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Abstract

A spring model is applied to simulate the skeleton structure of the red blood cell (RBC)

membrane and to study the RBC rheology with an immersed boundary method. We

combine the above methodology with a distributed Lagrange multiplier/fictitious domain

method to simulate the motion of a compound vesicle in a microchannel. We validate the

methodology by comparing the numerical results of neutrally buoyant particle with the

Jeffery’s solutions. Numerical results with Stokes equations are compared with numerical

results with Navier-Stokes equations. With Stokes equations, the motion of compound

vesicle is determined by the part of vesicle; while with Navier equations, the motion of a

compound vesicle is determined by the competition between the part of the vesicle and

the particle inside. Computational modeling and simulation are also presented on the

motion of red blood cells behind a moving interface in a capillary. As by the nature of

the problem, the computational domain is moving with either a designated RBC or an

interface in an infinitely long two–dimensional channel with an undisturbed flow field in

front of the computational domain. The tank–treading and the inclination angle of a cell

in a simple shear flow are briefly discussed for the validation purpose. We then present

and discuss the results of the motion of red blood cells behind a moving interface in a

capillary, which show that the RBCs with higher velocity than the interface speed form a

concentrated slug behind the moving interface. The advancing velocity is slowed down to

approximately one-fourth of the initial velocitiy when taking into the account the effective

viscosity of the mixture of RBCs and fluid behind the moving interface. This indicates the

reason of the penetration failure in a capillary.
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Chapter 1

Introduction

1.1 Motivation

Human blood is a complex fluid that is mainly composed of red blood cells, which occupy

about 45 % of the blood volumn. Other blood cells (white blood cells, platelets, etc.) take

up less than 1% of the total blood volumn. The rest consists of plasma, which constitutes

55 % of blood fluid. Plasma is mostly water(92 % by volume). It also contains dissipated

proteins, glucose, mineral ions, hormones, and carbon dioxide.

Red blood cells (RBCs), also called erythrocytes, are the most common type of blood

cell and the vertebrate organism’s principal means of delivering oxygen (O2) to the body

tissues via blood flow through the circulatory system. RBCs take up oxygen in the lungs

and release it into tissues while squeezing through the body’s capillaries. The cytoplasm

of erythrocytes is rich in hemoglobin, an iron-containing biomolecule that can bind oxygen

and is responsible for the red color of the cells. A typical human erythrocyte has a disk

diameter of approximately 6.2–8.2 µm and a thickness at the thickest point of 2–2.5 µm
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and a minimum thickness in the centre of 0.8–1 µm. These cells have an average volume

of about 100 µm3 with a surface of about 136 µm2.

Figure 1.1: Illustration of blood cells[1].

Figure 1.2: RBC membrane major proteins and structure[2].
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RBCs are nucleus-free vesicles. The membrane of a RBC consists of a lipid bilayer

that is supported by a network of cytoskeletal proteins. The bilayer gives the membrane

its nearly area-incompressible property, while the cytoskeleton gives the elastic behavior.

Thus the RBCs readily deform under shear forces while maintaining their surface area

unchanged. The liquid inside RBCs is an aqueous solution of hemoglobin which is treated

as Newtonian liquid. Without external force, a healthy human RBC has the biconcave

discoid shape. RBCs play an important role in the human body because of their ability

to transport oxygen. They influence the rheological properties of blood due to their large

volumn fraction and particular mechanical properties.

Malaria is one of the severest parasitic diseases with half of the worlds population at

risk. Upon infection, malaria-infected red blood cells (iRBCs) undergo various stages. The

parasites continously remodel the host RBCs and export certain parasitic proteins that

leads to a stiffening of iRBCs during these stages. In Figure 1.3, an illustration of a iRBC

is shown.

The membrane structure of a normal biconcave RBC can be statically indeterminate

because of membrane elastic forces and transmural pressure. According to experimen-

tal observation of a shape memory phenomenon in a human RBC, the elastic energy of

the RBC membrane reaches a minimum at a certain membrane position. This experi-

mental evidence suggests that the natural state of the RBC membrane is similar to the

configuration of a biconcave discoid shape[3]. To gain a quantitative understanding of the

relationships between the membrane’s natural state and RBC motion, it is useful to con-

struct a computational model for examining the various conditions of the natural state of

membrane. Tsubota et al.[4] developed a spring network model to numerically describe

the RBC membrane.
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Figure 1.3: Parasite in RBC[5].

Simplified systems, like vesicles and capsules are used as models for RBCs experimentally[6].

A vesicle is a closed membrane which is made, like RBC, of a purely phospholipid bilayer,

which is fluid at human body temperature as well as at room temperature. Vesicles share

with RBCs an important property; their membrane area is inextensible. Capsules are

quasi-spherical shells made of polymers. Their membrane is extensible, unlike vesicles; in

turn they are endowed with shear elasticity.

As blood flow is dictated by the dynamics of RBCs, investigations on the dynamics

of RBCs are of great importance of the rheology of blood flow. Various flow models

and numerical methods are used to study the RBCs in silico. Instead of solving Navier-

Stokes equations for the fluid field, some reserchers use the stationary or non-stationary

Stokes equations under creeping flow condition. It is an interesting question whether the

neglection of inertia effect in Stokes equations is appropriate, even in the cases where the

inertia effect is tiny. As for the numerical methods to study RBCs, the prevailing methods

are the boundary element method (BEM), lattice-Boltzmann method (LBM), and finite

element method (FEM). Each of the methods has its pros and cons. The advantage of the
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BEM arises from that there is no need to mesh the whole domain of the problem but only

its boundary. But the BEM formulations typically give rise to fully populated matrices.

This means the storage requirements and computational time tend to grow according to the

square of the problem size. Another short coming of the BEM is that the flow is restricted

to Stokesian flow. In the LBM, the discrete Boltzmann equation is solved to simulate the

flow of a Newtonian fluid with collision models. The LBM is comparatively straightforward

to implement. The drawback of the LBM is that it consumes more memory and performs

more floating point operations per time step, which makes it very difficult for long-time

simulation.

1.2 Outline

The purpose of this dissertation is to study the rheology of RBCs suspended flow in capil-

laries. An elastic spring network model is employed to model the skeleton structure of the

RBC membrane. Immersed boundary method is used to simulate the interaction between

the cell and the fluid flow. An operator splitting technique is adopted to solve the fluid

equations with finite element method. Here is an outline of this dissertation:

In Chapter 2, we present a distributed Lagrange multiplier/fictitious domain (DLM/FD)

method for simulating fluid-particle interaction in Stokes flow. A conjugate gradient

method driven by both pressure and distributed Lagrange multiplier has been developed

to solve the discrete Stokes problem while enforcing the rigid body motion within the

region occupied by the particle. The methodology is tested in the cases of a particle in

shear flow. For the cases of compound vesicle in Poiseuille flow, numerical results using

Stokes equations as the governing equations are given and compared with the results using

Navier-Stokes equations.
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In Chapter 3, we develope computational modeling and methodologies for simulating

the motion of many RBCs in a capillary behind a moving interface. The computational

domain is moving with either a designated RBC or an interface in an infinitely long two-

dimensional channel with an undisturbed flow field in front of the domain. The tank-

treading and the inclination angle of a cell in a simple shear flow are briefly discussed for

the validation purpose. Different boundary conditions are tested and compared. Results

of the motion of red blood cells behind a moving interface in a capillary show that the

RBCs with velocities higher than the interface speed form a concentrated slug behind the

interface.
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Chapter 2

Compound Vesicle Motion in Fluid

Flow

2.1 Introduction

The biological cell is a lipid bilayer membrane encapsulating the cellular content. To

model the red blood cell (RBC), vesicle and inextensible vesicle enclosing homogeneous

fluid are often used. However, for eukaryotic cells (except the mature RBCs), the influence

of the internal structure on its dynamics and rheology is not yet fully understood. For

example, the nucleus occupies 18% to 44% of the volume in human leukocytes [7] and affects

leukocyte adhesion to vascular endothelium. Malaria-infected RBCs (iRBCs) have reduced

deformability and shape changed and can disrupt blood flow in the microcirculation [8, 9].

To model those biological cells and to study the cell dynamics in fluid flow, for examples,

a compound vesicle, which has a suspended rigid particle inside its membrane, immersed

in a fluid has been considered in [10], and a bilamellar vesicle consisting of two vesicles
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has been used in [11]. In [10] and [11], the internal structure does trigger the transition

from tank-treading to tumbling in the absence of any viscosity mismatch. For studying the

dynamics of iRBCs in fluid flow, Plasmodium falciparum (P. falciparum) parasites inside

the RBC membrane are modeled as rigid particles (e.g., see [12, 13, 14]).

In this chapter we perform a computational study of an iRBC in simple shear flow by

using a spring network to model the cell membrane and treating P. falciparum parasite

inside cell membrane as a neutrally buoyant particle. The computational methods combin-

ing such spring network model with an immersed boundary (IB) method for simulating the

motion of RBCs in two-dimensional shear flow and Poiseuille flows have been developed

in [15, 16, 17]. For simulating particle-Stokes flow interaction, we have developed a new

distributed Lagrange multiplier/fictitious domain (DLM/FD) formulation to combine the

Stokes equations and the Euler-Newton’s equations in a way closely related to those devel-

oped and tested in, e.g., [18, 19, 20, 21, 22, 23, 24, 25, 26]. In the DLM/FD approach, the

entire fluid-particle domain is considered to be a fluid. The fluid inside the particle bound-

ary must exhibit a rigid-body motion. This constraint is enforced using the distributed

Lagrange multiplier, which represents the additional body force per unit volume needed

to maintain the rigid-body motion inside the particle boundary, much like the pressure in

incompressible fluid flow, whose gradient is the force required to maintain the constraint

of incompressibility. A similar approach has been developed in [27] for particulate-Stokes

flow via a different constraint inside the particle. We have validated the methodology by

comparing the numerical results of particle motion in shear flow with the Jeffery’s solu-

tions. We then integrate both DLM/FD method and IB method to simulate the dynamics

of a vesicle with a neutrally buoyant particle inside (compound vesicle) in shear flow and

Poiseuille flow. In shear flow, the inclination angles of compound vesicle with different

filling fractions are consistent with those obtained in [28]. In Poiseuille flow, the motion
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of compound vesicle is dominated by the part of vesicle membrane when migrating from

a position next the wall to the central region of the channel and once reaching the central

region the particle moves horizontally without crossing the streamlines as expected.

The content of the chapter is as follows: we discuss DLM/FD formulations and then the

related numerical schemes in Section 2. In Section 3, we validate our methods by comparing

numerical results of particle motion with the Jeffery’s solutions. Then numerical results of

a compound vesicle are presented. The conclusions are summarized in Section 4.

2.2 Models and numerical methods

2.2.1 DLM/FD formulation

Fictitious domain formulations with distributed Lagrange multiplier for flow around freely

moving particles and its associated computational methods have been developed and tested

in, e.g., [18, 19, 20, 22]. For the cases of neutrally buoyant particles, similar methodologies

have been developed in [21, 23, 24, 25, 26]. But for the cases of a neutrally buoyant cylinder

under creeping flow condition, a similar DLM/FD method has not been discussed and fully

validated yet. In this chapter, we first discuss the formulation for the case of an elliptic

cylinder and then present the numerical results to validate the methodology. Let Ω ⊂ IR2

be a rectangular region filled with a Newtonian viscous incompressible fluid and containing

a freely moving rigid particle B centered at G = {G1, G2}t.
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Figure 2.1: An example of flow region with one elliptic particle.

For the motion of fluid, the governing equations are the Stokes equations

−∇ · σ = ρf g in (Ω \B(t)), t ∈ (0, T ), (2.2.1)

∇ · u = 0 in (Ω \B(t)), t ∈ (0, T ), (2.2.2)

u = g0 on Γ × (0, T ), with

∫

Γ
g0 · n dΓ = 0 (2.2.3)

where u is the flow velocity, g is the gravity, σ = −pI+2νfD(u) with 2D(u) = ∇u+(∇u)t,

p is the pressure, ρf is the the density and νf is the viscosity of the fluid, Γ is the union

of the bottom boundary Γ1 and top boundary Γ2 as in Figure 2.1, n is the unit normal

vector pointing outward to the flow region. The boundary conditions are g0 = {0, 0}t

when considering Poiseuille flow and g0 = {−U/2, 0}t on Γ1 and g0 = {U/2, 0}t on Γ2

when considering shear flow. We also assume that the flow is periodic in the x1 direction

with the period L, L being the common length of the channel Ω and there is a no-slip

condition on the boundary of the particle γ(= ∂B(t))

u(x, t) = V(t) + ω(t)
−→
Gx

⊥
, ∀ x ∈ ∂B(t), t ∈ (0, T ). (2.2.4)

with
−→
Gx

⊥
= {−(x2−G2), x1−G1}t. The motion of particle B satisfies the Euler-Newton’s

10



equations

v(x, t) = V(t) + ω(t)
−→
Gx

⊥
, ∀{x, t} ∈ B(t) × (0, T ), (2.2.5)

dG

dt
= V, (2.2.6)

dθ

dt
= ω, (2.2.7)

Mp
dV

dt
= Mp g + FH , (2.2.8)

Ip
dω

dt
= TH , (2.2.9)

G(0) = G0, V(0) = V0, ω(0) = ω0, θ(0) = θ0, (2.2.10)

where Mp is the mass, Ip is the inertia, G is the center of mass, V is the velocity of the

center of mass, and ω is the angular velocity of particle B and θ is the inclination angle of

particle B, as in Figure 2.1. The hydrodynamical forces and torques are

FH = −
∫

γ
σn dγ, TH = −

∫

γ

−→
Gx

⊥ · σn dγ. (2.2.11)

To obtain a distributed Lagrange multiplier/fictitious domain formulation for above prob-

lem (2.2.1)–(2.2.11), we follow the same process developed in [18, 19]: (i) we first obtain a

variational formulation of the problem (2.2.1)–(2.2.11), (ii) we then fill the region occupied

by the rigid body by surrounding fluid (i.e., embed Ω \B(t) in Ω) with a constraint, which

is that the fluid inside the rigid body region should behaves as rigid body motion of the

particle, and then (iii) we relax the rigid body motion constraint by using a distributed

Lagrange multiplier and obtain a fictitious domain formulation over the entire region Ω as

follows:

For a.e. t ∈ (0, T ), find u(t) ∈ Vg0
, p(t) ∈ L2

0(Ω), V(t) ∈ IR2, G(t) ∈ IR2, ω(t) ∈ IR,
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θ(t) ∈ IR, λ(t) ∈ Λ(t) such that





−
∫

Ω
p∇ · vdx + 2νf

∫

Ω
D(u) : D(v) dx

− < λ,v −Y − θ
−→
Gx

⊥
>Λ(t) +Mp

dV

dt
·Y + Ip

dω

dt
ξ

= (1 − ρf
ρs

)Mp g ·Y + ρf

∫

Ω
g · vdx,

∀v ∈ V0, ∀Y ∈ IR2, ∀ξ ∈ IR,

(2.2.12)

∫

Ω
q∇ · u(t)dx = 0, ∀q ∈ L2(Ω), (2.2.13)

dG

dt
= V, (2.2.14)

dθ

dt
= ω, (2.2.15)

< µ,u(t) −V(t) − ω(t)
−→
Gx

⊥
>Λ(t)= 0, ∀µ ∈ Λ(t), (2.2.16)

V(0) = V0, ω(0) = ω0, G(0) = G0, θ(0) = θ0, (2.2.17)

where the function spaces in problem (2.2.12)–(2.2.17) are defined as

Vg0
= {v|v ∈ (H1(Ω))2, v = g on Γ,v is periodic in the x1

direction with the period L},

V0 = {v|v ∈ (H1(Ω))2, v = 0 on Γ,v is periodic in the x1

direction with the period L},

L2
0(Ω) = {q|q ∈ L2(Ω),

∫

Ω
q dx = 0},

Λ(t) = (H1(B(t)))2,

and for any µ ∈ H1(B(t))2 and any v ∈ V0, the inner product < ·, · >Λ(t) is defined by

< µ,v >Λ(t)=

∫

B(t)
(µ · v + ∇µ : ∇v) dx.
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Remark 2.2.1. In relation (2.2.12) we can replace 2

∫

Ω
D(u):D(v) dx by

∫

Ω
∇u:∇v dx. Also

the gravity g in (2.2.12) can be absorbed into the pressure term. For the cases of Poiseuille

flow, a body force fp, which is the pressure gradient pointing in the x1 direction, is added

to the equation (2.2.12). For the cases of compound vesicle (a neutrally buoyant particle

enclosed by a membrane), we add the term fB for the force acting on the fluid/cell interface

to the equation (2.2.12) (see the following remark).

Remark 2.2.2. The system (2.2.12)–(2.2.17) is quite different from those considered in, e.g.,

[21, 26] for the cases of neutrally buoyant particles. For the particle-flow interaction under

creeping flow, we do not need to add any constraint on the Lagrange multiplier.

2.2.2 An elastic spring model

An elastic spring model similar to the one used in [4] is considered in this paper to describe

the deformable behavior and elasticity of vesicle. Based on this model, the membrane can

be viewed as membrane particles connecting with the neighboring membrane particles by

springs, as shown in Figure 2.2. Energy stores in the spring due to the change of the length

l of the spring with respect to its reference length l0 and the change in angle θ between two

neighboring springs. The total energy per unit thickness of the membrane, E = El + Eb,

is the sum of the one for stretch and compression and the one for the bending which, in

particular, are

El =
kl
2

N∑

i=1

(
li − l0
l0

)2, Eb =
kb
2

N∑

i=1

tan2(
θi
2

). (2.2.18)

In equation (2.2.18), N is the total number of the spring elements, and kl and kb are spring

constants for changes in length and bending angle, respectively. To obtain a specified

initial shape for the fluid–vesicle interaction, the vesicle is assumed to be, initially, a circle

of radius R0 = 2.8 µm and then it is discretized into N = 76 membrane particles so that
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θ
l

Figure 2.2: The elastic spring model of the membrane.

76 springs of the same length are formed by connecting the neighboring particles. The

shape change is stimulated by reducing the total area enclosed by the membrane through

a penalty function

Γs =
ks
2

(
s− se
se

)2, (2.2.19)

where s and se are the time dependent area enclosed by the membrane and the targeted

area enclosed by the membrane, respectively, and the total energy per unit thickness is

modified as E + Γs. Based on the principle of virtual work the force per unit thickness

acting on the ith membrane particle now is

Fi = −∂(E + Γs)

∂ri
, (2.2.20)

where ri is the position of the ith membrane particle. When the area is reduced, each

membrane particle moves on the basis of the following equation of motion:

m
d2ri
dt2

+ γ
dri
dt

= Fi. (2.2.21)

Here m and γ represent the membrane particle mass and the membrane viscosity. The

position ri of the ith membrane particle is solved by discretizing equation (2.2.21) via a

second–order finite difference method. The total energy stored in the membrane decreases
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as the time elapses. The final shape of the vesicle is obtained as the total energy is

minimized and such shape is at a stress–free state. In equations (2.2.18) and (2.2.19), El,

Eb, and Γs represent energies [N m] per unit thickness of 1 m, and thus the units of kl,

kb, and ks are Newton [N]. The value of the swelling ratio of a vesicle is s∗ = se/(πR2
0).

The values of parameters for modeling capsules are as follows: The spring constant is

kl = 5 × 10−8 N, the penalty coefficient is ks = 10−5 N, and the bending constant is

kb = 5 × 10−10 N. Using the above chosen parameter values, the area of the initial shape

has less than 0.001% difference from the given equilibrium area se, and the length of the

perimeter of the initial shape has less than 0.005% difference from the circumference of the

initial circle.

Remark 2.2.3. When considering the cases of compound vesicle, a repulsion force Fr and

associated torque T r are added to equations (2.2.8) and (2.2.9), respectively, and then to

(2.2.12) to prevent the particle-cell penetration. Such repulsive force is given by a Morse

potential (e.g., see [29])

φ(s) = kr(1 − e−(s−s0))2

where s is the shortest distance between the membrane node and the surface of the solid

particle and s0 is the range of the repulsive force (when the distance s is greater than s0,

there is no repulsive force). The parameter kr is a constant for the strength of the potential.

We first compute f ri = −∂φ(s)

∂s
for each membrane node ri of iRBC and associated torque

f ri ·
−−→
Gxi

⊥
where xi is the closest point on the particle surface to the membrane node ri and

then sum up all of them to obtain Fr and associated torque T r.

15



2.2.3 Numerical methods for Stokes equations

For the space discretization, we have chosen P1-iso-P2 and P1 finite elements for the velocity

field and pressure, respectively, (like in Bristeau et al. [30, 31]) as follows:

Wh = {vh|vh ∈ (C0(Ω))2, vh|T ∈ (P1)2, ∀T ∈ Th,

v is periodic in the x1 direction with the period L}, (2.2.22)

W0h = {vh|vh ∈ Wh, vh = 0 on Γ}, (2.2.23)

L2
h = {qh|qh ∈ C0(Ω), qh|T ∈ P1, ∀T ∈ T2h}, (2.2.24)

L2
0h = {qh|qh ∈ L2

h,

∫

Ω
qh dx = 0}, (2.2.25)

where h is space mesh size, Th is a structured triangulation of Ω, T2h is twice coarser than

Th, and P1 is the space of the polynomials in two variables of degree ≤ 1.

A finite dimensional space approximating Λ(t) is defined as follows: let {xi}Ni=1 be a

set of points covering B(t); the discrete multiplier space Λh(t) is defined by

Λh(t) = {µh|µh =
∑N

i=1
µiδ(x − xi), µi ∈ IR2, ∀i = 1, ..., N}, (2.2.26)

where δ(·) is the Dirac measure at x = 0. Then, we have the inner product defined by

< µh,vh >Λh(t)=
∑N

i=1
µi · vh(xi), ∀µh ∈ Λh(t), vh ∈ W0h. (2.2.27)

The immersed boundary method developed by Peskin, e.g, [32, 33, 34], is employed

in this study because of its distinguish features in dealing with the problem of fluid flow

interacting with a flexible fluid/structure interface. Over the years, it has demonstrated
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its CFD capability including blood flow simulations. Based on the method, the boundary

of the deformable structure is discretized spatially into a set of boundary nodes. The force

located at the immersed boundary node ri = (ri,1, ri,2) affects the nearby fluid mesh nodes

x = (x1, x2) through a 2D discrete δ-function Dh(x− ri):

fB(x) =
∑

FiDh(x− ri) for |x− ri| ≤ 2h, (2.2.28)

where h is the uniform finite element mesh size and

Dh(x− ri) = δh(x1 − ri,1)δh(x2 − ri,2), (2.2.29)

the 1D discrete δ-functions being defined by

δh(z) =





1
8h

(
3 − 2|z|/h +

√
1 + 4|z|/h− 4(|z|/h)2

)
, |z| ≤ h,

1
8h

(
5 − 2|z|/h−

√
−7 + 12|z|/h− 4(|z|/h)2

)
, h ≤ |z| ≤ 2h,

0, otherwise.

(2.2.30)

The velocity of the immersed boundary node ri is also affected by the surrounding

fluid and therefore is enforced by summing the velocities at the nearby fluid mesh nodes x

weighted by the same discrete δ-function:

U(ri) =
∑

h2u(x)Dh(x− ri) for |x− ri| ≤ 2h. (2.2.31)

After each time step, the position of the immersed boundary node is updated by

rn+1
i = rni + ∆tU(rni ). (2.2.32)
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Applying the above finite dimensional spaces (after dropping h’s) for space discretiza-

tion and Lie’s scheme [35] in time advancing (see, e.g., [23, 25, 26] for similar approaches) to

the problem (2.2.12)–(2.2.17) with an immersed boundary method and the backward Euler

method in time for the last subproblem, we have the following sequence of subproblems:

u0 = u0, G0 = G0, V0 = V0, ω0 = ω0, θ
0 = θ0 are given; for n ≥ 0, un, Gn, Vn,

ωn and θn being known, we compute the approximate solution via the following fractional

steps:

1. Update the position of the membrane by (2.2.31) and (2.2.32). Then compute the

force fn+1
B on the fluid/cell interface by (2.2.20) and (2.2.28).

2. We predict the motion of the particle via

dG

dt
= V(t), (2.2.33)

dθ

dt
= ω(t), (2.2.34)

Mp
dV

dt
= Fr(t) (2.2.35)

Ip
dω

dt
= T r(t), (2.2.36)

V(tn) = Vn, ω(tn) = ωn, G(tn) = Gn, θ(tn) = θn (2.2.37)

for tn < t < tn+1. Then set Vn+ 1

2 = V(tn+1), ωn+ 1

2 = ω(tn+1), Gn+1 = G(tn+1)

and θn+1 = θ(tn+1).

3. With the center Gn+1 and inclination angle θn+1 obtained in the above step, the

region of Bn+1 occupied by the particle is determined. Then we enforce the rigid

body motion in Bn+1 and solve un+1 and pn+1 at the same time as follows:
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Find un+1 ∈ Wh, un+1 = g0 on Γ, pn+1 ∈ L2
0h, λn+1 ∈ Λn+1

h , Vn+1 ∈ IR2, ωn+1 ∈ IR

so that





−
∫

Ω
pn+1

∇ · vdx + νf

∫

Ω
∇un+1 : ∇v dx

+Mp
Vn+1 −Vn+ 1

2

△t
·Y + Ip

ωn+1 − ωn+ 1

2

△t
ξ

= (1 − ρf
ρs

)Mpg ·Y +

∫

Ω
fn+1
B · vdx+ < λn+1, v −Y − ξ

−−−−→
Gn+1x

⊥

>Λn+1

h
,

∀v ∈ W0h, Y ∈ IR2, ξ ∈ IR,

(2.2.38)

∫

Ω
q∇ · un+1dx = 0, ∀q ∈ L2

h, (2.2.39)

< µ,un+1 −Vn+1 − ωn+1
−−−−→
Gn+1x

⊥

>Λn+1

h
= 0, ∀µ ∈ Λn+1

h . (2.2.40)

In above (2.2.38)-(2.2.40), we have Λn+1
h = Λh(tn+1) and fn+1 = fn+1

B (or fn+1 =

fn+1
B + fp when considering Poiseuille flow.

Remark 2.2.4. When simulating particle motion in fluid flow under creeping flow condition,

we only use steps 2 and 3 in above algorithm without having the repulsion force between

the particle and membrane.

2.2.4 On the solution of subproblems of Stokes equations

System (2.2.33)–(2.2.37) is just system of ordinary differential equations. Those equations

are solved by the Euler-forward method with the time step △t to predict the translation

velocity of the center of mass, the angular velocity of the particle, the position of the center

of mass and the inclination angle of the particle of a long body shape.

In system (2.2.38)–(2.2.40), there are two multipliers, p and λ. We solve this system via

an Uzawa type of conjugate gradient method driven by both multipliers (called one shot
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method, similar ones can be found in, e.g., [36, 37]). The general problem is as follows:

Find u ∈ Wh, u = g0 on Γ, p ∈ L2
0h, λ ∈ Λh, V ∈ IR2, ω ∈ IR so that





−
∫

Ω
p∇ · vdx + νf

∫

Ω
∇u : ∇v dx + Mp

V−V0

△t
·Y + Ip

ω − ω0

△t
ξ

= (1 − ρf
ρs

)Mpg ·Y +

∫

Ω
fB · vdx+ < λ, v−Y − ξ

−→
Gx

⊥
>Λh

,

∀v ∈ W0h, Y ∈ IR2, ξ ∈ IR,

(2.2.41)

∫

Ω
q∇ · udx = 0, ∀q ∈ L2

h, (2.2.42)

< µ,u−V − ω
−→
Gx

⊥
>Λh

= 0, ∀µ ∈ Λh. (2.2.43)

We apply the following Uzawa type of conjugate gradient algorithm operating in the

space L2
0h × Λh to solve above problem:

p0 ∈ L2
0h and λ0 ∈ Λh are given;

solve





νf

∫

Ω
∇u0 : ∇v dx =

∫

Ω
p0 ∇ · v dx +

∫

Ω
fB · vdx+ < λ0, v >Λh

,

∀v ∈ W0h; u0 ∈ Wh, u = g0h on Γ,

(2.2.44)

Mp
V0 −V0

△t
·Y = (1 − ρf

ρs
)Mpg ·Y− < λ0, Y >Λh

, ∀Y ∈ IR2, (2.2.45)

Ip
ω0 − ω0

△t
= − < λ0,

−→
Gx

⊥
>Λh

, (2.2.46)

and then compute

g01 = ∇ · u0, (2.2.47)

20



and

< µ,g0
2 >Λh

=< µ, u0 −V0 − ω0 −→
Gx

⊥
>Λh

, ∀µ ∈ Λh, (2.2.48)

and set

w0
1 = g01 , and w0

2 = g0
2. (2.2.49)

Then for k ≥ 0, assuming that pk, λk, uk, Vk, ωk, gk1 , gk
2 , wk

1 and wk
2 are known,

compute pk+1, λk+1, uk+1, Vk+1, ωk+1, gk+1
1 , gk+1

2 , wk+1
1 wk+1

2 as follows:

solve:





νf

∫

Ω
∇u k : ∇v dx =

∫

Ω
wk
1 ∇ · v dx+ < wk

2 , v >Λh
,

∀v ∈ W0h; u k ∈ W0h,

(2.2.50)

Mp
V

k

△t
·Y = − < wk

2 , Y >Λh
, ∀Y ∈ IR2, (2.2.51)

Ip
ω k

△t
= − < wk

2 ,
−→
Gx

⊥
>Λh

, (2.2.52)

and then compute

g k
1 = ∇ · u k, (2.2.53)

and

< µ,g k
2 >Λh

=< µ, u k −V
k − ω k −→

Gx
⊥
>Λh

, ∀µ ∈ Λh. (2.2.54)

Compute

ρk =

∫
Ω |gk1 |2 dx+ < gk

2 ,g
k
2 >Λh∫

Ω g1
kwk

1 dx+ < g k
2 ,w

k
2 >Λh

(2.2.55)

21



and then

pk+1 = pk − ρkw
k
1 , (2.2.56)

λk+1 = λk − ρkw
k
2 , (2.2.57)

uk+1 = uk − ρku
k, (2.2.58)

Vk+1 = Vk − ρkV
k
, (2.2.59)

ωk+1 = ωk − ρkω
k, (2.2.60)

gk+1
1 = gk1 − ρkg

k
1 , (2.2.61)

gk+1
2 = gk

2 − ρkg
k
2 . (2.2.62)

If ∫
Ω |gk+1

1 |2 dx+ < gk+1
2 ,gk+1

2 >Λh∫
Ω |g01 |2 dx+ < g0

2,g
0
2 >Λh

≤ ǫ, (2.2.63)

take p = pk+1, λ = λk+1, u = uk+1, V = Vk+1, ω = ωk+1; else, compute

γk =

∫
Ω |gk+1

1 |2 dx+ < gk+1
2 ,gk+1

2 >Λh∫
Ω |gk1 |2 dx+ < gk

2 ,g
k
2 >Λh

, (2.2.64)

and set

wk+1
1 = gk+1

1 + γkw
k
1 , (2.2.65)

wk+1
2 = gk+1

2 + γkw
k
2 . (2.2.66)

Do k = k + 1 and go back to (2.2.50).
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2.2.5 Numerical methods for Navier-Stokes equations

We introduce the finite–dimensional spaces:

W0h = {vh|vh ∈ C0(Ω)2,vh|T ∈ P1 × P1,∀T ∈ Th,vh = 0 on the top and bottom

of Ω and is periodic in the x1 direction with period L},

L2
h = {qh|qh ∈ C0(Ω), qh|T ∈ P1,∀T ∈ T2h, qh is periodic in the x1

direction with period L}.

A finite–dimensional space approximating Λ0(t) is defined as follows: let {xi}Ni=1 be a

set of points covering B(t); we define then

Λh(t) = {µh|µh =
∑N

i=1
µiδ(x − xi), µi ∈ IR2, ∀i = 1, ..., N}, (2.2.67)

where δ(·) is the Dirac measure at x = 0. Then, instead of the scalar product of (H1(B(t)))2,

we shall use < ·, · >Bh(t) defined by

< µh,vh >Bh(t)=
∑N

i=1
µi · vh(xi), ∀µh ∈ Λh(t), vh ∈ W0,h. (2.2.68)

Then we approximate Λ0(t) by

Λ0,h(t) = {µh|µh ∈ Λh(t), < µh, ei >Bh(t)= 0, i = 1, 2, < µh,
−→
Gx

⊥
>Bh(t)= 0}. (2.2.69)

A typical choice of points for defining Λh(t) is to take the grid points of the velocity mesh

internal to the region B(t) and whose distance to the boundary of B(t) is greater than,

e.g. h/2, and to complete with selected points from the boundary of B(t).
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Then we apply the Lie’s scheme [38, 31] to Navier-Stokes equations with the back-

ward Euler method in time for some subproblems and obtain the following fractional step

subproblems (some of the subscripts h have been dropped):

u0 = u0 is given; for n ≥ 0, un being known, we compute the approximate solution via

the following fractional steps:

1. Solve





ρ

∫

Ω

un+1/6 − un

△t
· vdx−

∫

Ω
pn+1/6(∇ · v)dx = 0, ∀v ∈ W0h,

∫

Ω
q∇ · un+1/6dx = 0, ∀q ∈ L2

h,

un+1/6 ∈ W0h, pn+1/6 ∈ L2
h.

(2.2.70)

2. Update the position of the membrane by (2.2.31) and (2.2.32), and then compute the

force f
n+1/6
B on the fluid/cell interface by (2.2.20) and (2.2.28) and obtain fn+1/6 =

fp + f
n+1/6
B .

3. Solve





∫

Ω

∂u(t)

∂t
· vdx +

∫

Ω
(un+1/6 ·∇)u(t) · vdx = 0 on (tn, tn+1), ∀v ∈ W0h,

u(tn) = un+1/6,

u(t) ∈ W0h on (tn, tn+1),

(2.2.71)

and set un+2/6 = u(tn+1).
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4. Next, compute un+3/6 via the solution of





ρ

∫

Ω

un+3/6 − un+2/6

△t
· v dx + µ

∫

Ω
∇un+3/6 : ∇v dx =

∫

Ω
fn+1/6 · v dx,

∀v ∈ W0,h; un+3/6 ∈ W0,h.

(2.2.72)

5. Now predict the position and the translation velocity of the center of mass of the

particles as follows:

Take V
n+ 4

6
,0

G = Vn
G and Gn+ 4

6
,0 = Gn; then predict the new position of the particle

via the following subcycling and predicting-correcting technique:

For k = 1, . . . , N , compute

V̂
n+ 4

6
,k

G = V
n+ 4

6
,k−1

G + Fr(Gn+ 4

6
,k−1)△t/2N, (2.2.73)

Ĝn+ 4

6
,k = Gn+ 4

6
,k−1 + (V̂

n+ 4

6
,k

G + V
n+ 4

6
,k−1

G )△t/4N, (2.2.74)

V
n+ 4

6
,k

G = V
n+ 4

6
,k−1

G + (Fr(Ĝn+ 4

6
,k) + Fr(Gn+ 4

6
,k−1))△t/4N, (2.2.75)

Gn+ 4

6
,k = Gn+ 4

6
,k−1 + (V

n+ 4

6
,k

G + V
n+ 4

6
,k−1

G )△t/4N, (2.2.76)

enddo;

and let V
n+ 4

6

G = V
n+ 4

6
,N

G , Gn+ 4

6 = Gn+ 4

6
,N . (2.2.77)

6. Now, compute un+5/6, λn+5/6, V
n+5/6
G , and ωn+5/6 via the solution of
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ρ

∫

Ω

un+5/6 − un+3/6

△t
· v dx =< λ,v >

B
n+4/6
h

, ∀v ∈ W0,h,

< µ,un+5/6 >
B

n+4/6
h

= 0, ∀µ ∈ Λ
n+4/6
0,h ; un+5/6 ∈ W0,h,λ

n+5/6 ∈ Λ
n+4/6
0,h ,

(2.2.78)

and solve for V
n+5/6
G and ωn+5/6 from





< ei,u
n+5/6 −V

n+5/6
G − ωn+5/6

−−−−−→
Gn+4/6x

⊥

>
B

n+4/6
h

= 0, for i = 1, 2,

<
−−−−−→
Gn+4/6x

⊥

,un+5/6 −V
n+5/6
G − ωn+5/6

−−−−−→
Gn+4/6x

⊥

>
B

n+4/6
h

= 0.

(2.2.79)

7. Finally, take V
n+1,0
G = V

n+5/6
G and Gn+1,0 = Gn+4/6; then predict the final position

and translation velocity as follows:

For k = 1, . . . , N , compute

V̂
n+1,k
G = V

n+1,k−1
G + Fr(Gn+1,k−1)△t/2N, (2.2.80)

Ĝn+1,k = Gn+1,k−1 + (V̂n+1,k
G + V

n+1,k−1
G )△t/4N, (2.2.81)

V
n+1,k
G = V

n+1,k−1
G + (Fr(Ĝn+1,k) + Fr(Gn+1,k−1))△t/4N, (2.2.82)

Gn+1,k = Gn+1,k−1 + (Vn+1,k
G + V

n+1,k−1
G )△t/4N, (2.2.83)

enddo;

and let Vn+1
G = V

n+1,N
G , Gn+1 = Gn+1,N ; and set un+1 = un+5/6, ωn+1 = ωn+5/6.

In the above algorithm (3.2.17)-(2.2.83), we have tn+s = (n + s)△t, Λn+s
0,h = Λ0,h(tn+s),

Bn+s
h is the region occupied by the particle centered at Gn+s, and Fr is a short range
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repulsion force which prevents the particle/cell and cell/wall penetration (see, e.g., [39]).

2.3 Numerical results using Stokes equations

2.3.1 Particle motion in simple shear flow

We have first considered the cases of a circular cylinder located in the middle between two

walls initially. The circular cylinder radius a varies from 0.1 to 0.25. The densities of the

fluid and that of the particle are ρf = ρs = 1 and the viscosity is ν = 1. The confined

ratio is defined as κ = 2a/H where H is the distance between two walls. The domain

of computation is Ω = [0, 2] × [0, 2] (i.e., L = 2 and H = 2). The shear rate is fixed at

Gs = 1 so the velocity of the top wall (resp., bottom wall) is U/2 = GsH/2 = 1 (resp.,

−U/2 = −1). The initial velocity field is a simple shear flow without particle associated to

the given shear rate. The mass center of the circular cylinder is located at (1,1) initially.

The space mesh size is h = 1/128 and the time step is △t = 0.001. Under creeping flow

condition, the rotating speed of the circular cylinder is Gs/2 in an unbounded shear flow

according to the Jeffery’s solution [40]. In Figure 2.3, a snapshot of the velocity filed of the

case for κ = 0.25 (a = 0.25) is shown and the plot of the rotating speed versus the confined

ratio is presented. The confined ratio does have its effect on the rotating speed as shown

in Figure 2.3. For the cases of the cylinder radii a =0.1, 0.125, and 0.15, the relative errors

of the rotating speed are less than or equal to 1%. These computed angular speeds are in

a good agreement with the Jeffery’s solution.

We next have considered the motion of an elliptic cylinder in shear flow located at the

middle between two walls initially. The semi-major and semi-minor axes are 0.1 and 0.05

respectively. The other parameters are same as those in the first cases except that two
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Figure 2.3: The velocity field of the case κ = 0.25 (left) and the rotating speed versus the
confined ratio (right).

space mesh sizes of 1/128 and 1/192 are used and the initial inclination angle is π/4. The

computed rotating speeds have been compared with the Jeffery’s solution in Figure 2.4. A

snapshot of the velocity filed is shown in Figure 2.5. The maximum and minimum rotating

speeds of the Jeffery’s solution in magnitude are 0.8 and 0.2, respectively, while ours are

0.795 and 0.201, respectively. The histories of the rotating velocity and inclination angle

are shown in Figure 2.4 (due to the axisymmetric shape of the elliptical cylinder, the range

of the inclination angle in the plot is from zero to π). Both agree well with the Jeffery’s

solution.

2.3.2 Motion of a compound vesicle

We have considered first the cases of a compound vesicle having a circular cylinder inside

in shear flow. The domain of computation is Ω = 20 × 20 µm2. Two initial shapes of

the vesicle are obtained by the procedure discussed in Section 2.2.2 with the swelling ratio

s∗ = 0.84 and 0.95, respectively. With parameters of the membrane given in Section 2.2.2,
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Figure 2.4: Histories of the rotating velocity (left) and the inclination angle (right) of an
elliptic cylinder in a simple shear flow obtained by mesh sizes h = 1/128 and 1/192.

Figure 2.5: A snapshot of the velocity field next to the elliptic cylinder.
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Figure 2.6: Snapshots of velocity field next to a compound vesicle of swelling ratio s∗=0.84
(top) and 0.95 (bottom) with filling fraction φ=0.05, 0.1, 0.15, and 0.2 (from left to right).

the vesicles considered in this paper are inextensible in simulations. The filling fractions

inside the vesicle (i.e., the ratio of the area of the particle and that of the region enclosed

by the vesicle) are φ =0.05, 0.1, 0.15, and 0.2. The mass centers of both vesicle and freely

moving neutrally buoyant cylinder are located at (1,1) initially. The densities of both

fluid and particle are 1 g/cm3. The viscosity is ν = 5g/(cm s). The viscosity ratio which

describes the viscosity contrast of the fluid inside and outside the RBC membrane is fixed at

1.0. The shear rate is fixed at Gs = 50/s. The grid resolution for the computational domain

is 80 grid points per 10µm. The time step ∆t is 5 × 10−4ms. The initial velocity field is a

simple shear flow without particle associated to the given shear rate. Snapshots of velocity

field next to compound vesicle with different filling fractions are shown in Figure 2.6 and the

vesicle shows a typical tank-treading motion with a fixed inclination angle. The comparison

of inclination angle of the compound vesicle with different filling ratio is presented in Figure

2.7. Our results of inclination angle are consistent with those obtained in [28]. The error

bars in Figure 2.7 represent the ranges of inclination angle which is obtained from the
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farthest one among the membrane points to the mass center of the vesicle. Such angle

varies slightly while the membrane tank-treads due to the use of a spring network to model

vesicle membrane. When the filling fraction increases, the effective viscosity of fluid inside

the membrane increases (e.g., see [41]) and then the inclination angle of a vesicle decreases

as discussed in, e.g., [42, 43].
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Figure 2.7: The comparison of inclination angles of compound vesicle of different filling
ratio.

Next we have considered the cases of a compound vesicle in Poiseuille flow. We have

kept the same parameters for the simulations except the following ones: The domain of

computation is Ω = 80 × 10 µm2; the swelling ratio is s∗=0.9, the filling fractions are

φ =0.2, 0.3, and 0.4, and the viscosity ν = 1g/(cm s). For driving the Poiseuille flow,

we have applied the pressure gradient in the horizontal direction so that the maximum

speed at the central line is 1 cm/s when having no compound vesicle. The compound

vesicle is placed next to the bottom wall with the mass center 3 µm above the wall and the

inclination angle of zero degree (see Figure 2.9). Due to the combined effects of the vesicle

deformability and the shear gradient of the Poiseuille flow, compound vesicle migrates
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Figure 2.8: Histories of the mass center of the neutrally buoyant particle inside a vesicle:
φ=0.2 (dotted line), 0.3 (dashed line), and 0.4 (solid line).
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Figure 2.9: The positions of particle and membrane: φ=0.2 (top), 0.3 (middle), and 0.4
(bottom).

toward an equilibrium position at the central region of the channel similar to the ones

without particle inside. The histories of the mass center of the neutrally buoyant particle

for different filling fractions are presented in Figure 2.8. The positions of particle and

membrane are shown in Figure 2.9 for φ=0.2, 0.3, and 0.4. Both show that the neutrally

buoyant particle migrates due to the push from the motion of vesicle since such particle

can not move across streamlines under creeping flow condition. After the vesicle reach the

central region of the channel, the particle moves in the horizontal direction as it should be.
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2.4 Numerical results using Navier-Stokes equations

2.4.1 Motion of a compound vesicle

We have employed the Navier-Stokes model to investigate a single red blood cell in, e.g.,

[44]. So we skip all the validation steps here and apply it to the cases of a compound

vesicle in Poiseuille flow. Most of the settings are the same as we have before when solving

with Stokes equations. The domain of computation is Ω = 80 × 10 µm2; the swelling

ratio is s∗=0.9, the filling fractions are φ =0.2, 0.3, and 0.4. The compound vesicle is

placed with the mass center 3 µm above the wall and the inclination angle of zero degree.

Instead of a compound vesicle, if we consider only a deformable vesicle placed at the same

position, the vesicle will migrate toward the central of the channel. If we consider only a

rigid particle, due to the shear gradient of Poiseuille flow and the wall effect, the particle

will travel to an equilibrium position somewhere in between the channel center and the

wall. The position depends on the Reynolds number. There are two equilibrium positions

thanks to the symmetry. Now we have a rigid particle inside a deformable membrane as

a compound vesicle. The lateral migration of the compound vesicle is determined by the

combined effect of the trends from the deformable membrane and the particle. When the

particle inside the vesicle is small, the force on the particle is weak compared to the force

on deformable membrane. The deformable membrane is dominating and the compound

vesicle is migrating toward the central of the channel. When the particle inside the vesicle

is big, the force on the particle is on par with the force on deformable membrane. The

particle itself may rest at its equilibrium position, while the force on the membrane make

the compound vesicle migrate toward the central of the channel. Due to inertia, if the

compound vesicle makes its way across the central of the channel, the force on the particle

will drive it to its symmetric equilibrium position. The compound vesicle will migrate
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toward the symmetric equilibrium position of the particle as the force on the membrane

to drive it back to the central is weak when the displacement from the central is tiny. The

compound vesicle oscillates between the two equilibrium positions of the particle. The

histories of the mass center of the neutrally buoyant particle for different filling fractions

are presented in Figure 2.10. The positions of particle and membrane are shown in Figure

2.11 for φ=0.2, 0.3, and 0.4.
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Figure 2.10: Histories of the mass center of the neutrally buoyant particle inside a vesicle:
φ=0.2 (dotted line), 0.3 (dashed line), and 0.4 (solid line).
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Figure 2.11: The positions of particle and membrane: φ=0.2 (top), 0.3 (middle), and 0.4
(bottom).

2.5 Summary

In this chapter, we present a distributed Lagrange multiplier/fictitious domain (DLM/FD)

method for simulating fluid-particle interaction in Stokes flow. A conjugate gradient

method driven by both pressure and distributed Lagrange multiplier has been developed to

solve the discrete Stokes problem while enforcing the rigid body motion within the region

occupied by the particle. We then validate the methodology by comparing the numerical

results with the Jeffery’s solutions. We have successively combined the above DLM/FD

method with an immersed boundary (IB) method and a spring network model for an elastic

membrane to simulate the dynamics of a compound vesicle under creeping flow condition.

In shear flow, the inclination angles of compound vesicle with different filling fractions are

consistent with the other simulation results. In Poiseuille flow, if we use Stokes equations

as the governing equations of the flow field, the motion of compound vesicle is dominated

by the part of vesicle membrane when migrating from a position next the wall to the central

region of the channel and once reaching the central region the particle moves horizontally
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without crossing the streamlines as expected. Since Stokes equations are linear and provide

no ’lift’ for a neutrally buoyant rigid particle. However, if we use Navier-Stokes equations

as the governing equations of the flow field, the motion of compound vesicle is determined

by the competition between the vesicle membrane and the particle inside. The vesicle

membrane tends to migrate to the channel center due to its deformability in Poiseuille

flow. The particle itself has an equilibrium position somewhere between the channel center

and the wall. Outcomes vary with different sizes of the neutrally buoyant particle inside

the vesicle. The results indicate in creeping flow, where the inertia effect is small, Navier-

Stokes equations are still the proper governing equations of the fluid. We might lose some

details if we simply neglect the inertia effect and use the Stokes equations instead.
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Chapter 3

Red Blood Cell Suspensions

Behind a Moving Interface

3.1 Introduction

The rheological property of the red blood cells (RBCs) is a key factor of the blood flow

characteristics at the microchannel level. The particulate nature of the blood becomes

especially significant when studying blood drop through a glass capillary within miniature

blood diagnostic kit. The penetration of the blood suspension in a perfectly wettable

capillary has been analyzed in [45, 46]. The failure of such penetration is attributed to three

RBCs segregation mechanisms: (i) corner deflection at the entrance, (ii) the intermediate

deformation-induced radial migration, and (iii) shear-induced diffusion within a packed slug

at the meniscus. The key mechanism responsible for penetration failure is the deformation-

induced radial migration, which endows the blood cells with a higher velocity than the

meniscus to form the concentrated slug behind the meniscus (see Figure 3.1). The results
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in [45, 46] shed light on making the smallest microfluidic kit and loading microneedle that

require the least amount of blood sample.

Nowadays in silico mathematical modeling and numerical study of RBC rheology have

attracted growing interest (see, e.g., [47, 48]). The immersed boundary method developed

by Peskin, e.g, [32, 33, 34], has been one of the popular methodologies for numerically

studying the RBC rheology due its distinguish features in dealing with the problem of fluid

flow interacting with a flexible fluid/structure interface. For example, in [49],[17], immersed

boundary methods have been combined with different RBC membrane models to simulate

the motion of RBCs and vesicles in fluid flow. We have successfully combined an immersed

boundary method with a spring model developed in [50] to simulate the motion of RBCs in

shear flows and Poiseuille flows in [15, 16, 17]. To simulate the RBCs aggregation behind a

moving interface considered in [45, 46], we have extended the aforementioned methodology

since the typical setting of the periodic boundary condition in the channel wall direction

is not well suited anymore. As by the nature of the problem, the computational domain

has to be focused on the marching frontier, which has no counterpart to go periodic.

Instead we have the computational domain moving with a interface (see, e.g., [51, 52]

and references therein for adjusting the computational domain) in an infinitely long two-

dimensional channel with an undisturbed flow field in front of the domain. This approach

extends the range of the methodology from still focus to moving focus. To mimic the

motion of the RBCs behind a meniscus in a capillary, we have considered a flat interface

moving with a given constant speed in this paper. The simulating results of the motion

of red blood cells behind a moving interface show that the RBCs with higher velocity in

the channel central region than the interface speed form the concentrated slug behind the

interface, which resembles the motion of the RBCs observed in [45, 46]. The structure of

this chapter is as follows: We discuss the elastic spring model and numerical methods in

38



Figure 3.1: Schematics of the BRCs moving behind a meniscus.

next section. In Section 3, the tank-treading and the inclination angle of a cell in a simple

shear flow are briefly discussed for the validation purpose. We then present and discuss

the results of the motion of red blood cells behind a moving interface in a capillary. The

conclusions are summarized in Section 4.

3.2 Models and methods

Let Ω be a bounded rectangular domain filled with blood plasma which is incompressible,

Newtonian, and contains RBCs with the viscosity of the cytoplasm same as that of the

blood plasma (see Figure 3.2). For some T > 0, the governing equations for the fluid-cell

system are

ρ

[
∂u

∂t
+ u ·∇u

]
= −∇p + µ∆u + f in Ω, t ∈ (0, T ), (3.2.1)

∇ · u = 0 in Ω, t ∈ (0, T ) (3.2.2)

where u and p are the fluid velocity and pressure, respectively, ρ is the fluid density,

and µ is the fluid viscosity, which is assumed to be constant for the entire computational

domain. In (3.2.1), f is a body force which accounts for the force acting on the fluid/cell
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Figure 3.2: An example of the computational domain with a cell.

interface. Equations (3.2.1) and (3.2.2) are completed by the following boundary and initial

conditions:

u = g0 on Γd, (3.2.3)

µ
∂u

∂n
− np = 0 on Γn, (3.2.4)

u(0) = u0 (3.2.5)

where the domain Ω is taken from an infinitely long channel with its boundary denoted by

Γ = ∪4
i=1Γi. In the simulations, we have considered two types of boundary conditions: (i)

Γn = ∅ and Γd = Γ, (ii) Γn = Γ4 and Γd = Γ1 ∪Γ2 ∪Γ3 with g0 having the profile of either

Poiseuille flow or simple shear flow on Γd

3.2.1 An elastic spring model for the RBC membrane

An elastic spring model used in [50] is considered in this paper to describe the deformable

behavior of the RBCs. Based on this model, the RBC membrane can be viewed as mem-

brane particles connecting with the neighboring membrane particles by springs, as shown

in Figure 3.3. Elastic energy stores in the spring due to the change of the length l of the

spring with respected to its reference length l0 and the change in angle θ between two
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Figure 3.3: The elastic spring model of the RBC membrane

neighboring springs. The total elastic energy of the RBC membrane, E = El + Eb, is the

sum of the total elastic energy for stretch/compression and the total energy for bending

which, in particular, are

El =
kl
2

N∑

i=1

(
li − l0
l0

)2 (3.2.6)

and

Eb =
kb
2

N∑

i=1

tan2(θi/2). (3.2.7)

In equations (3.2.6) and (3.2.7), N is the total number of the spring elements, and kl and

kb are spring constants for changes in length and bending angle, respectively. (Another

form of bending energy similar to the one in (3.2.7) can be found in [53].)

Remark 3.2.1. In the process of creating the initial shape of RBCs described in [50], the

RBC is assumed to be a circle of radius R0 = 2.8 µm initially. The circle is discretized into

N = 76 membrane particles so that 76 springs are formed by connecting the neighboring

particles. The shape change is stimulated by reducing the total area of the circle through

a penalty function

Γs =
ks
2

(
s− se
se

)2, (3.2.8)

where s and se are the time dependent area of the RBC and the specified equilibrium area

of the RBC, respectively, and the total energy is modified as E+Γs. Based on the principle

41



of virtual work the force acting on the ith membrane particle now is

Fi = −∂(E + Γs)

∂ri
, (3.2.9)

where ri is the position of the ith membrane particle. When the area is reduced, each RBC

membrane particle moves on the basis of the following equation of motion:

mr̈i + γṙi = Fi. (3.2.10)

Here, (̇) denotes the time derivative; m and γ represent the membrane particle mass and

the membrane viscosity of the RBC. The position ri of the ith membrane particle is solved

by discretizing (3.2.10) via a second–order finite difference method. The total energy stored

in the membrane decreases as the time elapses. The final shape of the RBC is obtained

as the total elastic energy is minimized (please see [54]). The area of the final shape has

less than 0.001% difference from the specified equilibrium area se and the length of the

perimeter of the final shape has less than 0.005% difference from the circumference of the

initial circle. The reduced area of a RBC in this paper is defined by s∗ = se/πR
2
0.

Remark 3.2.2. When simulating the case involving a moving interface, we have applied

a repulsive force to prevent the overlapping between cell and wall. The repulsive force is

obtained from the following Morse potential, φ(d) = kr(1−e−(d−d0))2, (e.g., see [29]) where

the parameter d is the shortest distance between the membrane particle and the wall and

d0 is the range of the repulsive force so that

fi(d) =





2kr(1 − e−(d−d0))e−(d−d0), d ≤ d0,

0, d > d0,
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i.e., when the distance d is greater than d0, there is no repulsive force. The parameter kr

is a constant for the strength of the potential. To save the cost of computing the repulsive

force in simulations, each cell is covered by a disk whose center is the cell mass center and

the repulsive force at each membrane particle is computed only if the distance from the

disk center to the wall is less than the sum of the disk radius and the range of the repulsive

force.

3.2.2 Immersed boundary method

The immersed boundary method developed by Peskin, e.g, [32, 33, 34], is employed in this

study because of its distinguish features in dealing with the problem of fluid flow interacting

with a flexible fluid/structure interface. Over the years, it has demonstrated its capability

in study of computational fluid dynamics including blood flow. Based on the method, the

boundary of the deformable structure is discretized spatially into a set of boundary nodes.

The force located at the immersed boundary node ri = (ri,1, ri,2) affects the nearby fluid

mesh nodes x = (x1, x2) through a 2D discrete δ-function Dh(x− ri):

f(x) =
∑

FiDh(x− ri) for |x− ri| ≤ 2h, (3.2.11)

where h is the uniform finite element mesh size and

Dh(x− ri) = δh(x1 − ri,1)δh(x2 − ri,2), (3.2.12)
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with the 1D discrete δ-functions being

δh(z) =





1
8h

(
3 − 2|z|/h +

√
1 + 4|z|/h− 4(|z|/h)2

)
, |z| ≤ h,

1
8h

(
5 − 2|z|/h−

√
−7 + 12|z|/h− 4(|z|/h)2

)
, h ≤ |z| ≤ 2h,

0, otherwise.

(3.2.13)

The velocity of the immersed boundary node ri is also affected by the surrounding

fluid and therefore is enforced by summing the velocities at the nearby fluid mesh nodes x

weighted by the same discrete δ-function:

U(ri) =
∑

h2u(x)Dh(x− ri) for |x− xi| ≤ 2h. (3.2.14)

After each time step, the position of the immersed boundary node is updated by

rn+1
i = rni + ∆tU(rni ). (3.2.15)

3.2.3 Space approximation and time discretization

Concerning the finite element based space approximation of {u, p} in problem (3.2.1)-

(3.2.5), we use the P1-iso-P2 and P1 finite element approximation (e.g., see [31] (Chapter

5)). For a rectangular computational domain Ω ⊂ R2, let Th be a finite element triangula-

tion of Ω for velocity and T2h a twice coarser triangulation for pressure where h is a space

discretization step. We introduce the finite–dimensional spaces:
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Wh = {vh|vh ∈ C0(Ω)2,vh|T ∈ P1 × P1,∀T ∈ Th}

W0h = {vh|vh ∈ Wh,vh = 0 on Γd},

L2
h = {qh|qh ∈ C0(Ω), qh|T ∈ P1,∀T ∈ T2h },

L2
h,0 = {qh|qh ∈ L2

h,

∫

Ω
qh dx = 0},

where P1 is the space of polynomials in two variables of degree ≤ 1. We apply the Lie’s

scheme [31, 38], which is a first-order method in time, with the above finite elements to

equations (3.2.1)-(3.2.5) with the backward Euler method in time for some subproblems

and obtain the following sequence of fractional step subproblems (some of the subscripts

h have been dropped):

u0 = u0 is given; for n ≥ 0, un being known, we compute the approximate solution via

the following fractional steps:

1. Update the position of the membrane by (3.2.14) and (3.2.15) and then compute the

force fn based on the fluid/cell interface by (3.2.9) and (3.2.11).

2. Solve





∫

Ω

∂u(t)

∂t
· vdx +

∫

Ω
(un ·∇)u(t) · vdx = 0, on (tn, tn+1), ∀v ∈ W−

0h,

u(tn) = un,

u(t) ∈ Wh, u(t) = g0,h on Γ− × (tn, tn+1),

(3.2.16)

and set un+2/3 = u(tn+1).
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3. Finally solve





ρ

∫

Ω

un+1 − un+2/3

△t
· vdx + µ

∫

Ω
∇un+1 : ∇vdx

−
∫

Ω
pn+1(∇ · v)dx =

∫

Ω
fn · vdx, ∀v ∈ W0h,

∫

Ω
q∇ · un+1dx = 0, ∀q ∈ L2

h,

un+1 ∈ Wh, un+1 = g0,h on Γd; pn+1 ∈ L2
h (pn+1 ∈ L2

h,0 if Γn = ∅).

(3.2.17)

In eq. (3.2.16), we have Γ− = {x|x ∈ Γ, g0,h(x) · n(x) < 0 } and W−
0h = {vh|vh ∈

Wh,vh = 0 on Γ−}. The quasi-Stokes problem (3.2.17) is solved by a preconditioned

conjugate gradient method (see, e.g., [31]). The subproblem (3.2.16) is an advection type

subproblem. It is solved by a wave-like equation method, which is described in detail in

[55] and [56].

Remark 3.2.3. In simulations, the computational domain Ω moves to the right with either

the mass center of a RBC or the interface (see, e.g., [51, 52] and references therein for

adjusting the computational domain according to the position of the particle). Due to the

use of structured and uniform mesh in our simulations, it is relatively easy to have the

computational domain moving with either a designated cell or an moving interface without

the need of generating any new meshes. Here is the general idea: When the mass center

of a RBC moves to the right in an infinitely long channel, we add one vertical grid line to

the right end of the computational domain if the cell mass center crosses one vertical grid

line after we predict its new position and at the same time we drop one vertical grid line

at the left end of the computational domain. In the meantime at these new grid points

added at the right end, we assign the values of an undisturbed field according to either

Poiseuille flow or simple shear flow depending on the flow condition. When following an

interface moving to the right with a constant speed, we have applied the same strategy.
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The comparison of the simulation results associated with different boundary conditions are

discussed in the following section.

3.3 Numerical results and discussion

3.3.1 Tank-treading of a single cell in shear flow

We have first validated the computational methodology with two types of boundary con-

ditions discussed in Section 3.2 by comparing the inclination angle and the tank-treading

frequency of a single RBC in shear flow. The values of parameters for modeling cells are

same with [15, 16, 17] as follows: The bending constant is kb = 5 × 10−10N · m, the spring

constant is kl = 5×10−8N · m, the penalty coefficient is ks = 10−5N · m, the repulsive force

coefficient is kr = 10−9N · m, and the range of the repulsive force is d0 = 2h where h is the

mesh size for the flow velocity field. The cells are suspended in blood plasma which has a

density ρ = 1.00g/cm3 and a dynamical viscosity µ = 0.012g/(cm · s). The viscosity ratio

which describes the viscosity contrast of the inner and outer fluid of the RBC membrane

is fixed at 1.0. The dimensions of the computational domain are 112µm× 7µm (the longer

domain) and 80µm× 7µm (the shorter domain). Then the degree of confinement (2R0/H)

is 0.8 where H is the height of the channel. The grid resolution for the computational

domain is 80 grid points per 10µm. The time step ∆t is 1×10−5ms. The initial position of

the mass center of the cells are (56, 3.5) and (40, 3.5) for the longer domain and the shorter

domain, respectively. To have a shear flow, a Couette flow driven by two walls at the top

and bottom which have the same speed U/2 but move in directions opposite to each other

is applied to the suspension, where the speed U is given by U = γ ∗H with a given shear

rate γ. The shear rate used in the simulation is γ = 275/s. The steady inclination angles
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Figure 3.4: Steady inclination angle versus the cell swelling ratio (left) and membrane tank-
treading velocity (scaled by γR0/2) versus the cell swelling ratio (right) in comparison to
Shi. et al.[15] and Kaoui. et al.[57] in different cases. Case I: 112µm × 7µm domain
with Dirichlet boundary conditions, Case II: 80µm×7µm domain with Dirichlet boundary
conditions, Case III: 80µm × 7µm domain with Neumann inflow condition and Dirichlet
outflow condition.
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of the tank-treading for four values of s∗=0.6, 0.7, 0.8 and 0.9 are presented in Figure 3.4,

which show the very good agreement with the lattice-Boltzmann simulation results in [57]

and those previously obtained with periodic boundary conditions in [15]. The membrane

tank-treading velocity (scaled by γR0/2) is also in good agreement with the results in

[57, 15]. In Figure 3.4, the results of the inclination angle and the tank-treading velocity

are almost the same when having either the Dirichlet boundary conditions on Γ with the

length L = 112 and 80 µm or the conditions (3.2.3) and (3.2.4) on the boundary of the

shorter domain. For the above single-cell validation, the maximal relative change of the

spring length during the simulation, max
1≤i≤N

|li− l0|/l0, is less than 0.01%, which shows that

the cell is almost inextensible.

3.3.2 Multi-cell aggregation in a capillary behind a moving interface

For the cases involving a moving interface in a capillary, we have considered the one moving

to the right with constant speed U to mimic the motion of the RBCs behind a meniscus in

a capillary. Then the associated boundary condition in (3.2.3) on Γd is g0 = 0 on Γ1 ∪ Γ3

and g0 = (U, 0)t on Γ2 and the boundary condition (3.2.4) is satisfied on Γ4. We have kept

all the related parameters the same except the following. We have first considered the case

of 12 cells of swelling ratio s∗=0.481 in a capillary of the height 10µm. The computational

domain Ω is 80µm× 10µm. The grid resolutions for the computational domain are 64 and

80 grid points per 10µm. The interface speed is U = 8/3 cm/s.
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Figure 2.5(i): The positions of 12 cells in a capillary behind a moving interface at t=0.01,
0.5, 1.5, 2.5, and 3ms(from top to bottom) obtained with the mesh size 64 grid points per
10µm.
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In the simulation, the cells at the central region of the channel move faster than those

next to the top and bottom walls do due to fact that the velocity field behaves like Poiseuille

flow as the fluid flow is away from the interface and the speed of the interface is slower

than the velocity of the fluid flow in the channel central region away from the interface

(see the velocity field in Figures 3.5 and 3.6). Thus the cells in the central region are piled

up behind the interface while those next to the walls migrate toward the central region (as

the cell in red in Figure 3.5). Then the cells form a slug behind the moving interface and

move with the interface as in Figure 3.5. The position and shape of the cells obtained with

two different mesh sizes are about the same for the first 4 ms as in Figure 3.5 and then

they become different since the effect of the round-off errors and approximation errors can

kick in. For the above case of 12 cells, the maximal relative change of the spring length

during the simulation, max
1≤i≤N

|li − l0|/l0, is less than 0.5% but slightly larger than the one

of one cell case due to the strong interaction among cells in the region of slug. For the case

of 68 cells of swelling ratio s∗=0.481 in a capillary of the height 20µm, we have considered

the computational domain Ω = 160µm × 20µm. The interface speed is U = 8/3 cm/s.

These 68 cells behave similarly behind the moving interface like the motion of the 12 cells

considered in the previous case. But it is much clearly for us to see that the cells in the

channel central region move faster to the right due to the relatively faster flow field. For the

cells moving away from the interface, they move back to the central region of the channel

due to either the interaction among the cells or the lateral migration of the cells in a flow

field like the Poiseuille flow. Then the cells are piled up behind the interface and move

with the interface as in Figure 3.6.
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Figure 2.5(ii): The positions of 12 cells in a capillary behind a moving interface at t=3.5,
4, 4.5, 5, and 6.25ms(from top to bottom) obtained with the mesh size 64 grid points per
10µm.
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Figure 2.5(iii): The positions of 12 cells in a capillary behind a moving interface at t=0.01,
0.5, 1.5, 2.5, and 3ms(from top to bottom) obtained with the mesh size 80 grid points per
10µm.
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Figure 3.5: The positions of 12 cells in a capillary behind a moving interface at t = 3.5,
4, 4.5, 5 and 6.25 ms (from top to bottom) obtained with the mesh size 80 grid points per
10µm . The velocity field with 12 cells at t =6.25 ms is obtained with the mesh size 64
grid points per 10µm. The position of the ”red” cell shows its lateral migration toward the
central region.
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Figure 3.6: The position of 68 cells in a capillary behind a moving interface at t = 0.01, 1.8,
5.37, 6.81, and 10 ms and the velocity field with 68 cells at t =10 ms (from top to bottom).
The position of the ”red” cell shows its lateral migration toward the central region.
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3.3.3 Impact of effective viscosity and repulsive force

In pressure-driven pipe flow of RBC suspensions, the cells tend to accumulate near the

centerline of the conduit due to shear-induced migration. This accumulation produces a

concentrated region near the advancing front that grows in time. The effective viscosity

is significantly higher in that region. The high effective viscosity level slows down the

marching speed and impedes the penetration through the capillary. The empirical formulas

of effective viscosity and advancing velocitiy are given by [58]:

νeff =
ν

(1 − φ/φm)2
, (3.3.1)

u = K
1√
t
, with K = a

√
1

νeff
. (3.3.2)

Here, ν is the viscosity of the fluid suspension; νeff is the effective viscosity; φ is the hema-

tocrit, which is the volumn percentage of RBCs; φm is the maximum possible hematocrit;

u is the central velocity; a is considered as a constant in our study. We calculate the

hematocrit using 3 different sample widths as in Figure 3.7.
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) t=3.3ms

Figure 3.7: Illustration of three different sample widths taken for hematocrit. The dashed
line is 4µm from the front; the dash-dotted line is 6µm from the front; and the solid line
is 8 µm from the front.

We observe notable raise in effective viscosity during the simulations using all 3 sample

widths for hematocrit. As a result, by the empirical formula given before, the advancing

56



velocities drop in the simulations. The details are shown in Figure 3.8.

3.4 Summary

In summary, we have developed computational modeling and methodologies for simulating

the motion of many RBCs in a capillary behind a moving interface in this chapter. The

methodology is based on an immersed boundary method and the skeleton structure of

the red blood cell (RBC) membrane is modeled as a spring network. The computational

domain is moving with either a designated RBC or an interface in an infinitely long two-

dimensional channel with an undisturbed flow field in front of the domain. The tank-

treading and the inclination angle of a cell in a simple shear flow are briefly discussed for the

validation purpose. The results of the motion of red blood cells behind a moving interface

in a capillary show that the RBCs with velocities higher than the interface speed form a

concentrated slug behind the interface, which is consistent with the results in [45, 46]. The

lateral migration is a also key factor for the formation of a slug behind the moving interface.

For the cases in which the swelling ratio of cells or the marching velocities are different, the

cells should behave similarly as the simulating results since the they all behave similarly

in Poiseuille flow. The advancing velocity is slowed down to approximately one-fourth

of the initial velocitiy thanks to the impact of effective viscosity. Among three sample

widths we take in the simulation, the biggest one yields the steadiest results in effective

viscosity and advancing velocity. Though the margin is small. This is partly because of

the technique we use to handle with the moving domain. A large sample width helps to

smooth the oscillation. The ’slow-down’ indicates the reason of the penetration failure in

a capillary. The replusive force stops cells from overlapping each other. We do not observe

much difference when doubling the repulsive force between cells.
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Figure 3.8: Effective viscosity ratio versus simulation time(left) and central velocity versus
simulation time(right) with 3 sample widths.
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Figure 2.9(i): The positions of 12 cells in a capillary behind a moving interface at t =
0.01, 0.5, 1.5, 2.5, 3.5, 4.5, and 6.25 ms (from top to bottom) obtained with repulsive force
between cells.
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Figure 3.9: The positions of 12 cells in a capillary behind a moving interface at t = 0.01,
0.5, 1.5, 2.5, 3.5, 4.5, and 6.25 ms (from top to bottom) obtained with double replusive
force between cells. The position of the ”red” cell shows its lateral migration toward the
central region.
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