.41, whereas

the condition number of the stiffness matrix under the normal equations approach

is 70.69. For small element Péclet numbers, deficiency (i) can be avoided. But

deficiencies (ii) and (iii) will still be present and cannot be circumvented. Hence,

posing the discrete problem as constrained normal equations is not a viable approach

to meet maximum principles and the non-negative constraint.

5.4 PROPOSED COMPUTATIONAL FRAMEWORK

We employ least-squares formalism to develop a class of structure-preserving nu-

merical formulations whose solutions satisfy DMP, LSB, and GSB. The formulations

are built based on minimization of unconstrained/constrained quadratic least-squares
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functionals. In a least-squares-based finite element formulation, a non-physical least-

squares functional is constructed in terms of the sum of the squares of the residuals

in an appropriate norm. These residuals are based on the underlying governing equa-

tions. However, it should be noted that LSFEMs are different from the Galerkin

least-squares or stabilized mixed methods, where least-squares terms are added lo-

cally or globally to variational problems.

The success of LSFEM is due to the rich mathematical foundations that in-

fluence both the analysis and the algorithmic development. LSFEM offers several

attractive features. The resulting weak formulations are coercive. Hence, a unique

global minimizer exists for the least-squares functional and this minimizer coincides

with the exact solution. Conforming finite element discretizations of least-squares

functionals leads to stable and (eventually) optimally accurate numerical solutions.

For mixed LSFEM-based formulations, equal order interpolation can be used for all

the unknowns, which is computationally the most convenient. The resulting algebraic

system is symmetric and positive definite. Thus, the discrete system can be solved

using standard and robust iterative numerical methods. For more details on LSFEM

for various applications, see Bochev and Gunzberger Bochev and Gunzburger (2009)

0 0.2 0.4 0.6 0.8 1
x

0

0.005

0.01

0.015

c(
x)

Exact solution
Galerkin solution
Normal equations

Figure 5.2: Academic problem: This figure compares the numerical solution with the exact
solution.
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and Jiang Jiang (1998).

5.4.1 Design synopsis of the proposed numerical methodology

The central idea of the proposed computational framework is to constrain a least-

squares functional with LSB and non-negative constraints. The main steps involved

in the design of the proposed computational framework are:

(i) The governing equations of the ADR problem are written in first-order mixed

form.

(ii) We construct a stabilized least-squares functional for these first-order governing

equations.

(iii) We construct algebraic equality constraints to enforce element-wise/local species

balance (LSB).

(iv) We enforce bound constraints to the constructed LSFEM to meet maximum

principles and the non-negative constraint in the discrete setting. In order to

achieve this, we shall use low-order finite element interpolation for c(x).

The first-order mixed form of the governing equations can be written as:

q(x)− v(x)c(x) + D(x)grad[c(x)] = 0 in Ω, (5.4.1a)

div[q(x)] = f(x)− α(x)c(x) in Ω, (5.4.1b)

c(x) = cp(x) on Γc, and (5.4.1c)
(

q(x)−
(

1 + Sign[v • n̂]
2

)
v(x)c(x)

)
• n̂(x) = qp(x) on Γq. (5.4.1d)

The bound constraints to meet discrete maximum principles take the following form:

cmin1 � c � cmax1 in Ωh, (5.4.2)
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where cmin and cmax are the minimum and maximum concentration values possible in

Ω. The LSB equality constraints can be constructed in two different ways. The first

approach is based on the integral statement of the balance of species on an element,

and takes the following mathematical form:

∫

Ωe

α(x)c(x) dΩe +
∫

∂Ωe

q(x) • n̂(x) dΓe =
∫

Ωe

f(x) dΩe. (5.4.3)

The second approach is to enforce equation (5.4.1b) in each mesh element Ωe in an

integral form:

∫

Ωe

α(x)c(x) dΩe +
∫

Ωe

div[q(x)] dΩe =
∫

Ωe

f(x) dΩe. (5.4.4)

One can obtain equation (5.4.3) by applying the divergence theorem to equation

(5.4.4), which means that these two approaches are equivalent in the continuous set-

ting. This will not always be the case in the discrete setting. In the case of simplicial

and non-simplicial low-order finite elements, these approaches are equivalent. How-

ever, these two approaches can be different in the case of higher-order finite elements.

This is because in certain higher-order finite elements (e.g., nine-node quadrilateral

element), not all the nodes are on the boundary of the element. The flux at an

interior node contributes to the second integral in equation (5.4.4) but not to the

corresponding term in equation (5.4.3). These issues are beyond the scope of this

chapter. Herein, we take the first approach given by equation (5.4.3).

We next construct two different least-squares functionals and analyze the influ-

ence of various constraints on the performance of these LSFEMs. It should be noted

that Hsieh and Yang Hsieh and Yang (2009) have proposed similar least-squares func-

tionals, but they considered homogeneous isotropic steady-state advection-diffusion

equations. Moreover, even in the simple setting of isotropic diffusivity, they did
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not consider general Neumann BCs, spatially varying velocity fields, simplicial vs.

non-simplicial elements, or the effects of DMPs and LSB on the performance of the

least-squares functionals. This chapter investigates all the mentioned aspects: we

incorporate anisotropy, heterogeneity, transient effects, linear reaction terms, non-

solenoidal spatially varying velocity fields, and DMP and LSB constraints.

5.4.2 Weighted primitive LSFEM

The weighted primitive LSFEM is the standard way of constructing a LSFEM-

based formulation. It does not contain any additional stabilization terms. The

weighted primitive least-squares functional FPrim(c,q) : C × Q → R in L2-norm can

be written as

FPrim (c,q) :=
1
2

∥∥∥∥A(x)
(
q − cv + Dgrad[c]

)∥∥∥∥
2

Ω

+
1
2

∥∥∥∥β(x)
(
αc+ div[q]− f

)∥∥∥∥
2

Ω

+
1
2

∥∥∥∥∥∥

(
q −

(
1 + Sign[v • n̂]

2

)
cv

)
• n̂− qp

∥∥∥∥∥∥

2

Γq

, (5.4.5)

where the second-order tensor A(x) and the scalar function β(x) are the weights,

which are defined as follows:

A(x) =





I LS Type-1

D−1/2(x) LS Type-2
and (5.4.6a)

β(x) =





1 LS Type-1

1 if α(x) = 0

α−1/2(x) if α(x) 6= 0





LS Type-2.
(5.4.6b)

A corresponding weak form can be obtained by setting the Gâteaux variation of the

functional (5.4.5) to zero. We shall show in Sections 5.6 and 5.7 that a naive way of
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constructing LSFEM formulation, just like the weighted primitive LSFEM, does not

perform well for advection-dominated ADR problems. Moreover, enforcing LSB and

DMP constraints do not seem to have a profound effect. In order to adequately cap-

ture steep boundary and interior layers, we introduce an alternate stabilized LSFEM

formulation, which will be referred to as the weighted negatively stabilized streamline

diffusion LSFEM. This stabilized LSFEM formulation will be able to handle a wide

spectrum of ADR problems ranging from advection-dominated to reaction-dominated

problems.

5.4.3 Weighted negatively stabilized streamline diffusion LSFEM

The underlying idea of the proposed stabilized LSFEM formulation is to combine

the streamline diffusion and stabilized Galerkin formulations. This is motivated by

the prior studies that combining these two formulations exhibit enhanced stability

(for example, see Lazarov et al. (1997); Hsieh and Yang (2009)). In this formulation,

we introduce a small element-wise stabilization parameter δΩe to correct q(x) in the

streamline direction by adding second-order derivatives of c(x). The modified flux

along the streamline direction takes the following form:

q = cv−Dgrad[c] + δΩev (div[cv−Dgrad[c]]) . (5.4.7)

Correspondingly, the species balance equation accounting for these corrections will

be:

αc+ div[q] = f + fδΩe
, (5.4.8)

where

fδΩe
:= δΩe

(
grad[f − αc] • v + div[v] (f − αc)

)
. (5.4.9)
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The modification to the flux (given by equations (5.4.7)–(5.4.9)) will present two

different ways of constructing Neumann BCs.

The first way utilizes the quantities q(x), c(x), α(x), and f(x), and takes the

following form:

(
q −

(
1 + Sign[v • n̂]

2

)
cv− δΩe

(f − αc) v

)
• n̂(x) = qp(x) on Γq. (5.4.10)

The second way utilizes q(x), c(x), and the first and second derivatives of c(x). The

corresponding expression for Neumann BCs takes the following form:

(
q −

(
1 + Sign[v • n̂]

2

)
cv− δΩe

(div[cv−Dgrad[c]]) v

)
• n̂(x) = qp(x) on Γq. (5.4.11)

In the continuous setting, equations (5.4.10) and (5.4.11) are equivalent. However,

in the discrete setting, the performance of these equations can be different based on

the kind of (finite) element being employed. For example, for simplicial elements

(such as three-node triangular (T3) element and four-node tetrahedral (T4) element)

and four-node quadrilateral (Q4) element, both div[grad[c(x)]] and grad[grad[c(x)]]

are zero for Ωe ∈ Γq. This is because the Hessian of N , which is DDN , is a zero

matrix for both two-node linear (L2) and three-node triangular elements. For more

details, see Appendix 7.1. But, this is not the case with non-simplicial linear finite

elements for nd = 3 and higher-order finite elements (in any dimension). Hence,

the Neumann BCs based on equation (5.4.11) are not always physically consistent.

However, Neumann BCs based on equation (5.4.10) are always consistent irrespective

of the finite element used. Herein, we have chosen Neumann BCs given by equation

(5.4.10).

Based on the above set of equations (5.4.7)–(5.4.10), we construct a L2-norm

based least-squares functional. Additionally, as in the Galerkin least-squares method,
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we add a stabilization term to this functional. This stabilization term is:

1
2

∑

Ωe∈Ωh

τΩe

∥∥∥∥div
[
cv−Dgrad[c]

]
+ αc− f

∥∥∥∥
2

Ωe

. (5.4.12)

The least-squares functional for the weighted negatively stabilized streamline diffusion

formulation FNgStb(c,q) : C ×Q → R in L2-norm takes the following form:

FNgStb (c,q) :=
1
2

∑

Ωe∈Ωh

∥∥∥∥A(x)
(
q − cv + Dgrad[c]− δΩev (div[cv−Dgrad[c]])

)∥∥∥∥
2

Ωe

+
1
2

∑

Ωe∈Ωh

∥∥∥∥β(x)
(
αc+ div[q]− f − fδΩe

)∥∥∥∥
2

Ωe

+
1
2

∑

Ωe∈Γq

∥∥∥∥∥∥

(
q −

(
1 + Sign[v • n̂]

2

)
cv− δΩe (f − αc) v

)
• n̂− qp

∥∥∥∥∥∥

2

Ωe

+
1
2

∑

Ωe∈Ωh

τΩe

∥∥∥∥div
[
cv−Dgrad[c]

]
+ αc− f

∥∥∥∥
2

Ωe

. (5.4.13)

The element dependent parameters τΩe ≤ 0 and δΩe ≤ 0 are given as

δΩe = − δoλminh
2
Ωe(

λ2
max + δ1 max

x∈Ω

[
(α+ div[v])2

]
h2 + δ2 max

x∈Ω

[
‖div[D]‖2

]
h2

) and (5.4.14a)

τΩe = − τoλ
2
minh

2
Ωe(

λ2
max + τ1 max

x∈Ω

[
(α + div[v])2

]
h2 + τ2 max

x∈Ω

[
‖div[D]‖2

]
h2

) , (5.4.14b)

where δo, δ1, δ2, τo, τ1, and τ2 are non-negative constants. Section 5.5 provides a

thorough mathematical justification behind the above stabilization parameters.

For unconstrained LSFEMs, the errors incurred in satisfying LSB and GSB can

be calculated as

ǫ(e)
LSB =

∫

Ωe

α(x)c(x) dΩ +
∫

∂Ωe

q(x) • n̂(x) dΓ−
∫

Ωe

f(x) dΩ and (5.4.15a)

ǫGSB =
Nele∑

e=1

ǫ(e)
LSB
, (5.4.15b)
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where c(x) and q(x) are the solutions obtained by solving a given unconstrained LS-

FEM. In numerical h-convergence study, we are interested in the following quantities

with respect to h-refinement:

ǫMaxAbsLSB = max
Ωe∈Ωh

[
|ǫ(e)

LSB
|
]

and (5.4.16)

ǫAbsGSB = |ǫGSB|. (5.4.17)

Few remarks about the species balance are in order. In writing equation (5.4.17), we

have assumed that the mesh is conforming, and the test and trial functions belong to

C0(Ω) (i.e., there is inter-element continuity of the functions). Under the proposed

computational framework, we place explicit (equality) constraints to meet ǫ(e)
LSB =

0 ∀e = 1, · · · , Nele. By meeting the local species balance, the global species balance

is trivially met.

5.4.4 Discrete equations

Let Kcc denote the stiffness matrix obtained by lower-order finite element dis-

cretization of the LSFEM terms involving c(x) and w(x). Similarly, we can define the

stiffness matrices Kcq, Kqc, and Kqq. The load vectors are denoted by rc and rq,

respectively. These vectors are obtained from the finite element discretization of the

LSFEM terms involving w(x) and p(x). It should be noted that the stiffness matrices

Kcc and Kqq are symmetric and positive definite. Furthermore, Kqc = KT
cq.

The corresponding constrained optimization problem in the discrete setting for
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the proposed locally conservative DMP-preserving LSFEMs can be written as follows:

minimize
c ∈Rncdofs

q ∈Rnqdofs

1
2
〈c; Kccc〉+ 〈c; Kcqq〉+

1
2
〈q; Kqqq〉 − 〈c; rc〉 − 〈q; rq〉 and (5.4.18a)

subject to





Acc + Aqq = bf

cmin1 � c � cmax1

, (5.4.18b)

where “nqdofs” denotes the number of degrees-of-freedom for the flux vector, and

“ncdofs” denotes the number of degrees-of-freedom for the concentration. The vector

of size ncdofs×1 with all entries to be unity is denoted as 1. Recall that 〈•; •〉 denotes

the standard inner-product on the Euclidean spaces. The finite element discretization

of the local species balance equation gives rise to the global LSB matrices Ac and Aq,

and the global LSB vector bf . The matrices Ac and Aq are of sizes Nele × ncdofs

and Nele × nqdofs, respectively. Similar inference can be drawn on the sizes of

bf , rc, rq, Kcq, and Kqq. Since Kqc = KT
cq and the matrices Kcc and Kqq

are symmetric and positive definite, the constrained optimization problem (5.4.18a)–

(5.4.18b) belongs to convex quadratic programming and has a unique global minimizer

Boyd and Vandenberghe (2004). The corresponding first-order optimality conditions

– popularly known as the Karush-Kuhn-Tucker (KKT) conditions – for this discrete
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optimization problem take the following form:

Kccc + Kcqq = rc −AT
c λc + µmin − µmax, (5.4.19a)

KT
cqc + Kqqq = rq −AT

q λq, (5.4.19b)

Acc + Aqq = bf , (5.4.19c)

µmin � 0, (5.4.19d)

µmax � 0, (5.4.19e)

(c− cmin1) • µmin = 0, and (5.4.19f)

(cmax1− c) • µmax = 0, (5.4.19g)

where λc and λq are the Lagrange multipliers enforcing the LSB equality constraints,

which stem from equation (5.4.19c). µmin and µmax are the KKT multipliers enforcing

the DMP inequality constraints given by cmin1 � c and c � cmax1. Note that the

non-negative constraint is a subset of the DMP inequality constraints. To wit, setting

cmin = 0 and cmax = +∞ will result in explicit non-negative constraints on the nodal

concentrations.

In the next two sections, we illustrate the performance of the proposed compu-

tational framework for advection-dominated ADR problems and transport-controlled

irreversible fast bimolecular reactions. In all the numerical simulations reported in

this chapter, the constrained optimization problem is solved using the MATLAB’s

MAT (2015) built-in function handler quadprog, which has a robust solver based

on an interior-point numerical algorithm presented in References Gould and Toint

(2004); Mehrotra (1992); Gondzio (1996). One can alternatively employ the opti-

mization solvers from SciPy Jones et al. (2014). The tolerance in the stopping crite-

rion for solving convex quadratic programming problems is taken as 100ǫmach, where

ǫmach ≈ 2.22× 10−16 is the machine precision for a 64-bit machine.
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There are various approaches to numerically solve transient diffusion-type sys-

tems. It is desirable to have a numerical strategy that converts and utilizes the

solvers for steady-state diffusion-type equations to solve transient systems. It has

been recently shown that the method of horizontal lines using the backward Euler

time-stepping scheme is one of the viable approaches to respect maximum principles

and the non-negative constraint in the discrete setting Nakshatrala et al. (2013). The

method of horizontal lines discretizes the time domain first, and thereby converts the

transient ADR equations at each time-level into a system of governing equations sim-

ilar to (5.2.1a)–(5.2.1c). This methodology, thus, helps us to use the computational

framework provided in Section 5.4. One can employ a numerical procedure similar to

Algorithm 1 provided in Reference Nakshatrala et al. (2013) to advance the numer-

ical solution over the time. Numerical results for transient systems are presented in

Section 5.7.

5.5 COERCIVITY, ERROR ESTIMATES, AND STABILIZATION PA-

RAMETERS

Herein, we shall establish coercivity and error estimates for the homogeneous

weighted LSFEMs (i.e., cp(x) = 0 on ∂Ω). Based on this mathematical analysis, we

obtain the stabilization parameters that are used in this chapter for the weighted

negatively stabilized streamline diffusion LSFEM. To this end, let Hm(Ω) denote the

standard Sobolev space for a given non-negative integer m Evans (1998). The associ-

ated standard inner product and norm are denoted by (•; •)m and ‖•‖m, respectively.

On the function space Q, the inner product (•; •)div and norm ‖ • ‖div are defined as:

(p; q)div := (p; q)0 + (div[p]; div[q])0 ∀p,q ∈ Q and (5.5.1a)

‖p‖2
div := ‖p‖2

0 + ‖div[p]‖2
0 ∀p ∈ Q. (5.5.1b)
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The Poincaré-Friedrichs inequality takes the following form Bochev and Gunzburger

(2009): there exists a constant Cpf > 0 such that we have

‖u‖0 ≤ Cpf‖grad[u]‖0 ∀u ∈ H1
0 (Ω), (5.5.2)

Consider the classical weighted primitive least-squares functional FPrim ((c,q) , f)

given by equation (5.4.5) with c(x) = 0 on ∂Ω. If (c,q) ∈ C ×Q is an exact solution

of the equations (5.2.1a)–(5.2.1c), then (c,q) must be a unique zero minimizer of

FPrim ((c,q) , f) on C ×Q. Hence, for any ǫ ∈ R, we have

d

dǫ
FPrim ((c,q) + ǫ (w,p) , f)

∣∣∣∣
ǫ=0

= 0 ∀ (w,p) ∈ W ×Q, (5.5.3)

which is identical to

BPrim ((c,q) ; (w,p)) = LPrim ((w,p)) ∀ (w,p) ∈ W ×Q, (5.5.4)

where BPrim(•; •) and LPrim(•) are the corresponding bilinear and linear forms for

the weighted primitive least-squares functional FPrim. It should be noted that

BPrim ((w,p) ; (w,p)) = FPrim ((w,p) , f = 0) ∀ (w,p) ∈ W ×Q. (5.5.5)

Equation (5.5.5) is used to prove coercivity and boundedness estimates for the bilinear

form BPrim. Now consider the finite element discretization of the equation (5.5.4).

Let Ch ⊆ C, Wh ⊆ W, and Qh ⊆ Q be the finite element function spaces spanned by

piecewise polynomials of degree less than or equal to r over Ωh. It should be noted

that r is an integer and r ≥ 1. Then, the discrete weighted primitive LSFEM can be
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written as follows: Find (ch,qh) ∈ Ch ×Qh such that

BPrim ((ch,qh) ; (wh,ph)) = LPrim ((wh,ph)) ∀ (wh,ph) ∈ Wh ×Qh, (5.5.6)

where (ch,qh) is the finite element solution with respect to the chosen basis functions

spanning the finite element space Ch×Qh. Similar inference holds for FNgStb((c,q), f),

BNgStb, and LNgStb.

We assume that Ωh is quasi-uniform Jiang (1998); Bochev and Gunzburger

(2009). That is, there exists a constant Ĉ > 0 independent of h such that h ≤ ĈhΩe

for all Ωe ∈ Ωh. Additionally, we assume that the following inverse inequality holds

on these quasi-uniform meshes. There exists a constant C̃ > 0 independent of h such

that

C̃
∑

Ωe∈Ωh

h2
Ωe

∥∥∥div[grad[ch]]
∥∥∥

2

0,Ωe

≤ ‖grad[ch]‖2
0 ∀ch ∈ Ch and (5.5.7a)

∥∥∥D • grad[grad[ch]]
∥∥∥

0
≤
∥∥∥tr[D]tr[grad[grad[ch]]]

∥∥∥
0

= tr[D]
∥∥∥div[grad[ch]]

∥∥∥
0
∀ch ∈ Ch, (5.5.7b)

where tr[•] is the trace of a matrix. In proposing equation (5.5.7b), we assumed that

the Hessian of ch, grad[grad[ch]], is positive semi-definite.

All the results presented here are applicable for a general anisotropic diffusivity

tensor, advection velocity vector field, and linear reaction coefficient. One can obtain

simplified results for isotropy by taking D(x) = D(x)I, where I is an identity tensor.

Theorem 5.5.1 (Coercivity for weighted primitive LSFEM). There exist con-

stants CPrim1 > 0 and CPrim2 > 0 independent of D and h such that for all (wh,ph) ∈
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Wh ×Qh:

FPrim ((wh,ph) , f = 0) ≥ CPrim1γ
2
minλ

2
min‖grad[wh]‖2

0 and (5.5.8a)

FPrim ((wh,ph) , f = 0) ≥ CPrim2γ
2
minλ

2
min

(
‖wh‖2

1 +
‖ph‖2

div

1 + λ2
min + λ2

max

)
(5.5.8b)

where the positive constant γmin is:

γmin := min

[
1,min

x∈Ω
[β(x)] ,min

x∈Ω

[
λmin,A(x)

]]
, (5.5.9)

where λmin,A(x) is the minimum eigenvalue of A(x) at a given point x ∈ Ω.

Proof. Consider the weighted primitive least-squares functional (5.4.5) with f = 0.

Equation (5.5.9) implies:

2FPrim

γ2
min

≥
∥∥∥∥ph − whv + Dgrad[wh]− µgrad[wh]

∥∥∥∥
2

0,Ω
+
∥∥∥∥αwh + div[ph]− µwh

∥∥∥∥
2

0,Ω

+ 2µ (ph − whv + Dgrad[wh]; grad[wh])0,Ω + 2µ (αwh + div[ph];wh)0,Ω

− µ2‖wh‖2
0,Ω − µ2‖grad[wh]‖2

0,Ω, (5.5.10)

where µ is a positive constant, which will be determined later. Using Poincaré-

Friedrichs inequality and Green’s formulae, equation (5.5.10) can be written as

2FPrim

γ2
min

≥ µ
(
2λmin − µ

(
1 + C2

pf

))
‖grad[wh]‖2

0,Ω. (5.5.11)

We obtain equation (5.5.8a) by choosing

µ =
λmin

1 + C2
pf

. (5.5.12)

There exist two non-negative constants Cv and Cα (for instance, Cv = max
x∈Ω

[
‖v‖2

]
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and Cα = max
x∈Ω

[
α2
]
) such that

‖wh‖2
1 = ‖wh‖2

0 + ‖grad[wh]‖2
0 ≤

2
(
1 + C2

pf

)2

γ2
minλ

2
min

FPrim, (5.5.13a)

‖ph‖2
0 ≤ 2‖ph − whv + Dgrad[wh]

∥∥∥∥
2

0,Ω
+ 2‖ − whv + Dgrad[wh]

∥∥∥∥
2

0,Ω

≤

1 +

2CvC
2
pf

(
1 + C2

pf

)

λ2
min

+ 2
(
1 + C2

pf

) λ2
max

λ2
min


 4FPrim

γ2
min

, (5.5.13b)

‖div[ph]‖2
0 ≤ 2

∥∥∥αwh + div[ph]
∥∥∥

2

0,Ω
+ 2

∥∥∥αwh

∥∥∥
2

0,Ω

≤

1 +

CαC
2
pf

(
1 + C2

pf

)

λ2
min


 4FPrim

γ2
min

. (5.5.13c)

It is easy to check that inequalities (5.5.13a)–(5.5.13c) imply inequality (5.5.8b).

Theorem 5.5.2 (Coercivity and boundedness estimate for NSSD LSFEM). Given

that equations (5.5.7a)–(5.5.7b) hold. If for each Ωe ∈ Ωh we take

δΩe = − C̃λminh
2
Ωe

4
(
nd2λ2

max + C̃C2
pfδαvh2 + C̃δDh2

) and (5.5.14a)

τΩe = − C̃λ2
minh

2
Ωe

32
(
1 + C2

pf

) (
nd2λ2

max + C̃C2
pfδαvh2 + C̃δDh2

) (5.5.14b)

then for all (wh,ph) ∈ Wh×Qh there exist two constants CNgStb0 > 0 and CNgStb4 > 0

independent of D and h such that we have:

Coercivity

FNgStb ((wh, ph) , f = 0) ≥ 11γ2
minλ2

min‖grad[wh]‖20
32(1 + C2

pf )

+
∑

Ωe∈Ωh

C̃γ2
minλ2

minh2
Ωe
‖v • grad[wh]‖20,Ωe

32(1 + C2
pf)
(
nd2λ2

max + C̃C2
pf δαvh2 + C̃δDh2

) . (5.5.15)

166



Boundedness estimate

CNgStb1‖wh‖2
1 + CNgStb2‖ph‖2

div + CNgStb3‖v • grad[wh]‖2
0 ≤ FNgStb ((wh,ph) , f = 0)

≤ CNgStb4

(
‖wh‖2

1 + ‖ph‖2
div + ‖v • grad[wh]‖2

0

)
, (5.5.16)

where the constant γmin is given by equation (5.5.9). The constants δαv, δD, CNgStb1,

CNgStb2, and CNgStb2 are given as follows:

δαv = max
x∈Ω

[
(α + div[v])2

]
, (5.5.17a)

δD = max
x∈Ω

[
‖div[D]‖2

]
, (5.5.17b)

CNgStb1 = CNgStb0γ
2
minλ

2
min, (5.5.17c)

CNgStb2 =
CNgStb0γ

2
minλ

2
minδ

2
αvD

(1 + λ2
min + λ2

max) δ2
αvD + δαvDλ

2
minh

2 + δαv1λ
2
minh

4
, and (5.5.17d)

CNgStb3 =
CNgStb0γ

2
minλ

2
minh

2

δαvD

. (5.5.17e)

The constants δαv1 and δαvD in the above equations are defined as follows:

δαv1 = max
x∈Ω

[
(grad[α] • v + αdiv[v])2

]
and (5.5.18a)

δαvD = λ2
max + δαvh

2 + δDh
2 (5.5.18b)

Proof. The boundedness estimate is a direct consequence of the triangle inequality.

Herein, we shall proceed to show the validity of coercivity estimates, specifically,

equation (5.5.15) and the left hand side of (5.5.16). Let µ > 0 be a constant, which

will be determined later. Using equation (5.5.9) and (5.4.13) with f = 0, we have
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2FNgStb

γ2
min

≥
∑

Ωe∈Ωh

∥∥∥ph − whv + Dgrad[wh]− δΩe
v (div[whv−Dgrad[wh]])− µgrad[wh]

∥∥∥
2

0,Ωe

+
∑

Ωe∈Ωh

∥∥∥αwh + div[ph] + δΩe
div[αwhv]− µwh

∥∥∥
2

0,Ωe

− µ2‖wh‖2
0,Ω − µ2‖grad[wh]‖2

0,Ω

+
∑

Ωe∈Ωh

τΩe

∥∥∥αwh + div
[
whv−Dgrad[wh]

]∥∥∥
2

0,Ωe

+
∑

Ωe∈Ωh

2µ (αwh + div[ph + δΩe
αwhv]; wh)0,Ω

+
∑

Ωe∈Ωh

2µ (ph − whv + Dgrad[wh]− δΩe
v (div[whv−Dgrad[wh]]) ; grad[wh])0,Ω . (5.5.19)

Using Theorem 5.5.1, equation (5.5.14a)–(5.5.14b), Cauchy-Schwartz inequality, Poincaré-

Friedrichs inequality, Green’s formulae, and following inequalities

2τΩe
((α + div[v]) wh; v • grad[wh])0,Ωe

≥ τΩe
‖ (α + div[v]) wh‖2

0,Ωe

+ τΩe
‖v • grad[wh]‖2

0,Ωe
, (5.5.20a)

−2τΩe
((α + div[v]) wh; D • grad[grad[wh]])0,Ωe

≥ τΩe
‖ (α + div[v]) wh‖2

0,Ωe

+ τΩe
‖D • grad[grad[wh]]‖2

0,Ωe
, (5.5.20b)

−2τΩe
(v • grad[wh]; D • grad[grad[wh]])0,Ωe

≥ τΩe
‖v • grad[wh]‖2

0,Ωe

+ τΩe
‖D • grad[grad[wh]]‖2

0,Ωe
, (5.5.20c)

2τΩe
((α + div[v]) wh; div[D] • grad[wh])0,Ωe

≥ τΩe
‖ (α + div[v]) wh‖2

0,Ωe

+ τΩe
‖div[D] • grad[wh]‖2

0,Ωe
, (5.5.20d)

−2τΩe
(div[D] • grad[wh]; D • grad[grad[wh]])0,Ωe

≥ τΩe
‖div[D] • grad[wh]‖2

0,Ωe

+ τΩe
‖D • grad[grad[wh]]‖2

0,Ωe
, and (5.5.20e)

2τΩe
(v • grad[wh]; div[D] • grad[wh])0,Ωe

≥ τΩe
‖v • grad[wh]‖2

0,Ωe

+ τΩe
‖div[D] • grad[wh]‖2

0,Ωe
(5.5.20f)

we have the following inequality:
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∑

Ωe∈Ωh

τΩe

∥∥∥αwh + div
[
whv−Dgrad[wh]

]∥∥∥
2

0,Ωe

≥ − λ2
min

16
(
1 + C2

pf

)

−
∑

Ωe∈Ωh

C̃λ2
minh2

Ωe
‖v • grad[wh]‖20,Ωe

16(1 + C2
pf )
(
nd2λ2

max + C̃C2
pf δαvh2 + C̃δDh2

) . (5.5.21)

Similarly, using the following equality:

2µδΩe
(div[αwhv]; wh)0,Ωe

= −2µδΩe
(αwh; v • grad[wh])0,Ωe

= µδΩe
(div[αv]wh; wh)0,Ωe

(5.5.22)

in combination with the following inequalities

−2µδΩe ((α+ div[v])wh; v • grad[wh])0,Ωe
≥ 2µδΩe‖ (α + div[v])wh‖2

0,Ωe

+
µδΩe

2
‖v • grad[wh]‖2

0,Ωe
, (5.5.23a)

2µδΩe (div[D] • grad[wh]; v • grad[wh])0,Ωe
≥ 2µδΩe‖div[D] • grad[wh]‖2

0,Ωe

+
µδΩe

2
‖v • grad[wh]‖2

0,Ωe
, (5.5.23b)

2µδΩe (D • grad[grad[wh]]; v • grad[wh])0,Ωe
≥ 2µδΩe‖D • grad[grad[wh]]‖2

0,Ωe

+
µδΩe

2
‖v • grad[wh]‖2

0,Ωe
(5.5.23c)

and choosing µ = λmin

1+C2
pf

, equation (5.5.19) reduces to the following:

2FNgStb

γ2
min

≥ 3λ2
min

4
(
1 + C2

pf

) +
∑

Ωe∈Ωh

C̃λ2
minh

2
Ωe
‖v • grad[wh]‖2

0,Ωe

8(1 + C2
pf)

(
nd2λ2

max + C̃C2
pfδαvh2 + C̃δDh2

)

+
∑

Ωe∈Ωh

τΩe

∥∥∥∥αwh + div
[
whv−Dgrad[wh]

]∥∥∥∥
2

0,Ωe

. (5.5.24)

From equations (5.5.21) and (5.5.25a), we get the desired result given by equation

(5.5.15). The second part of the proof is similar to Theorem 5.5.1. These exist a
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constant CαvD > 0 (for instance, CαvD = max
[
nd2, C̃, C̃C2

pf

]
) such that

nd2λ2
max + C̃C2

pfδαvh
2 + C̃δDh

2 ≤ CαvDδαvD, (5.5.25a)

‖grad[wh]‖2
0 ≤

32(1 + C2
pf)FNgStb

11γ2
minλ

2
min

, and (5.5.25b)

‖v • grad[wh]‖2
0 ≤

32CαvDδαvD(1 + C2
pf)Ĉ2FNgStb

C̃γ2
minλ

2
minh

2
. (5.5.25c)

Using Cauchy-Schwartz inequality on ‖v • grad[wh]‖0 and (5.5.25b) gives

‖v • grad[wh]‖2
0 ≤ ‖v‖2

0‖grad[wh]‖2
0 ≤

32Cv(1 + C2
pf)FNgStb

11γ2
minλ

2
min

. (5.5.26)

Now, consider the terms ‖wh‖2
1 and ‖ph‖2

div:

‖wh‖2
1 = ‖wh‖2

0 + ‖grad[wh]‖2
0 ≤

32(1 + C2
pf )2FNgStb

11γ2
minλ2

min

, (5.5.27a)

‖ph‖2
0 ≤ 2

∑

Ωe∈Ωh

∥∥∥ph − whv + Dgrad[wh]− δΩe
v (div[whv−Dgrad[wh]])

∥∥∥
2

0,Ωe

+ 2
∑

Ωe∈Ωh

∥∥∥− whv + Dgrad[wh]− δΩe
v (div[whv−Dgrad[wh]])

∥∥∥
2

0,Ωe

, (5.5.27b)

‖div[ph]‖2
0 ≤ 2

∑

Ωe∈Ωh

∥∥∥αwh + div[ph] + δΩe
div[αwhv]

∥∥∥
2

0,Ωe

+ 2
∑

Ωe∈Ωh

∥∥∥αwh + δΩe
div[αwhv]

∥∥∥
2

0,Ωe

. (5.5.27c)

Using (5.5.25a)–(5.5.26) and repeated use of triangle inequality on (5.5.27b) and

(5.5.27c) gives the boundedness estimate (5.5.16).

Theorem 5.5.3 (Error estimate for proposed LSFEM). Given that equations (5.2.1a)–

(5.2.1c) have a sufficiently smooth solution (c,q) ∈ (C × Q) ∩ (Hr+1(Ω))3
. Then

the finite element solution (ch,qh) of the unconstrained weighted negatively stabilized
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streamline diffusion LSFEM satisfies the following error estimate:

√
CNgStb1‖c− ch‖1 +

√
CNgStb2‖q − qh‖div +

√
CNgStb3‖v • grad[c− ch]‖0

≤ CNgStbh
r (‖c‖r+1 + ‖q‖r+1) , (5.5.28)

where CNgStb > 0 is a constant independent of D and h.

Proof. Let cI ∈ Ch and qI ∈ Qh be the standard finite element interpolants of c and

q, respectively. From the interpolation theory Bochev and Gunzburger (2009), we

have

‖c− cI‖1 ≤ Chr‖c‖r+1 and (5.5.29a)

‖q − qI‖div ≤ Chr‖q‖r+1 (5.5.29b)

for some positive constant C independent of D and h. The error (c− ch,q − qh)

satisfies the following orthogonality property:

BNgStb ((ch − c,qh − q) ; (wh,ph)) = 0 ∀ (wh,ph) ∈ Wh ×Qh. (5.5.30)

Cauchy-Schwartz inequality implies:

B
1/2
NgStb ((ch − cI ,qh − qI) ; (ch − cI ,qh − qI)) ≤

B
1/2
NgStb ((c− cI ,q − qI) ; (c− cI ,q − qI)) . (5.5.31)

From Theorem 5.5.2 and interpolation estimates (5.5.29a)–(5.5.29b), one can obtain

the desired error estimate (5.5.28).

From the above mathematical analysis, it is evident that the element-dependent
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stabilization parameters τΩe ≤ 0 and δΩe ≤ 0 can be taken as

δΩe = − δoλminh
2
Ωe(

λ2
max + δ1 max

x∈Ω

[
(α+ div[v])2

]
h2 + δ2 max

x∈Ω

[
‖div[D]‖2

]
h2

) and (5.5.32a)

τΩe = − τoλ
2
minh

2
Ωe(

λ2
max + τ1 max

x∈Ω

[
(α + div[v])2

]
h2 + τ2 max

x∈Ω

[
‖div[D]‖2

]
h2

) , (5.5.32b)

where δo, δ1, δ2, τo, τ1, and τ2 are non-negative constants.

Remark 5.5.4. The mathematical analysis provided by Hsieh and Yang Hsieh and

Yang (2009) can be obtained as a special case of the mathematical analysis presented

above. Specifically, take α = 0, D(x) to be homogeneous and isotropic, and v(x) to

be solenoidal and constant.

5.6 NUMERICAL H-CONVERGENCE AND BENCHMARK PROB-

LEMS

We shall employ a popular problem from the literature, which is commonly used

to assess the accuracy of numerical formulations for advective-diffusive systems (e.g.,

see Franca et al. (1998); Hsieh and Yang (2009)). The test problem is constructed

using the method of manufactured solutions. The computational domain is a bi-unit

square: Ω = (0, 1)× (0, 1). The advection velocity vector field is taken as v(x) = êy,

where êy is the unit vector along the y-direction. The scalar diffusivity is denoted by

D(x). The concentration field is taken as follows:

c(x, y) =
sin(πx)

em2−m1 − 1

(
em2−m1em1y − em2y

)
, (5.6.1)
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(0, 0) (1, 0)

(0, 1)

c = sin(πx)

c
=

0

c = 0

c
=

0 v = êy

D = 0.01

x

y

Figure 5.3: Numerical h-convergence study: A pictorial description of the two-dimensional
boundary value problem.

where the constants m1 and m2 are given in terms of the scalar diffusivity:

m1 =
1−
√

1 + 4π2D2

2D
and (5.6.2a)

m2 =
1 +
√

1 + 4π2D2

2D
. (5.6.2b)

We have taken D(x) = 10−2 in our numerical simulations. This choice is arbitrary,

and is primarily motivated to check whether the proposed framework gives stable,

reliable, and accurate numerical results for advection-dominated problems. For the

chosen value of the diffusivity, the solution (5.6.1) exhibits steep gradients near the

boundary of the domain. A pictorial description of the boundary value problem is

provided by Figure 5.3. Dirichlet boundary conditions are prescribed on the entire

boundary.

Numerical solutions for the concentration and the flux vector are obtained by

prescribing Dirichlet boundary conditions on all the four sides of the computational
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domain. These conditions are enforced strongly and are given as:

c(x) =





sin(πx) for y = 0

0 for x = 0 or x = 1 or y = 1.
(5.6.3)

Using equation (5.6.1), one can calculate the corresponding flux vector and volumetric

source needed for the convergence analysis.

5.6.1 Convergence analysis for D(x, y) = 10−2

Herein, we will discuss the performance of negatively stabilized streamline diffu-

sion LSFEM with and without LSB constraints. In case of unconstrained setting, we

also quantify the errors incurred in satisfying LSB and GSB. Numerical simulations

are performed using a series of hierarchical structured meshes based on three-node

triangular (T3) and four-node quadrilateral (Q4) elements with XSeed and YSeed

ranging from 11 to 81. Figure 5.4 provides the typical computational meshes used in

the numerical h-convergence analysis. The meshes shown in this figure have 21 nodes

along each side of the computational domain (i.e., XSeed = YSeed = 21). A series of

hierarchical computational meshes are employed in the study with 11× 11, 21× 21,

41× 41 and 81× 81 nodes.

The weights for the primitive and negatively stabilized streamline diffusion LS-

FEMs are taken to be of LS Type-1 (i.e., A(x) = I and β(x) = 1). The element stabi-

lization parameters for negatively stabilized streamline diffusion LSFEM are taken as

δo = 0.01 and τo = 0.01. The convergence of the proposed computational framework

with respect to L2-norm and H1-semi-norm is illustrated in Figure 5.5. Convergence

studies are performed using T3- and Q4-based meshes under the negatively stabilized

streamline diffusion LSFEM. It is evident that the Q4 element slightly outperforms

the T3 element in terms of rates of convergence. From this figure, one can notice that
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(a) Mesh using T3 elements (b) Mesh using Q4 elements

Figure 5.4: Numerical h-convergence study: This figure shows the typical computational
meshes used in the numerical convergence analysis.

near optimal convergence rates are achieved for the concentration field in both L2-

norm and H1-semi-norm for unconstrained negatively stabilized streamline diffusion

formulation. For the flux vector, near optimal convergence rate is obtained in L2-norm

but not in H1-semi-norm. This is because of the steep gradients in the concentration

field at the boundary y = 1, which is due to the small value for the diffusivity. En-

forcing LSB constraints considerably improves the H1-semi-norm convergence rate for

the flux vector. However, for the flux variables, there is a slight decrease in L2-norm

convergence rate as compared to the unconstrained negatively stabilized streamline

diffusion LSFEM. Similar decrease in convergence rates of L2-norm and H1-semi-

norm for the concentration has been observed. This can be attributed to the fact

that LSB constraints improve the accuracy of the flux vector inside the boundary

layers but has little effect away from it.

Remark 5.6.1. It should be noted that the convergence rates reported in Figure 5.5

for the unconstrained negatively stabilized streamline diffusion LSFEM are in accor-

dance with the mathematical analysis provided by Kopteva Kopteva (2004) and Stynes

Stynes (2013). These results are obtained for singularly perturbed advection-diffusion
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Figure 5.5: Numerical h-convergence study: This figure shows the convergence rates for the
concentration and flux vector in L2-norm and H1-semi-norm with and without
LSB constraints.

equation based on a class of unconstrained streamline diffusion finite element formula-

tions. Kopteva Kopteva (2004) shows that one can get at best first-order convergence

inside boundary and characteristic layers even on special meshes.

From Figure 5.5 one can also conclude that the Q4 element performs better

than the T3 element. These trends in the convergence rates for different meshes are

due to the fact that higher-order derivatives (e.g., div[grad[c(x)]) in the stabilization

terms for negatively stabilized streamline diffusion LSFEM vanish for T3 element.

But these stabilization terms are non-zero for a Q4 element. The reason is that the

shape functions for a T3 element are affine while that of a Q4 element are bilinear.

Another important aspect of this numerical h-convergence study is to quantify

the errors incurred in satisfying LSB and GSB for unconstrained LSFEMs. The

contours of the error distribution in LSB and the Lagrange multipliers enforcing

the LSB constraints are shown in Figure 5.6. It is apparent that errors incurred

in satisfying LSB are smaller under Q4 meshes than under T3 meshes. Note that
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(a) T3 mesh: Error in LSB (b) T3 mesh: Lagrange multiplier enforc-
ing LSB

(c) Q4 mesh: Error in LSB (d) Q4 mesh: Lagrange multiplier enforcing
LSB

Figure 5.6: Numerical h-convergence study: The top and bottom left figures show the con-
tours of error incurred in satisfying LSB for unconstrained LSFEM. The right
set of figures show the contours of Lagrange multiplier enforcing LSB con-
straint using the proposed LSFEM.
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Figure 5.7: Numerical h-convergence study: These figures show the decrease of ǫMaxAbsLSB

and ǫAbsGSB with respect to XSeed for a series of hierarchical three-node tri-
angular and four-node quadrilateral meshes.

the Lagrange multipliers enforcing the LSB constraint can have negative value as

opposed to KKT multipliers. Numerical simulations are performed based on three-

node triangular mesh and four-node quadrilateral mesh with 81 nodes on each side of

the domain. The decrease in ǫMaxAbsLSB and ǫAbsGSB on h-refinement is shown in Figure

5.7. From this figure, one can notice that the errors in LSB and GSB for a Q4 mesh

are lesser than that of a T3 mesh. On h-refinement, the decrease in ǫMaxAbsLSB and

ǫAbsGSB is slow and not close to machine precision (See equations (5.4.15)–(5.4.17) for

the definitions of ǫMaxAbsLSB and ǫAbsGSB.). Numerical simulations are performed using

the unconstrained primitive and negatively stabilized streamline diffusion LSFEMs.

For XSeed = 81, ǫMaxAbsLSB and ǫAbsGSB are in O(10−6). In addition, the decrease in

LSB and GSB errors with respect to h-refinement is slow, and the values are not close

to the machine precision.

Finally, the computational cost of the unconstrained and constrained LSFEMs

for both T3 and Q4 meshes are shown in Figures 5.8 and 5.9. It is clear that the com-

putational cost associated with a Q4 mesh is higher than that of a T3 mesh. This can

be again be attributed to the non-vanishing stabilization terms (e.g., div[grad[c(x)]) in

the negatively stabilized streamline diffusion LSFEM for Q4 meshes. For Q4 mesh,

as div[grad[c]] 6= 0, the computational cost is higher than that of the T3 mesh.
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Figure 5.8: Numerical h-convergence study: This figure shows the CPU time (in seconds)
of the proposed computational framework for unconstrained primitive and
unconstrained negatively stabilized streamline diffusion LSFEMs.
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Figure 5.9: Numerical h-convergence study: This figure shows the computational overhead
incurred in satisfying LSB as compared to that of the corresponding uncon-
strained formulations.

For constrained LSFEMs, the maximum additional computational cost (for both LS-

FEMs) did not exceed 15%, which has been tested on a hierarchy of meshes. In

addition, for XSeed = 11, we obtained negative value for the computational over-

head. This is because the interior point convex algorithm used in MATLAB

optimization solver MAT (2015) pre-processes the constrained convex quadratic pro-

gramming problem simplifies the given LSB constraints by removing redundancies.

Hence, for very low number of unknowns, the computational cost associated with

interior point convex algorithm is much faster than the LU solver for the un-

constrained optimization problem.
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5.6.2 Thermal boundary layer problem

This benchmark problem has wide practical applications in the areas of heat and

mass transfer. Herein, we shall use this benchmark problem to study the performance

of unconstrained and constrained LSFEM formulations in capturing steep gradients

near the boundary for advection-dominated scenarios. Consider a rectangular domain

Ω = {(x, y) ∈ [0, 1]× [0, 0.5]} with velocity field v(x, y) = 2yêx, where êx is the unit

vector along the x-direction. The volumetric source is assumed to be homogeneous

(i.e., f(x, y) = 0), and the scalar diffusivity is taken to be D(x, y) = 10−4. The

boundary conditions are:

c(x, y) =





0 for 0 < x ≤ 1 and y = 0

2y for x = 1 and 0 ≤ y ≤ 0.5

1 for 0 ≤ x ≤ 1 and y = 1

1 for x = 0 and 0 ≤ y ≤ 0.5

. (5.6.4)

A pictorial description of the boundary value problem is provided in Figure 5.10.

Dirichlet boundary conditions are prescribed on all four sides of the computational

domain. We have taken c(x) = 1 at x = (0, 0). The weights are taken to be that of LS

Type-1 (see equations (5.4.6a) and (5.4.6b)). The element-level stabilization param-

eters for negatively stabilized streamline diffusion LSFEM are taken to be δo = 0.01

and τo = 0.001. Numerical simulations are performed using four-node quadrilateral

mesh with XSeed = 41 and YSeed = 21. The element Péclet number will then be

Peh = 125. The obtained concentration contours are shown in Figure 5.11. It is evi-

dent from these figures that numerical solution obtained from the primitive LSFEM

contains node-to-node spurious oscillations. These oscillations did not reduce even

after enforcing the LSB and NN constraints. But the negatively stabilized streamline

diffusion LSFEM is able to capture the steep gradients near the boundary without
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Figure 5.10: Thermal boundary layer problem: This figure shows a pictorial description of
the boundary value problem.

(a) Primitive (No constraints) (b) Negatively stabilized streamline diffusion
(LSB and NN constraints)

Figure 5.11: Thermal boundary layer problem: This figure shows the contours of concentra-
tion obtained for both unconstrained and constrained LSFEMs based on Q4
finite element mesh.

producing spurious oscillations. The errors incurred in satisfying LSB for uncon-

strained LSFEM formulations are shown in Figure 5.12. One can notice that the

error is more dominant in the interior of the domain under the primitive LSFEM,

whereas the error is dominant at the boundary x = 1 under the negatively stabilized

streamline diffusion formulation.

5.7 TRANSPORT-CONTROLLED BIMOLECULAR REACTIONS

In this section, we shall apply the proposed mixed LSFEM-based computational

framework to study transport-controlled bimolecular chemical reactions. Specifically,

we are interested in the spatial distribution, plume formation, and chaotic mixing of
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(a) Primitive

(b) Negatively stabilized streamline diffusion

Figure 5.12: Thermal boundary problem: This figure shows the contours of the error in-
curred in satisfying LSB for various unconstrained LSFEM formulations us-
ing Q4 meshes.

chemical species at high Péclet numbers. To this end, consider the following irre-

versible bimolecular chemical reaction:

nA A + nB B −→ nC C, (5.7.1)

where A, B, and C are the species involved in the chemical reaction; nA, nB, and nC

are their respective (positive) stoichiometric coefficients. The fate of these chemical
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species are governed by the following coupled advective-diffusive-reactive system:

∂cA

∂t
+ div[vcA −D(x, t) grad[cA]] = fA(x, t)− nA r(x, t, cA, cB, cC) in Ω×]0, I[,

(5.7.2a)

∂cB

∂t
+ div[vcB −D(x, t) grad[cB]] = fB(x, t)− nB r(x, t, cA, cB, cC) in Ω×]0, I[,

(5.7.2b)

∂cC

∂t
+ div[vcC −D(x, t) grad[cC ]] = fC(x, t) + nC r(x, t, cA, cB, cC) in Ω×]0, I[,

(5.7.2c)

ci(x, t) = cp
i (x, t) on Γc

i×]0, I[, (5.7.2d)
((

1− Sign[v • n̂]
2

)
v(x, t)ci(x, t)−D(x, t)grad[ci(x, t)]

)
• n̂(x) = hp

i (x, t) on Γq
i×]0, I[, and

(5.7.2e)

ci(x, t = 0) = c0
i (x) in Ω, (5.7.2f)

where i = A, B, and C. v(x, t) is the advection velocity vector field, fi(x, t) con-

stitutes the non-reactive volumetric source, cp
i (x, t) is the Dirichlet boundary condi-

tion, and hp
i (x, t) is the Neumann boundary condition of the i-th chemical species.

r(x, t, cA, cB, cC) is the bimolecular chemical reaction rate, which is a non-linear func-

tion of the concentrations of the chemical species involved in the reaction. c0
i (x) is

the initial condition of i-th chemical species. t ∈ [0, I] denote the time, where I

is the total time of interest. The coupled governing equations (5.7.2a)–(5.7.2e) can

be converted to a set of uncoupled advection-diffusion equations using the following

linear algebraic transformation:

cF := cA +
(
nA

nC

)
cC and (5.7.3a)

cG := cB +
(
nB

nC

)
cC . (5.7.3b)
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As we are interested in fast bimolecular chemical reactions, it is acceptable to assume

that the chemical species A and B cannot co-exist at any given location x and time

t. Hence, cA, cB, and cC can be evaluated as follows:

cA(x, t) = max
[
cF (x, t)−

(
nA

nB

)
cG(x, t), 0

]
, (5.7.4a)

cB(x, t) = max
[
cG(x, t)−

(
nB

nA

)
cF (x, t), 0

]
, and (5.7.4b)

cC(x, t) =
(
nC

nA

) (
cF (x, t)− cA(x, t)

)
. (5.7.4c)

In Reference Nakshatrala et al. (2013), a similar mathematical model has been

studied in the context of maximum principles and the non-negative constraint. How-

ever, the study has neglected the advection, and did not address local and global

species balance. These aspects are very important and cannot be neglected in the

numerical simulations of chemically reacting systems. In particular, advection can

play a predominant role in the study of bioremediation Borden and Bedient (1986),

transverse mixing-controlled chemical reactions in hydro-geological media Willingham

et al. (2008), and contaminant degradation problems Dentz et al. (2011). This chap-

ter precisely addresses such problems in which advection is dominant, and satisfying

species balance at both local and global levels is extremely important.

Herein, we perform numerical simulations for highly spatially varying advection

velocity fields and time-periodic flows. See Reference Neufeld and H.-García (2010) for

a discussion on time-periodic flows. For such problems in 2D, the following quantity is

of considerable importance, which is referred as the position weighted second moment

of the product C concentration:

Θ2
C(t) =

∫

Ω

(y − y0)2cC(x, t) dΩ

∫

Ω

cC(x, t) dΩ
, (5.7.5)
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where y0 is the location of a convenient reference horizontal line. In our numerical

simulations, we have taken y0 to be the y-coordinate of the start of the formation of

product C. Since cC(x, t) ≥ 0, Θ2
C(t) is a non-negative quantity. In subsequent sec-

tions, we study the utility of this quantity as a posteriori criterion to assess numerical

accuracy. We also analyze the variation of Θ2
C with respect to Peh. We also present

the numerical results that shed light on the impact of advection on the formation of

the product C. In all our numerical simulations, we have taken the weights in primi-

tive and negatively stabilized streamline diffusion LSFEMs to be that of LS Type-1

(i.e., A(x) = I and β(x) = 1).

Remark 5.7.1. In the literature, to study mixing processes due to advection, spec-

tral methods Adrover et al. (2002), pseudospectral methods Tsang (2009), and model

reduction methods Neufeld and H.-García (2010) are commonly employed. However,

such methods are limited to time-periodic flows, periodic initial and boundary con-

ditions, simple geometries, and homogeneous isotropic diffusivity. Extending these

methods to complicated geometries, general initial and boundary conditions, compli-

cated advection velocity fields, and heterogeneous isotropic and anisotropic diffusivity

is not trivial and may not even be possible. Moreover, these methods do not guarantee

the satisfaction of non-negativity, DMPs, LSB, and GSB. The proposed computational

framework is aimed at filling this lacuna.

5.7.1 One-dimensional steady-state analysis of product formation in fast

reactions

Analysis is performed for two different advection velocities: v = 0.25 and v = 1.0.

Diffusivity is assumed to be 2.5 × 10−3. The stoichiometric coefficients are assumed

to be: nA = 2, nB = 1, and nC = 1. Numerical simulations are performed for two

different cases as described below.
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cp
A(x = 0) = 1

cp
B(x = 0) = 0

cp
C(x = 0) = 0

cp
A(x = 1) = 0

cp
B(x = 1) = 0 or 1

cp
C(x = 1) = 0

fA = 0 fB = 0 or 1 fC = 0

x = 0 x = 1D = 0.0025

v = vêx

Figure 5.13: 1D irreversible bimolecular fast reaction problem: A pictorial description of the
boundary value problem.

5.7.1.1 Case #1

A pictorial description of the boundary value problem is shown in Figure 5.13.

For Case #1: fB(x) = 1 and cp
B(x = 1) = 0, and for Case #2: fB(x) = 0 and

cp
B(x = 1) = 1. The objective of this case study is to analyze whether the proposed

negatively stabilized streamline diffusion LSFEM can produce physically meaningful

values for ci(x) on coarse meshes. Based on the linear algebraic transformation given

by equations (5.7.3a)–(5.7.3b), the analytical solution for invariants F and G can be

written as:

cF (x) =

(
1− 1− exp(vx/D)

1− exp(v/D)

)
and (5.7.6a)

cG(x) =
fG

v

(
x− 1− exp(vx/D)

1− exp(v/D)

)
. (5.7.6b)

Using equations (5.7.4a)–(5.7.4c), one can obtain the analytical solution for product

C.

For the numerical solution, we have taken XSeed = 11. The element stabilization

parameters for negatively stabilized streamline diffusion LSFEM are taken as δo =

0.08 and τo = 0.04 when v = 0.25. For v = 1.0, δo and τo, are assumed to equal to

0.083 and 0.0121, respectively. The analytical and numerical solutions are compared

in Figure 5.14. As per this figure, the primitive LSFEM produces node-to-node

oscillations near the boundaries of the domain. Furthermore, its numerical solution

considerably deviates from the analytical solution in the entire domain. For Peh = 5
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Figure 5.14: 1D irreversible bimolecular fast reaction problem (Case #1): This figure com-
pares the concentration profile of the reactants and the product with the
analytical solution.
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and Peh = 20, the negative value for the concentration is as low as −1.25 and −0.47.

On the other hand, the negatively stabilized streamline diffusion LSFEM is able

capture the analytical solution profile in the entire domain without producing negative

values in the concentration field.

5.7.1.2 Case #2

A pictorial description of the boundary value problem is provided in Figure

5.13. The objective of this case study is to examine whether the proposed LSFEM

can capture steep gradients in the solution near the boundary. The analytical solution

for the invariants F and G can be written as:

cF (x) =

(
1− 1− exp(vx/D)

1− exp(v/D)

)
and (5.7.7a)

cG(x) =

(
1− exp(vx/D)
1− exp(v/D)

)
. (5.7.7b)

Figure 5.15 compares the obtained the numerical solution with the analytical solution.

The negatively stabilized streamline diffusion LSFEM is able to accurately capture

the steep gradients near the boundary.

5.7.2 Steady-state plume formation from boundary in a reaction tank

A pictorial description of the boundary value problem is provided in Figure 5.16.

The computational domain is a rectangle with Lx = 2 and Ly = 1. Dirichlet boundary

conditions with cp
A = cp

B = 1 are specified on the left side of the domain. Elsewhere,

cp
i (x) is taken to be zero for all the chemical species involved in the bimolecular

reaction. The non-reactive volumetric source is assumed to be zero in the entire

domain for all the chemical species. The stoichiometric coefficients are taken as

nA = 1, nB = 1 and nC = 1. The advection velocity field is defined through the
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Figure 5.15: 1D irreversible bimolecular fast reaction problem (Case #2): This figure com-
pares the concentration profile of the chemical species A, B, and C to that
of the analytical solution.
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following multi-mode stream function Nakshatrala et al. (2013):

ψ(x) = −y −
3∑

k=1

Ak cos
(
pkπx
Lx
− π

2

)
sin

(
qkπy
Ly

)
, (5.7.8)

where x = (x, y), (p1, p2, p3) = (4, 5, 10), (q1, q2, q3) = (1, 5, 10), and (A1, A2, A3) =

(0.08, 0.02, 0.01). The corresponding components of the advection velocity can be

written as follows:

vx(x) = −∂ψ
∂y

= 1 +
3∑

k=1

Ak
qkπ

Ly

cos
(
pkπx
Lx

− π

2

)
cos

(
qkπy
Ly

)
and (5.7.9a)

vy(x) = +
∂ψ

∂x
=

3∑

k=1

Ak
pkπ

Lx

sin
(
pkπx
Lx

− π

2

)
sin

(
qkπy
Ly

)
. (5.7.9b)

It is easy to check that div[v(x)] = 0. The contours of the stream function and the

corresponding advection velocity vector field are shown in Figure 5.16. Numerical

simulations are performed using the following two different types of diffusivities:

• Type #1 : D(x) = 10−2

• Type #2 : D(x) = RD0R
T, where R and D0 are given as:

R =




cos(θ) − sin(θ)

sin(θ) cos(θ)


 and (5.7.10a)

D0(x) = ω0




y2
∗ + ω2x

2
∗ −(1− ω2)x∗y∗

−(1− ω2)x∗y∗ ω2y
2
∗ + x2

∗


 , (5.7.10b)

where x∗ = x + ω1 and y∗ = y + ω1. The parameters θ, ω0, ω1, and ω2 are

equal to π
6
, 1.0, 10−3, and 10−3. Correspondingly, the eigenvalues of D(x) are

ω0(x2
∗ + y2

∗) and ω0ω2 (x2
∗ + y2

∗). The contrast/anisotropic ratio of the media

(which is the ratio of maximum to minimum eigenvalue) is as high as 103.
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Herein, we employed a structured mesh based on Q4 elements. Numerical simula-

tions are performed with varying mesh sizes and polynomial orders (p = 1, 2, 3) to

demonstrate the pros and cons of various unconstrained and constrained LSFEMs.

The stabilization parameters are taken as δo = τo = 10−3 and δ2 = τ2 = 10−4. The

contours of the concentration of the product C are shown in Figures 5.17–5.20 for

both the primitive and negatively stabilized streamline diffusion LSFEMs. The white

patches in the figures denote the regions in which the non-negative constraint has

been violated. The variation of Θ2
C with respect to XSeed and PeL are shown in

Figures 5.21–5.22. From these figures, the following inferences can be drawn:

(i) It is clear that both low-order and higher-order polynomials violate the non-

negative constraint and DMPs under unconstrained formulations. Moreover,

mesh refinement and polynomial refinement do not seem to reduce the amount

of violated region for DMP constraints. The negative values are in the range

O(10−2) to O(10−4), which are not close to the machine precision ǫmach =

O(10−16).

(ii) The proposed framework based on p = 1 is able to satisfy all the desired prop-

erties, and is able to predict physically meaningful values for the concentration

and the flux.

(iii) The primitive LSFEM and the unconstrained negatively stabilized streamline

diffusion LSFEM give unphysical values for the position weighted second mo-

ment of the product C (i.e., Θ2
C). On the other hand, the proposed computa-

tional framework is able to accurately describe the variation of Θ2
C with respect

to mesh refinement. In addition, the numerical values for Θ2
C reaches a plateau

on h-refinement, which indicates convergence. However, this is not observed

with the unconstrained primitive and negatively stabilized streamline diffusion

LSFEMs. Herein, analysis is performed using XSeed = YSeed = 201. Through

191



numerical simulations, we observed that log(Θ2
C) ∝

√
PeL.

Finally, it should be emphasized that placing explicit non-negative constraints on

the nodal concentrations does not ensure non-negativity of the concentration in the

entire computational domain. This is due to the fact that higher-order shape functions

change their sign within an element Payette et al. (2012).

5.7.3 Transient analysis of vortex stirred mixing in a reaction tank

Figure 5.23 provides a description of the problem with appropriate initial and

boundary conditions. The top-left figure provides a pictorial description of the initial

boundary value problem. The top-right figure shows the contours of the stream

function corresponding to the advection velocity field. The bottom figures show the

initial conditions for the reactants A and B such that 〈cA(x, t = 0)〉 = 〈cB(x, t =

0)〉 = 1. The computational domain is a square with Lx = Ly = 1. For all chemical

species, zero flux boundary condition is prescribed on the entire boundary. The non-

reactive volumetric source is zero in the entire domain for all the chemical species A,

B, and C. The stoichiometric coefficients are taken as nA = 1, nB = 1, and nC = 1.

For advection velocity, we employ the following vortex-based flow field:

v(x) = cos(2πy)êx + cos(2πx)êy. (5.7.11)

The total time of interest is taken as I = 5. We assume scalar diffusivity to be D =

10−2. The stabilization parameters are taken as δo = τo = 10−3 and δ1 = τ1 = 10−4.

Figures 5.24–5.26 provide the concentration profiles of unconstrained and constrained

negatively stabilized streamline diffusion LSFEM with NN constraints. We have taken

XSeed = YSeed = 121. If constraints are not enforced, one gets unphysical negative

values for the concentration of product C. This will be particularly true in the

early times of a numerical simulation. Note that the violations of the non-negative
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Figure 5.16: Plume development from boundary in a reaction tank: The top figure provides
a pictorial description of the boundary value problem. The bottom figure
shows the contours of the stream function corresponding to the advection
velocity vector field.
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(a) p = 1, XSeed = YSeed = 101 (b) p = 1, XSeed = YSeed = 501

(c) p = 2, XSeed = YSeed = 101 (d) p = 3, XSeed = YSeed = 66

Figure 5.17: Plume development from boundary in a reaction tank (Type #1): This figure
shows the concentration profiles of the product C based on unconstrained
primitive LSFEM.

(a) XSeed = YSeed = 501 (No constraints)

(b) XSeed = YSeed = 251 (NN constraints) (c) XSeed = YSeed = 251 (LSB and NN con-
straints)

Figure 5.18: Plume development from boundary in a reaction tank (Type #1): This figure
shows the concentration profiles of the product C based on unconstrained
and constrained negatively stabilized streamline diffusion LSFEM.
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(a) p = 1, XSeed = YSeed = 101 (b) p = 1, XSeed = YSeed = 501

(c) p = 2, XSeed = YSeed = 101 (d) p = 3, XSeed = YSeed = 66

Figure 5.19: Plume development from boundary in a reaction tank (Type #2): This figure
shows the concentration profiles of the product C based on unconstrained
primitive LSFEM.

constraint are significant, and are present for various choices of the time-step. In

Figure 5.26, the time-step is taken as ∆t = 0.1. Herein, XSeed = YSeed = 121. As t

increases, the product C should accumulate near the center of the two vortices. The

proposed computational framework is able to accurately capture such features, and

the obtained solutions are physical at all times. From these figures it is evident that

existing numerical formulations do not provide accurate information on the fate of

reactants and products for all times. On the other hand, the proposed methodology

predicts results accurately for both early and late times.

5.7.4 Transient analysis of species mixing in cellular flows

A pictorial description of the initial boundary value problem is provided in Fig-

ure 5.27. We have taken Lx = 1, Ly = 0.5, XSeed = 61 and YSeed = 241. The

stoichiometric coefficients are taken as nA = 1, nB = 1 and nC = 1. The time-step is

taken as ∆t = 0.1. The total time of interest is taken as I = 5. The scalar diffusivity

is taken as D = 5× 10−3. The stabilization parameters are taken as δo = τo = 10−3
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(a) XSeed = YSeed = 251 (No constraints)

(b) XSeed = YSeed = 251 (NN constraints)

(c) XSeed = YSeed = 251 (LSB and NN constraints)

Figure 5.20: Plume development from boundary in a reaction tank (Type #2): This figure
shows the concentration profiles of the product C based on unconstrained
and constrained negatively stabilized streamline diffusion LSFEM.
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Figure 5.21: Plume development from boundary in a reaction tank (Type #1): This figure
shows the variation Θ2

C with mesh refinement under the weighted negatively
stabilized streamline diffusion LSFEM.
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Figure 5.22: Plume development from boundary in a reaction tank (Type #1): This figure
shows the variation log(Θ2

C) with respect to
√
PeL for isotropic diffusivity

under the weighted negatively stabilized streamline diffusion LSFEM with
LSB and DMP constraints.
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Figure 5.23: Vortex-stirred mixing in a reaction tank: A pictorial description of the initial
boundary value problem 198



(a) cC at t = 0.0001 (b) cC at t = 0.001

(c) cC at t = 0.01

Figure 5.24: Vortex-stirred mixing in a reaction tank: This figure shows the concentration
profiles of the product C after the first time-step using the unconstrained
weighted negatively stabilized streamline diffusion LSFEM.

and δ1 = τ1 = 10−4. The advection velocity vector field for the cellular flow is given

by

v(x) = − sin
( 2πx
LCell

)
cos

( 2πy
LCell

)
êx + cos

( 2πx
LCell

)
sin

( 2πy
LCell

)
êy, (5.7.12)

where LCell = 0.5. It should be noted that the concentration of the product C should

be between 0 and 1. Figure 5.28 shows the concentration profiles of the product C un-

der the unconstrained and constrained negatively stabilized streamline diffusion. It is

evident that the unconstrained LSFEM violates both the non-negative and maximum

constraints. On the other hand, the proposed computational framework with LSB

and DMP constraints provides physically meaningful profiles for the concentration of

the product.
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(c) cC(y = 0.5, t = 0.01) with ∆t = 0.01
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(d) cC(y = 0.5, t = 0.1) with ∆t = 0.1

Figure 5.25: Vortex-stirred mixing in a reaction tank: This figure shows the concentration
profiles of the product C at y = 0.5 after the first time-step using the un-
constrained weighted negatively stabilized streamline diffusion LSFEM.
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(a) cC at t = 0.1 (No constraints) (b) cC at t = 0.1 (NN constraints)

(c) cC at t = 0.5 (No constraints) (d) cC at t = 0.5 (NN constraints)

(e) cC at t = 1.0 (No constraints) (f) cC at t = 1.0 (NN constraints)

(g) cC at t = 5.0 (No constraints) (h) cC at t = 5.0 (NN constraints)

Figure 5.26: Vortex-stirred mixing in a reaction tank: This figure shows the concentration
profiles of the product C at various time levels using the weighted negatively
stabilized streamline diffusion LSFEM with and without constraints.
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Figure 5.27: Transport-controlled mixing in cellular flows: A pictorial description of the
initial boundary value problem and associated advection velocity field for
the cellular flow.
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(a) Product C at t = 0.1 (No constraints) (b) Product C at t = 0.1 (LSB and DMP con-
straints)

(c) Product C at t = 0.5 (No constraints) (d) Product C at t = 0.5 (LSB and DMP con-
straints)

(e) Product C at t = 1.0 (No constraints) (f) Product C at t = 1.0 (LSB and DMP con-
straints)

(g) Product C at t = 5.0 (No constraints) (h) Product C at t = 5.0 (LSB and DMP con-
straints)

Figure 5.28: Transport-controlled mixing in cellular flows: This figure shows the concentra-
tion profiles of the product C at various time levels using the unconstrained
and constrained weighted negatively stabilized streamline diffusion LSFEM.
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5.8 SUMMARY AND CONCLUDING REMARKS

We presented a robust computational framework for (steady-state and transient)

advection-diffusion-reaction equations that satisfies the non-negative constraint, max-

imum principles, local species balance, and global species balance. The framework

can handle general computational grids, anisotropic diffusivity, highly heterogeneous

velocity fields, and provides physically meaningful numerical solutions without node-

to-node spurious oscillations even on coarse computational meshes. The main contri-

butions of the chapter can be summarized as follows:

(C1) We constructed and proved a continuous maximum principle that includes both

Dirichlet and Neumann boundary conditions. It also takes into account the

inflow and outflow Neumann boundary conditions in establishing the maximum

principle.

(C2) We described in detail the shortcomings of several plausible numerical ap-

proaches to satisfy the maximum principle, the non-negative constraint, and

species balance.

(C3) We proposed a locally conservative DMP-preserving computational framework

and constructed element stabilization parameters that are valid for a general

reaction coefficient, advection velocity, and diffusivity. The framework has been

carefully constructed using the least-squares finite element method (LSFEM). It

is also shown that a naive implementation of LSFEM will not meet the desired

properties.

(C4) The discrete problem under the proposed framework is well-posed, and it can

be shown that a unique solution exists.

(C5) We performed numerical convergence studies on the computational framework.
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We also systematically analyzed and documented the performance of the pro-

posed framework with various benchmark problems and realistic examples.

(C6) We obtained numerically a scaling law for a transport-controlled bimolecular

reaction.

(C7) In chemically reactive systems, it is important to predict the fate of reactants

and products during the early times. We have shown that the existing for-

mulations may not provide accurate information for such scenarios. On the

other hand, using numerical experiments, we have shown that the proposed

framework predicts accurate results for both early and late times.

The salient features and performance of the proposed computational framework

can be summarized as follows:

(S1) The rate of decrease of errors in LSB and GSB for unconstrained negatively sta-

bilized streamline diffusion LSFEM with h-refinement is slow and is about O(h).

Furthermore, this numerical formulation violates various discrete principles and

the non-negative constraint for both isotropic and anisotropic diffusivities. On

the other hand, the proposed non-negative computational framework is able to

satisfy LSB and GSB up to machine precision on an arbitrary computational

mesh.

(S2) The proposed computational framework with NN and LSB constraints elimi-

nates the spurious node-to-node oscillations and provides physically meaningful

values for concentration. Furthermore, it is able to furnish reasonable answers

with various time-steps and at various time levels even on coarse computational

grids.

(S3) It has been shown that existing formulations may fail to give acceptable results

for non-negative statistical quantities such as Θ2
C , which is defined in Section
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5.7.2. However, the proposed methodology always provides non-negative values

for Θ2
C . The quantity Θ2

C can be used as a posteriori criteria to assess accuracy

of numerical solutions for complex initial and boundary value problems for which

non-negativity and species conservation are important.

(S4) Due to the aforementioned desired properties, our proposed computational frame-

work can be an ideal candidate to numerically obtain scaling laws for compli-

cated problems with non-trivial initial and boundary conditions. Therefore,

the proposed framework will be vital for predictive simulations in groundwater

modeling, reactive transport, environmental fluid mechanics, and modeling of

degradation of materials.

A possible future research work is to implement and analyze the performance of

the proposed numerical methodology in a parallel environment. A related research is

to design tailored iterative solvers and associated pre-conditioners for our proposed

numerical methodology.
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Chapter 6

NUMERICAL FORMULATIONS FOR

STEADY-STATE AND TRANSIENT

SEMI-LINEAR REACTION-DIFFUSION

EQUATIONS, AND THEIR STRUCTURE

PRESERVING PROPERTIES

“To those who do not know

mathematics it is difficult to get

across a real feeling as to the

beauty, the deepest beauty, of

nature ... If you want to learn

about nature, to appreciate nature,

it is necessary to understand the

language that she speaks in.”

Richard Feynman

In this chapter, we shall first briefly discuss about the pros and cons of imposing

mesh and time-step restrictions to satisfy non-negative constraint and discrete max-

imum principles for linear elliptic and parabolic partial differential equations. Then,

for semilinear elliptic and parabolic partial differential equations, we shall perform
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various numerical experiments to investigate which properties (such as non-negative

constraint, discrete maximum principles, discrete comparison principles, and mono-

tone property) are inherited from continuous to discrete setting. Analysis is carried

out based on the standard single-field Galerkin formulation and a non-negative formu-

lation using nonlinear iterative techniques such as Pao’s method, traditional Newton-

Raphson method, and modification of traditional Newton-Raphson method. Through

a representative numerical example we shall demonstrate that under discrete setting

not all continuous properties are inherited. Specifically, traditional Newton-Raphson

method and its modifications do not preserve the monotone property. Additionally,

they need not satisfy the non-negative constraint, discrete maximum principles, and

discrete comparison principles under the standard single-field Galerkin formulation.

However, Pao’s method preserves all the discrete properties under certain condi-

tions on the mesh and time-step. Finally, through numerical examples we shall show

that due to mesh and time-step restrictions Pao’s method might be computationally

expensive as compared to the traditional Newton-Raphson method and its modifica-

tions. Moreover, from the numerical experiments we observe that the terminal rate

of convergence for Pao’s method is atmost linear.

6.1 INTRODUCTION AND MOTIVATION

This chapter deals with numerical formulations and their ability to preserve the

underlying mathematical properties of semilinear elliptic and parabolic partial differ-

ential equations. Reaction-Diffusion equations arise in various areas of life sciences

Rice (1985); Farkas (2001); Murray (1993), porous media applications Bowen (1976);

Dentz et al. (2011); Hornung (1996), and chemically reacting systems Erdi and Toth

(1989); McCarty and Criddle (2012); Kotomin and Kuzovkov (1996). The governing
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equations for a general reaction-diffusion system hinges on various physical parame-

ters such as scale of physical domain and its geometric effects, anisotropy and hetero-

geneity of the diffusivity tensor, temporal scales involved in the chemical reactions,

influence of catalyst, diffusion rate, and most importantly the temperature of the

system. In many scenarios, it is well-known in literature that the governing equations

for such type of reaction-diffusion systems are modeled as either semilinear second-

order elliptic or parabolic partial differential equations based on the steady-state or

transient response Pao (1993); Mei (2000); Leung (2009). In continuous setting, it

has been shown that these equations satisfy various important mathematical prin-

ciples such as maximum principles, comparison principles, and monotone property

Pao (1993); Leung (2009). But in the discrete setting, even for the linear case, it

is recognized that many popular numerical formulations and commercially available

packages violate these important properties Liska and Shashkov (2008); Ciarlet and

Raviart (1973); Nagarajan and Nakshatrala (2011); Nakshatrala and Valocchi (2009);

Nakshatrala et al. (2013). To our knowledge such type of analysis is not performed

extensively within the context of reaction-diffusion equations. Herein, our objective

is to analyze whether such discrete properties are preserved or lost within the context

of standard single-field Galerkin and non-negative formulations.

6.1.1 Main contributions and outline of this chapter

In this chapter, we shall briefly discuss on the following three important numer-

ical aspects related to linear and semilinear elliptic and parabolic partial differential

equations:

• Pros and cons of mesh and time-step restrictions to satisfy different discrete

properties such as non-negative constraint, discrete maximum principles, dis-

crete comparison principles, and monotone property within the context of stan-

dard single-field Galerkin formulation.
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• Pros and cons of various nonlinear techniques such as Pao’s method, traditional

Newton-Raphson method and its modifications in satisfying different discrete

properties both under standard single-field Galerkin and non-negative formula-

tions.

• Need for robust physics-compatible numerical formulations and time-stepping

schemes to obtain stable and accurate solutions for reaction-diffusion equations

which exhibit bifurcations, blowups, and most importantly fast and slow de-

cay/growth of solutions based on the nature of (reaction) volumetric source.

The remainder of this chapter is as follows: In Section 6.2, we discuss on governing

equations for reaction-diffusion systems, various important mathematical principles,

and mesh and time-step restrictions for linear second-order elliptic and parabolic par-

tial differential equations. In Section 6.3, we will illustrate Pao’s method to obtain

numerical solutions to semilinear elliptic and parabolic second-order partial differ-

ential equations within the context of both standard single-field Galerkin formula-

tion and non-negative methodology. Furthermore, we shall describe the traditional

Newton-Raphson method and its modifications to obtain numerical solutions and ex-

amine their differences with respect to the Pao’s method in satisfying various discrete

principles. In Section 6.4, we discuss various reaction models of monotone-type. Rep-

resentative numerical examples are presented in Section 6.5. Finally, conclusions are

drawn in Section 6.6.

The standard symbolic notation is adopted in this chapter. We shall denote

scalars by lower-case English alphabet or lower-case Greek alphabet (e.g., concentra-

tion c and density ρ). We shall make a distinction between vectors in the continuum

and finite element settings. Similarly, a distinction shall be made between second-

order tensors in the continuum setting versus matrices in the context of the finite

element method. The continuum vectors are denoted by lower case boldface normal
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letters, and the second-order tensors will be denoted using upper case boldface nor-

mal letters (e.g., vector x and second-order tensor D). In the finite element context,

we shall denote the vectors using lower case boldface italic letters, and the matrices

are denoted using upper case boldface italic letters (e.g., vector v and matrix K). It

should be noted that repeated indices do not imply summation. (That is, Einstein’s

summation convention is not employed in this chapter.) Other notational conventions

adopted in this chapter are introduced as needed.

6.2 GOVERNING EQUATIONS AND MATHEMATICAL PRINCIPLES

FOR REACTION-DIFFUSION EQUATIONS

Herein, we are interested in the numerical solution to the following reaction-

diffusion equation, which mainly arises in autocatalytic chemical reactions Leung

(2009); Mei (2000); Karátson and Korotov (2005) and diffusion-kinetic enzyme prob-

lems Murray (1968a,b):

L[c] :=
∂c(x, t)
∂t

− div [D(x)grad[c(x, t)]] = f(x, t, c(x, t)) in Ω× (0, I), (6.2.1a)

c(x, t) = cp(x, t) on ∂Ω × (0, I), and (6.2.1b)

c(x, t = 0) = c0(x) in Ω, (6.2.1c)

where Ω ⊂ Rnd is a open bounded domain and “nd” denotes the number of spatial

dimensions. The boundary of the domain is denoted by ∂Ω, which is assumed to be

piecewise smooth. Mathematically, ∂Ω := Ω − Ω, where a superposed bar denotes

the set closure. A spatial point is denoted by x ∈ Ω. The gradient and divergence

operators with respect to x are, respectively, denoted by grad[•] and div[·]. The

variable t ∈ [0, I] denotes the time and I denotes the length of time interval. The

quantity of interest, c(x, t), denotes the concentration of a reacting chemical species.

Herein, it is assumed that Dirichlet boundary condition ‘cp(x, t)’ is prescribed on
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the entire boundary. The prescribed volumetric source f(x, t, c(x, t)) represents the

reaction of the chemical species and D(x) is the anisotropic diffusivity tensor. Physics

of the problem demands that the diffusivity tensor be symmetric, uniformly elliptic,

and bounded above. This means, that there exists two constants 0 < ξ1 ≤ ξ2 < +∞

such that

0 < ξ1y · y ≤ y ·D(x)y ≤ ξ2y · y ∀y ∈ Rnd\{0} and x ∈ Ω. (6.2.2)

In the literature on partial differential equations, it is well known that above equa-

tions given by (6.2.1a)–(6.2.1c) possess various types of maximum principles and

comparison principles under certain hypothesis on the input data and domain regu-

larity Evans (1998); Gilbarg and Trudinger (2001); Pucci and Serrin (2007). We shall

now introduce some notation required to describe a continuous weak maximum and

comparison principle.

6.2.1 Mathematical principles and relevant notation

Let ΩI := Ω×(0, I) denote a parabolic cylinder and the corresponding parabolic

boundary is defined as:

ΓI :=
{

(x, t) ∈ ΩI

∣∣∣∣x ∈ ∂Ω or t = 0
}
. (6.2.3)

Let Cm(Ω) denote the set of functions defined on Ω that are continuously differentiable

up to m-th order. Let C2
1 (ΩI) be a function space with differing smoothness in

variables x and t defined as:

C2
1 (ΩI) :=

{
c(x, t) : ΩI → R

∣∣∣ c,
∂c

∂xi

,
∂2c

∂xi∂xj

,
∂c

∂t
∈ C(ΩI); i, j = 1, 2, · · · , nd

}
. (6.2.4)
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Based on the above notation, we shall now present a continuous weak maximum

principle, continuous weak comparison principle, and monotone property related to

semilinear second-order elliptic and parabolic partial differential equations in form

of theorems without proofs. For proofs and further information, see References Pao

(1993); Gilbarg and Trudinger (2001); Karátson and Korotov (2005).

Theorem 6.2.1 (Continuous weak maximum principle). Let c(x, t) ∈ C2
1(ΩI) ∩

C0(ΩI) and L[c] ≤ 0 in ΩI . Then c(x, t) achieves its maximum on the parabolic

boundary, which is given as:

max
(x,t)∈ΩI

[c(x, t)] = max
(x,t)∈ΓI

[c(x, t)] . (6.2.5)

Specifically, if L[c] := −div [D(x)grad[c(x)]] ≤ 0, then we have the following result

for c(x):

max
x∈Ω

[c(x)] = max
x∈∂Ω

[c(x)] . (6.2.6)

Theorem 6.2.2 (Continuous weak comparison principle). Given that c1(x, t)

and c2(x, t) ∈ C2
1(ΩI) ∩ C0(ΩI). If c1(x, t) and c2(x, t) satisfy Theorem 6.2.1,

L[c1] ≤ L[c2] in ΩI , and c1(x, t) ≤ c2(x, t) on ΓI, then we have the following re-

sult:

c1(x, t) ≤ c2(x, t) ∀(x, t) ∈ ΩI. (6.2.7)

Especially, if L[c] := −div [D(x)grad[c(x)]], then we have the following result:

c1(x) ≤ c2(x) ∀x ∈ Ω. (6.2.8)

Definition 6.2.3 (Ordered upper and lower solutions). Given that cus(x, t) ∈
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C2
1(ΩI) ∩ C0(ΩI) and if it satisfies the following inequalities:

L[cus] ≥ f(x, t, cus(x, t)) in Ω× (0, I), (6.2.9a)

cus(x, t) ≥ cp(x, t) on ∂Ω × (0, I), and (6.2.9b)

cus(x, t = 0) ≥ c0(x) in Ω, (6.2.9c)

then cus(x, t) is called an upper solution to the equations (6.2.1a)–(6.2.1c). Corre-

spondingly, cls(x, t) ∈ C2
1(ΩI) ∩ C0(ΩI) is called a lower solution if it satisfies the

reverse inequalities given by equations (6.2.10)–(6.2.9c). The variables cus(x, t) and

cls(x, t) are called ordered upper and lower solutions if they satisfy Theorem (6.2.2).

That is,

cls(x, t) ≤ cus(x, t) ∀(x, t) ∈ ΩI . (6.2.10)

Similarly, one can define ordered upper and lower solutions if L[c] := −div [D(x)grad[c(x)]].

Theorem 6.2.4 (Monotone property). Given that cus(x, t) and cls(x, t) are an or-

dered upper and lower solutions to the governing equations given by (6.2.1a)–(6.2.1c).

Let a sequence of solutions {ck(x, t)}k∈N satisfy the following set of inequalities for

every k ∈ N:

L[ck] ≥ f(x, t, ck(x, t)) in Ω× (0, I), (6.2.11a)

ck(x, t) ≥ cp(x, t) on ∂Ω× (0, I), and (6.2.11b)

ck(x, t = 0) ≥ c0(x) in Ω. (6.2.11c)
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Furthermore, if the sequence {ck(x, t)}k∈N satisfies the following inequality:

f(x, t, cls(x, t)) ≤ · · · · · · ≤ f(x, t, ck(x, t)) ≤ · · · · · · ≤ f(x, t, cus(x, t))

∀(x, t) ∈ ΩI and k ∈ N. (6.2.12)

then {ck(x, t)}k∈N possess the monotone property given as:

cls(x, t) ≤ · · · · · · ≤ ck(x, t) ≤ · · · · · · ≤ cus(x, t)

∀(x, t) ∈ ΩI and k ∈ N. (6.2.13)

Specifically, if L[c] := −div [D(x)grad[c(x)]] ≤ 0, then we have the following result

for {ck(x)}k∈N:

cls(x) ≤ · · · · · · ≤ ck(x) ≤ · · · · · · ≤ cus(x)∀x ∈ Ω and k ∈ N. (6.2.14)

6.2.2 Mesh and time-step restrictions for linear second-order elliptic and

parabolic PDEs

In the literature on discrete maximum principles, there are several papers which

discuss about restrictions on mesh and time-step to satisfy different types of discrete

properties for transient diffusion-type equations. Some of the notable works in this

direction include Horváth (2008); Berzins (2001); Elshebli (2008); Faragó et al. (2005);

Ilinca and Hétu (2002); Mizukami (1986); Porru and Serra (1994); Rank et al. (1983);

Thomas and Zhou (1998). However, most of these works are concerned with either

one-dimensional problems or isotropic media. Most importantly, they did not consider

effects of anisotropy and heterogeneity of the medium in to consideration. Recently,

Huang and co-workers have proposed mesh restrictions to satisfy discrete maximum

principles for steady-state anisotropic diffusion-type equations Li and Huang (2010);
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Huang and Li (2010); Huang (2010, 2013); Lu et al. (2012). This is based on a non-

linear and iterative anisotropic M-uniform mesh generation technique Huang (2001,

2005, 2006), wherein the metric tensorM(x) is evaluated based on the inverse of in-

tegral average of the diffusivity tensor. Employing this methodology in-combination

with the method of vertical lines, they derived time-step restrictions to satisfy discrete

maximum principles for time stepping schemes that fall under generalized α-method

Li and Huang (2013) and explicit Runge-Kutta method Huang et al. (2013). Alterna-

tively, one can discretize the linear parabolic second-order partial differential equation

apriorly using any type of time integrator (which can be explicit or implicit) and then

apply mesh restrictions to satisfy discrete maximum principles. Each methodology

has its own advantages and disadvantages. The following are the main pros and cons

of each methodology:

(1) Method of vertical lines (MOVL): Given an anisotropic M-uniform mesh

measured in a metric specified by inverse of integral average of the diffusivity

tensor, method of vertical lines provides the following bounds on the time-step:

0 < ζDMPh
2 ≤ ∆t ≤ ζStabh

2, (6.2.15)

where h is the maximum element diameter of the given mesh. ζDMP is the lower

bound needed to satisfy the discrete maximum principle. Correspondingly, ζStab is

the upper bound required for the sake of stability. These bounds are dependent on

the time-stepping scheme, integral average of the diffusivity tensor, minimum and

maximum eigenvalues of the inverse of integral average of the diffusivity tensor,

and other mesh related parameters Li and Huang (2013); Huang et al. (2013).

The advantage of this methodology is that one can satisfy discrete principles even

for coarse anisotropic M-uniform meshes if the condition given on ∆t (equation

(6.2.15)) is met. But on the other hand accuracy is compromised if a coarse mesh
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Table 6.1: Anisotropic diffusivity tensor test problem: Quantitative results for minimum con-
centration and % of nodes that have violated the non-negative constraint in the
computational domain.

∆t Min. Conc. Value % of nodes violated
10−3 −2.16× 10−1 7.25
10−4 −2.64× 10−1 22.45
10−5 −2.97× 10−1 11.05

is used. Moreover, it should be noted that the condition on ∆t given by equation

(6.2.15) might be stringent if D(x) is highly heterogeneous and anisotropic, which

is the case in many real-life applications Pinder and Celia (2006); Zheng and

Bennett (2002).

(2) Method of horizontal lines (MOHL): In this method, as time discretization

is performed apriorly, this gives rise to a linear second-order diffusion with decay-

type equation. The decay constant is positive and inversely proportional to ∆t.

The main advantage of MOHL as compared to MOVL is that there is no need

to impose restrictions on ∆t. However, the mesh restrictions become much more

severe compared to MOVL approach as the decay constant is involved. Smaller

time-steps results in higher values of decay constant. This means that we need

fine anisotropicM-uniform meshes to satisfy discrete maximum principles, which

increases the computational cost dramatically.

Herein, we shall take the MOHL approach. Through a representative numerical ex-

ample, we shall demonstrate the salient aspects involved in satisfying various discrete

principles based on such anisotropic M-uniform meshes.

6.2.2.1 Anisotropic diffusivity tensor test problem

The computational domain Ω is a bi-unit square with a square hole of length

equal to 0.1. The diffusivity tensor is given by equation (4.1.1) and (4.1.2a). Herein,

we assume dmax = 104, dmin = 1, and θ = π/6. A pictorial description of the boundary
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value problem and an anisotropic M-uniform mesh corresponding to the diffusivity

tensor is shown in the Figure 6.1. Vertex O is located at (0, 0) while vertex H is

located at (0.45, 0.45). Dirichlet boundary conditions are prescribed on the square

hole and on the bi-unit square domain.

This mesh is created using BAMG in FreeFem++ based on the nonlinear and

iterative anisotropic M-uniform mesh generation technique given by Algorithm 1.

Correspondingly, the concentration profiles obtained using this mesh is shown in Fig-

ure 6.2. The white region in the subfigures of Figure 6.2 represents the area in which

concentration is negative. For transient case, analysis is performed using various val-

ues of ∆t. Correspondingly, the contours represent the concentration profiles at the

first time-step. From this figure, it is evident that the anisotropic M-uniform mesh

(given in Figure 6.2) does not violate the non-negative constraint and discrete maxi-

mum principles in-case of steady-state and for transient analysis when ∆t is equal to

either 0.1 or 0.01. But when ∆t is either 10−3 or 10−4 or 10−5, there is considerable

violation in the non-negative constraint. Accordingly, the minimum value for con-

centration and the % of nodes that have violated the non-negative constraint (below

the machine epsilon) is quantified in Table 6.1. Hence, in order to avoid violation

of non-negative constraint and discrete maximum principles for smaller time-steps,

one needs to highly refine the mesh. Nevertheless, this increases the computational

cost as one needs to generate a h-refined anisotropicM-uniform mesh and then solve

the diffusion-type equation on this mesh. It should be noted that generating such

h-refined mesh (which need to adhere to certain constraints given by various discrete

principles) might be difficult and sometimes impossible Schneider (2013); George and

Frey (2010).

In the next section, we shall discuss on various nonlinear methods to obtain

numerical solutions to semilinear elliptic and parabolic partial differential equations

within the context of mesh and time-step restrictions. Moreover, we shall address
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Figure 6.1: Anisotropic diffusivity tensor test problem: The left figure provides a pictorial
description of the problem with the relevant boundary and initial conditions.
The right figure shows the anisotropicM-uniform mesh employed in the com-
putational study.
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which discrete properties are preserved or lost on low-order finite element discretiza-

tion of standard single-field Galerkin and non-negative formulations for reaction-

diffusion systems.

6.3 NONLINEAR TECHNIQUES TO SOLVE REACTION-DIFFUION

EQUATIONS

In general, for semilinear second-order elliptic and parabolic PDEs, the number

and stability of numerical solutions depend upon the attribute of the volumetric (re-

action) source term. A small variation in input parameters may cause abrupt change

in the nature of the solution and may violate various discrete properties. It should

be noted that these parameters are not only specific to the chemical reaction source

term but also depend on the mesh size, time-step value, and numerical method em-

ployed. Herein, using various representative numerical examples, we analyze whether

the existing and popular numerical schemes such as Pao’s method, Picard’s method,

consistent linearization method, traditional Newton-raphson method, and modifica-

tion of traditional Newton-Raphson method can handle such scenarios.

6.3.1 Pao’s method

This method is also called as traditional monotone iterative method. In continu-

ous setting, this method offers an existence-comparison theorem for both steady-state

and transient reaction-diffusion equations of type given by equations (6.2.1a)–(6.2.1c).

Pao’s methodology is based on constructing ordered lower and upper solutions using

monotone iteration.

Definition 6.3.1 (Sector of ordered upper and lower solutions). Let cls(x, t)

and cus(x, t) be any given ordered lower and upper solutions. Then the sector of
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(f) Transient: ∆t = 10−5

Figure 6.2: Anisotropic diffusivity tensor test problem (mesh and time-step restrictions): The
above figures show the concentration profiles for steady-state and transient
cases.
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ordered upper and lower solutions 〈cls, cus〉 is defined as a functional interval given as:

〈cls, cus〉 :=
{
c(x, t) ∈ C0(ΩI)

∣∣∣ cls ≤ c ≤ cus

}
. (6.3.1)

Theorem 6.3.2 (Continuous Pao’s method). Given that f(x, t, c(x, t)) satisfies the

following one-sided Lipschitz condition:

f(x, t, ci)− f(x, t, cj) ≥ −βgLip(ci − cj) for any ci and cj satisfying cls ≤ cj ≤ ci ≤ cus, (6.3.2)

where βgLip is a constant. Then the following iterative scheme (also called as Pao’s

method):

∂ck

∂t
− div [D(x)grad[ck]] + βgLipck = βgLipck−1 + f(x, t, ck−1) in Ω× (0, I), (6.3.3a)

ck(x, t) = cp(x, t) on ∂Ω× (0, I), and (6.3.3b)

ck(x, t = 0) = c0(x) in Ω (6.3.3c)

to construct a sequence {ck}k∈N successively based on a suitable given initial itera-

tion c1 satisfies the monotone property. Moreover, the lower sequence {ck,ls}k∈N con-

structed with the initial iteration c1 = cls and the upper sequence {ck,us}k∈N created

with c1 = cus also satisfy the monotone property and are related as:

cls ≤ ck,ls ≤ ck+1,ls ≤ ck+1,us ≤ ck,us ≤ cus in ΩI ∀k = 1, 2, · · · . (6.3.4)

Proof. A proof can be found in Pao (1993).

Theorem 6.3.3 (Existence of a transient ordered lower and upper solution).

Let cls(x, t) and cus(x, t) be a nonnegative ordered lower and upper solution. If the

reaction volumetric source f(x, t, c(x, t)), Dirichlet boundary condition cp(x, t), and
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initial condition c0(x), satisfy the following inequalities:

f(x, t, c(x, t) = 0) ≥ 0, cp(x, t) ≥ 0, c0(x) ≥ 0 (6.3.5)

then there exists a unique solution c(x, t) to the system of equations given by (6.2.1a)–

(6.2.1c) and

cls(x, t) = 0 ≤ c(x, t) ≤ cus(x, t) in ΩI . (6.3.6)

Furthermore, let f(x, t, c(x, t)) be a C1-functional in the sector 〈0, cus〉 and for some

positive constant ρ, if

f(x, t, c(x, t) = ρ) ≤ 0, cp(x, t) ≤ ρ, c0(x) ≤ ρ (6.3.7)

then cus(x, t) = ρ is a positive upper solution and 0 ≤ c(x, t) ≤ ρ in ΩI.

Proof. A proof can be found in Pao (1993).

Theorem 6.3.4 (Existence of a steady-state ordered lower and upper solution).

Let cls(x) and cus(x) be a nonnegative ordered lower and upper solution with cp(x) ≥ 0.

Given that f(x, c(x)) ≥ 0 or f(x, c(x)) ≤ 0 be a C1-functional for c(x) ∈ 〈0, cus〉 such

that either f(x, c(x) = 0) or cp(x) is not identically zero. Then there exists at least

one positive solution c(x) ∈ 〈0, cus〉 and c(x) is unique if ∂f
∂c
≤ 0 in 〈0, cus〉. Moreover,

for some positive constant ρ, if

f(x, c(x) = ρ) ≤ 0, cp(x) ≤ ρ, (6.3.8)

then cls(x) = 0 ≤ c(x) ≤ cus(x) = ρ in Ω and the above conclusions hold in the sector

〈0, ρ〉.

Proof. A proof can be found in Pao (1993).

223



Theorem 6.3.5 (Discrete Pao’s method). Let Fk−1 := βgLipck−1 + f(x, t, ck−1)

and correspondingly the lower-order finite element discretization of Fk−1 at any given

time level 0 ≤ t = tn ≤ I be denoted as F
(n)
k−1. It is given that method of hori-

zontal lines based on the time-stepping schemes that fall under generalized α-method

is applied to the equations (6.3.3a)–(6.3.3c). Furthermore, denote the stiffness ma-

trix obtained using the standard Galerkin lower-order finite element discretization of

equations (6.3.3a)–(6.3.3c) as K. If K satisfies the following conditions (properties

of M-matrix Varga (2009)):

(a)K−1
ff � O (b)−K−1

ff Kfp � O (c)−K−1
ff Kfp1 � 1, (6.3.9)

then the iterative scheme given in Theorem 6.3.2 to construct a sequence {c(n)
k }k∈N

successively based on a suitable given initial iteration c
(n)
1,f satisfies the monotone prop-

erty. Additionally, we have the following monotone relation for the lower sequence

{c(n)
k,ls}k∈N and upper sequence {c(n)

k,us}k∈N constructed based on the initial iteration

c
(n)
1,f = cls,f and c

(n)
1,f = cus,f :

cls � c
(n)
k,ls � c

(n)
k+1,ls � c

(n)
k+1,us � c

(n)
k,us � cus in ΩI ∀k = 1, 2, · · · , (6.3.10)

where the stiffness matrix K ≡ [Kff |Kfp], c
(n)
k ≡

[
(c(n)

k,f)T | cT
p

]T
denotes the con-

centration vector at t = tn and iteration level k, c
(n)
k,ls ≡

[
(c(n)

k,ls,f)T | cT
p

]T
, c

(n)
k,us ≡

[
(c(n)

k,us,f)T | cT
p

]T
, cls ≡

[
cT

ls,f | cT
ls,p

]T
, cus ≡

[
cT

us,f | cT
us,p

]T
, the symbol � represents

the component-wise inequality for vectors and matrices, 0 denotes a zero vector, 1

denotes a vector of ones, and O denotes the zero matrix. The stiffness matrices K,

Kff , and Kfp are, respectively, of size nf×nt, nf×nf , and nf×np. The nodal volu-

metric source vector F
(n)
k−1 is of size nf × 1. Correspondingly, the nodal concentration

vectors c
(n)
k , c

(n)
k,f , and cp are of sizes nt × 1, nf × 1, and np × 1, where “nt” denote

the total number of degrees-of-freedom, “nf ” denote the free degrees-of-freedom, “np”
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be the prescribed degrees-of-freedom, and nt = nf + np.

Proof. According to the hypothesis of the Theorem 6.3.5 and the condition given by

equation (6.3.2), it is evident that the discrete counter part of Fk−1, which is given

by F
(n)
k−1 satisfies the following inequality similar to equation (6.2.12):

F ls � · · · · · · � F
(n)
k−1 � F

(n)
k � · · · · · · � F us

∀(x, t) ∈ ΩI and k ∈ N. (6.3.11)

From Definition 6.2.3, it is evident that cls,p � cp � cus,p. On applying generalized

α-method for temporal discretization (with time-stepping scheme parameters αf = 1

and αm = γ ∈ (0, 1]), the discrete equations based on lower-order finite element

discretization of standard single-field Galerkin formulation are given as

Kff c
(n)
k,f = F

(n)
k−1 +

1
∆t

c
(n)
f −Kfpcp, (6.3.12)

where c
(n)
f is the converged solution at t = tn and cp is the discrete counter part of the

Dirichlet boundary condition cp(x, t). Assuming principle of mathematical induction

and a suitable initial guess c
(n)
1,f (for example c

(n)
1,f = 0), it is apparent that the sequence

{c(n)
k }k∈N satisfies the monotone property through trivial algebraic manipulations on

equation (6.3.12) using the conditions provided by equations (6.3.9) and (6.3.11).

Furthermore, the initial guess c
(n)
1,f = 0 also happens to be the discrete ordered lower

solution cls,f . Hence, we have the following additional result:

cls � c
(n)
k,ls � c

(n)
k+1,ls � cus in ΩI ∀k = 1, 2, · · · (6.3.13)

Similarly, for initial guess c
(n)
1,f = cus,f , using equations (6.3.12), (6.3.9), and (6.3.11),
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we have the following set of inequalities:

c
(n)
2,us � c

(n)
1,us and (6.3.14a)

c
(n)
1,ls � c

(n)
2,ls � c

(n)
2,us � c

(n)
1,us. (6.3.14b)

By appealing to principle of mathematical induction, we have the final result:

cls � c
(n)
k,ls � c

(n)
k+1,ls � c

(n)
k+1,us � c

(n)
k,us � cus in ΩI ∀k = 1, 2, · · · (6.3.15)

which completes the proof.

It should be noted that if there exists a constant βlLip ≥ −βgLip such that the

following inequality holds:

f(x, t, ci)− f(x, t, cj) ≤ βlLip(ci − cj) for any ci and cj satisfying cls ≤ cj ≤ ci ≤ cus (6.3.16)

then the Pao’s iterative scheme described in Theorem 6.3.2 has to be modified as

described below:

∂ck

∂t
− div [D(x)grad[ck]]− βlLipck = −βlLipck−1 + f(x, t, ck−1) in Ω× (0, I), (6.3.17a)

ck(x, t) = cp(x, t) on ∂Ω× (0, I), and (6.3.17b)

ck(x, t = 0) = c0(x) in Ω. (6.3.17c)

In the case when the reaction volumetric source f(x, t, c(x, t)) satisfies a Lipschitz

condition in the form:

|f(x, t, ci)− f(x, t, cj)| ≤ βLip|(ci − cj)| for any ci and cj ∈ 〈cls, cus〉 (6.3.18)

the constants βgLip, βlLip, and βLip are given by βgLip = βlLip = βLip. Continuous
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and discrete conditions outlined in Theorems 6.3.2 and 6.3.5 can be constructed in

a similar fashion for the above set of equations (6.3.17a)–(6.3.17c). Herein, we shall

skip such details for sake of saving space. In subsection 6.5.1, based on the above

discrete setting, we shall compute the numerical solution and show that the resulting

sequence of iterations is monotone and converges to a solution of the given problem.

Other important aspects such as rate of convergence of discrete Pao’s method and

satisfaction of various discrete principles are also discussed. Correspondingly, the

residual at iteration level k (until convergence) for the Pao’s method is plotted, which

is given as

Rk,Pao :=

(
w;
ck(x, t = tn)− c(x, t = tn−1)

∆t

)
+ (grad[w]; D(x)grad[ck(x, t = tn)])

− (w; f(x, t = tn, ck(x, t = tn))) , (6.3.19)

where w ∈ H1
0 (Ω) is the test function Ern and Guermond (2000) and H1

0 (Ω) is the

standard Sobolev space in Ω Evans (1998).

6.3.2 Picard’s method

This method is also known in numerical analysis literature as traditional fixed-

point method Heath (2005); Quarteroni et al. (2006); Atkinson and Han (2001). It

should be noted that Picard’s numerical scheme is a subset to that of Pao’s method

and can be obtained by setting the parameter β in Theorem 6.3.2 to be equal to zero.

Hence, all the relevant mathematical analysis and corresponding restrictions on the

stiffness matrices can be borrowed from the Pao’s method.

6.3.3 Traditional Newton-Raphson method

In numerical analysis Heath (2005) and nonlinear finite element method Be-

lytschko et al. (2000), one of the most frequently applied scheme to solve a system
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of nonlinear algebraic equations is the traditional Newton-Raphson method Kelley

(1987). The objective of this scheme is evaluate ck+1(x, t = tn) based on the Taylor

series expansion (or linearization) of the residual at iteration level k + 1, which is

given as

Rk+1,TNR = Rk,TNR +
DRk,TNR

Dck

∆ck+1, (6.3.20)

where DRk,TNR

Dck
corresponds to the Fréchet derivative at ck(x, t = tn) and ∆ck+1 :=

ck+1(x, t = tn)−ck(x, t = tn). Correspondingly, the expression for the residual Rk,TNR

is given as

Rk,TNR :=

(
w;
ck(x, t = tn)− c(x, t = tn−1)

∆t

)
+ (grad[w]; D(x)grad[ck(x, t = tn)])

− (w; f(x, t = tn, ck(x, t = tn))) (6.3.21)

and that of DRk,TNR

Dck
∆ck+1 is given as

DRk,TNR

Dck
∆ck+1 :=

(
w;

∆ck+1

∆t

)
+ (grad[w]; D(x)grad[∆ck+1])

−

w;

df(x, t = tn, ck + ǫ∆ck+1)
dǫ

∣∣∣∣∣∣
ǫ=0


 . (6.3.22)

The solution variable ck+1(x, t = tn) is evaluated through the following two step

process:

• First step is to evaluate ∆ck+1 by equating the residual at k+ 1 to be zero and

solving the resulting system of linear equations.

• In second step, one obtains ck+1(x, t = tn) through the following update: ck+1 =

ck + ∆ck+1
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6.3.4 Modification of traditional Newton-Raphson method

This scheme attempts to rectify one of the drawbacks of traditional Newton-

Raphson method by reorganizing the expressions in equations (6.3.21) and (6.3.22).

Corresponding, the modified residual of equation (6.3.20) in terms of the unknown

variable ck+1(x, t = tn) is given as

Rk+1,MTNR :=

(
w;

ck+1(x, t = tn)

∆t

)
+ (grad[w]; D(x)grad[ck+1(x, t = tn)])

−
(

w;
df(x, t = tn, ck + ǫ∆ck+1)

d (ck + ǫ∆ck+1)

∣∣∣∣∣
ǫ=0

ck+1(x, t = tn)

)
−
(

w;
c(x, t = tn)

∆t

)

−
(

w; f(x, t = tn, ck(x, t = tn)− df(x, t = tn, ck + ǫ∆ck+1)

d (ck + ǫ∆ck+1)

∣∣∣∣∣
ǫ=0

ck(x, t = tn)

)
. (6.3.23)

The solution variable ck+1(x, t = tn) is evaluated by designating Rk+1,MTNR to be

equal to zero. Correspondingly, one can enforce the non-negative constraint to the

resulting discrete equations obtained from the lower-order finite element discretiza-

tion of equation (6.3.23). The resulting linear complementarity problem can be

solved using the standard optimization algorithms (such as active-set methods, barrier

methods, and interior-point methods) available in literature Boyd and Vandenberghe

(2004); Nocedal and Wright (1999).

6.3.5 Consistent linearization method

Cornerstone in mathematical analysis of nonlinear partial differential equations

is consistent linearization method. This methodology is widely used in obtaining

numerical solutions based on nonlinear finite element method and assessing their

stability. This technique is similar to that of traditional Newton-Raphson method

and its modification. However, in-order to evaluate ck+1(x, t) at any time level, the

operator ‘L’ is linearized before constructing the residual. This linearized operator
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LCL[ck+1] is given as

LCL[ck+1] = LCL[ck] +
DLCL[ck]

Dck
∆ck+1, (6.3.24)

where DLCL[ck]
Dck

corresponds to the Fréchet derivative at ck(x, t) and ∆ck+1 := ck+1(x, t)−

ck(x, t). Correspondingly, the expression for LCL[ck] is given as

LCL[ck] :=
∂ck

∂t
− div [D(x)grad[ck]] = f(x, t, ck). (6.3.25)

Following a similar type of procedure given by equations (6.3.22) and (6.3.23), the final

expression for the linearized operator LCL[ck+1] on which the finite element method

is applied is given as

LCL[ck+1] :=
∂ck+1

∂t
+ µCLck+1 − div [D(x)grad[ck+1]] = fCL(x, t, ck), (6.3.26)

where there terms µCL and fCL are given as:

µCL = −df(x, t, ck + ǫ∆ck+1)
d (ck + ǫ∆ck+1)

∣∣∣∣∣∣
ǫ=0

and (6.3.27a)

fCL = f(x, t, ck)− df(x, t, ck + ǫ∆ck+1)
d (ck + ǫ∆ck+1)

∣∣∣∣∣∣
ǫ=0

ck. (6.3.27b)

In case of steady-state, the above PDE, which is linearized about the base state

‘ck’ satisfies a continuous maximum principle if µCL ≥ 0. This condition cannot be

relaxed. However, for transient case, µCL ≤ 0 is possible but there will be restriction

on time-step to satisfy a maximum principle.
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6.3.6 General comments on various nonlinear methods

On careful mathematical analysis of Pao’s method, Picard’s method, consistent

linearization method, traditional Newton-raphson method, and modification of tra-

ditional Newton-Raphson method, the following are some of the important aspects

one needs to extra vigilant in order to enforce various discrete properties.

1. One of the advantages of traditional Newton-Raphson method is the rapid rate

of convergence as compared to the Pao’s method. But it should noted that this

scheme suffers from a major drawback, which is the (potential) dissatisfaction

of monotone property, discrete comparison principles, discrete maximum princi-

ples, and non-negative constraint. This is because the scheme given by equation

(6.3.20) does not apriorly (or a posteriorly) ensure satisfaction of these discrete

properties.

2. Furthermore, the scheme given by equation 6.3.20 does not provide flexibility

to construct a non-negative formulation based on the lines given in Reference

Nagarajan and Nakshatrala (2011); Nakshatrala et al. (2013) to satisfy atleast

certain discrete properties (such as non-negative constraint and discrete maxi-

mum principles). Nevertheless, one can derive conditions on the discrete counter

parts of the expressions (6.3.21) and (6.3.22) similar to that of Theorem (6.3.5).

But it should be noted that these conditions do not have any variational basis.

Additionally, enforcing such mathematical conditions in a numerical simula-

tion is very difficult. For more details, see the discussion of numerical results

presented in the subsection 6.5.1.

231



6.4 PHYSICS-BASED CHEMICAL REACTION MODELS OF MONOTONE-

TYPE

As noted previously in Section 6.1, the reaction-diffusion system given by equa-

tions (6.2.1a)–(6.2.1c) covers a wide number of real-life applications in various branches

of physical, chemical, and biological sciences. Herein, we shall describe some popular

and specific chemical reaction models of monotone-type, i.e., the reaction volumetric

source term f(x, t, c(x, t)) satisfies the one-sided Lipschitz condition given by equa-

tion 6.3.2 or equation (6.3.16). The reaction volumetric source functionals that we

discuss below are infinitely differentiable with respected to c(x, t) ≥ 0 and satisfy

the condition f(x, t, c(x, t) = 0) ≥ 0. Additionally, we assume that boundary and

initial data are non-negative. Hence, from Theorem 6.3.3 each of these chemical re-

action models has a unique non-negative time-dependent solution, if there exists a

non-negative upper solution. Similar inference can be drawn from Theorem 6.3.4 for

steady-state reaction-diffusion problems. However, it should be noted that more than

one non-negative steady-state solution may exist. For uniqueness of solution, we need

to have ∂f
∂c
≤ 0 in 〈0, cus〉 (see Theorem 6.3.4).

The parameter βgLip or βlLip can be evaluated by using the famous Taylor’s

theorem Rudin (1976); Lax (2002) as f(x, t, c(x, t)) is C∞-functional with respect to

c(x, t). Correspondingly, the Taylor’s theorem for f(x, t, ci) at cj for cls ≤ cj ≤ ci ≤

cus is given as

f(x, t, ci) = f(x, t, cj) +
∂f

∂c

∣∣∣∣∣∣
c=cj

(ci − cj) +
∂2f

∂c2

∣∣∣∣∣∣
c=cκ

(ci − cj)2, (6.4.1)

where cκ lies between cj and ci. In the conditions given by equation 6.3.2 and equation

(6.3.16), the constants βgLip and βlLip are not necessarily positive. From equation

(6.4.1) and the fact that f(x, t, c(x, t)) is continuously differentiable in c(x, t) for
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c(x, t) ∈ 〈cls, cus〉, these constants are given as

βgLip = max
(x,t)∈ΩI

cls≤c≤cus

[
−∂f
∂c

]
and (6.4.2a)

βlLip = max
(x,t)∈ΩI

cls≤c≤cus

[
∂f

∂c

]
. (6.4.2b)

The values of these parameters βgLip or βlLip shall be used in our numerical sim-

ulations to obtained the required non-negative solutions. Additionally, we check if

other discrete properties are preserved or not during this nonlinear iterative process.

After the discussion of each popular chemical reaction model, we shall provide the

values for the parameters βgLip or βlLip. Furthermore, we shall construct the ordered

solutions cls(x, t) and cus(x, t). Finally, we will briefly discuss about the existence

and uniqueness of the non-negative solutions for these models for both transient and

steady-state reaction-diffusion problems.

6.4.1 Enzyme kinetics (Michaelis-Menton type) chemical reaction model

Consider the following monoenyzmatic irreversible class of enzyme-kinetics re-

action schemes occurring in a biochemical system Murray (1968b,a):

A + B
k0−⇀↽−
k1

AB
k2−→ A + C, (6.4.3)

where A is the free enzyme, B is the substrate, AB is the enzyme-substrate complex,

and C is the reaction product. The constants k0, k1, and k2 represent the rates of

reaction. Based on Michaelis-Menton hypothesis and Briggs-Haldane approximation

Murray (1968b,a), the reaction volumetric source f(x, t, c(x, t)) corresponding to the

substrate B is given as

f(x, t, c(x, t)) = − σek1c

1 + σek2c
, (6.4.4)
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where the positive constants σek1 and σek2 are related to reaction rates k0, k1, and k2

as

σek1 =
σAo

k0k2

k1 + k2
and (6.4.5a)

σek2 =
k0

k1 + k2
(6.4.5b)

with the positive constant σAo
corresponding to the total amount of enzyme A present

in the reacting domain. From equation (6.4.4), it is evident that f(x, t, c(x, t) = 0) =

0 and f(x, t, c(x, t)) ≤ 0 for any c(x, t) ≥ 0. Hence, any positive constant ρ satisfying

the condition given by equation (6.3.7) is an upper solution. By Theorem (6.3.3),

we have a unique solution c(x, t) for the governing equations (6.2.1a)–(6.2.1c) with

the reaction volumetric source function given by equation (6.4.4). Herein, for this

f(x, t, c(x, t)), the following inferences can be drawn based on its first and second

partial derivatives:

∂f

∂c
= − σek1

(1 + σek2c)
2 ≥ −σek1 ∀c(x, t) ≥ 0 and (6.4.6a)

∂2f

∂c2
=

2σek1σek2

(1 + σek2c)
3 > 0 ∀c(x, t) ≥ 0. (6.4.6b)

From equations (6.4.1), (6.4.6a), and (6.4.6b), it is evident that f(x, t, ci)−f(x, t, cj) ≥

−σek1(ci − cj). Furthermore, from equations (6.4.2a) and (6.4.6a), we have βgLip =

σek1 . In case of steady state problem, any constant ρ ≥ cp(x) can be taken as an

upper solution and the value of βgLip is same as that of transient state. Since ∂f
∂c
≤ 0

for any c(x) ≥ 0, from Theorem 6.3.4 it is apparent that we have a unique steady

state solution. Additionally, as f(x, c(x) = ρ) ≤ 0, we have 0 ≤ c(x) ≤ ρ.

In case, a competitive inhibitor, the so-called substrate inhibition, is present a

234



different reaction rate leads to the following reaction model:

f(x, t, c(x, t)) = − σsk1c

1 + σsk2c+ σsk3c
2
, (6.4.7)

where σsk1 , σsk2, and σsk3 are positive constants. Similar to the volumetric source

functional given by equation (6.4.4), f(x, t, c(x, t) = 0) = 0 and f(x, t, c(x, t)) ≤ 0

for any c(x, t) ≥ 0 for equation (6.4.7). Therefore, any constant ρ ≥ cp(x, t) and

ρ ≥ c0(x) is an upper solution for the time-dependent reaction-diffusion problem. By

Theorem (6.3.3), we have a unique solution c(x, t) for the transient case and 0 ≤

c(x, t) ≤ ρ. Correspondingly, the first and second partial derivatives of f(x, t, c(x, t))

are given as

∂f

∂c
= − σsk1

− σsk1
σsk3

c2

(1 + σsk2
c + σsk3

c2)2 and (6.4.8a)

∂2f

∂c2
=

3σsk1
+ 2σsk1

σsk3
c + (2σsk1

σsk2
σsk3

− 3σsk1
σsk3

) c2 + 2σsk1
σsk2

σsk3
c3

(1 + σsk2
c + σsk3

c2)
3 . (6.4.8b)

From equation (6.4.8a) and mean value theorem in Mathematical analysis Rudin

(1976), it is evident that f(x, t, c(x, t)) is a Lipschitz function as ∂f
∂c

is uniformly

bounded by a positive constant ‘σsk1βsk’ in R. This positive constant βsk for the

reaction model given by equation (6.4.7) is

βsk = sup
0≤c≤ρ



∣∣∣∣∣∣

1− σsk3c
2

(1 + σsk2c+ σsk3c
2)2

∣∣∣∣∣∣


 , (6.4.9)

where sup [•] is the standard supremum in mathematical analysis Rudin (1976). Since,

∂f
∂c

is continuously differentiable in 〈0, ρ〉, supremum can be replaced by the maximum.

Moreover, |1 − σsk3c
2| ≤ (1 + σsk2c+ σsk3c

2)2 for all 0 ≤ c(x, t) ≤ ρ. Hence, the

positive constant βsk ≤ 1. Conservatively, the Lipschitz constant for f(x, t, c(x, t))

given by equation (6.4.7) can be taken as βLip = σsk1.
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For the steady-state reaction diffusion problem, ρ ≥ cp(x) can be taken as an

upper solution. By Theorem 6.3.4, atleast one steady-state solution c(x) exists and

0 ≤ c(x) ≤ ρ. Nevertheless, for the current volumetric source functional, we have the

following:

∂f

∂c
≤ 0 ∀c ≤ 1

√
σsk3

and (6.4.10a)

∂f

∂c
≥ 0 ∀c ≥ 1

√
σsk3

. (6.4.10b)

As ∂f
∂c
6≤ 0 for all c(x) ∈ 〈0, ρ〉, uniqueness cannot be concluded without additional

restrictions on cp(x) and σsk3 . If cp(x) ≤ 1√
σsk3

, then from Theorem 6.3.4 it is evident

that the reaction volumetric source functional given by equation (6.4.7) cannot have

multiple steady-state solutions. However, if this condition is not met, multiple solu-

tions do exist for certain range of input data and model parameters. Further relevant

mathematical details and general discussion on existence of multiple solutions, see Pao

(Pao, 1993, Chapter-3). Additionally, within the context of 1D steady-state reaction-

diffusion problems, numerical investigation has been performed by Pao et.al. Pao

et al. (1985) and Kernevez (Kernevez, 1980, Chapter-3) for finding multiple steady-

state solutions. But it should noted that seldom research effort has been performed

for 2D and 3D problems.

6.4.2 Population growth (Fisher type) and genetics model

In understanding birth and death rates of genotypes (which correspond to the

population genetics of diploid individuals), fisher type models are employed to under-

stand the dynamics of the biological system. The following is a specific and popular

model used to study such a genetic process Fife (1979) for normalized concentration
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c(x, t) governed by equations (6.2.1a)–(6.2.1c):

f(x, t, c(x, t)) = σpg1c(c− σpg2)(1− c), (6.4.11)

where σpg1 and σpg2 are positive constants. Furthermore, we have 0 < σpg2 < 1.

Mathematically, the chemical reaction model given by equation (6.4.11) also describes

bistable transmission lines in electric circuit theory Nagumo et al. (1965). From

equation (6.4.11), we have f(x, t, c(x, t) = 0) = 0 and f(x, t, c(x, t)) ≥ 0 for any

c(x, t) ≥ 0. As c(x, t) is normalized, we require 0 ≤ cp(x, t) ≤ 1 and 0 ≤ c0(x) ≤ 1.

Under this requirement, it is evident that ρ = 1 is an upper solution. By Theorem

6.3.3, we have a unique time-dependent solution and 0 ≤ c(x, t) ≤ 1. Accordingly,

the first, second, and third partial derivatives of f(x, t, c(x, t)) are given as

∂f

∂c
= −σpg1

(
3c2 − 2 (1 + σpg2) c+ σpg2

)
, (6.4.12a)

∂2f

∂c2
= 2σpg1 ((1 + σpg2)− 3c) , and (6.4.12b)

∂3f

∂c3
= −6σpg1 . (6.4.12c)

From equations (6.4.12a)–(6.4.12c), it is apparent that f(x, t, c(x, t)) is a Lipschitz

function as ∂f
∂c

is uniformly bounded by a positive constant ‘σpg1βpg’ in R, where βpg

is given as

βpg = sup
0≤c≤1

[∣∣∣3c2 − 2 (1 + σpg2) c+ σpg2

∣∣∣
]
. (6.4.13)

As ∂f
∂c

is continuously differentiable in 〈0, 1〉, the maximum value of βpg occurs at

either c = 0 or c = 1+σpg2

3
or c = 1 depending on the value of parameter σpg2. It

should be noted that c = 1+σpg2

3
is a local maxima but not a global maxima of βpg.
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Correspondingly, the value for βpg is given as

βpg = max
[{
σpg2, (1− σpg2)

}]
< 1. (6.4.14)

The Lipschitz constant for f(x, t, c(x, t)) given by equation (6.4.11) can be taken as

βLip = σpg1βpg. In case of steady-state problem, from Theorem 6.3.4 it is apparent

that there exists atleast one steady-state solution such that 0 ≤ c(x) ≤ 1. Moreover,

we have:

∂f

∂c
≤ 0 ∀c ∈




1 + σpg2
−
√

1− σpg2
+ σ2

pg2

3
,

1 + σpg2
+
√

1− σpg2
+ σ2

pg2

3


 and (6.4.15a)

∂f

∂c
≥ 0 ∀c ∈


0,

1 + σpg2
−
√

1− σpg2
+ σ2

pg2

3


⋃




1 + σpg2
+
√

1− σpg2
+ σ2

pg2

3
, 1


 . (6.4.15b)

Hence, there is no uniqueness result for c(x) ∈ 〈0, 1〉. Indeed, for a certain set of

parameters σpg1 and σpg2 , Pao (Pao, 1993, Chapter-3) has developed mathematical

results and existence theorems to show that Fisher’s model possesses multiple positive

steady-state solutions. But it should be noted that seldom parametric studies have

been done for this popular model, even within the context 1D steady-state reaction-

diffusion problem.

6.4.3 Nuclear reactor dynamics model

In the analysis of space-time dependent nuclear reactor dynamics, the chemical

reaction model for the number of neutrons produced per fission is given by the fol-

lowing functional Kastenberg and Chambré (1968); Duderstadt and Hamilton (1976);

Henry (1975):

f(x, t, c(x, t)) = c(σnr1 − σnr2c) + q(x, t), (6.4.16)
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where σnr1 and σnr2 are positive constants. q(x, t) ≥ 0 constitutes the non-reactive

spatially varying volumetric source. From equation (6.4.16), it is evident that f(x, t, c(x, t) =

0) = q(x, t) ≥ 0. Hence, Theorem 6.3.3, implies that we have unique time-dependent

non-negative solution. Furthermore, from equations (6.4.16) and (6.3.7) the positive

constant ρ, which is an upper solution can be evaluated as

ρ(σnr1 − σnr2ρ) + q ≤ 0, cp(x, t) ≤ ρ, c0(x) ≤ ρ. (6.4.17)

Conservatively, based on equation (6.4.17) a concise expression for calculating ρ is

given as

ρ = max





1,

σnr1 + qnr

σnr2

, sup
(x,t)∈ΩI

[cp(x, t)] , sup
x∈Ω

[c0(x)]






 ≥ 1, (6.4.18)

where the non-negative constant qnr is given as

qnr = sup
(x,t)∈ΩI

[q(x, t)] . (6.4.19)

Correspondingly, the first and second partial derivatives of f(x, t, c(x, t)) are given as

∂f

∂c
= σnr1 − 2σnr2c and (6.4.20a)

∂2f

∂c2
= −2σnr2 . (6.4.20b)

From equation (6.4.20a), it apparent that f(x, t, c(x, t)) is a Lipschitz function as it

is bounded above by a positive constant ‘βLip = σnr1βnr’, where βnr is given as

βnr = sup
0≤c≤ρ



∣∣∣∣∣∣
1− 2σnr2c

σnr1

∣∣∣∣∣∣


 = max





1,

∣∣∣∣∣∣
2σnr2ρ

σnr1

− 1

∣∣∣∣∣∣






 . (6.4.21)

239



In case of steady-state problem, ∂f
∂c
6≤ 0 for all c(x) ∈ 〈0, ρ〉 without additional

restrictions on σnr1 and σnr2 . Hence, in general, steady-state solution is not unique

based on Theorem 6.3.4.

6.4.4 Chemical reactor dynamics model

In an irreversible isothermal chemical reaction where the temperature is a known

constant σtemp, a general expression for the reaction volumetric source is given as

follows Aris (1975b,a):

f(x, t, c(x, t)) = −σcrc
m, (6.4.22)

where m is the order of the reaction, σcr = σtn exp(σan − σan

σtemp
) is the rate constant,

σtn is the Thiele number for the chemical reaction, σan is the Arrhenius number

corresponding to the kinetics of the m-th order reaction. Specifically, when m = 2 the

equation given by (6.4.22) describes the second-order recombination reaction of free

atoms or ions in the dissociation or ionization processes of subsonic motion of gases in

chemical reactors and astrophysics applications Joseph and Lundgren (1973). From

equation (6.4.22), it is evident that f(x, t, c(x, t) = 0) = 0 and f(x, t, c(x, t)) ≤ 0 for

any c(x, t) ≥ 0. Hence, any positive constant ρ satisfying the condition provided by

equation (6.3.7) is an upper solution. By Theorem (6.3.3), we have a unique time-

dependent solution. In some parallel reaction schemes involving multiple chemical

species, a general reaction volumetric source is given as follows Erdi and Toth (1989);

Fogler (2006); Rice (1985):

f(x, t, c(x, t)) = −
n∑

i=1

σcri
cmi , (6.4.23)

where n is the number of chemical species involved in the parallel reaction schemes, mi

is the order of i-th chemical reaction, and σcri
is the corresponding rate constant for
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the i-th chemical reaction. It should be noted that mi and σcri
are positive numbers.

6.4.5 Moderate/slow bimolecular chemical reaction model

Bimolecular chemical reaction involves two chemical species A and B, which

react irreversibly to produce product C based on the following stoichiometry Naksha-

trala et al. (2013):

nA A + nB B −→ nC C, (6.4.24)

where nA, nB and nC are positive stoichiometric coefficients. Correspondingly, the

governing equations for the bimolecular reaction-diffusion system is given as follows:

∂cA

∂t
− div[D(x) grad[cA]] = qA(x, t)− nA r in Ω× (0, I), (6.4.25a)

∂cB

∂t
− div[D(x) grad[cB]] = qB(x, t)− nB r in Ω× (0, I), (6.4.25b)

∂cC

∂t
− div[D(x) grad[cC ]] = qC(x, t) + nC r in Ω× (0, I), (6.4.25c)

ci(x, t) = cp
i (x, t) on ∂Ω× (0, I) (i = A, B, C), and (6.4.25d)

ci(x, t = 0) = c0
i (x) in Ω (i = A, B, C), (6.4.25e)

where qi(x, t) constitutes the non-reactive spatially varying volumetric source, cp
i (x, t)

is the Dirichlet boundary condition, and c0
i (x) is the initial condition for i-th chemical

species. The rate of the bimolecular chemical reaction ‘r’ is given by r = kbiocAcB,

where kbio is the bilinear reaction rate coefficient. This type of chemical reaction

model for ‘r’ is used to study a kinetic reaction between the electron donor and

acceptor in reactive transport problems McCarty and Criddle (2012).

Based on the following linear transformation, one can obtain two independent
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non-negative invariants, which are unaffected by the chemical reaction:

cF := cA +
(
nA

nC

)
cC and (6.4.26a)

cG := cB +
(
nB

nC

)
cC . (6.4.26b)

Correpondingly, using the non-negative invariant set given by equations (6.4.26a)–

(6.4.26b), the governing equations for bimolecular system (6.4.25a)–(6.4.25e) can be

converted to a set of uncoupled linear diffusion equations. The governing equations

for the invariant F can be written as follows:

∂cF

∂t
− div[D(x) grad[cF ]] = qA(x, t) +

(
nA

nC

)
qC(x, t) in Ω× (0, I), (6.4.27a)

cF (x, t) = cp
F (x, t) := cp

A(x, t) +
(
nA

nC

)
cp

C(x, t) on ∂Ω × (0, I), and (6.4.27b)

cF (x, t = 0) = c0
F (x) := c0

A(x) +
(
nA

nC

)
c0

C(x) in Ω. (6.4.27c)

In a similar fashion, the governing equations for the invariant G are given as follows:

∂cG

∂t
− div[D(x) grad[cG]] = qB(x, t) +

(
nB

nC

)
qC(x, t) in Ω× (0, I), (6.4.28a)

cG(x, t) = cp
G(x, t) := cp

B(x, t) +
(
nB

nC

)
cp

C(x, t) on ∂Ω × (0, I), and (6.4.28b)

cG(x, t = 0) = c0
G(x) := c0

B(x) +
(
nB

nC

)
c0

C(x) in Ω. (6.4.28c)

Once cF and cG are known, then the concentration of product C is obtained based

on the governing equations given by (6.4.25c)–(6.4.25e), non-negative invariant set

given by equations (6.4.26a)–(6.4.26b), and rate of bimolecular chemical reaction
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‘r = kbiocAcB’. The final form of these equations are given as

∂cC

∂t
− div[D(x) grad[cC ]] = fC(x, t, cC) in Ω× (0, I), (6.4.29a)

cC(x, t) = cp
C(x, t) on ∂Ω × (0, I), and (6.4.29b)

cC(x, t = 0) = c0
C(x) in Ω, (6.4.29c)

where the reaction volumetric source term fC(x, t, cC) for the product C is given as

fC(x, t, cC) = qC(x, t) + nC kbio

(
cF −

(
nA

nC

)
cC

)(
cG −

(
nB

nC

)
cC

)
. (6.4.30)

As cA(x, t) and cB(x, t) are non-negative, this imposes the following constraint on

cC(x, t) when seeking a solution to the equations (6.4.29a)–(6.4.29c):

0 ≤ cC(x, t) ≤ min
(x,t)∈ΩI

[(
nC

nA

)
cF (x, t),

(
nC

nB

)
cG(x, t)

]
. (6.4.31)

After solving for cC(x, t), using the non-negative invariant set given by equations

(6.4.26a)–(6.4.26b) one can obtain cA(x, t) and cB(x, t).

It should be noted that similar type of mathematical analysis for more complex

chemical reaction models involving speciation McCarty and Criddle (2012), equilib-

rium and non-equilibrium sorption in solute transport Zheng and Bennett (2002);

Bahr and Rubin (1987); Valocchi (1989), and double-Monod/Michaelis-Menten en-

zyme kinetics of biomass of living organisms in contaminant transport Cirpka and

Valocchi (2007); Baveye and Valocchi (1989) can be accomplished. This will be con-

sidered in our future works.

6.5 REPRESENTATIVE NUMERICAL EXAMPLES

In this section, we shall illustrate the performance of the proposed computational

framework for reaction-diffusion equations given by (6.2.1a)–(6.2.1c). Herein, within
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the context of standard single-field Galerkin formulation and non-negative methodol-

ogy, we shall study in-detail a specific chemical reaction model which are discussed in

Section 6.4. Analyzing all these models in general setting (which includes advection

and parametric studies) is beyond the scope of this chapter and shall be dealt in our

future works.

6.5.1 Autocatalytic reaction-diffusion problem

A pictorial description of the boundary value problem is shown in Figure 6.3(a).

Vertex O is located at (0, 0). The domain under consideration is a bi-unit square. The

right figure shows a typical three-node triangular structured coarse mesh employed

in the computational study. This mesh has 21 nodes along each side of the domain.

Corresponding, Figure 6.3(b) shows the mesh employed in the computational study.

The value for the parameter m in the reaction volumetric source term is taken to

be equal to 2. Stopping criterion (which is the tolerance on numerical value of the

residual) for Pao’s method is taken as 10−10 and that of Newton-Raphson methods is

taken as 10−12. The initial guess for the concentration vector is taken as c1 = 0. It

should be noted that the vector c1 = 0 corresponds to cls. Numerical simulations are

performed both on coarse and h-refined meshes (which are obtained in a hierarchical

fashion using the coarse mesh). In order to illustrate the pros and cons of Pao and

Newton-Raphson methods in satisfying different discrete properties, we shall consider

four different scenarios. In each scenario, the values for diffusivity tensor, boundary

conditions, and initial conditions are changed accordingly to illustrate various numer-

ical aspects in satisfying discrete properties. These cases and their significance are

described in detail as follows:

Case # 1 c0(x, t) = 0, cp(x, t) = 1, and D(x) = 1. Both steady-state and transient

analysis are performed for this scenario. The number of iterations required

for convergence (which is related to the computational cost), minimum value
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corresponding to the change in the concentration vectors from two successive

iteration levels (which is connected to the monotone property), euclidean norm

change in the concentration vectors between successive iterations, and corre-

spondingly the residual values for each iteration in case of Pao’s method are

tabulated in Table 6.2. Figure 6.4 shows the contours of concentration pro-

files at various iteration levels for steady-state reaction-diffusion problem on

coarse mesh. For any given value of ‘k’ until convergence, if each component

of the vector ‘ck − ck−1’ is either non-negative or close to machine precision

ǫmach ≈ 2.22× 10−16 then we are ensured that the employed numerical scheme

to obtain ck satisfies the monotone property. As the numerical values in the

second column of Table 6.2 (min[ck− ck−1]) are non-negative, it is evident that

Pao’s method satisfies the monotone property as described in Theorem 6.3.5 in

addition to other discrete principles such as non-negative constraint, discrete

maximum principle, and discrete comparison principle. This is due to the fact

that the coarse mesh employed in the numerical simulations is non-obtuse when

measured in Eucledian metric. But this is not the case for transient reaction-

diffusion problems. This is because we have decay term in addition to diffusion

term due to MOHL approach. Because of this decay term the mesh is neither

acute nor non-obtuse. However, this mesh is a Delaunay-mesh when measured

in Eucledian metric for the transient-reaction-diffusion problem. Hence, in case

of Delaunay-based meshes it is well-known that we need a highly refined mesh

to satisfy various discrete properties. This is apparent from Figure 6.5 and

Figure 6.6. The white region within the bi-unit square domain represents the

area in which the numerical value of concentration is negative. Even though

the numerical scheme converges this negative value for concentration does not

decrease and is quite high as quantified in Table 6.3 at various time and iter-

ation levels. These values are obtained at time levels t = 10−4 and t = 10−3
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using the ∆t = 10−4. The minimum concentration at various iteration lev-

els for t = 10−4 is around −3.65 × 10−1 and correspondingly for t = 10−3 is

around −1.54× 10−2. Additionally, from this table it clear that Pao’s method

also violates other discrete principles if the mesh is not fine enough. For both

steady-state and transient analysis, it is numerically observed that the terminal

convergence rate for Pao’s method is of first-order.

Case # 2 c0(x, t) = 1, cp(x, t) = 0, and D(x) = 1. Herein, we perform only tran-

sient analysis. As for the steady-state, the value of concentration is zero every-

where in the domain. From the continuous maximum principle, as f(x, t) ≤ 0, it

is evident that c(x) should lie in-between 0 and 1. From Figures 6.7 and 6.8 it is

evident that Discrete Pao’s method satisfies this condition on h-refined meshes.

Furthermore, from Table 6.4 it is evident that the violation in the maximum

value for concentration is quite high on coarse meshes. From the numerical

simulations conducted, it is also observed that Discrete Pao’s method satisfies

the monotone property on h-refined meshes. The reason for such behaviour is

described in the previous case study (see Case # 1).

Case # 3 c0(x, t) = 0, cp(x, t) = 1, and D(x) =
(

(ǫ1+y)2+ǫ2(ǫ1+x)2 −(1−ǫ2)(ǫ1+x)(ǫ1+y)

−(1−ǫ2)(ǫ1+x)(ǫ1+y) (ǫ1+x)2+ǫ2(ǫ1+y)2

)

where ǫ1 = 10−3 and ǫ2 = 10−3 Potier (2005). The objective of this case is to

check whether the coarse mesh or the h-refined mesh shown in the Figure 6.3(b)

satisfies various discrete properties for steady-state and transient analysis. From

Figure 6.9 and Table 6.6 it is apparent that this mesh violates the non-negative

constraint and does not satisfy other discrete principles for transient analysis.

However, this is not the case for steady-state problem. From Figure 6.9 and

Table 6.5, it is evident that this h-refined mesh satisfies the non-negative con-

straint and discrete maximum principle but violates the monotone property

and discrete comparison principle. This is because the condition K−1
ff � O in
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equation (6.3.9), which is necessary to satisfy non-negative constraint and dis-

crete maximum principle is met but the other two conditions (−K−1
ff Kfp � O

and −K−1
ff Kfp1 � 1) given in equation (6.3.9) are not fulfilled. Hence, this

mesh violates the monotone property and discrete comparison principle for the

steady-state analysis.

Case # 4 c0(x, t) = 1, cp(x, t) = 0, and D(x) =
(

(ǫ1+y)2+ǫ2(ǫ1+x)2 −(1−ǫ2)(ǫ1+x)(ǫ1+y)

−(1−ǫ2)(ǫ1+x)(ǫ1+y) (ǫ1+x)2+ǫ2(ǫ1+y)2

)

where ǫ1 = 10−3 and ǫ2 = 10−3 Potier (2005). The objective of this case study

is similar to that of Case # 3. Herein, we perform only transient analysis as

for the steady-state, the value of concentration field is zero everywhere in the

domain. Herein, we observe some interesting features as compared to the pre-

vious case study. From Figure 6.10, Figure 6.11, and Table 6.6, it is observed

the h-refined mesh satisfies the non-negative constraint and discrete maximum

principle for lower values of time-step (for example, when ∆t = 10−1). The

reason being the same as the previous case study, (i.e), the stiffness matrix

K−1
ff � O. However, similar to the Case # 3 this mesh violates the monotone

property and discrete comparison principle as the conditions −K−1
ff Kfp � O

and −K−1
ff Kfp1 � 1 are not satisfied. Finally, on a closing note, in order to

satisfy all the discrete properties for Case # 3 and Case # 4 within the con-

text of Pao’s method, we need a DMP-based mesh based on D(x). Generating

such a mesh for this heterogeneous anisotropic diffusivity tensor is extremely

difficult and is beyond the scope of the current dissertation.

Similar type of analysis is performed based on traditional Newton-Raphson method

and its modifications. To summarize, for all the above case studies, it is observed that

the final solution is almost identical to that of the Pao’s method for both steady-state

and transient reaction-diffusion problems. Furthermore, from Table 6.7 is evident that

we have terminal quadratic convergence rate. However, based on the numerical values

of the term ‘min[ck − ck−1]’ quantified in Table 6.7 it is also clear that traditional
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Table 6.2: Autocatalytic reaction-diffusion test problem (steady-state and case # 1): Quan-
titative results for steady-state analysis using Pao’s method on coarse mesh
(21× 21) at various iteration levels.

k min[ck − ck−1] ‖ck − ck−1‖ Rk,Pao

2 8.68× 10−1 1.98× 101 4.13× 10−2

3 0.00 7.42× 10−1 3.41× 10−3

4 0.00 5.15× 10−3 2.42× 10−5

5 0.00 2.48× 10−5 1.16× 10−7

6 0.00 1.19× 10−7 5.61× 10−10

7 0.00 5.75× 10−10 2.71× 10−12

Newton-Raphson method and its variants do not satisfy the monotone property and

correspondingly the discrete comparison principle. In addition, as noted in previ-

ous subsection we performed numerical simulations to check whether we can satisfy

various discrete principles based on non-negative formulation outlined in Reference

Nagarajan and Nakshatrala (2011) for the above set of cases. From these numeri-

cal simulations, we observed that the non-negative formulation did not converge in

MaxIters = 100. This is because of the nature of the boundary and initial conditions

chosen in the autocatalytic reaction-diffusion problem. In case of transient analysis,

as there is a sudden change in the concentration values at time t = 0, we have steep

gradients in concentration near the boundaries of the domain (for example, see Fig-

ures 6.6, 6.7, and 6.10). This has to be resolved either by mesh refinement or by a

novel physics-compatible numerical formulation that can capture steep gradients in

concentration at boundaries even on coarse meshes. However, one should note that

it is difficult to resolve such issues related to discontinuities in the input data on

coarse meshes within the context of non-negative formulation. This may be one of

the factors in non-convergence of the non-negative formulation under such conditions.

6.6 CONCLUDING REMARKS

We have presented three different popular nonlinear techniques to solve semi-

linear elliptic and parabolic partial differential equations. First, we discussed the
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Table 6.3: Autocatalytic reaction-diffusion test problem (transient and case # 1): Quantita-
tive results for transient analysis using Pao’s method on coarse mesh (21× 21)
at various iteration levels.

k
t = 10−4 t = 10−3

min[ck − ck−1] ‖ck − ck−1‖ Rk,Pao min[ck − ck−1] ‖ck − ck−1‖ Rk,Pao

2 −3.65× 10−1 9.08 1.54× 10−3 −1.54× 10−2 9.24 3.78× 10−3

3 −9.16× 10−6 7.20× 10−5 5.00× 10−9 −2.93× 10−6 6.09× 10−4 7.11× 10−7

4 −1.19× 10−9 1.10× 10−8 7.52× 10−13 −9.69× 10−10 7.04× 10−8 7.93× 10−11

5 −1.68× 10−13 1.73× 10−12 5.97× 10−15 −1.67× 10−13 8.76× 10−12 1.30× 10−14

Table 6.4: Autocatalytic reaction-diffusion test problem (transient and case # 2): Quanti-
tative (converged) results for transient analysis based on Pao’s method. Nu-
merical simulations are performed using coarse and h-refined meshes at first
time-step using different ∆t’s.

∆t Mesh max[ck] ‖ck − ck−1‖ Rk,Pao

10−5 21× 21 1.58 2.82× 10−15 6.67× 10−13

10−5 81× 81 1.27 4.49× 10−15 1.65× 10−13

10−4 21× 21 1.36 1.39× 10−14 7.67× 10−14

10−4 81× 81 1.00 1.96× 10−15 5.27× 10−14

Table 6.5: Autocatalytic reaction-diffusion test problem (steady-state and case # 3): Quanti-
tative results for steady-state analysis using Pao’s method on a h-refined mesh
(161 × 161) at various iteration levels.

k min[ck − ck−1] ‖ck − ck−1‖ Rk,Pao

2 5.94× 10−1 1.25× 102 3.96× 10−3

3 0.00 1.92× 101 1.11× 10−3

4 0.00 1.69 1.07× 10−4

5 −3.33× 10−16 1.07× 10−1 6.79× 10−6

6 −1.72× 10−10 6.48× 10−3 4.13× 10−7

7 −9.61× 10−10 3.94× 10−4 2.51× 10−8

8 −8.55× 10−11 2.39× 10−5 1.53× 10−9

9 −5.64× 10−12 1.46× 10−6 9.29× 10−11

10 −3.46× 10−13 8.88× 10−8 5.66× 10−12

11 −2.72× 10−14 5.41× 10−9 3.48× 10−13

12 −1.55× 10−15 3.29× 10−10 3.14× 10−14

13 −1.14× 10−14 2.01× 10−11 2.06× 10−14

14 −2.85× 10−14 2.08× 10−12 2.04× 10−14

15 −1.99× 10−14 8.87× 10−13 2.02× 10−14
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Table 6.6: Autocatalytic reaction-diffusion test problem (transient, case # 3, and case # 4):
Quantitative (converged) results for transient analysis based on Pao’s method.
Numerical simulations are performed using h-refined meshes at first time-step
using different ∆t’s.

∆t
Case # 3

k min[ck] ‖ck − ck−1‖ Rk,Pao

10−5 4 −6.08× 10−1 8.89× 10−15 3.06× 10−15

10−4 5 −6.07× 10−1 2.79× 10−15 2.65× 10−15

10−3 6 −5.99× 10−1 6.47× 10−14 5.02× 10−15

10−2 9 −5.23× 10−1 7.32× 10−14 9.28× 10−15

10−1 15 −3.07× 10−2 2.95× 10−13 1.54× 10−14

∆t
Case # 4

k min[ck] ‖ck − ck−1‖ Rk,Pao

10−5 4 1.61 7.12× 10−15 8.63× 10−14

10−4 5 1.60 4.15× 10−15 2.61× 10−14

10−3 6 1.59 2.58× 10−14 2.28× 10−14

10−2 7 1.51 3.57× 10−13 1.79× 10−14

10−1 12 9.69× 10−1 3.67× 10−13 1.08× 10−14

Table 6.7: Autocatalytic reaction-diffusion test problem (steady-state, case # 1, and case
# 3): Quantitative results for steady-state analysis based on traditional NR
method at various iteration levels. Numerical simulations are performed using
various h-refined meshes.

k
Case # 1 (81× 81) Case # 3 (161× 161)

min[ck − ck−1] ‖ck − ck−1‖ Rk,TNR/Rk,MTNR min[ck − ck−1] ‖ck − ck−1‖ Rk,TNR/Rk,MTNR

2 9.99× 10−1 7.89× 101 1.79× 101 8.69× 10−1 1.59× 102 1.13× 101

3 −6.63× 10−2 2.99 1.22× 10−2 2.03× 10−1 2.16× 101 6.18× 10−3

4 −1.82× 10−4 7.01× 10−3 2.39× 10−5 −6.75× 10−3 6.52× 10−1 1.47× 10−4

5 −1.15× 10−9 4.18× 10−8 1.48× 10−10 −6.87× 10−6 6.36× 10−4 1.45× 10−7

6 −1.22× 10−15 4.68× 10−14 2.47× 10−14 −6.97× 10−12 6.24× 10−10 1.43× 10−13
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Figure 6.3: Autocatalytic reaction-diffusion test problem: The left figure provides a picto-
rial description of the test problem with the relevant reaction source term,
boundary conditions, and initial conditions.

251



1.00

0.90

0.80

0.70

0.60

0.50

0.40

0.30

0.20

0.10

0.00

(a) Iteration # 0 (k = 1)

1.00

0.99

0.99

0.98

0.97

0.97

0.96

0.95

0.95

0.94

0.94

(b) Iteration # 1 (k = 2)

1.00

0.99

0.99

0.98

0.97

0.97

0.96

0.95

0.95

0.94

0.94

(c) Iteration # 2 (k = 3)

1.00

0.99

0.99

0.98

0.97

0.97

0.96

0.95

0.95

0.94

0.94

(d) Iteration # 3 (k = 4)

1.00

0.99

0.99

0.98

0.97

0.97

0.96

0.95

0.95

0.94

0.94

(e) Iteration # 4 (k = 5)

1.00

0.99

0.99

0.98

0.97

0.97

0.96

0.95

0.95

0.94

0.94

(f) Iteration # 5 (k = 6)

1.00

0.99

0.99

0.98

0.97

0.97

0.96

0.95

0.95

0.94

0.94

(g) Iteration # 6 (k = 7)

Figure 6.4: Autocatalytic reaction-diffusion test problem (steady-state and case # 1): This
figure shows the concentration profile obtained using a coarse mesh (21× 21)
at various iteration levels based on Pao’s method.
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(a) t = 10−4: Iteration # 4 (k = 5)
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Figure 6.5: Autocatalytic reaction-diffusion test problem (transient and case # 1): This figure
shows the concentration profile obtained using a coarse mesh (21 × 21) at
different time levels based on Pao’s method for the case when ∆t = 10−4.
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Figure 6.6: Autocatalytic reaction-diffusion test problem (transient and case # 1): This figure
shows the concentration profile obtained using a h-refined mesh (81 × 81) at
different time levels based on Pao’s method for the case when ∆t = 10−4.
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(d) t = 10−4 and ∆t = 10−4: 81× 81

Figure 6.7: Autocatalytic reaction-diffusion test problem (transient and case # 2): This figure
shows the converged concentration profiles obtained using a coarse and a h-
refined mesh at the first time-step using different ∆t’s based on Pao’s method.
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(a) t = 10−3: Iteration # 5 (k = 6)
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Figure 6.8: Autocatalytic reaction-diffusion test problem (transient and case # 2): This figure
shows the converged concentration profiles obtained using a h-refined mesh
(81 × 81) at various time levels using ∆t = 10−3 based on Pao’s method.
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(a) ∆t = 10−5: Iteration # 4 (k = 5)
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Figure 6.9: Autocatalytic reaction-diffusion test problem (case # 3): This figure shows the
converged concentration profiles obtained using a h-refined mesh (161 × 161)
at first time step using different ∆t’s based on Pao’s method.
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Figure 6.10: Autocatalytic reaction-diffusion test problem (transient and case # 4): This
figure shows the converged concentration profiles obtained using a h-refined
mesh (161×161) at first time step using different ∆t’s based on Pao’s method.
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Figure 6.11: Autocatalytic reaction-diffusion test problem (transient and case # 4): This
figure shows the converged concentration profiles obtained using a h-refined
mesh at various time levels using ∆t = 10−1 based on Pao’s method.
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importance of mesh restrictions within the context of transient pure anisotropic

diffusion equations. Then we outlined the importance of MOVL and MOHL ap-

proaches in solving the linear parabolic partial differential equations. Secondly, we

discussed about the pros and cons of Pao’s method, traditional Newton-Raphson

method, and modification of traditional Newton-Raphson method both within the

context of mesh restrictions and non-negative formulation. From numerical experi-

ments we performed, it can be inferred that Pao’s method satisfies various discrete

properties under mesh restrictions. However, the terminal order of convergence ob-

served was equal to 1. Traditional Newton-Raphson method and its modifications

offer better terminal convergence rate but fail to satisfy various discrete properties

both under standard single-field Galerkin formulation and non-negative formulation.

Finally, from the numerical simulations performed it is evident that using the exist-

ing methods it is difficult to preserve all the discrete properties without alleviating

the computational cost. Hence, this motives us to develop new and novel numerical

formulations that can capture various physical and mathematical aspects on coarse

meshes.
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Chapter 7

CONCLUSIONS AND FUTURE WORK

“Men pass away, but their deeds

abide.”

Augustin Cauchy

To conclude, in this dissertation we have proposed different innovative approaches

to resolve various problems encountered in solving the advection-diffusion-reaction

equations. The proposed methodology is developed on the foundations of constrained

optimization least-squares-based low-order finite element framework. Through this

framework we are able to satisfy various discrete principles, local species balance, and

global species balance. Furthermore, it does not produce spurious node-to-node oscil-

lations, captures interior and boundary layers, and provides sufficiently accurate solu-

tions even on coarse computational grids for advection-dominated advection-diffusion-

reaction problems. The main contributions of this dissertation can be summarized as

follows:

(MC1) In this dissertation, we have unequivocally shown that the popular existing

numerical formulations do not satisfy discrete comparison principles, discrete

maximum principles, and non-negative constraint. Furthermore, from var-

ious representative numerical simulations we have observed that unphysical

values for concentration of chemical species due to violation of non-negative
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constraint and spurious node-to-node oscillations can result in large errors in

local and global species balance.

(MC2) We have critiqued three different approaches to satisfy maximum principles,

comparison principles, and non-negative constraint for a general linear second-

order elliptic equation. We then developed necessary and sufficient conditions

on the stiffness matrix K to meet the mathematical properties. Using these

conditions, we derived mesh conditions and constructed DMP-based meshes

using various open source mesh generators. Through research findings in

Chapter 4 we have shown that placing restrictions on computational grids

may not always be a viable approach to achieve physically meaningful non-

negative solutions for for complex geometries and highly anisotropic media.

This research work laid the foundations to develop new methodologies for

advective-diffusive-reactive systems that satisfy local and global species bal-

ance, comparison principles, maximum principles, and the non-negative con-

straint on coarse general computational grids.

(MC3) In Chapter 5, we have presented one of a kind numerical methodology for

advective-diffusive-reactive systems that satisfies various discrete principles,

local species balance, and global species balance. To summarize, the frame-

work has been carefully constructed using the least-squares finite element

method (LSFEM). It is also shown that a naive implementation of LSFEM

will not meet the desired discrete properties. Additionally, we obtained nu-

merically a scaling law for a transport-controlled bimolecular reaction. In the

final chapter, we have used the proposed non-negative methodology and pro-

posed various non-linear techniques to solve slow/moderate reaction problems

encountered in environmental and earth sciences.
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7.1 FUTURE WORK

Based on the research conducted in this dissertation, we shall outline five promis-

ing future research topics and their potential impact on real life applications

(FW1) Recently, there has been surge in using discrete exterior calculus to con-

struct numerical formulations for diffusion-type equations Hirani (2003); Hi-

rani et al. (2015). This new field of emerging numerical techniques are called

mimetic discretizations, which are based on the the calculus of differential

forms Castillo and Miranda (2013). They are designed to preserve, as much

as possible, properties of the continuous partial differential equation da Veiga

et al. (2014). In these methods, the geometric nature of physics plays a cru-

cial role and differential geometry is the necessary new language to model

such physical problems. A future work can devoted to developing geomet-

ric structure-preserving mimetic discretization methods in-combination with

mesh restrictions approach for advection-diffusion-reaction equations on sur-

faces.

(FW2) Many existing numerical formulations are limited for isotropic diffusivities,

divergence-free velocity fields, and simple reaction coefficients. Using the

mathematical stabilization techniques outlined in Chapter 5, one can con-

struct stabilization parameters and bubble functions for various popular sta-

bilized numerical formulations Gresho and Sani (2000); Donea and Huerta

(2003) in-case of anisotropic diffusivity. In addition, many stabilized numeri-

cal formulations are catered towards linear non-self-adjoint elliptic operators.

A future work can be to design, analyze, and critically review the perfor-

mance of various stabilized numerical formulations for semilinear and quasi-

linear non-self-adjoint elliptic and parabolic operators with respect to various

discrete principles, local species balance, and global species balance.

261



(FW3) The discrete system consider in this dissertation are solved using direct solvers

(such as LU solver) available in MATLAB. A future work can be to design

M-matrix based pre-conditioners, multigrid pre-conditioning methods, and

tailored iterative solvers for stabilized finite element formulations discussed

in this dissertation.

(FW4) Recently Chang et.al. Chang et al. (2015) have presented a large-scale non-

negative computational framework for pure-diffusion type equations. They

studied the performance of the non-negative optimization-based finite element

methodology in the context of high performance computing (HPC). They

constructed the computational framework utilizing the recently introduced ro-

bust DMPlex data structures in PETSc parallel environment and optimization

solvers available in TAO libraries Balay et al. (2015); Munson et al. (2012).

A future direction can be a systematic study of proposed physics-compatible

constrained optimization-based LSFEM framework in parallel computing en-

vironment in the lines similar to Reference Chang et al. (2015).

(FW5) Chemical reaction front propagation and species mixing is an important prob-

lem in a wide variety of chemical, biological, and environmental sciences

Cencini et al. (2003); Méndez et al. (2010). Relevant applications of great

interest include chemical reaction in liquids Mahoney et al. (2012), microflu-

idic devices Grigoriev and Schuster (2012), plankton population growth Weiss

and Provenzale (2008), and reaction front dynamics in porous and random

media Xin (2009); Tartakovsky et al. (2008). The proposed methodology can

be modified to solve such problems and obtain relevant scaling laws (numeri-

cally) for advection-dominated and reaction-dominated flow and transport in

anisotropic media.
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APPENDIX: ELEMENT-LEVEL DISCRETIZATION OF STABILIZA-

TION TERMS

The weighted negatively stabilized streamline diffusion least-squares formulation

requires the evaluation of div[grad[c(x)]] and grad[grad[c(x)]] terms at the element-

level. Since these terms are not typical, we present a compact way of discretizing

these terms under the finite element method. It should be noted that one need not

evaluate these terms for lowest-order simplicial elements (i.e., three-node triangular

element and four-node tetrahedron element), as these terms will be identically zero.

However, div[grad[c(x)]] and grad[grad[c(x)]] will be non-zero for high-order simplicial

and non-simplicial elements (i.e., four-node quadrilateral element and eight-node brick

element).

FOURTH-ORDER TENSORS

Let R and S be two second-order tensors. A fourth-order tensor product R⊠S

is defined as

(R ⊠ S) T = RTST (.0.1)

for any second-order tensor T. The fourth-order identity tensor can then be written

as

I = I ⊠ I, (.0.2)
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where I is the second-order identity tensor. The fourth-order transposer T and sym-

metrizer S tensors are defined as

TA = AT and (.0.3a)

SA =
1
2

(
A + AT

)
, (.0.3b)

where A is a general second-order tensor.

PROPERTIES OF KRONECKER PRODUCTS RELEVANT TO FINITE

ELEMENT DISCRETIZATION

Let A and B be matrices of sizes n×m and p× q, respectively. Let aij and bij

be, respectively, the ijth components of A and B. The Kronecker product of these

two matrices is an np×mq matrix that is defined as

A⊙B :=




a11B . . . a1mB

... . . . ...

an1B . . . anmB



. (.0.4)

Another operator that will be useful is the vec[•] operator, which is defined as

vec[A] :=




a11

...

a1m

...

an1

...

anm




. (.0.5)
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The following standard properties can be established for mat[•] and vec[•] operators:

vec[A + B] = vec[A] + vec[B], (.0.6)

(A⊙B) (C ⊙D) = (AC ⊙BD) , and (.0.7)

vec[ACB] =
(
BT ⊙A

)
vec[C]. (.0.8)

For general properties of Kronecker products, see the book by Graham Graham

(1981). However, this book does not contain many of the results presented below,

which are useful for the current study.

For an effective computer implementation of LSFEM-based formulations, we

shall represent four-dimensional and three-dimensional arrays as two-dimensional ma-

trices. To this end, consider a four-dimensional array P of size m × n× p × q. The

matrix representation of P is denoted by mat[•], and is defined as

mat[P ] :=




P1111 . . . P11p1 P1112 . . . P111q

... . . . ...
... . . . ...

Pmn11 . . . Pmnp1 Pmn12 . . . Pmnpq



. (.0.9)

The following properties can be established for the matrix representation of fourth-

order tensors:

vec[P X] = mat[P ]vec[X], (.0.10)

mat[A ⊠ B] = B ⊙A, and (.0.11)

mat[S] =
1
2

(I ⊙ I + mat[T]) , (.0.12)
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where the matrix representation of T takes the following form:

mat[T] :=




I ⊙ [1, 0, 0, . . . , 0]n

I ⊙ [0, 1, 0, . . . , 0]n
...

I ⊙ [0, 0, 0, . . . , 1]n




mn×mn

. (.0.13)

In the above equation, I is an identity matrix of size m ×m. It can be shown that

for a matrix Z of size m× n, vec[ZT] = mat[T]vec[Z].

For a three-dimensional arrays, there are two useful matrix representations,

which will be denoted as mat1[•] and mat2[•]. Consider a three-dimensional array Q

of size m× n× p. The corresponding matrix representations of Q are defined as

mat1[Q] :=




Q111 . . . Q1n1 . . . . . . Q11p . . . Q1np

... . . . ...
...

...
... . . . ...

Qm11 . . . Qmn1 . . . . . . Qm1p . . . Qmnp




and (.0.14)

mat2[Q] :=




Q111 . . . Qm11

... . . . ...

Q11p . . . Qm1p

Q121 . . . Qm21

... . . .
...

Q12p . . . Qm2p

... . . . ...

Q1np . . . Qmnp




. (.0.15)
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The following properties can be established for the matrix representations of three-

dimensional arrays:

vec[QY ] = mat1[Q]vec[Y ] and (.0.16)

vec[Qz] = mat2[Q]vec[z]. (.0.17)

FINITE ELEMENT DISCRETIZATION OF DIV[GRAD[C(X)]] AND GRAD[GRAD[C(X)]]

TERMS

Let ξ denote the position vector in the reference finite element. The row vector

containing the shape functions is denoted by N , which is a function of ξ. The

derivatives and Hessian of N with respect to ξ are, respectively, denoted as DN and

DDN . That is, in indicial notation we have:

(DN )ij =
∂Ni

∂ξj
and (.0.18a)

(DDN )ijk =
∂2Ni

∂ξjξk
, (.0.18b)

where Ni and ξi are, respectively, the ith-component of the vectors N and ξ. The

concentration field c(x) and total flux vector q(x) are interpolated as

c(x) = ĉTNT (ξ(x)) and (.0.19a)

q(x) = q̂TNT (ξ(x)) , (.0.19b)

where ĉT and q̂T denote the matrix containing nodal concentration and total flux

vector. In negatively stabilized streamline diffusion LSFEM, div[grad[c(x)]] and
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grad[grad[c(x)]] terms arise from the following expansions:

div[D(x)grad[c(x)]] = grad[D(x)] • grad[c(x)] +D(x) div[grad[c(x)]] and (.0.20a)

div[D(x)grad[c(x)]] = div[D(x)] • grad[c(x)] + D(x) • grad[grad[c(x)]]. (.0.20b)

Based on the regularity of diffusivity, grad[D(x)] and div[D(x)] can be calculated in

multiple ways. If the diffusivity is continuously differentiable, then grad[D(x)] and

div[D(x)] can be directly evaluated analytically. This will considerably reduce the

computational cost in the evaluation of local stiffness matrices. If D(x) is not differ-

entiable (but is square integrable), then grad[D(x)] and div[D(x)] can be evaluated

as

grad[D(x)] = D̂
T
(DN)J−1 and (.0.21a)

div[D(x)] = mat1[D̂]vec[mat[T](DN )J−1], (.0.21b)

where J is the Jacobian matrix, and D̂ is the nodal values for the diffusivity, whose

size can be inferred based on the context (whether the diffusivity is either D(x) or

D(x)). Using equations (.0.18) and (.0.19), the Laplacian and Hessian of c(x) can be

calculated as

div[grad[c(x)]] =

((
I − (DN)J−1x̂

T
)

mat1[DDN ]vec[J−1J−T]

)T

vec[ĉT] and (.0.22)

vec[grad[grad[c(x)]]] =

((
J−T ⊙ J−T

)
mat2[DDN ]

(
I ⊙ I − x̂JT(DN)T

))
vec[ĉT], (.0.23)

where x̂ is the matrix containing nodal coordinates.
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