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ABSTRACT

The performance of a pseudonoise-modulated spread 
spectrum binary communication system is analyzed to deter
mine the probability of error in the presence of band
limiting, gaussian noise, and synchronization errors. These 
degrading influences are considered individually and in 
combination.

It is shown that the correlation receiver is an optimum 
receiver in the presence of white gaussian noise with no 
bandlimiting. Synchronization errors are introduced into 
the analysis in the form of a timing delay between the 
received code and local code. Bandlimiting is modeled by a 
causal low-pass filter at the input of the correlation 
receiver.

Probability of error in detecting the binary message 
symbols is analyzed first by developing upper bounds based 
on the correlation properties of maximal length pseudonoise 
sequences and the decaying response typical of causal 
filters. Then, the average probability of error is computed 
using a series expansion of the characteristic function of 
the intersymbol interference.

Results are presented for Butterworth filters which 
show that for large spreading ratios, the effects of inter
symbol interference are negligible. Synchronization errors 
in addition to bandlimiting further degrade the perfor
mance, but less dramatically than in the case of the 
infinite-bandwidth system.
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CHAPTER 1

INTRODUCTION

In modern communications systems, a transmission 
technique known as "spectrum spreading" or "pseudonoise (PN) 
modulation" is finding increasingly wider application. This 
technique, referred to hereafter as PN modulation, may be 
used for one of a number of reasons, including multiple 
simultaneous access to a single frequency, private communi
cations, reduction of interference effects (e.g. multipath 
propagation), and reduction of emitted power spectral 
density to meet statutory or treaty requirements.

An example of multiple access to a single frequency is 
the case of a group of ground stations communicating with 
each other through a single channel of a relay satellite. 
With pseudonoise modulation, all the stations may operate 
simultaneously without interference. By proper selection 
of the pseudonoise modulation parameters, each station 
will be able to distinguish between messages intended for 
it and those intended for other stations.

Private communication is often desirable, for instance 
when commands are transmitted to remotely controlled 
equipment. PN modulation greatly reduces the risk of 
responding to a false command from an interfering trans
mitter. In addition, the transmitted signal is unintelli
gible to any receiver without access to the PN modulation 
parameters.

The receiver of a PN-modulated system tends to sup
press any narrow band interfering signals and to reject as 
noise any wideband signal not correlated with the desired 
received signal. Into the latter category fall the 
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time-delayed signals due to multipath propagation. Thus 
PN modulation can be used to suppress multipath 
interference.

Radio transmissions from satellites irradiate large 
areas of the earth's surface other than the desired recep
tion point. Consequently, international standards have 
been agreed upon to limit the permissible power flux
density incident on the earth’s surface.

When the received power density required for communi
cations exceeds the amount specified by the international 
standards, PN modulation can be employed to reduce the 
spectral concentration of the transmitted signal and thus 
satisfy the standards.

In each of these four applications, PN modulation is 
used for a different reason, and the particular application 
will dictate a particular set of parameters for the system. 
However, all of the systems are conceptually identical.

The principal effect of PN modulation is to increase 
the bandwidth of the transmitted signal and thus the band
width required of the channel. Idealized analysis of PN 
modulation usually considers infinite bandwidth of the 
channel and considers only noise as a degrading factor. 
However, it is well known that in conventional digital com
munications systems, bandwidth limiting results in a type 
of distortion known as intersymbol interference which 
increases the probability of error in detecting the message 
symbols. Since physical systems always have finite band
width, it is evident that these effects must be evaluated 
in the case of the PN modulated system in order to formu
late an accurate system model. In particular, a performance 
model is required that describes the probability of error 
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for the bandlimited PN-modulated binary communication 
system, taking into account the effects of both intersymbol 
interference and imperfect synchronization.

Many papers have been written on the subject of inter
symbol interference in digital communications systems. 
These analyses have led to various techniques for evaluating 
the effects of bandwidth limiting on both signal-to-noise 
ratio and probability of error. All of the published 
techniques have been applied to the problem of detecting 
individually each symbol transmitted over the channel. For 
the basic binary transmission, that means a detection is 
made on each symbol in sequence. In the PN-modulated 
system, the transmitted code symbols need not be individ
ually detected; rather, a decision is made on each message 
symbol, the period of which encompasses many symbols of the 
PN code.

In this dissertation the performance of a spread 
spectrum binary communication system, as measured by the 
probability of error in detecting message symbols, is 
analyzed by applying existing techniques where applicable 
and by new techniques where necessary. Gaussian noise, 
bandlimiting, and synchronization errors are considered as 
factors which effect the probability of error. These 
factors are considered individually and in combination to 
develop a realistic model of a practical system.
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CHAPTER 2

BINARY COMMUNICATION SYSTEMS

A binary communication system is a system which transfers 
information between a source and a destination in the form 
of binary symbols. Binary systems are becoming increasingly 
commonplace in modern communications, particularly in the 
field of satellite communications. Not only telemetered 
remote data but also other types of information such as 
television images and speech are routinely transmitted by 
means of binary pulse code modulation (PCM).

Many modulation techniques are used for the actual 
transmission of the binary signal. However, the performance 
of such a system can be conveniently analyzed by considering 
the baseband system, wherein the frequency spectrum of the 
transmitted signal is centered about zero frequency.

2.1 DESCRIPTION OF SYSTEM

A baseband binary communication system is shown in 
Figure 2.1. The binary waveform, m(t), is derived from 
the binary digit sequence {m^}, where the nu are selected 
from the binary alphabet {0,1}. It is analytically con
venient to describe the binary waveform m(t) in terms of a 
set of orthonormal functions {0^(t)}. Figure 2.2 shows the 
synthesis of a portion of a binary waveform, where

m(t) = 4-/Mi0i(t)

iT < t < (i + 1)T 
otherwise



n(t)

TRANSMITTER

Figure 2.1. —A binary communication system.



6

Figure 2.2. —Waveform synthesis with orthogonal functions.
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and
+ 1 0

1

Orthonormality of {0^(t)} is described by

0. (t)O.(t)dt = 6-. = /
L 5 P 1 + j

where <5-- is the Kronecker delta.

(2.1)

(2.2)

The transmitted waveform, hereafter called the signal,
can be described as

s(t) = VE Z^Mi0i(t) 
i

(2.3)

The coefficients ^E- in (2.3) is chosen so that the energy 
per symbol is E , which is readily demonstrated.

(i+l)T r(i + l)T
I 7 IFI SZ(t)dt = / | dt = E
1T iT

The signal is transmitted through the channel to a 
remote receiver. At the receiver input, usually considered 
part of the channel, the signal is corrupted by distur
bances which introduce uncertainty into the process of 
reconstructing the message sequence from the received 
signal. For that reason the message sequence reconstructed 
by the receiver is explicitly referred to as an estimate, 
symbolically denoted by the carat, {m^}. An error is made 
whenever m^ m^ .



8

2.2 SYSTEM PERFORMANCE UNDER IDEAL CONDITIONS

To specify the design of a receiver to generate {m^} 
in a manner which is optimum according to some criterion, 
it is necessary to assume some properties of the distur
bance. The most common assumption, and one which has been 
found empirically to portray accurately a multitude of 
situations, in that the disturbance to the signal at the 
receiver can be expressed by a single additive white Gaussian 
noise term, n(t), so that the received signal is

r(t) = s(t) + n(t)

where n(t) is a sample function from a zero mean Gaussian 
random process having a uniform power spectral density 
Nq/2 watt-sec/radian.

An obvious criterion of performance for a digital com
munications receiver is to minimize the numbers of errors 
committed in receiving a message. If the errors occur 
randomly, as is usually the case, an equivalent criterion 
is to minimize the probability of error.

The minimum probability of error criterion is the 
objective of a classical optimization procedure which leads 
to a receiver known as the maximum a posteriori probability 
(MAP) receiver [1] [2] when the disturbance is additive white 
Gaussian noise, and the a priori probabilities of {m^} are 
known. Most digital communication systems are designed so 
that the a priori probabilities are approximately equal; 
therefore the {m^} are assumed to have the values {0,1} 
with equal probability. Moreover, the cost of setting 
in^ = 1 when m^ = 0 is the same as setting m^ = 0 
when m^ = 1 . Under these assumptions, the MAP receiver 
becomes the maximum likelihood (ML) receiver.
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Figure 2.3 shows one popular implementation of the ML 
receiver, known as the correlation receiver. To determine 

, the received signal r(t) is multiplied by a replica 
of the ith orthogonal function 0^(t). The result is inte
grated over the interval [iT,(i+l)T], and the output of 
the integrator is sampled at (i+l)T, at which time the 
output is 6rp . Mathematically,

.(i + l)T
e-p = / r(t)0^(t)dt

1T

(i+l)T (i+DT
= Ct)0i(t)dt + / n(t)0jL(t)dt

./ -i J J /iT 1 iT

e + e s n (2.4)

where eg is the first integral, the output due to the 
signal, and en is the second integral, the output due to 
noise.

Recalling the orthonormality of {0^(t)} from (2.2), 
the signal output is simply

e s (t)dt

(2.5)
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(a) Correlation receiver for 1th message digit

(b) Equivalent maximum likelihood binary receiver

Figure 2.3. — Optimum binary receivers
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The noise output, en » is a Gaussian random variable 
because the input process n(t) is Gaussian and the receiver 
is a linear processor. Therefore only two parameters, the 
mean and variance, are needed for a statistical description. 
Denoting statistical expectation by £[•], the mean of en 
is

E[en] n(t)0^(t)dt

E[n(t)]dt

(2.6)

Since 0^(t) is constant during the interval of integration,

f(i + l)T f(i+l)T
y- I n(u)du / n(v)dv

iT
2 _ P an " E

iT
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iT)dyE

iT)]dxdy

(2.7)

the autocorrelation function of n(t).

a white noise process, its autocorrela-

(2.8)n

where 6(t) is the Dirac delta, defined by

<5(T)dr = 1
- 00

Substituting (2.8) into (2.7), the result becomes

(2.9)

2 Q n

Since n(t) is 
tion function is

o2
n

2

where Rn(x - y) is

With a change of variables, x 
the result is

No

u - iT and y = v - iT,

t = 0

T T
-iffT J J

o Jo

_T T
= t J Vx ‘ y)dxdy 

o "o

T T
J n(x + iT)dx J n(y 

o o

^dy 
o
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Thus the variance of en is numerically equal to the 
power spectral density of the white noise process n(t).

Equations (2.5), (2.6), and (2.9) are sufficient to deter
mine the probability of error in deciding the ith message 
digit, m. . An error is made if in- = 1 when m. = 0 
(M^ = +1) or if nu = 0 when urn = 1 . The decision rule 
of the ML receiver is

if

if

eT > 0

e^. < 0

Therefore the probability of error is

P . = P(e + e > Olm. = l)P(m- = 1) e,i v s n 1 i J k z ' 

+ P(es + en < Olmj^ = 0)P(mi = 0)

- 1 P(en ^VT) + 1 P(en < -VE)
where it has been assumed that

P(mi = 0) = P(mi = 1) = j

Since the probability density function of en is 
symmetrical about zero, the probability of error can be 
reduced to

P . = P(e >VE) e, i v n / J

= erfc 

= 1 erfc (2.10)
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where erfc(x) is the complementary error function defined 
by

00 2erfc(x) = J e'z dz

x

Instantaneously after time (i + 1)T, the integrator 
is reset to zero and the correlation/decision process is 
repeated for the next interval [(i + 1)T, (i + 2)1]. The 
probability of error on any decision is the same as 
that in (2.10) if the integrator output at the sampling 
instant is statistically independent of the output at any 
other instant.

The assumption of white noise insures that the noise 
outputs at any two sampling instants are statistically 
independent. Equation (2.8) explicitly states the "whiteness" 
property of the noise.

Statistical independence of the signal outputs at any 
two sampling instants is assumed twice in this case. First 
the message digits {nu} are assumed to be statistically 
independent. Second, the received signal is assumed to be 
undistorted except for the additive noise, i.e., the 
received functions still form an orthonormal set. The 
second assumption is implicit in the preceding deviations.

On the basis of these assumptions the average proba
bility of error is equal to the probability of error on 
any digit, given by (2.10). Denoting the average proba
bility of error by Pe , the result is

n _ 1 jz 2E Pe 2 e £c -Jnq (2.11)
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Figure 2.4 is a plot of Pe as a function of E/NQ for 

values of practical interest. Since Pe given by (2.11) 
is derived for an optimum receiver, it is reasonable to 
use (2.11) as a standard of comparison against which other 
binary communications systems can be evaluated. In that 
way, the effects of suboptimum conditions can be evaluated 
in terms of increased probability of error or degradation 
in signal-to-noise ratio, E/No, as compared to an optimum 
system.

2.3 SYSTEM PERFORMANCE IN THE 
PRESENCE OF BANDLIMITING

In the preceding development, an important assumption 
was that the received signal was a faithful reproduction 
of the transmitted waveform disturbed only by additive 
noise. Each of the 9^’s was assumed to arrive undistorted 
at the receiver. Since each 0^ is time limited, i.e. 
nonzero only for a finite time period, it cannot also be 
bandlimited in the frequency domain [3]. In particular, 
the frequency spectrum of 0^(t), given by its Fourier 
transform, is

0i(aj) = (fte^t)]

-00 < (A) < 00

(2.12)

Clearly then, the assumptions of the previous section 
imply infinite system bandwidth, since faithful reproduc
tion of 0|(t) requires the recovery of all its frequency 
components. Practical systems, of course, always have 
finite bandwidth, although the bandwidth can sometimes be 
made sufficiently large that the effects of bandlimiting
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Figure 2.4. — Probability of error for an optimum binary system.
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are negligible. The cases in which bandlimiting effects 
must be evaluated are considerable practical importance.

In the following analysis, the basic structure of the 
bandlimiting problem will be developed, and results will 
be presented for the simple binary communications system. 
These results are due to a number of researchers in the 
field, who will be cited during the discussion. Specific 
details of the analysis will not be included; those details 
pertinent to the topic of this dissertation will be 
included in Chapter 4 and in Appendix A.

A bandlimited binary system is shown in Figure 2.5. 
The only change from the system discussed in Sections 2.1 
and 2.2 is the inclusion of a bandlimiting device, in this 
case a low pass filter, prior to the correlation receiver. 
Either the frequency response, H(u)), or the impulse 
response, h(r), can be used to describe the filter; the two 
form a Fourier transform pair [4].

At the output of the filter the bandlimited signal- 
plus-noise waveform is

r(u) = s’(u) + n(u)

where the tilde (~) is used to denote a bandlimited wave
form. Note that the time variable has been changed to 
acknowledge the possibility of a constant time delay in 
passing through the system. If that delay is X seconds, 
then u = t - X , and the analysis is simplified.

2.3.1 Signal Output

The filtered signal is

s(u) =^E^Mi0.(u) (2.13)
i



n(t)

Figure 2.5. — Baseband binary communication system with bandlimiting.

CO
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where 0^(u) can be expressed either as

0i(u) =

or

e^u)
00

J* h(r)0^ (u - T)dr

- 00

At time (i + 1)T, the integrator output due to 
is

e s 0^ (u)s'(u)du

©iCu)^ (u)du

/•(i+DT
(u)du M. I 0. (u)du

I J v JJ iT

= F. - +22 F- • 
n “ ij 

3

where

^(i+DT
Fii=VTMiJ e1(u)du 

iT

(2.14a)

(2.14b)

signal

(2.15)
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and
r(i+l)T

Fij =\T Mj J 6jCu)du , 
1T

i + J

The significance of bandlimiting is apparent in (2.15), 
where the second term is not identically zero. Common 
terminology for the second term in 2.15 is intersymbol 
interference. One convenient interpretation is that the 
linear operation of filtering the orthonormal set {0^(t)} 
has produced a new set {O^(t)} that is neither an orthogonal 
set nor are its members orthogonal with the members of the 
original set {0^(t)}. Thus the output of the integrator 
due to signal can be expressed as the sum of two terms, 

ee = em + e. (2.16)s m i J

where em is the signal component containing information 
about m^ , and e^ is the intersymbol interference.

2.3.2 Noise Output

When the noise is passed through the filter, its 
bandwidth is reduced, but the filtered noise remains 
Gaussian and zero-mean. The variance of the noise output 
of the integrator is

T 
iT)dx I n(y + iT)dy

"o
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(2.17)

where Rn(* - y) is the autocorrelation function of n(u).

With the aid of the W[6\jher-Khintchine Theorem [5], 
Rn(x - y) can be evaluated in terms of the filter frequency- 
response, H(w). Letting Sn(o)) denote the power spectrum 
of n(t), then

CO
Rn(x " y) = J Sn(a))|H(u))|2e:,a)(x"y)

- 00

= "T j" |H(a)) l2ejaj(x"y) (2.18)

- 00

Substituting (2.18) into (2.17), the noise variance
is

T T oo
%^/ff |Hto|2ejM(X-y)

o *0 -=o

2T
dto
2it

- 00

00

du
271 (2.19)

where sine (x) = sin x/x.
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For the infinite bandwidth case, H(co) = 1 for all ld , 

and (2.19) reduces to (2.9). Otherwise, further reduction 
of the expressions (2.15) and (2.19) depends on the partic
ular filter used.

2.3.3 Probability of Error

Proceeding as in the earlier deviations, the probabil
ity of error in determining m^ is

P . = P(e + e- + e > Olm. = l)P(m. = 1)e, i k m i n - 1 i J i J

+ P(em + ei + en < 0|mi = 0)?^ = 0)

= I F1 " p(-e.< ei * en ^.’1 (2-2°)

If the {m^} are statistically independent, as herein 
assumed, then Pe in (2.20) is also the average proba
bility of error Pe .

Evaluation of Pe or Pe as given by (2.20) 
requires some knowledge of the probability density function 
of e^ . The c.d.f. of e^ is discontinuous and very 
difficult to describe analytically, and many techniques 
have been applied to solving, approximating, or bounding 
the probability of error.

The simplest bound on P • is determined by6,1
rewriting (2.20) as
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Then the maximum absolute value of e^ can be computed, 
from which the worst case bound on P . , and therefore e, i 
on Pe , can be established, or

Pe < P(e > Fu - 52' |F11 |) (2.21)
i J

Other bounds, which are tighter than the worst case 
bound, have been developed by Saltzberg [6], Lugannani [7], 
Prabhu [8], and Matthews [9], to name but a few. All of 
the published bounding techniques share the familiar 
dilemma that those that are easily evaluated are loose 
bounds, while the tighter bounds require computer 
evaluation.

Approximations to the p.d.f. of the intersymbol inter
ference have also been analyzed, including a gaussian 
approximation and several hypothetical cases described in 
an early paper by Saltzberg [10]. While approximations 
sometimes yield numerical results which are sufficiently 
accurate for designing a system, they are unsatisfying to 
the analyst because their accuracy usually cannot be 
rigorously proven.

Perhaps the most accurate and widely used approximation 
technique for evaluating (2.20) is the truncated pulse train 
approximation, by which the intersymbol interference is 
directly enumerated for all possible combinations of 
equation 2.21 with finite limits on the index j. Several 
recent papers have been published using this technique 
[11], [12], [13], [14].

As means of computing Pe with arbitrary accuracy by 
means of a series expansion of the characteristic function 
of the intersymbol interference was developed independently 
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by Yeh and Ho [15] , and Shimbo and Celebelier [16] [17J .
The derivations for what will be called Shimbo*s technique 
are straightforward but tedious, and are summarized in 
Appendix A.

In Tu’s paper [12], Shimbo's technique was applied to 
the case of the ideal low pass filter described by

H(a)) =
-2itB < to < 2ttB

otherwise

Figure 2.6 shows some of Tu’s results for several values 
of the product BT, where B is the filter bandwidth in hertz 
and T is the duration of one symbol in the binary wave
form. The curves can be interpreted either by the increase 
in probability of error, e.g. Pe increases by a factor of 
300 at E/Nq = 10 when BT is reduced to 0.5 or by the 
increase in power required to maintain a given probability 
of error, e.g. at Pe = 10 , 4 dB more energy per symbol
is required if BT = 0.5.
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Figure 2.6. — Probability of error with ideal filter



26

CHAPTER 3

IDEAL SPREAD SPECTRUM BINARY COMMUNICATION SYSTEMS

There are many applications of spread spectrum techniques 
[18][19]f20], and the parameters of a particular system will 
depend on the application. However, in each case the con
cept is the same, and therefore an analysis of a typical 
system is widely applicable.

One of the most versatile techniques for spread 
spectrum systems is pseudonoise (PN) modulation. In this 
chapter the performance of a baseband PN-modulated binary 
communication system is analyzed to determine the probabil
ity of error in detection.

3.1 DESCRIPTION OF SYSTEM

The distinguishing feature of the spread spectrum 
system is that the message waveform is multiplied by a 
"code" or "spreading" waveform prior to transmission. 
Selection of the code for a particular system depends on 
the application, but there are certain characteristics which 
are general and which influence the design and the perfor
mance of the system. Properties of codes which require 
lengthy proofs or deviations are relegated to Appendix A; 
they will be cited as needed in the discussion. Golomb has 
written one book [21] and edited another [22] which contain 
excellent treatments of code sequences of this type.

Code sequences of the type used for spread spectrum 
communications are usually generated with feedback shift 
registers and share the two basic properties of all shift 
register sequences [23]: They are periodic, i.e., a^+L = 
a^ , where L is the sequence length or period, and they 
are deterministic, so that the code may be duplicated by 



27

any shift register sequence generator having the same feed
back connections.

Perhaps the best known of the shift register sequences 
is the maximal length sequence, or m-sequence. Maximal 
length sequences are often used in spread spectrum systems 
because of the convenient properties which make the m-sequence 
resemble a random variable in many respects. These properties 
will now be described briefly before continuing with the 
description of the transmitter.

3.1.1 Properties of Maximal Length Sequences

Length of Sequence: An m-sequence generated by an 
n-stage feedback shift register is periodic with a period 
L = 2n - 1 . Thus L is always an odd number.

Balance Property: In an m-sequence the number of 
zeros and the number of ones differ by exactly one. Clearly 
the sequence formed by interchanging ones and zeros in any 
m-sequence will also satisfy the balance property. By con
vention, therefore, the m-sequences considered in this paper 
will have exactly (L - l)/2 zeros and (L + l)/2 ones.

Run Property: A run of length p is a series of p 
consecutive ones or zeros. In an m-sequence of length L , 
there are (L + l)/2 runs, half of them runs of ones and 
half of zeros. Of each type of run, one half have length 1, 
one quarter length 2, one eighth length 3, etc., down to 
exactly one run of each type of length n - 2 . (n is the 
length of the shift register.) Then there is one run of 
ones of length n and one run of zeros of length n - 1.
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Autocorrelation Property: If the m-sequence (a^J is 
compared term-by-term with its cyclically shifted replica 
{ai+j}> then the normalized autocorrelation function of 
{a^} is

number of agreements - number of disagreements 
pj " number of agreements + number of disagreements

1 , j = 0= «
-1/L , j + 0

The autocorrelation property is the most important single 
property of m-sequence for spread spectrum application, as 
will become obvious when discussing the spread spectrum 
correlation receiver.

The balance and run properties lead to the common 
practice of considering the digits of an m-sequence to be 
statistically independent random variables, with zeros and 
ones equally probable. That assumption, which becomes 
more nearly exact as the sequence length becomes longer, 
will be used in this analysis. It is the autocorrelation 
property which makes feasible the spread spectrum correla
tion receiver. A simple example of an m-sequence is shown 
in Figure 3.1. Because m-sequences have some of the most 
familiar properties of a random variable, they have been 
given the popular name of pseudonoise (PN) sequences.

3.1.2 Binary Spread Spectrum Transmitter

A baseband binary spread spectrum transmitter is shown 
in Figure 3.2. Message symbols {m^} selected in sequence 
from the binary alphabet {-1,+1} are multiplied with the 
binary PN sequence. The product is amplified and trans
mitted to a remote receiver. As in the binary system
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SHIFT STATE
0 X3 X2 X1
6 6 6 I jT1 10 0 [
2 0 10 I _
3 10 1 PERIOD = 2J - 1 = 7
4 110
5 111
6 0 11
7 0 0 1
8 10 0
9 0 10

10 10 1

la J =:i00101i;10010 I if

LENGTH : L = 23 - 1 = 7
BALANCE: FOUR 1’s AND THREE 0’s
RUNS: 111,00,1,0

CORRELATION:
lait :
lai+ll:

TERM BY TERM SUM:

P =

10 0 10 11 
110 0 10 1 
0 10 1110 
3-4 _ 1
7 " 7

Figure 3.1. — Example of an M-sequence
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Figure 3.2. — Digital spread spectrum transmitter.
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described in Chapter 2, the message sequence determines 
the polarity of the successive unit pulses of the message 
waveform, M(t). That is

M(t) =ZMi®i(t) f3'1’
i

where

+ 1 ,
M.i

if mi = 0

if m^ = 1

and 0|(t) is the unit pulse function defined by

0i(t)
iT < t < (i + 1)T

otherwise (3.2)

where T is the message symbol interval. The PN sequence 
is used to derive a code waveform, c(t), expressed as

c(t) =5^ 
k

where

and

ck
+ 1 if ak - 0

If ak = 1

0

kr < t < (k + 1)t

(3.3)

otherwise (3.4)
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Thus the duration of each unit amplitude pulse in the 
code sequence is t seconds. For practical spread spec
trum systems, r < T , and usually t << T .

The properties described for the PN sequence also 
hold for the coefficients with zeros and ones being
replaced by +l's and -I's. The run and autocorrelation 
properties can be expressed, respectively as

and

j = 0

j + 0
(3.6)

It should be noted that the code waveform has a con
tinuous autocorrelation function, as shown in Figure 3.3, 
but for the purposes of this discussion the discrete auto
correlation function of the coefficients {c. } will be k 
sufficient.

The code waveform is now described in terms of a set 
of orthogonal functions {(f)^(t)}, since

00
/ ♦jW <l,k(t)dt = F 6jk

- oo

(3.7)

where S--. is the Kronecker delta J K
1

6 • v, = -
j = k

lo j + k
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Figure 3.3. — Autocorrelation function of a PN waveform
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Next the message waveform and the code waveform are 
multiplied together and amplified to produce the transmitted 
waveform s(t).

s (t) = Ve" m(t) c(t)

Two assumptions are necessary to continue the analysis. 
First, the message waveform and the code waveform are 
synchronized so that message waveform transitions cannot 
occur during a code waveform pulse interval, but only at 
the end of such an interval, i.e., for every i , there 
is some k such that iT = kr. Second, implied by the 
first, is that the message symbol interval T is an 
integer multiple of the code symbol interval t . That is, 
T = rr, where r is an integer defined as the spreading 
ratio, expressed mathematically as

r = 1 (3.8)

The transmitted signal can be written as

(i+l)r-l
s(t) = Ve EL Mick0i(t) <1)k(t) (3-9)

i k=ir

From the definitions of 9^(t) and ^^(t), (see (3.2) and 
(3.4)) it can be shown that

(
0 (k + l)r < iT
0 (i + 1)T < kr
(J)^(t) otherwise (3.10)

With (3.8) and (3.10), (3.9) can be rewritten as
(i+l)r-l 

s(t) = Ve£22

i k=ir
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k
(3.11)

where a new set of coefficients {b,} has been defined as

ck 
bk = Mick=) 

ick

Mi = +1

Mi = -1 (3.12)

Thus the transmitted waveform is just the PN code 
waveform with the polarity of pulses reversed in accordance 
with the message waveform. Since the unit pulse interval 
of the transmitted waveform is t < T, it will occupy a 
spectral band wider than that occupied by the message wave
form m(t). Hence the name "spread spectrum". Figure 3.4 
shows typical power spectra for m(t) and s(t). Figure 3.5 
shows typical waveforms for the case r = 5 , L = 15 , 
and no noise.

The orthogonal functions (<j)^(t)} have been chosen so 
that the energy per message symbol is E , which can be 
shown as

r-1 r-1 T
-ZE bkbjl <Mt)dt j=o k=o J

Using the orthogonality of {<()j(t)} and the fact that all
nonzero intervals of <j>j (t) are contained in the interval 
from 0 to T, then

T r-1
f s2(t)dt = | J)
I k=0

E



Figure 3.4. — Typical power spectra. 04
Ch
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MESSAGE SEQUENCE,

MESSAGE WAVEFORM, m(t)

PN CODE SEQUENCE lakl

CODE WAVEFORM, c(t)

0 1 0

10001001101011110010

+1
TRANSMITTED WAVEFORM

VE/T -1

+ 1
RECEIVER LOCAL CODE c(t)

-1

OUTPUT OF MULTIPLIER eCt) + 1
V^TT

-1

Figure 3.5. — Example of waveforms, no noise, L = 15, r = 5.
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When the transmitted waveform arrives at the receiver, 
it is corrupted by additive white Gaussian noise of power 
spectral density NQ/2. For the present time, it is assumed 
that there is no other distortion of the waveform. The 
received waveform is

r (u) = s (u) + n (u)

where as before the time variable, u , is introduced to 
accommodate propagation delays between transmitter and 
receiver.

3.1.3 Spread Spectrum Correlation Receiver

The receiver shown in Figure 3.6 is a correlation 
receiver, which is an optimum receiver, as stated in 
Chapter 2. Optimality will be demonstrated by comparing 
the performance with that of the optimum binary receiver 
of Chapter 2.

In the receiver, the received waveform is multiplied 
by a locally generated and synchronized code c(u), which 
is identical to the code used in the transmitter. Tech
niques for synchronizing the local code with the received 
code are not within the scope of this discussion. The inter
ested reader is referred to [24][25][26], and [27]. For 
the purpose of demonstrating optimality of the receiver, 
perfect synchronization will be assumed.

3.2 SYSTEM PERFORMANCE UNDER IDEAL CONDITIONS

The performance of the spread spectrum system can be 
determined as in Chapter 2. The output of the integrator 
at the sampling instant can be decomposed into signal and 
noise components, from which the probability of error can 
be determined.



Figure 3.6. - Correlation receiver for digital spread spectrum signal.
«D
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Without loss of generality, the operation of the 
receiver will be described for the zeroth message symbol 
interval [0,T]. For convenience the code index k for 
{a^} and {c^} will be defined such that k = 0 when 
u = 0 . Therefore the output of the integrator at time T 
is

6rp

T
r (u) c (u) du

T
f ^bkCj(f>k^u^ <j)j (u)du

/ (u)n(t)du
J j J J o J

(3.13)e_ + es n

where es is the output due the signal, given by the first 
integral, and e is the output due to noise, given by 
the second integral.

3.2.1 Signal Output

Considering first the signal term, es , observe 
that during the interval [0,T] the local code index, j , 
varies from 0 through r - 1, since there are exactly r 
code symbols per message symbol. Thus

e s bkcj(Mu) (3.14)
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Interchanging the order of summation and integration.

e s
r-1 T

bkcj / (Mu)du 
k j = 0 Jo

Using the orthonormality of the defined in (3.7), with 
the understanding that [0,T]includes all non zeros inter
vals of <j). (u), the last expression can be reduced to

where (3.12) has been used in the last step.

2Since Cj = 1 for all j 
due to the signal is

the integrator output

e^ = Ve~ s “ o (3.15)

3.2.2 Noise Output

The noise output can be written as

T r^ 
en - / Zfj (U)

-h J u
n(u)du
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" f
C. / (j> .Cu) n(u)duF<S 3 J 3

where

(3.16)

(3.17)

Since n(u) is a sample function from a Gaussian random 
process and the correlation receiver is a linear processor, 
then {Hj} is a set of Gaussian random variables. Further
more, since n(u) is a white process (uniform spectral 
density) then the {njj are statistically independent. [28] 
[29]. Moreover, the {n.} are zero-mean, so that

and

7BlVj) = aj 6jk

a? - B(n?) 
j r (3.18)

(3.19)

7The variance of n-(a.) can be expressed as
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a? = E(n?)
J r

n(v)dv

where an obvious change of variables has been made, and 
c2 = 1.
J

then

T To2 = J~ ( E|n(x + jt)n(z + jr) | dxdz

o o

Rn(x - z) dxdz (3.20)

where Rn(x - z) is the autocorrelation function of n(t).

Since n(t) is a white noise process, 

Rn(x " z) = T 5(x - z) (3.21)

where 6(x - z) is the Dirac delta function defined by

6(u) = 0 u / 0



44

and
00

I 6(u)du = 1 (3.2 2)
- 00

Therefore t

7 f f Nn
j = I I -j- 6(x - z) dxdz 

o o

rN
= (3.23)

Substituting (3.23) into (3.19), the noise variance is

7 Nr. oZ = (3.24)
n 2 k J

3.2.3 Probability of Error

The signal output of the integrator at the sampling 
instant is given by (3.15), and the statistics of the 
noise output are given by (3.18) and (3.24). The decision 
problem is exactly the same as for the simple binary system 
in Chapter 2. (See (2.5) through (2.10)). Therefore the 
probability of error is

P = P[eT > 0|m = 1]P1 + P[eT < 0|m = 0]Pe L T 1 o J 1 L T 1 o J o

Assuming Po = Pj = -*-/2

Pe = 1/2 P[eT > 0|mo = 1] + 1/2 P[eT < 0|mo = 0]
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But M = -1 if m = 1 , and = +1 if m = 0 , so o o o o
that

Pe = 1/2 P[en - > 0] +1/2 P[en + aJe < 0]

= 1/2 erf c

= 1/2 erfc (3.25)

The probability of error of the spread spectrum corre
lation receiver with perfect synchronization is exactly 
the same as that achieved in the optimum binary system of 
Chapter 2. This result demonstrates that the correlation 
receiver of Figure 3.2 is an optimum (minimum P ) receiver 
for spread spectrum signals disturbed only by additive 
white Gaussian noise.

3.3 SYSTEM PERFORMANCE WITH CORRELATION ERROR

In the preceding derivation , it was assumed that the 
local code waveform in the correlation receiver was per
fectly synchronized with the received code. In this section 
effects the imperfect synchronization on the probability of 
error will be analyzed. Errors in synchronization between 
the two codes will be referred to as correlation errors.

Figure 3.7 shows the relationships between the unit 
pulses, <j>, (u) , of the received code waveform, with those
of the local code, <f)j (u - Ar), displaced in time by At

seconds. Note that the integration time is [0,T], as
before, i.e. there is no synchronization error in the 
integrate-and-dump device. This condition is assumed in 
order to isolate the effects of correlation errors.



MESSAGE SYMBOL INTERVAL

RECEIVED 
CODE

LOCAL 
CODE

+1 ----------

A 1__________ ____________ 1____________ _____________________ 1_____________________ iu 0 1 2 3 4 5 6 7 u->

!

Figure 3.7. — Example waveforms with correlation error, r = 7.
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As in the preceding section, the output of the inte
grator will consist of a signal component and a noise 
component. In the following analysis, it will be shown 
that correlation errors cause a decrease in signal output 
and no change in noise output.

3.3.1 Signal Output

Equation (3.14) is a general expression for the signal 
output with perfect synchronization. When that equation is 
rewritten with a delayed local code, the result, for 
0 < A < 1, is

bkCjOkW (u - At)dues

<t>k(u) 4>j (u - Ar)du

(3.26)

where the limits of summation have been truncated to 
include only those terms which are nonzero in the interval 
of integration.

The integral in (3.26) must be expressed as the sum of 
two integrals, one for the portion of the code which is 
correctly correlated and one for the portion which is 
incorrectly correlated. In addition, one summation can be 
reduced to two terms because the integrand is nonzero only 
for j = k - 1 or j = k . Thus

e s Wk-I *k(u) ^k_j(u ■ At)du
o
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T
+ bkck I <t>k(u) (f)k(u - At)du

"o

bkck-l
, _(k+l)T
bkck f 

du + I XT I
Xk+A)t

(3.27)

Equation (3.12) gives the relationship between (b. } and
(c. }, b, = M. c. . Thus k ’ k i k

(3.28)

The sum in the first term is, of course, equal to 1 
since ck = ±1 , and the second summation is the autocorre
lation function (complete only if r = L) discussed in 
Appendix B. From Appendix B, Property 3B,

(3.29)

where L is the code length.

An exact expression for the partial autocorrelation 
function for r < L depends on the particular code segment 
that falls within the integration interval. For L = r , 
of course, the value is exactly -1/r. Using the bounds in 
(3.29), it will be possible to bound the probability of 
error in a subsequent section.
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Equation (3.28) can be simplified to

es = \|E Mq 1 - A[1 - p(L,r)] (3.30)

where

r-1
P(L,r) - ckck-l ’ r < L

A similar derivation for -1 < A < 0 leads to the result
that

es = Mo 1 + Ml - P(L,r)]

Combining the two results.

es = >jE MO1 - | A| |_1

where p(L,r) is bounded by

-1 < A < 0

(3.31)

-1 < A < 1

(3.32)

r - T - 1 I I T - r - 1max|-l, ---- ----- 1 < p(L,r) < minjl, ---- ----- (3.33)

3.3.2 Noise Output

The output of the integrator at the sampling instant 
due to noise is given by (3.16) through (3.24), for the 
case of perfect synchronization. Those results can be 
modified for correlation errors by substituting <[> (u - At) 

for (j> (u) ; thus

e At) n(u)du
o
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Cj<i)j Cu - At) n(u)du

cj <j>j (u - At) n(u)du + C <j)_^(u - At) n.(u)du

FT
+ Cr_1 / ^r-l^u " nCu)du

*ir-l+A) t
(3.34)

The separation of the integral into three separate 
integrals in (3.34) is because the integration interval is 
not perfectly synchronized with the local code. By defining 
three noise variables n^ , n^ , and nr_j > (3.34)
can be expressed as

where

(3.35)

(j +A+1) T
nj = / n(u)du

(j+A)r

At 
n-l = I n(u)du

*o

nr-l n(u)du (3.36)
(r-l + A) t
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dxdzE n

At At

Similarly

AtN o
2

A)tN0

o o

1 r-1

N
-y 6(x - z) dxdz

Rn(x - z) dxdz

The variance of n_^ is

All three of these noise, variables are zero 
Gaussian random variables. The variance of n^ 
the same as derived for perfect synchronization,

o?! = Etn^]

3

N T o
2

At At

At At

mean
is exactly 
which is

(3.37)

(3.38)

2
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Then the total noise variance is

2 (3.39)

Equation (3.39) is exactly the same as (3.24), which 
illustrates that the variance of the noise output is not 
affected by correlation error. A similar derivation for 
-1 < A < 0 will lead to the same result.

3.3.3 Probability of Error with 
Imperfection Synchronization

The probability of making an error is deciding Mq 

can now be determined from (3.32), (3.33), and (3.39). 
However, the signal output is expressed in terms of upper 
and lower bounds rather than an exact value. Consequently, 
the probability of error will also have to be expressed in 
terms of upper and lower bounds.

Assuming equally likely message digits, and Mq = +1 , 
the probability of error is

P = P[e > e ]e 1 n sJ 
= 1 erfeM(l -

2 |an \
1 . /2E .2= T e c hfc d

|A| fl - p(L,r)J

(3.40)



53

where d = 1 - |A| [1 - p(L,r)] and p(L,r) is bounded by 
(3.33).

Equation (3.40) states that the effect of correlation 
error is equivalent to reducing the signal-to-noise ratio 

2by a factor of d . The maximum probability of error 
corresponds to the minimum value of d ; similarly the 
minimum probability of error corresponds to the maximum 
value of d . Thus

(3.41)

where

using (3.33) ,

er^c 2 
max

= 1 - |A| • minjz, L 1j

Similarly, d = 1 - |A| • maxlo, _+..A
lllClA [ 1

(3.42)

(3.43)

For most applications of spread spectrum techniques, 
the spreading ratio, r , and the sequence length, L , 
are chosen independently. Sequence length, for example, 
is often selected so that a number of different codes of 
the same length can be generated, as in the case of multiple 
access code-division-multiplexed systems [18][30][31]. 
Spreading ratio may be selected by one of several criteria.
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e.g. suppression of multipath interference, immunity from 
jamming, etc., or suppression of maximum radiated power flux 
density.

In practical systems it is not uncommon for the length 
of the code to be much greater than spreading ratio. That 
is, the PN code extends over several message symbol intervals. 
For this situation the bounds of d are

d .mm 1 - 2 |A| L > 2r

d max = 1

and the probability of error is bounded by

1 4:2" erfc (3.44)

The bounds in (3.44) require some interpretation. Since 
the bounds are based on the minimum and maximum absolute 
value of the partial autocorrelation function of (3.33), then 
the upper bound of (3.44) is a worst case bound for the prob
ability of error on a single decision. Similarly, the lower 
bound is the least probability of error for a single decision. 
The average probability of error, of course, lies somewhere 
between the bounds.

The bounds are loose, and a meaningful interpretation 
requires some statistical description of the degradation 
parameter, d, e.g. the probability of occurrence of the 
conditions which cause d=d - . A convenient method ofmin 
analysis is to define an auxiliary variable, a- , such that
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(3.45)

thethen from

(3.46)

and

(3.47)

Then,

(3.48)

binomial distributionhave a
i. e.

(3.49)n

is

mean

are assumed to be statistically inde- 
balance property of PN sequences.

a -
J

ai

where
. d max

the approximations are very close, 
the summation of

From the properties of the binomial distribution, the 
value of x is

otj *s,
is large, 
by x

When L 
denoting

variable x willand the random 
[36],

Since the code symbols 
pendent,

PCa-j=O)

. , „ a binomial coefficient.n7
will each occur with probability

■ I (1 + ckck-j

Therefore d • and mm 
2"r .

( 2 \ I
4LZ'/ L

P(cu = l) « |
J

r-1

j=0

— T2 f rx = E(x) = (3.50)
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and the variance of x is

ox2 = Var (x) = | (3.51)

From the statistical properties of x , the correspond
ing properties of d can be determined. The mean value of 
d is

(
r-1 '

1 - |4| + l|l 22 CkCk-i

j-0
(3.52)

After substituting (3.45) and (3.48) into (3.52), and using 
(3.50), the result is

3=1- |A| (3.53)

Similarly, it can be shown that the variance of d is

(3.54)

With these results it is possible to define a confidence 
interval within which the system will operate with high 
probability. Specifically, it is convenient to choose for 
that interval the range of probability of error resulting 
from those values of the degradation parameter, d, within 
±3a^ of the mean. The upper limit of that range is

(3.55)
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and the lower limit is

(3.56)

The limits expressed by (3.55) and (3.56) are within the 
bounds of (3.44) if r > 2 (r is an integer). As r 
increases, then and approach a common limiting
value corresponding to d = E(d).

The confidence interval can be expressed in terms of
P3L asP3u and

p fpzT < pa < px, ) = p - 30. < d < d" + 3o-^
\ 5L e — 3u/ \ a a/

= P (r - 3Vr) < x < j- (r + 3Vr) (3.57)

Precise evaluation of the probability in (3.57) would require 
direct summation over the indicated region of the binomial 
distribution of x . However, when r is large, the distri
bution of x approaches a Gaussian distribution, for which 
the probability in (3.57) is greater than 0.995. Therefore, 
with high probability, the confidence interval defined by 
the 3o limits of d includes the probability of error.

Figure 3.8 shows the bounds of (3.44) and the 3-o 
confidence interval of (3.55) and (3.56) for the case of 
10 percent correlation error (A = 0.1) and a spreading 
ratio of 127. The significance of the confidence interval 
is clear in the figure, since the limits of the interval 
are separated by only 0.25 dB on the abscissa, compared to 
1.9 dB for the upper and lower bounds.
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Figure 3.8. — Bounds on probability of error, 10% correlation error, r=127.
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An interesting special case, which also has its 
practical application, is that of L = r , i.e, exactly 
one code sequence per message symbol interval. Practically, 
such a scheme permits convenient synchronization of the 
integrate-and-dump circuit with the code generator in the 
receiver. Mathematically, it changes the partial auto
correlation function of (3.29) to a complete autocorrelation 
function, since the summation is over exactly one period of 
the code. As a result, the upper and lower limits on the 
degradation, d , are the same.

1d = d .max mm
r + 1 

r |A| L = r , -1 < A < 1

and the probability of error can be determined exactly as

(3.58)

For this case the probability of error is exactly the 
same for every decision, and equal to the average probability 
of error. For large r, the probabilities expressed in (3.55), 
(3.56), and (3.58) approach the same value, which can be 
expressed as

(3.59)

In Figure 3.9 the average probability of error accord
ing to (3.58) is plotted for values of A up to 0.5. 
It can be noted that the curve for A = 0.1 lies within 
the 3o confidence interval shown in Figure 3.8.
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10 LOG dB

Figure 3.9. — Average probability of error with correlation error, 
large spreading ratio, L = r.
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In Chapter 4 a technique will be developed to calculate 
the average probability of error for spread spectrum binary 
communication systems influenced by both synchronization 
errors and bandlimiting. At that time it will be convenient 
to determine the average probability of error with correla
tion error as the system bandwidth becomes infinite. The 
results will prove to be in very close agreement with 
(3.58) without the need to assume that L = r.
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CHAPTER 4

BANDLIMITED SPREAD SPECTRUM BINARY 
COMMUNICATION SYSTEMS

Since a spread spectrum signal occupies a wider band
width than a simple binary signal, the bandwidth of the 
system is an important design consideration. Particularly 
in the case of large spreading ratio, r , the requirement 
for bandwidth may be a significant technical and economic 
factor. Therefore it is of more than academic interest 
to determine quantitatively the performance of a spread 
spectrum binary communication system under the influence 
of bandwidth constraints.

4.1 SYSTEM DESCRIPTION

Bandwidth limitations are frequently encountered in 
receivers because many cascaded amplifiers are needed to 
recover weak signals, and filtering is required to reject 
noise. For that reason the bandlimited spread spectrum 
system to be analyzed in this section is modeled with a 
low pass filter at the receiver input, as in Figure 4.1. 
It is assumed that all of the effects of bandlimiting are 
confined to this one filter.

For the purposes of this discussion, it is assumed 
that there exists a synchronization error both in the 
code synchronizer (At) and in the integrate-and-dump net
work (At), and that. 0 < X < A. The rationale for this 
assumption is that if the integrator timing error were 
greater than A , then it could be made equal to A simply 
by synchronizing the integrate-and-dump network to the 
local code clock. With this convention for synchronization, 
the results of follow will appear in a form which can



Figure 4.1. — Bandlimited spread spectrum binary communication system.
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conveniently be specialized for the two cases of interest, 
namely X = A and X = 0 .

In real systems, of course, the correlation error, A , 
is a random variable whose statistical properties are deter
mined by the statistical properties of the noise and the 
dynamic properties of the local code synchronizer. However, 
code synchronizers such as the delay lock loop [24] [26] can 
be designed with very narrow bandwidths compared to the reci
procal of the message symbol duration (1/T), and hence with 
a much greater signal-to-noise ratio than that of the inte
grator output. In that case the variance of the correlation 
error, is small for practical values of E/No, and it is 
reasonable to compute error probabilities based only on the 
mean value. It is that mean value of the correlation error 
which is denoted herein by A .

4.2 CORRELATION RECEIVER OUTPUT

Using the tilde (~) to indicate filtered waveforms, 
the output of the low pass filter is 

r(u) = s'(u) + n(u)

Then the correlator output at the sampling instant is

J+Xt „

u is chosen 
filter. Out- 
separately,

then the results combined to determine the probability of 
error.

eT = | r (u) (u)du 
At j

Here, as in Chapter 2, the time variable 
to account for any constant time delay in the 
puts due to signal and noise will be analyzed 



4.2.1 Signal Output

Since the interval of integration does not coincide 
exactly with an integer number of local code symbols, deter
mination of the correlator output due to signal will require 
three separate integrals. Figure 4.2 is included as a guide 
to the derivation. The signal output at the sampling instant 
is

During the interval of integration, the only nonzero members
of (u - At)} are 
summation with respect to

through (j)r_1 . Therefore 
j can be limited to -1 <

the
j < r-1.

Then, by interchanging the order of summation and 
integration,

s r-1 (r+X)r
es = Ex cjbk J 

J Xt

(f)j (u - At) (|>k(u)du

For each value of the index j , the integrand is nonzero 
only for the duration of <j)j (u - At) , and the limits of inte
gration can be changed accordingly. Since <j)and 
are not completely contained in the interval of integration, 
they must be treated separately. Substituting the defini
tion of <J)j from (3.4) into the integrand, the result is

es
^2 (j+A+l)T

ci^)k / 
iTn J K / K3 J(j+^)T

(u) du

(r+X)r
+ cr-lck / ?k(u)du

(r-k+A)t



Figure 4.2. — Correlator/detector timing diagram.
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r-2
(-l,k,A,X) + 52 c.bkF(j,k,A) 

j=0

+ cr_1bkF11(r-l,k,A,X)• 

where

(4.2)

Jj+A+1)t 
F(j,k,A) = $'k(u)du (4.3a)

J(J+A)t -

-At 
F^-^k^^) =^| ^k(u)du (4.3b)

At

z-(r+X)T 
and F11 (r-l,k,A,X) = ^7 / ?k(u)du (4.3c)

J(r-1+A)T

If the low pass filter is time invariant, all of the 
(|,k(u) are identical except for a shift in time. In that 
case the integrals in (4.3a-4.3c) depend on the difference 
between j and k , rather than on the specific values 
of j and k . Therefore, by defining j = k + n, and 
letting k = 0, the results can be simplified to

(n+A+1)t
I £o(u)du
(n+A)r

Fn(4)

F^(A,X)
/.(n+l+A)r

(n+l+X)t

<i>*0 (u) du

(4.4a)

(4.4b)
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(n+X+1)t 
F^(A,X) = 40(u)du (4.4c)

(n+A)t

At this point it is instructive to consider some of 
the properties of these functions. It can be shown that

F^(A,X) + F^(A,X) = Fn(A)

and, if X = A ,

F^(A,A) = 0

and F^(A,A) = Fn(A)

If the bandwidth of the low pass filter is infinite,
then ^0(u) = <|)0(u) and applying the definition of 4>0(u)
in (3.4), direct integration of (4 . 4a) (4.4b) and (4.4c)
leads to

0 n < -1

Fn(A) — i A n = -1
1 - A n = 0

k o n > 0

0 n < -1
F^(A,X) = - A - X n = -1

0 n > 0

0 n < -1

f^^a.x) = J X n = -1
1 - A n = 0

I o n > 0

In these last relationships, if X = o. the results are
similar to those derived in Section 3.3 for correlation error 
only.
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For some types of filters (4.4a-4.4c) can be evaluated 
directly; for others it is more convenient to express <j)^(u) 
in terms of its Fourier transform as

where

00

f *1 Ol)U du)<|)k(u) = I HCW) 2?
- 00

,(k+l) t
, f x I 1 "SUIT j.$k((o) = / -j= e d dt

K. J \/T
kr ’

e
(l+2k)

and

sine(x) sinx 
x

Therefore

tk(u) Ft I -x . uit\ 2 v gtou dw= I HWsinc|T)e e
- 00

and

(j +A+1) t °°

F (A) = f f H(m)sinc(^e”T(1+2k)e''mu dun l I \ 2 / 27?
(J+A)t - 00
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or, after evaluation of the integral over u , the result
is

00

- 00

- / \ j^CZj+ZA-Zk) A
■c । . Z/anirr,- >.,/ 2 ■'da)Fn(A) = T I Slnc Zir

Now, with the substitutions x = tor/Z and n = j - k ,

00

n /-a-x 1 I • 2 r >. tt/Zx\ jxfZn+ZA) ,F (A) = — I smc (x) HI— e v v dx (4.5)nv J it J v J \ t / J
- 00

Either (4.4a) or (4.5) can be used to evaluate Fn(A). 
The choice depends on which is easier for a particular 
filter. Equation (4.5) also shows explicitly what was 
stated earlier, that Fn(A) depends only on the difference 
between j and k .

Similar derivations for F^ (A) and F"*""*"(A) lead to the 
n n

following results.

F^(A) = ( sinc(x) sine [(A - X)x]

- 00

r, /Zx\ gx (Zn+A+X+1) ,H —le^ k J dx\ t /
00

F^ (A) = (I + ---—J" sinc(x) sinc[(l + X - A) ]

H/Zx\et7x(2n+A+X) dx

(4.6)

Hereafter, except where confusion could result or 
when explicit functional notation is required by the context, 
the arguments of these functions will be dropped and the
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notation abbreviated to simply F , , and F^^ . With
n n n

this convention, (4.2) can be rewritten somewhat more
succinctly as

es c ,b , F1
-1 -1-n n ib i F r-1 r-l-n nn

r-2
E cjbj-nFn 
j=0

(4.7)

In (4.7), the "in phase" components of es , i.e. n = 0 , 
0 < j < r - 1 , contributes constructively to the detection 
of Mq , i.e. the desired output. All other terms in (4.7) 
represent distortion products, due to synchronization error 
and bandlimiting, which can at any given instant add to or 
subtract from the desired output. These terms are collec
tively referred to as intersymbol interference, with the 
understanding that the interference is in fact a combination 
of the two effects.

Next, the correlator output, es , can be separated 
into two parts, em , the desired signal output, and e^ , 
the intersymbol interference, as

es eim

The desired signal output is

em c -b -FJ J o
K nil cr-l r-1 o

Lj = O

or, since b, = c, M ’ k k o
(3.12), and cj = 1 ,



72

(r - 1)FO * Fj1

Similarly, the interference output is

(4.8)

K D11
cr-lbr-l-nFn

A prime summation j indicates that the zeroth term is 
excluded. Further evaluation of (4.8) and (4.9) requires 
that the filter be specified. That will be delayed until 
the noise output of the correlator has been analyzed.

4.2.2 Noise Output

The output of the correlator due to noise can be 
expressed as

T+Xt

After interchanging the order of summation and integration

- At) n(u)du

separately,

e n

Cj<j)j(u - At)du

Then, integrating over each (j)j

en = /
At

T+Xt

| <i>j (u
At
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n (u) du

c (r+X)T
+ ——- / n(u)du
VT J

1 "Xr-l+AjT

(r+X)t 
nrl = cr ]/ n(u)du

(r-1+A)t

(j+A+1)T 
n- = c.I n(u)du

(j+A)T

(4.10)

By the same arguments presented in Sections 3.2 and
3.3, the noise variables {nj) are statistically independent 
zero-mean Gaussian random variables. Therefore the
variance of e is n

Var[e 1 -L nJ n

where all of the

? 2+ (r - 1) of (4.11)

have i ■ 2equal variance, oj ,
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which is

Substituting x = u - (j + A)t , y = V - (j + A)t; and

T
(j + A)T]dx Jn[y + (j + A)T]dy 

o

or, interchanging the order at integration and 
expectation,

T T
°j=f f " y) dxdy (4-12)

"o *o

where Rn(x - y) is the autocorrelation function of n(u)
defined in (2.18) as

Rn(x - y)
N o
2

CO

f | 2eJ'M(x-y)
- co

(4.13)
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Substituting (4.13) in (4.12) gives

N T Ta? = f ff |H(m)|2e^-y) d$ldxdy

"0 *0 -00

or, after integrating with respect to x and y

2 V B * * *n 
aj - T-

B is the noise bandwidth factor, which can haven
any value between 0 and 1 if H(u)) is normalized to a
maximum value of 1. Specifically, if the low pass filter 
has infinite bandwidth, i.e. H(to) = 1, all to , then
B = 1. Note the subtle difference between B and F (0),
defined by (4.5). F * *o(0) depends on the magnitude
and phase of H(uj) ; B depends only on the magnitude
|H(to) |2.

where

CO

ID I * 2 /(jOT\ I jT f "A I 2 (1(1)Bn = T J Slnc ^lH(a))l 2?
- 00

or, substituting x = cot/Z

00
= — I sinc^ (x) IH (—j I 2 dx 

7F I 1 \ T ) 1

(4.14)

(4.15)
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The variance of ncan be computed in a 
similar manner.

Rn(x - 7) dxdy

N0(A-X)2t2

2
2 f (A-X) lotI i u f -,|2 do) 

sine 2^7

N0(A-X)t

2
I 
n

where

00

t.1 <• a I • 2 f (A-XJojtI i TT r \i2 dcoB = (A - X)t| sme A—h2------- H(to) •n v v I L 2 J 1 k J 1 2tt
- 00

substituting x = (A - X)u)t/2,

(4.16)

(4.17)
- 00
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Similarly,

7 TToZ = -# (1 - A + X)t B11 
r-1 2 v v n (4.18)

where

00
nil ri K I • 2 Ffl - A + X)o)t1 2 da)Bn = (1 - A + X)t| smc [A---- -----

- 00

11 • 2r .- smc (x)
- 00

H 2x
(1 - A + X)T

2 
dx (4.19)

After substituting (4.18), (4.16) and (4.14) in (4.11) the 
total noise variance is 

N T o 
"7T

(A - X)B* + (1 - A + X)B^ + (r - l)Bn

No F(A - X)B* + (1 - A + X)B^ + (r - 1) Bn
(4.20)

It is necessary now to determine whether the total noise 
2 variance, a , has been increased (compared to ideal 

conditions) by the combined effects of bandlimiting and 
synchronization errors. If A = X , then B^ = Bn , and

2 Nn 
an = "T Bn ’ A = A <4-21)

Let a = A - X for convenience. Then the relative magni
tude of B^ and Bn can be determined by subtracting,
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- 00

22
dx

- 00

sufficient condition0 for 
to be

1 

71

1 

77

2 
dx

all x , a 
nonnegative

sinc^(x)

2 Since sine (x) 
for the integral

B - bI 
n n

1 / . 2— / sme 
77 /

0 < a < 1 (4.22)

Inequality (4.22) is satisfied by all low pass filters 
with monotonic nonincreasing frequency responses. This 
category includes the ideal filter and the Butterworth 
filter which will be considered in more detail in a later 
section.

(Notice that (4.22) is a sufficient but not necessary 
condition. Even if (4.22) is not satisfied for all x , 
(4.21) may yet be positive, and computed results show this 
to be the case for some filter types of practical interest.)

Therefore for all filters which satisfy (4.22)

Similarly, if can be shown that

B II n
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As a result,

(A - X)B* + (1 - A + X)B^1 < (A - X)Bn + (1 - A + X)Bn = Bn

(4.23) 

Substituting (4.23) in (4.20),

Comparing (4.24) with
total noise variance can be reduced by synchronization 
errors, but any such reduction is not of significant magni
tude for practical spreading ratios. The real purpose of 
the exercise leading to (4.24) is to show that the total 
noise variance is not increased.

2 Figures 4.3 and 4.4 illustrate the variation in a
(4.23) for a Butterworth filter which satisfies the con
dition of (4.22). B is the half power (3-dB) bandwidth 
of the filter. The variation is small for all cases, and 
for large r or large Bt it is negligible.

4.3 PROBABILITY OF ERROR

<^Bn (4.24)

(4.21), it can be seen that the

The output of the correlator at the sampling instant
can now be expressed as

eT = em + e. + e„T m i n

where, from (4.8) and (4.9),

MVE T Te = —— (r - 1)F + p11 m r v v o o
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Figure 4.3. — Effect of synchronization on noise variance, 
fourth order Butterworth filter, Bt=0.5.
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variance, fourth order Butterworth filter, r = 15.
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is Gaussian randpm variable witha zero mean

n

ei

c.b . F
3 J-n n

(1 - A + X)]^1(A - X)B*

and en
variance

- N7. _ o
n 2

u rl u k11c , b n F + c n b i F -1 -1-n n r-1 r-l-n n
E u — zc ,b , r i-l-l

n

j=0

The function Fn , F* , F*1 , B* , B*1 , and Bn 
are functions of the filter parameters and are described in 
equations (4.4), (4.5), (4.6), (4.15), (4.17) and (4.19). 
Values of some of these functions for Butterworth filters 
are listed in Table 4.1.

For notation convenience, define

(r 1)FO + Fj1
(4.25a)

c-lb-lFi c -b 1 F11
r-1 r-l-n n

(4.25b)

and

N = en/VE (4.25c)
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TABLE 4.1
VALUES OF F (A) FOR 4-POLE
BUTTERWORTH FILTER, A = 0

n
FnCO)

Bt = 0.5 Bt = 0.75 Bt = 1 Bt = 1.5

-1 0.14749 0.08428 0.05831 0.04214

0 0.80430 0.88695 0.91052 0.93772

1 0.06143 0.01725 0.02857 0.02090

2 -0.01939 0.01288 0.00224 -0.00079

3 0.00875 -0.00120 0.00033 0.00000

4 -0.00351 -0.00022 0.00003 —

5 0.00124 0.00006 0.00002 —

6 -0.00041 0.00000 0.00000 —

7 0.00013 — — —

8 -0.00004 — — —

9 0.00001 — — —

10 0.00000 — — %—

B n 0.76359 0.87334 0.90125 0.92938
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Then, in terms of the new variables.

e = M xTe" S m o ’’

e^ = -^E* I

and the variance of N is

o2 = a2/E
n

With the maximum likelihood decision rule described in
Section 2.2, the probability of error is

Pe = I P(eT > °iMo = -1) + Z P(eT < °iMo = +1>

P = P(e + e- + e > 0) e m i n J

= 7 P(en + ei " Ve S > 0) + i P(en + e- + a[e S < 0) 
xl X <4 11 X

= [1 - P(-S < N + I < S)] (4.26)

In the first line of (4.26) the condition e^ = 0 has been 
omitted. This omission does not alter the results, since 
the probability density function of eT is continuous, so 
that P(erp = 0) = 0 . As a result the final form of (4.26) 
conveniently contains both equalities, which is the pre
ferred form for derivations in Section 4.3.1.2.

An alternative expression for probability of error can 
be derived by assuming, without loss of generality, that 
Mq = -1 . Then

= P(N > S - I) (4.27)
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Evaluating the probability of error by means of 
equations (4.26) or (4.27) is similar to the problem 
described in Chapter 2 for the bandlimited binary communi
cation system. However, in the case of spread spectrum, 
the interference variable, I , is composed of the summa
tion of a larger number of terms, so large that direct 
enumeration of all significant interference conditions is 
prohibitive. For example, if the summation over N in 
(4.25) is truncated to terms between the limits -N^ and 
+N2 , the number of possible values of I will be 
2^+^2+^2^r, a large number indeed if r is, for instance, 

100.

Consequently, the probability of error must be 
evaluated by more practical means, the most obvious of 
which are bounding techniques and approximations. Another 
more powerful technique is based on a series expansion of 
the characteristic function of the intersymbol interference. 
Each of these techniques will be used in the analysis 
to follow as results are derived for different system 
conditions. In each case the underlying assumptions and 
conditions will be explained.

The probability of error will be analyzed for 
three situations. First, results will be derived for the 
bandlimited system with no synchronization errors (A = X = 
0); this will be called Case I. Second, it will be assumed 
that the integrate-and-dump is synchronized with the 
correlator, so that A = X > 0 (Case II). Finally, the corre
lation error, A , will be varied while the integrator 
timing is perfectly synchronized (X = 0), (Case III). All 
cases will include bandlimiting, and in Case II one special 
condition will be analyzed with infinite bandwidth.
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4.3.1 Case I. No Synchronization Error

When there is no synchronization error, the expres
sions for signal, interference, and the noise variance are 
somewhat simplified. From(4.25a) } (4.25b), (4.25c), and 
(4.20),

S = Fq (4.28a)

1 = Z cjbj-nFn <4-28b)
n j=0 J J

7 Nn 
and Var(N) = B„ (4.28c)2h n

Then, by substituting (4.28) in (4.26) and (4.27) the 
probability of error is

P|-F < N + -52 52 c-b- < F *
I o ~ r I—* j i -n - o,\ n j=0 J J /

/ <" x'
= PIN > F + - / / c.b. FI o r j j-n n

\ n j=0
(4.29)

In this equation (4.29), the functional dependence on the 
parameters of the code can be isolated in one function.

r-1
p = A V c.b.
pn r J 1 -n ’j = 0

n + 0 (4.30)

This function is the crosscorrelation function (partial if
r < L, complete if r = L) of the local code with the 
received code (b. ). In Appendix B the correlation
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properties of PN codes are discussed in detail. If the summation 
is over exactly one period of the local code, i.e. r = L , then 
Property 2 (Appendix B) determines the bounds on pn .
Since n is the number of symbols displacement between the 
two codes, it is also the maximum number of symbols of {b^} 
within the summation (4.29) for which b^ + ' This
fact is more exactly stated as

M n c. -r < j -n < -1-1 j-n - J
M c. 0 < j-n < r-1o j-n - J
M-1 Cj-n r “ j"n ~ 2r-l

Without loss of generality, Mq can be assumed to be 
+1, with the result that

1
c. 0 < j-n < r-1j-n J -

±Cj-n j-n < 0 , j-n > r-1

Consequently, the parameter q in Appendix B can be 
replaced by |n|, and Property 2C, given by (B.ll), can be 
written in the present context as

j 1 -1 - 21nI ( . . • L -1 + 2 Ini I , nmax j-1, ---—i-V < pn < mmjl, ---- j—।—la ? n / 0

(4.31)

A more general expression, valid for r < L, is given in 
Property 4B, (B.22), which is
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i
-. r-L-l-Zlnl/;. . . ), L-r-l + 2|n|( , n-1, ----- 5:---- L-L( - Pn-111111)1’ ----- r---- ’ n 0

(4.32)

From (4.32), Property 4C follows directly as

i i • i l+2ln|+L-r( , nI Pn I minjl, ----- 1—1-------- > , n f 0
< /

If L = r,

(4.33)

lpnl < minjl,

Now (4.29) can be rewritten as

n + 0 (4.34)

- P(N > Fo - PnFn)
n

(4.35b)

First, an upper bound to the probability of error 
will be derived. An advantage of this bound is that is 
is relatively easy to compute, although the derivations 
leading to the bound are lengthy. Further, the derivation 
of the bound affords a more detailed insight to the 
problem. The principal disadvantage of the bound is that 
for long codes (L > 2r) the bound is quite pessimistic.

Second, the series expansion technique [16] will be 
applied to determine the average probability of error for 
any code length.

4.3.1.1 An upper bound on Pe . The probability of 
error as expressed in (4.35b) can be bounded from above by 
minimizing the right-hand side of the inequality. That can
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be accomplished by determining the maximum magnitude of the
interference term, which is

I = max I / p F I w 1 Z_4 pn n 1 (4.36)

Then, in the worst case, P„ is bounded by e 7

P < P(N > F - I ) e — v — o w^

where

erfc (4.37)

00
erfc(x) = J e"1 dt 

x

and

d2
2

In the literature [35], the bound in (4.37) is referred to 
as the worst-case bound. For the simple binary system, it 
is a pessimistic bound, but for spread spectrum systems, 
with r = L, it can be made quite tight.

Evaluation of (4.37) requires the computation of Fq , 

Bn , and Iw . The first two are straightforward and 
depend only on the filter parameters. However, the 
determination of I is more involved, since it is depen
dent also on the properties of the code. One approach is to 
use (4.33) to place an upper bound on I , which can be 
expressed as
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00

n=Nr+l
If I 1 n1 (4.38)

where

m In 2r - L - 1Nr = maxjO,,---- ------ L > r

This inequality reveals the significance of the spreading 
ratio, r , in reducing the effects of intersymbol inter
ference. In particular, if L = r ,

(4.39)

In general, the Fn’s decrease in magnitude as n 
increases. Thus in (4.39) the largest values of Fn are 
multiplied by the smallest coefficients. If r is large, 
then is large, and the last two terms are practically 
negligible, although they will be retained for completeness. 
As a result I , the worst case intersymbol interference, 
is greatly reduced by the spread spectrum technique, and the 
average value, of course, must be less than the bound.

It this worthwhile to repeat here that the apparent 
reduction in intersymbol interference due to spreading is 
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realized only if the system bandwidth is increased in 
proportion to the spreading ratio. The reduction is a 
fortuitous side effect of spreading, not a reason for 
spreading.

It is shown in Appendix C that for causal filters, 
Fn = 0 for all n < -1. (An exception of this rule is the 
case of filter delays greater than one symbol period, which 
causes the appearance of a nonzero F_2 term. This effect 
alters slightly the details of the computations, but not 
the principle.) Therefore, by considering only causal 
filters, I can be expressed as

N1 , ,
I < V* (UlJIpI) F + 52 F (4.40) w \ r / n *—n v Jn=-l ' ' N^+l

where

Nx < (4.41)

The last condition on is included for two 
reasons. First, if < (r - l)/2, then clearly (1 + 2N-^)/ 
r < 1, and the bound is still valid. Second, (r - l)/2 
may be very large compared to the number of significant 
values of |Fnl- It may therefore be convenient in some 
cases to truncate the first summation at a smaller value of 
Nj and include the truncated terms in the second 
summation.
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Consider now the second summation in (4.40). In 
Appendix C it is proved that for any causal filter there 
exist integers Nc and a such that

CF
If I < — , n > N > 1 (4.42)n a ’ c v J1 1 n

where Cp , the residue factor, is constant for a given 
filter. Inequality (4.42) is satisfied if a and Nc 
satisfy the condition

a <
2ttBt(N - 1) a. c | min 

&n(Nc) (4.43)

where 
plane)

amin is rea^- Part (an the complex frequency 
of the least damped pole of the filter.

Clearly, the bound of Fn given by (4.42) will be 
smallest when the maximum possible value of a is used. 
Recalling (4.40), evaluation of I requires the computa
tion of several values of F . If the first summation is n
truncated at n = Nc (typically between 5 and 10), then 
(4.40) can be rewritten as

= Z, (1 V|n|) |Fnl * CF Z. n'“max (4-44)n=-l X /II Nr+l

where ctmax is the largest integer which satisfies (4.43).
For Butterworth filters, a can be selected from ’ max
Table 4.2.

Integer values of a are stipulated because then the 
second term in (4.44) is related to the well known Riemann 
Zeta Function (reciprocal power series) [32], which is
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TABLE 4.2

VALUES OF ct max
27tBt|oJ|(Nc - 1) 

^n(Nc)
FOR BUTTERWORTH FILTERS, N =10 ’ c

Order 
of

Filter Bt = 0.5

Ol max
Bt = 1.5Bt = 0.75 Bt = 1.0

1 -1.0 12 18 24 36

2 -0.707 8 13 17 26

3 -0.500 6 9 12 18

4 -0.383 4 7 9 14

5 -0.309 3 5 7 11

6 -0.259 3 4 6 9
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00 

5(a) =^2i k"a 

k=l

Table C.4 in Appendix C lists the values of 5(a) for all 
values of a between 1 and 20. The second term in (4.44) 
can then be expressed as

Nc
'V™' -a -a

r > max ,, \ „ max''(“max’ = 2_i n = «(“max’ ’ Z-, n t4"45’
n=Nc+l n=l

Values of p(a ) are listed in Table 4.3 for N„ = 10 . jnHX c

The remaining task is to use (C.25) to evaluate the
residue factor CnF which gives

CF (4.46)

where

{
P/2, P even

(P+l)/2, P odd

(2lkil A - <
( lkil

for complex poles

for real poles

P is the number of poles, k^ is the residue at the ith 
pole, and r^ is the distance from the origin to the ith 
pole of the normalized filter (r^ = 1 for Butterworth 
filters).

The numbering convention for poles in the complex 
frequency plane is counterclockwise from the positive



VALUES

a

1

2

3

4

5

6

7

8

9

10 - 9<10 y

TABLE 4.3
00

OF n(a) = n
n=N +1 c

For N = 10 c 

ri(ci)

- 7 9.5166 x 10
4.5249 x 10 °

-4 2.8673 x 10
2.0455 x io"5

1.5000 x io"6
-7 1.2730 x 10
- 9 2.8260 x 10 y

<10"9
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imaginary axis. Thus the summation in (4.46) includes all 
poles in the upper left quarter plane including the negative 
real axis but excluding the imaginary axis, i.e. = 0 is 
not allowed. Poles in the lower half plane are accounted for 
by letting = 2|k^| for complex poles.

Evaluation of Cp is a straightforward task in network 
analysis [33], readily programmed on a digital computer. 
Solutions for Butterworth filters of orders 1 through 6 are 
listed in Table 4.4. Substituting (4.45) in (4.44), the 
worst case intersymbol interference bound is

L 1 V1”1 lFnl * CF^%axJ I4-47) n=-l

When Cp is large, e.g. Bt = 0.5 , a small value of n (c^Tiax) 
is desired to make the second term small. However, the 
conditions which result in a large value of Cp (high order, 
narrow bandwidth) also result in a small value of amax > 
and consequently a larger value of n . Therefore, there 
are some combinations of parameters for which the present 
technique will not yield a usable result. However, most 
cases of practical importance can be accommodated.

Once the bound on I has been calculated, the upper 
bound of the probability of error follows directly from 
(4.37). The technique is best illustrated by an example. 
Consider the case of a four-pole Butterworth filter with 
Bt = 0.75 , spreading ratio r = 127 , and Nc = 10 .
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TABLE 4.4
VALUES OF RESIDUE FACTOR

7 V* A‘r = 1 / _ 1_
lF — Btt.

i i
FOR BUTTERWORTH FILTERS

Number 
of 

Poles Bt = 0.5 Bt = 0.75

CF
Bt = 1.0 Bt = 1.5 Bt = 2

1 1.273 0.849 0.637 0.424 0.318

2 1.800 1.200 0.900 0.600 0.450

3 2.743 1.829 1.372 0.914 0.686

4 4.347 2.898 2.174 1.449 1.087

5 7.056 4.704 3.528 2.352 1.764

6 11.639 1.759 5.820 3.880 2.910
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From Table 4.1: F = o 0.88695

Bn = 0.87334

10
L- +r2lnl |Fn| = 0.380028/127 =

n=-l X ' 0.002992

From Table 4.2: amax = 7

From Table 4.3: h(4) = 1.273 x 10 '

From Table 4.4: CF 2.898

Then Tw = 0.002992 + (2.898)(1.273 x 10 z)

= 0.002999
d2 = (Fn - I )2/B = 0.89 5 

k o wy n

Result: The probability of error is no greater than 
that of an optimum system with the signal-to-noise ratio, 
E/Nq, reduced by a factor of 0.895 (0.48 dB). Figure 4.5 
shows a curve of the upper bound compared with the proba
bility of error for an optimum system.

To investigate the sensitivity of the bound to the 
spreading ratio, let us continue with the same example but 
with a variable r . First we must note that in the first 
summation of (4.47) it is specified that Nc < (r - l)/2. 
Therefore Nc = 10 will be correct for r > 21. For smaller 
spreading ratios, it is convenient to rewrite (4.47) in the 
more general form as

Tw = 23 h1111’1’ 
n=-l

1 + 2|n| 
r |Fn| + CFnC“max’ I4-48)
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Figure 4.5. — Upper bound on Pe for example problem
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Then with (4.48), the spreading ratio can be reduced 
to 1, and the result is exactly the worst case bound of the 
literature [35] with an additional term to bound the trunca
tion error, which is

c
= E lpnl * C4-49)
n=-l

For the example problem, with r = 1 , I = 0.11589 and the 
degradation bound is -1.66 dB.

For very large spreading ratios, the problem can be 
simplified by considering the limit as r approaches 
infinity. In that case,

Lim M Lim r - 1N = = oo

N - 1 LIID. C ■"
N -fr-00 £nN c c

-a + r max o। ] max + 2|n|

and

Then

Lim
n=-l

Lim
n=-l

r^-00 c r->oo

+ 2n 
rI < w — r->°°

a = ZttBt I a '11 r-^00 max 1 11

CO

OO

0
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because the Riemann Zeta Function is finite for all a > 1.
Further, since I > 0, the limiting case can be stated as

Lim T 
r->oo 1w (4.50)

This result means that for large spreading ratios the 
effect of intersymbol interference is negligible, a very 
important conclusion. In that case the performance degra
dation is due entirely to the loss of signal power due to 
bandlimiting. The limiting case can be defined as

2 9 P ^2  Lim d^  o 
co X’->-oo B n

For the parameters of the example problem, d^=0.901 
(-0.45 dB). Figure 4.6 shows the upper bounds of Pe which 
result from r = 1 and r = °°, with Bt = 0.75. The upper 
bound for any r will fall between these limits. In 
addition the bounds are shown for r = 15 and r = 127 to 
demonstrate how rapidly the limiting case is approached 
with increasing r .

All of the derivations beginning with (4.39) and 
leading to the results in Figures 4.6 were based on the 
condition that the code length be equal to the spreading 
ratio (L = r). For systems which do not satisfy this 
condition, a bound can be derived from (4.38) by setting 
L > 2r. Then

t / X ' • 1 + 2|n| + L - r) ]„ ।
Zw ^L, nln 1’ -----  r--------  |Fn|

n

• L |Fn| ’ L 2rn
(4.51)
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Figure 4.6. — Upper bounds on Pe for various spreading ratios.
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Of course the result in (4.51) is just the worst case 
interference bound for the simple binary system, r = 1 , 
which is plotted in Figure 4.6.

One must not infer that the average probability of 
error is greater if L > 2r than for L = r ; but only that 
the worst possible interference during any single message 
symbol interval is greater for long codes. Therefore the 
bound of (4.51) is a pessimistic bound, as was stated at 
the outset.

Summarizing the results so far, an upper bound of the 
probability of error was derived for a spread spectrum binary 
communication system under the influence of limited band
width but with perfect synchronization. That bound, based 
on the maximum value of interference for any single message 
symbol was shown to be sensitive to the spreading ratio when 
the code length and the spreading ratio are equal. For 
code lengths more than twice the spreading ratio, the bound 
is too pessimistic to be of much practical importance.

4.3.1.2 Average probability of error. In this section 
of the paper, a series expansion technique will be used to 
determine the average probability of error. From (4.26), 
the probability that an error is made in detecting the 
zeroth message symbol is

P = 11 - P(-F„ < N + I < F )l (4.52)e 2 1 o ov 1 J

i - tv' yj e.b. F
r 4—^ j i -n nn j=0 J J

where
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and N is a zero-mean Gaussian random variable with variance 
N B /2E. o n

Since message symbols are assumed to be equally likely 
and uncorrelated, and the time origin of the spreading code 
is arbitrary, (4.52) can apply to any message symbol as 
well as to the zeroth symbol. In other words the joint 
random process N + I is assumed stationary.

Equation (4.52) can be expressed as

pe = f C1 - Qe) (4.53a)

where

Qe PN+I^) dS (4.53b)

and Pjsj+j(3) is the probability density function of the sum 
N + I.

To determine p^+j(B) analytically would be a formid
able task, even if the number of terms in I were truncated 
to a finite number, e.g. if only the terms -N^ < n < N-^ are 
considered there are possible discrete values of
I . Therefore, a technique is needed for evaluating the 
integral Qg without explicitly defining p^+j(B). One 
such technique is to express p^+j(B) by its characteristic 
function.



105

Let z = N + I . If Mz(j\)) is the characteristic func
tion of z , the probability that z lies between the 
limits and Z£ is

0° -jvZ1 -jvZ2
P(Zn < z < Z9) = I ----- ----------  M (jv) dv

'• I — — J jZirv z j v
- 00

Moreover, if the limits are symmetrical about zero, i.e.
-Z^ = Z-2 = Z , then

/
jvZ -jvZ

- ------ rZ-E-------- m (jv) dv 
jZttv zkJ J

- oo

co
= 1 [ 212^1 M,(jV) dv (4.54)

71 I \) Z
- oo

The characteristic function of z can indeed be 
determined analytically and 4.54 solved to determine Pe 
with any desired accuracy. This solution technique was 
derived more or less concurrently by Shimbo and Celebiler 
[16] and Yeh and Ho [15] for the case of simple binary 
detection. For the spread spectrum case, the structure of 
the problem is similar to the problem solved by Shimbo and 
later applied by others, including Tu [12]. However, the 
spreading ratio, r , appears explicitly in the solution, 
and the characteristic function of the intersymbol inter
ference is a more complicated expression. Applying Shimbo*s 
technique requires proof that the series expansion used in 
his results also applies to the characteristic function of 
I for the spread spectrum case. Appendix A contains the 
salient points of Shimbo*s work and the necessary derivations 
to show the applicability to the spread spectrum system.
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Since the noise, N , is assumed to be statistically 
independent of the interference, I , then

Mz(jv) = (4.55)

where Mj(jv) is the characteristic function of I

and M^Cju) is the characteristic function of N

In particular, 
3 2 -o v

MN(jv) = e 2 (4.56)

where

Since I is a summation of statistically independent 
random variables, Mj(jv) can be expressed as the product of 
the individual characteristic functions. A single one of 
those random variables can be defined as

ci b-. FY k k-n nXkn ?

Then the characteristic function of X^n is

F \
n U kn dx T" (e dXkn

= cos
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Recall from (4.28b) that the interference output term is

Fn(4)
— . n k k-n n k=0

Then the characteristic function of I is

MjCjv) M (jv) xkn

(4.57)

By using (4.54) through (4.57) in (4.53), the probability 
of error can be written as

where P = 1 (1 - Qo) 
e 2

(4.58)

Equation (4.58) is very similar to Shimbo*s expression 
for Qe , the difference being that the cosine factor is 
raised to the power r , the spreading ratio. In the 
simple binary problem, r = 1 . However, a power series 
expansion of Mj(jv) will yield the same type of series in 
the present case as in Shimbo*s problem, so that his solu
tion technique can be used. This is not to imply that the 
results will be the same as for the simple binary case, but 
merely that the structure of the equation for Pe will be 
the same. To simplify the analysis, a new set of parameters 
will be defined, normalized with respect to the noise 
variance.
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Let s = Fo(A)/cr

and - n2
6 - rE»n ' F E -T <4-59’n n a

In (4.59), g is the normalized variance of the inter-
2 symbol interference, and a is the variance of the Gaussian 

noise.

Then let x = ov, so that

oo

o = i I S"*-n 
% IT J X

7T cosr(Bnx) -x2/2 , 
e ' dx (4.60)

- 00 n

Now the expression is brackets can be expanded in a 
power series in even powers of x . Details of the expan
sion are in Appendix A. The result is

> 00

52 cosr(Bnx) = 1+52 b2nx2k (4*61)
n k=l

where
k

b2k E b2k-2jd2j-l (4.62)

d2j-l = r lB2jl E 6nj (4-63)n
and B2j is a Bernoulli number [34].
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Equations (4.61) through (4.64) are similar to Shimbo’s 
results, so that the probability of error can be written 
directly from his result as

Qe = erf(s) - 2^ C-l)kb2k G2k_1(s) 
k=l

and Pe = I erfc(s) + ]£ GZk-l(s) C4>65)

k=l

where
00 o erfc(s) J e"u du

s

(' - 2\—y 1e Z (4.66)
J/

Gk+l(s) = sGk(s) + kGk-l(s) C4'67)

and the initial conditions are

G Cs) = 1 e-s2/2 
x/27

and b = 1

Equation (4.65) is valid (the series is convergent) as 
long as 3 < 0.5. [16] [12]

Equation (4.65) and its related equations can readily 
be solved with the aid of a digital computer. While any all
pole filter is compatible with the analysis technique, the 
results shown in this paper are for Butterworth (maximally 
flat amplitude) filters. Butterworth filters were chosen 
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because they are familiar to most engineers engaged in the 
analysis and synthesis of filters and are very common in 
practical systems. Moreover, the Butterworth filters 
represent an approximation to the ideal rectangular filter, 
which is commonly used as an analytical model. As the order 
on the filter (number of poles) is increased, the magnitude 
of the frequency response approaches the ideal passband.

In computing the probability of error, the time origin 
(u = 0) must be defined. In each case the correlator time 
origin was adjusted to maximize Fo(0). Since the noise 
variance is independent of A when A = X (see (4.20)), 
the result is to maximize the ratio of desired signal to 
Gaussian noise. This operation is necessary because, as 
stated earlier, there is in general a time delay in passing 
a signal through a network such as a filter. However, when 
the signal waveform is distorted (Appendix C), the time 
delay is not precisely definable, and some criterion must 
be established to determine the time origin for the analysis. 
The technique chosen is intuitively reasonable; it approxi
mates the operation of a practical code synchronizer; and 
it minimizes the probability of error in the absence of 
intersymbol interference. In the present context, correla
tion error is defined as any displacement in the time origin 
of the local code synchronizer from the time origin which 
maximizes Fq(0).

In Figures 4.7 and 4.8 results are shown for r = 1 as 
well as for r = 127 . Figures 4.9 through 4.12 are for 
r = 127 only. The purpose is to show that the effects of 
intersymbol interference are reduced by spectrum spreading, 
which is, of course, a result of the increased system band
width. An example best illustrates the effect.

In Figure 4.7, a simple binary system with Bt = 1 
results in a degradation of approximately 0.8 dB at Pe = 10^,
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Figure 4.7. -Average probability of error, single-pole filter
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Figure 4.8. — Average probability of error, 2-pole Butterworth
filter.
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Figure 4.9. -Average probability of error, 3-pole Butterworth filter.
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•Figure 4.10. —Average probability of error, 4-pole Butterworth filter.
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Figure 4.11. —Average probability of error, 5-pole Butterworth filter.



Figure 4.12. -Average probability of error, 6-pole Butterworth filter.
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with respect to an optimum system. When the spreading ratio 
is 127, then t has been reduced by a factor of 127, so 
that B must be increased by a like factor to maintain the 
relationship Bt = 1.0 . In that case the degradation is 

- 4 less than 0.3 dB at P =10 . In other words, if thee ’
system bandwidth, defined by the low pass filter, is 
increased in direct proportion to the increase in transmitted 
signal bandwidth, then the average probability of error will 
decrease.

Figures 4.13, 4.14, and 4.15 illustrate the effect of 
spreading ratio on the average probability of error for the 
particular case of a four-pole Butterworth filter. The 
effect is most noticeable between r = 1 and r = 15 ; for 
larger spreading ratios there is little additional change. 
A limiting case is shown for r approaching infinity. The 
small difference between the results for r = 15 and r = «> 
is the reason that most of the results shown here are only 
for r = 127 .

Another interesting feature that can be observed in 
Figures 4.7 through 4.12 is that the average probability of 
error increases as the order of the filter (number of poles) 
increases. Figures 4.16, 4.17, and 4.18 show this effect. 
For comparison, a separate computation was made using an 
ideal low pass filter model. It is interesting to note 
that in those cases where intersymbol interference is large 
(small Bt), the ideal filter model leads to pessimistic 
results. For larger values of Bt, the six-pole Butterworth 
filter gives results essentially identical to the ideal 
filter.

At this point it is instructive to compare the computed 
average probability of error with the upper bounds derived 
in Section 4.3.1.1. Figures 4.19 and 4.20 show the
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Figure 4.13. — Average probability of error, 4-pole Butterworth filter,
variable spreading ratio, Bt = 0.5.
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Figure 4.14.- Average probability of error, 
filter, variable spreading ratio.

4-pole Butterworth
Bt - 0.75.
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dB

Figure 4.15 — Average probability of error, 4-pole Butterworth filter,
variable spreading ratio, Bt = 1.0
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Figure 4.16. — Effect of filter order on average probability of error, Bt = 0.5, r = 127.
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Figure 4.17. — Effect of filter order on average probability of error 
Br = 0.75, r = 127.
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Figure 4.18. — Effect of filter order on average probability of errorBt = 1.0, r = 127.
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10 LOG dB

Figure 4.19. — Comparison of average Pe with upper bound, 
4-pole Butterworth filter, Bt = 0.75, r = 127.
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Figure 4.20. — Comparison of average Pe with 
4-pole Butterworth filter, Bt = 0.75,

upper bound, 
r = 15.
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comparison for r = 127 and r = 15 , respectively, for the 
case of the four-pole filter with Bt = 0.75 . The bounds 
in the figures are from the example problem results shown 
in Figures 4.5 and 4.6.

It is important to note that the upper bounds were 
computed with the assumption that L = r , i.e. there is 
exactly one code sequence per message symbol, but the code 
length did not enter into the computation of the average 
error probability by the series expansion technique. The 
reason for this is that the upper bound represents the worst 
case probability of error for any single message symbol, 
while the average probability of error is, just as the term 
implies, the average of an infinitely long sequence of 
message symbols. The comparisons of Figures 4.19 and 4.20 
suggest that the upper bound based on the assumption L = r 
is a close bound to the average probability of error for 
reasonable values of Bt and r .

All of the results shown in Figures 4.7 through 4.18 
were computed with no correlation error, i.e. the time 
origin of the local code synchronizer was adjusted to max
imize Fo(0). Moreover, the integrate-and-dump detector was 
assumed to be synchronized with the code generator. In 
terms of the derivations at the beginning of this chapter, 
these conditions can be summarized as X = A = 0 .

4.3.2 Case II, Correlation Error With 
Code-Synchronous Detector

In this section, the assumption that X = A = 0 will 
be relaxed to determine how imperfect synchronization alters 
the performance of the system.

In Chapter 3, a spread spectrum system with no band
width constraints was analyzed to determine the effects of 
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correlation error on the probability of error. Upper and 
lower bounds of the error probability were derived for the 
general case, and for the special case of L = r, the average 
probability was computed. Now, with the series expansion 
technique developed in this chapter, the average probability 
of error can be computed with no assumption required about 
the code length.

Recognizing that if there is no bandlimiting (Bt = <») , 

then ^(u) = <f)^(u), it can be shown that

F0(A) = 1 - |A| -1 < A < 1

F.^A) =

F1(A) =

Fn(A) =

( A 1 0 
(° 
(-A

0

> 0 <

0 <

-1 <
|n|

A <

A <

A

A <

> 1

1

0

0
, |A| < 1

Using these values in the series expansion

(4.68)

program
yields the results shown in Figure 4.21, 4.22, and 4.23. 
The results are in excellent agreement with the average 
probability of error computed in Chapter 3 for large 
spreading ratios.

In computing these results, it is assumed that the 
integrate-and-dump detector is synchronized to the local 
code generator so that the integration period begins and 
ends precisely in time with a transition in the code sequence. 
Consequently, any timing error in the code synchronizer also 
appears in the detector, i.e. X = A. This situation is 
referred to as the code-synchronous detector.



128

Figure 4.21. — Effect of correlation error on average error probability,
r = 15, no bandlimiting.
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Figure 4.22.- Effect of correlation error on average error probability, 
r ■ 127, no bandlimiting.
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Figure 4.23. - Effect of correlation error on average probability 
of error, A = 0.10, r a parameter.
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For the present case, the code-synchronous detector, 
correlation errors can be incorporated into the computation 
of the average probability of error without modifying the 
form of the equations. It is necessary simply to compute 
a new set of values of Fn(A) for each value of A , then 
use those values in the series expansion computation. Some 
of the results are shown in Figures 4.24 through 4.26. The 
general nature of the curves is as expected, but upon 
closer examination, an interesting effect can be detected.

Returning to Figure 4.10, a four-pole filter with 
Bt = 1 resulted in a performance degradation of approximately 
0.4 dB at Pe = 10 . Then, in Figure 4.22, an infinite
bandwidth system with A = 0.1 was degraded approximately 
1 dB at Pe = 10 . Now, figure 4.25 shows that in a
system influenced by both those effects, the total degrada
tion at Pg = 10 is approximately 0.6 dB. In other words, 
the combined effect of bandlimiting and correlation error 
is less than the sum of the two effects taken independently. 
Indeed, in this case, the combined effect is less than the 
effect of correlation error alone in the infinite-bandwidth 
system.

The reason for such behaviour is that the received 
waveform is distorted by the low-pass filter (see Appendix 
C). As a result, small correlation errors cause a less pro
nounced change in the distribution of signal energy among 
the signal and interference terms than is the case when the 
waveform is undistorted. Even so, the results clearly show 
that correlation errors of 10 percent or greater cause more 
degradation of performance than does bandlimiting.

Figures 4.27 and 4.28 show the variation in average 
probability of error with correlation error for fixed values 
of E/Nq and selected conditions. It is interesting to note 
that for A > 0.05 the infinite-bandwidth system is inferior
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Figure 4.24. — Effect of correlation error in bandlimited system, 
single pole filter, Bt = 1.0, r = 127.
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Figure 4.25. — Effect of correlation error in bandlimited system 
4-Pole Butterworth filter, Br = 1.0, r = 127.
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Figure 4.26. — Effect of correlation error in bandlimited system, 
6-Pole Butterworth filter, Bt « 1.0, r = 127.



135

CORRELATION ERROR, A

Figure 4.27. —Variation of average Pe with correlation error,
single-pole filter.
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SYNCHRONIZATION ERROR, A

Figure 4.28. —Variation of average Pe
4-pole filter.

with correlation error
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to the moderately bandlimited system, e.g. Bt = 1. For 
correlation errors of 10 percent or more, even the more 
severely bandlimited systems are superior. Of course, in a 
well designed system the correlation error will be small, 
and it should not be inferred from these results that severe 
bandlimiting is desirable to lessen the effect of correla
tion error. However, it is clear from Figures 4.27 and 4.28 
that as the system bandwidth is increased in order to reduce 
the probability of error for a given E/NQ, synchronization 
becomes an increasingly dominant factor in the performance 
of the system.

Another noticeable feature of Figures 4.27 and 4.28 is 
that the curves for the bandlimited systems are not symmet
rical, e.g. A = 0.1 and A = -0.1 do not yield exactly the 
same result. That is because the unit pulse response of 
a causal filter is, in general, not symmetrical about any 
time reference point. (Positive values of A indicate a 
lag in time, i.e. the local code is late compared to the 
received code.)

In summary, the results in this section have shown 
that correlator synchronization errors in bandlimited spread 
spectrum systems further increase the average probability 
of error, but that the performance degradation due to the 
combined effects is less than the sum of the degradation 
(in decibels) caused by correlation errors and bandlimiting 
taken independently.

4.3.3 Case III, Independent Detector Synchronization

In the preceding computations is has been assumed that 
the integrate-and-dump detector is synchronized with the 
local code generator. That situation is certainly feasible 
and can be preferred in many applications. However, it is 
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also possible to synchronize the integrate-and-dump 
detector independently, e.g. by using a separate symbol 
synchronizer. It is therefore instructive to consider this 
third case, particularly since it permits the synchronization 
errors in the local code to be isolated from errors in the 
integrate-and-dump timing.

General expressions have already been derived for the 
various signal, interference, and noise products present 
at the correlator output at the sampling instant. The 
signal component, from (4.25), is

(r - 1)FO(A) + F^(A,X)

and the interference term is

I = -Jo ,b , FI(zX) + V' C nb , FI(X,A)
r । -1 -1-n o'- J l—a -1 -1-n n*- ’ J

r- 2 " 1
+ cr.lbr.l.nF“(4-X) + IL cjbjVnW }

j = 0 Jj
where Fq(A), F^(A,X), and F^(A,X) are defined in 
(4.4).

The variance of the normalized noise variable N = is

where B , B"*" , and B^"*" are defined in (4.15),
n ’ n ’ n v v ’

(4.17), and (4.19), respectively.

First, consider the noise variance. In section 4.2.2 
it was shown (see Figures 4.3 and 4.4) that the noise 
variance is actually reduced by the difference in 
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synchronization between the local code and the integrate- 
and-dump detector. However, since the two terms affected 
are small compared to the sum of the remaining r - 1 terms, 
the reduction is negligible for large spreading ratios. 
Consequently, in the following analysis, it will be assumed 
that the noise variance is unchanged by synchronization, 
and that its value is

The signal term, S , requires little explanation, 
except to point out that Fq^(A,A) = F (A), and that if A < A, 
then Fq (A,X) < Fq(A), and thus S < Fq(A). In other words, 
if the local code and detector are not synchronized together, 
the desired signal output is reduced.

Interference in this more general case and its effect 
on the average probability of error can be analyzed by 
following the same procedure introduced in the preceding 
sections of this chapter. The characteristic function of 
the intersymbol interference is

(jv) foCOS \--- V
/f1 \ Zf11 \ _ /fI n I n I r-l| n cos v / cost—— v/ cos I—- V

(4.69)

where the arguments of the Fn’s have been omitted for 
simplicity.

Then, using the same procedure which led from (4.57) 
to (4.60), the average probability of error is

p= = z (1 ■



140

and

(4.70)

where x = ov

(r - 1)FO(A) + F^(A,X)

r 

= Fn(A)
n ra

i Fi(A-x) 
g = —----n ra

RII6----F5--

Again, a is the noise variance and 3 is the norma
lized variance of the intersymbol interference.

In Appendix A it is shown that

L11 'COS Ig X
co

= 1*Z^b2kx2k 
k=l
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where
k

b2k = S b2k-2j d2j-1 C4*71)

Consequently, using the series expansion technique 
already described, the probability of error is

and

Pe = | erfc(s) + 22 C-l)kb2k G^.^s) (4.73)

k=l

where all of the functions and coefficients have been 
previously defined.

Clearly then the difference between Case III and the

the
detector. It was assumed

F *s and the n
is to define X

in the computation of the 
. All that remains

X = A was Case II.

previous cases is
coefficients b2k
time origin of the integrate-and-dump
in the derivation that 0 < X < A, and
Then a reasonable choice is X = 0, which means that the 
detector timing is assumed perfect, and the only synchroni
zation errors occur in the local code synchronizer. Thus 
correlation errors are conveniently isolated for analysis, 
i.e. the only synchronization error is the correlation error. 
Remember that X = 0 is defined in the time variable of the 
receiver, the origin of which (u = 0) has been adjusted to 
maximize the value of FQ(0).
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Figures 4-29 and 4.30 show the average Pe for one- 
pole and four-pole filters, respectively. It is not 
surprising that there is no significant difference between 
these results and those for Case II, with X = A . The 
reason is that in Case II, Xt is a small fraction of the 
total integration time, T , i.e.

Xt = | T

In fact, X/r is sufficiently close to zero that Case III is 
for all practical purposes, identical to Case II. Conse
quently it is unnecessary to present a large set of results 
for Case III.

It has been shown here that the degradation in system 
performance due to synchronization errors is due entirely 
to correlation errors in the local code, not to the error 
in the timing of the integrate-and-dump detector.
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Figure 4.29. —Average probability of error. 
Case III, 1-pole filter, X = 0, Bt = 1.0.
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dB

Figure 4.30. — Average probability of error 
Case III, 4-pole Butterworth filter, 

X = 0, Br •= 1.0.
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10 LOG I — 
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

A correlation receiver is an optimum linear processor 
for a PN-modulated spread spectrum binary communication 
system in the presence of white Gaussian noise when there 
is no bandwidth limiting in the system. This optimum 
receiver operates with an average probability of error 
exactly the same as that of an optimum binary system without 
spectrum spreading.

Two factors which cause the spread spectrum correlation 
receiver to operate with a probability of error greater 
than the optimum are correlator synchronization errors 
(correlation errors) and bandlimiting prior to the corre
lator. Correlation errors in an infinite-bandwidth system 
cause a pronounced increase in the average probability of 
error due to loss of energy in the desired signal output 
and increasing interference from adjacent symbols.

Bandlimiting without correlation errors increases the 
probability of error for the same reasons. Energy in the 
desired signal is reduced by the restricted bandwidth, and 
intersymbol interference appears because the received 
message waveform is distorted. In the spread spectrum 
system, the signal loss effect is exactly the same as for 
simple binary signalling. However, the effects of inter
symbol interference are reduced by the spreading ratio and 
indeed become negligible for large spreading ratios and 
moderate error probabilities, e.g. spreading ratios greater

- 8 than 100 and error rates greater than 10

If there is correlation error in addition to band
limiting, there is an additional increase in the average 
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probability of error. However, for the systems analyzed, 
the probability of error with combined bandlimiting and 
correlation error was less than that of the infinite-bandwidth 
system with correlation error alone, for errors greater than 
5% of one code symbol duration. This effect is due to 
distortion of the received waveform by bandlimiting.

Existing techniques for computing the average proba
bility of error, particularly the series expansion technique, 
can be adapted to the spread spectrum case, but the well 
known bounding techniques such as the worst case bound [35] 
and the Chernoff bound [6][7] are either too pessimistic to 
be of practical value or are as tedious to compute as the 
true average. A new bounding technique was developed in 
this dissertation for the spread spectrum case by con
sidering the correlation properties of pseudorandom codes 
and the decaying response characteristic of causal filters. 
The results computed for Butterworth filters compare favor
ably with the average probability of error computed by the 
series expansion technique.

In summary, the necessary increase in system bandwidth 
which is required for spread spectrum transmission results 
in a favorable side effect. That is, for a given ratio of 
system bandwidth to transmitter keying rate, all other 
factors equal, the average probability of error is less 
with a spread spectrum system than with a simple binary 
system. Furthermore, the probability of error decreases 
as the spreading ratio (and thus bandwidth) increases, 
approaching a limiting value for spreading ratios greater 
than 100.

A recommended subject for continuing research in 
spread spectrum systems is the performance with random 
synchronization errors. Given a model of the code tracking 
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loop in the correlation receiver, it is possible to develop 
a stochastic description of the random phase error in the 
loop. Then the performance model developed in this disser
tation can be averaged over the probability density of the 
phase error to determine the mean probability of error.

Another interesting question is whether another receiver 
might be optimum, or at least better than the correlation 
receiver, when the received signal is distorted due to 
bandlimiting. Tu [12], for example, analyzed the tapped 
delay line filter for bandlimited binary systems, but no 
reference was found in the published literature on spread 
spectrum systems.

Finally, it is recommended that the effects of band
limiting on the performance of a delay-lock code tracking 
loop be analyzed, particularly as it effects the initial 
acquisition of the received code. Since bandlimiting 
causes distortion of the received waveform, it will certainly 
alter the autocorrelation function of the code waveform, on 
which the performance of the code tracking loop depends.
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APPENDIX A

SERIES EXPANSION OF AVERAGE PROBABILITY OF ERROR

The technique described briefly in this Appendix was 
developed independently by Shimbo and Celebiler [1] and Yeh 
and Ho [2]. Shimbo*s paper seems to be the most often 
referenced, and the technique has come to be known familiarly 
as Shimbo*s technique. The following is a summary of the 
important features of the technique, emphasizing the 
parts which require some alteration for the spread spectrum 
case.

In a binary communication system influenced by inter
symbol interference and Gaussian noise, a decision is made 
during each message symbol interval on whether the trans
mitted symbol was a + 1 of -1 (or any other binary symbols). 
That decision is made by comparing the output of a signal 
processor at some sampling instant to a predetermined 
threshold. If the sample value is greater than the thres
hold, a + 1 decision is made, and vice versa.

The output of the signal processor at the sampling 
instant is composed of three components, the desired signal, 
S , the noise, N , and the intersymbol interference, I . 
Let the processor output be denoted by z .

z = S + I + N (A-l)

Then the probability of error, assuming equally likely 
message symbols, is

Pe = j + N > S) + P(I + N < -S)] 

= | [1 - P(-S < I + N < S)J

- j (1 - Qe) (A-2)
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A.1 Probability of Error by Series Expansion

In Shimbo's technique (A-2) is evaluated by means of 
the characteristic function of the combined noise and inter
symbol interference. If M (jv) is the characteristic func
tion (c.f.) of a random variable x , then the proba
bility that x lies between fixed limits and , is

=° -jX1v -JX2V
P(Xn < x < X9) = I ------ ---------  M (jv) dv (A-3)

k 1 — ~ 2J I j2ttv xx-j j v

If the limits are symmetrical, i.e. -Xj - X2 = X , then 
(A-3) becomes

(A-4)sin Xv f. -x 3 
-----------  dv7TV XVJ J

Next it is necessary to 
of random variables I + N. 
with zero mean and variance

determine the c.f. of the sum
N is a Gaussian random variable 

7
a . Its c.f. is thus

MN(jv)

2 2 o v
2e (A-5)

Intersymbol interference itself is a sum of independent 
random variables,

1 = 23 akhk (A 6)
k

where the summation is doubly infinite, excluding k = 0, 
and h^ is the output of the signal processor at the 
zeroth sampling instant, due to the kth message symbol. The 
coefficients a. have the values ±1 with equal probability.
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The c.f. of the intersymbol interference is the product 
of the c.f.’s of the individual terms, because the message 
symbols are assumed to be statistically independent. Then

dB

(A-7)
k

A- 5 , and A-7,Combining A-2, A-4,

cos \)h- (A-8)
n- co

* T 6(B - hk

cos(vhk)

CO

_lf sin
e it I v

a2v2 
e 2 dv

Mj (jv)

With a change of variable, x = vo , (A-8) becomes

Then, letting Bk = h^/o and Bo = s/o , the result is

(A-9)

The term in brackets can be expanded in even powers 
of x as

00n c°s m -1 * 13 b2kxzk
n ' ' k=l

(A-10)
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where

b2k 21< 52 b2k-2jd2j-l j = l

d7 = 22i(^ - i) |B ,y^ 32j 
2j-l (2j) ! | 2j|Z-f pn

n

and B is a Bernoulli number.

Then equation (A"9) can be rewritten as

It has been shown by Shimbo, Yeh, and Tu [3], that Qe 
can be evaluated as

CO
Qe = erf(B0) - 2 X} (-Dkb2k

k=l

and therefore

CO
pe = \ er£c(B0) + £ G2k-dBo’ tA-12’

k=l

where

erfc(go) = 1 - erf(Bo)

r- r - — e 2 dx

p po 



155

and G^Cx) is the Hermite polynomial of kth order, which 
satisfies the recursive relationship

Gk+i(x) = x Gk(x^ " k Gk-l^x^ 

and is defined by

Gk(x) =
(-l)k dk -X2/2
VZrr dxK

Shimbo proves that the series in (A-12) is convergent 
and converges to Pe if the variance of the intersymbol 
interference is no more than one-half the variance of the 
noise, i.e. 3^ < q.5. 

n

Equation (A-rl2) can be solved readily with the aid of 
a digital computer. Therefore, Shimbo's technique is a 
powerful tool for determining the average probability of 
error in the presence of Gaussian noise and intersymbol 
interference.

If this technique is to be applied to the spread 
spectrum system, it must be shown that the c.f. of the 
intersymbol interference can be expanded in a power series 
in the form of (A-10).

A.2 Application to Spread Spectrum Systems

The characteristic function of the intersymbol inter
ference for a spread spectrum system is

M(x) = cos (SqX)J~[ cos (O^x) cos (g^x) cosr 1 (0nx) 
n

The derivative at M(x) is
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4- M(x) = -3^ sin (Bnx)TT cos cos cosr 1 
vLA. v* Uli 11 11 11n

+ cos
n L

sin (B^x) cos (B^x) T - 1 cos ^nx)

- 311 cos (B^x) sin (B^x) cos1""1 (3nx)

- (r - l)3n cos (B^x) cos (B^x) sin (Bnx) cosr"1(3nx)

OI . foI ' M(x) roI x') |= -Bn sm (3nx) --- 4------ cos (3_x) I0 0 cos (3qX) ° 'n1

T sin (B^x) cos (B^x) cos (B^x) cosr-1 (Br.x)
Q 11 11 11 11P r‘"-* — ycos (3^X)

ZI sin (B^x) cos (B^x) cos (B^Tx) cos1""1 (Bnx)

n cos (B^x)

sin (B„x) cos (B^x) cos (S^x) cosr 1 (B x) 
+ O " ^^n ----- -------- cos (3nx) -------------”

-Bq tan (BqX) - 3n tan (3nx)
n *-

T I IT+ 3^ tan (3nx) + 3* tan (S^x) M(x)

(A-13)
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Next , tan x can be expanded in an odd power series [4]

00
tan x . E |B2jl X2i-1

(A-14)

(A-14)
where B2j is the Bernoulli number, 

in (A-13),
Then substituting

00 . . .
d \ J f J _ -|'> I t/t \ 2 j ~ 1
^M(x) - -M(x) L [zjj! X) |B2j| (sJ(bJx)

n

/ \ 21 - 1 T / T \ j 1
(r - DSn(Bnx) J + Bn(BnX)

where

B11 
n

II n X -M(x)
CO

d2j-l x23 (A-15)

Now, since it has been presupposed that M(x) can be 
expanded in an even power series, the derivative of M(x) 
can also be written as

M(x) = dx v J dx

00

1 + 12 b2.X2k 
k=0

oo

= 53 2kb9.X2k"1 (A-16)k=l ZK

Substituting for M(x) and dM(x)/dx in (A-15), the 
result is
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00 / CO . 00
E 2kb2kX2k-1 = -(1 + E b2kX2k )E d X2^1

k=1 \ k=l /j=l J
(A-17)

2k-1 Equating coefficients of x leads to the following
relationship

2kb2k = b2k-2j (A-18)

Equation (A-18) is equivalent to the recursive relation
ship derived by Shimbo. The difference in the spread 
spectrum case is in the evaluation of the coefficients 
d?• , . From (A-15), Z J -1

2 which is the normalized (with respect to o ) variance of
the intersymbol interference.

Clearly, from (A-16), bQ = 1 . Then in (A-18), the 
summation can be extended to include j = k , thus to 
include the term do1 n within the summation. Therefore, 2k-1

(A-19)

and

I \2j

n

I \2;i 
o )11 lB2jl

b2k 2k b2k-2j

d2j.l
22j(22j - 

(2j)!

d2 j -1

(A-20)
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For the special case wherein = 0 , and B11 = g
n n

d2j -1
22j(22j - 1) 

C2JT1 (A-21)

It has been shown that the characteristic function 
of the intersymbol interference in the spread spectrum 
system can be expanded in a power series of the proper 
form. Therefore equation A-ll can be used without modifi
cation, and the remainder of the computation proceeds as in 
the case of a simple binary system.
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APPENDIX B

CORRELATION PROPERTIES OF MAXIMAL LENGTH SEQUENCES

An m-sequence of period 
ordered set of digits {a^}, 
can be either +1 or -1. The 
{a^} is defined as

p can be symbolized by the 
i = 0,1,....p-1 , where a^ 
autocorrelation function of

P-1
Rk 5 p ai+jai+j+k

H i=0 J J
any j,k (B-l)

where all indices are modulo p.

The crosscorrelation function of {a^} with any arbitrary
sequence {b^} is defined as

P-1
C, e - 7? a.b.^!k p 1^0 1 1 k (B-2)

Following are statements and proofs of those properties of 
m-sequences (PN sequences) which are pertinent to this paper. 
Property 1 is stated without proof, since it is in effect a 
definition of a PN sequence. PN sequences are constructed so 
that Property 1 holds.

Property 1: Autocorrelation.

{
1
1 

"P

k = 0

k + 0 (B-3)
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Property 2A: Crosscorrelation Bounds.

Let fa*} be a sequence formed by inverting (multiplying 
by -1) any q elements of the m-sequence Then the
crosscorrelation function, C£ of {an} with {a*} is bounded 
by

max(-l, Rk - < C* < minjl, Rk + (B-4)

Proof: By definition (B-2),

ti 
C* = - 23 a.a*
k p W 1 1 k

Now let P symbolize the set of integers {0,1. . 
and let Q be a q-element subset of P such that

-an , n e Q

an , n i Q

and Q U Q = P

There are exactly q elements in Q . Then

a* n

C* = — a a - — a aXU 1 / Ct e Cl • -1 / a. • Ct • ,1k p i itk P i i+k

- 1 y a a t 1 F a a - 1 T, a a
p i i+k p A' i 1+k p i i+k

= — y a.a.^, - - y a,a, . (B-6)
p i i+k p i i+k v J
v ieP r ieQ

The first term in (B-6) is recognized as the auto
correlation function, Rk , of {a^}; the second cannot be 
evaluated exactly without specifying the particular sequence.
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However, since there are q terms in the summation, the 
second term is bounded by 2q/p and -2q/p . Therefore C£ 
is bounded by

Rk
_ 2q < C* < R, + M

~ k  k p (B-7)

Since C£ is a normalized correlation function, it is 
also bounded by

-1 < C* < 1 (B-8)

Combining (B-7) and (B-8) completes the proof.

Property 2B: Corollary to Crosscorrelation Bounds.

max 1-1, R, - ^.|< C*, < min 11, R. + Zlj
|’k p| ~ -k - I ’ k p) v J

Note that it has not been claimed that C*^ = C£ , but 
only that the bounds are the same.

Proof: !p-1
By definition, C*, = S aia?_vK p j^=Q 1 ± K

Let j = i - k , then

p-k-1
C*i = - 22 a. . a*-k p j+k j

= - 2-/ a.^.a. - - a.^,a. (B-10)
p Up 3 k 3 p 3 k 3

Equation B-10 is identical to (B-6), although the set
Q may be different. Equation (B-9) follows directly.
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Property 2C: Crosscorrelation Magnitude Bound.

For k + 0,

|C*| < min|l, 1 -2cl| (B-ll)K I P J

Proof: For k + 0, R, = . Substituting in (B-4) yields
k p

max 1-1, —--- < C? < min!l, + 2q |I P j k - ( ’ p J

Since

-1 - 2q = 1 + 2q > -1 + 2q = 2q - 1
P P P P ’ 4

Then (1 + 2q)/p is an upper bound on C? , as expressed in
(B-ll).

Property 3A: Partial Autocorrelation.

The partial autocorrelation function of the m-sequence 
{a.} is defined by

j +r-l
Rk = F aiai+k ’ j any integer

is bounded by

max 1-1, 2-Fr. - 1 + —"])< Rf < minll, JFr, + 1 - -11 (B-12)
| ’ r L k p-1 J k - I’rLk p-1 J k J

Proof: Define

P: {0,1,. . .,p-l} and Q: {j,j+l,. . .,j+r-l}

where j is an integer, r<p , and all integers are under
stood to be modulo p. Then
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nr 1 VR, = — T—i a. a. ik r i^Q 1 1+k

= 1 V a a .1 7 aa
r irf 1 1+k r UQ 1 Itk

= — — a.a. . - — S a.a. ,
rLp iS 1 i+k p i« 1 i+kJ

Now the first term in brackets is , the autocorrela
tion function of {a^}, and the second term is a summation 
over p - r elements. Therefore,

p[r. - E-l-l] < R? < pk + (B-13)
r|_ k p J - k - r|_ k p J v 3

But also, since R£ is a normalized function,

-1 < R^ < 1 (B-14)

Combining (B-13) and (B-14) completes the proof.

Property 3B: Partial Autocorrelation Bounds.

For k / 0,

max 1-1,  --- < r£ < minll, P----------—-—— 1 (B-15)
I ’ r J — k — ( r j v J

Proof: Substitute (B-3) into (B-12).

Property 3C.: Partial Autocorrelation Magnitude Bound.

For k + 0,

|Rj| < minll, 1 " P " r (B-16)
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Proof: From (B-14)

|rJ| < 1 (B-17)

From (B-13), with = -1/p

| r| < p - r - 1 < p. - r » .1 (
I kl - r r v

Combining (B-17) and (B-18) completes the proof.

Property 4A: Partial Crosscorrelation Bounds.

The partial crosscorrelation function of an r-element 
subsequence of {anl with (a*) (defined in Poperty 2A), is 
bounded by

(B-19)

C?(r) = — Z-# a. a*,. , r<pk J r -p. i i+k ’1 £ K

where R = {j,j+l,. • .j+r-1} is an r-element subset of
P = {0,1,. . .p}. Then

C*(r) = - / . a.a*^. + - X, a.a. . - - X a.a. .
k r l^R * k 1 1+k r i^R 1 1+k r 17R 1 1+k

since a*,. = a.,, if i/R, the first two terms can be i+k i+k ’
combined as
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Now the first term inside the brackets is C,* , from k ’
(B-4), with q inversions (q < r). The second summa

tion contains p - r terms, each with a value of ±1.

Therefore C^(r) is bounded by

P c* - 2—— < C?(r) < 2 c* + 2 " r r L k p J - kk J - r[_ k p

But C£ is bounded by Property 2A, which can be substituted 
to give

, E min/ZE^-r, R t P " r * 2q 1 q<r<p 
r I p ’ k p j

But also

1k

all r < p .

p - r + 2q (B-20)P
Similarly

-MP - p - r + 2q
PP

Rk _ P_L
P

(2p - r)/r > 1 forThen, since

= 2. max Rk

C{(r) > max -1

C£(r) < min 1, 2

and

So

C{(r) > -1

C£(r) < max -1, E Rv - E r k I
r + 2q
P (B-21)
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Combining (B-20) and (B-21) completes the proof.

Property 4B: Corollary to Partial Crosscorrelation Bounds.

For k + 0,

< CJ(r) < min 1, "1 + P " r * 2q .
(B-22) 

Proof: Substitute (B-3) in (B-19).

i /I + p - r + 2q' max . -1, -I ----\ r

Property 4C: Partial Crosscorrelation Magnitude Bound.

For k / 0,

(B-23)

Proof: (B-24)

and

/I + P --1 + p - r + 2q 2q j (B-25)

Combining (B-24) and (B-25) completes the proof.

< min 1, 1 + P - r + 2q
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APPENDIX C

UNIT PULSE RESPONSE OF AN ALL POLE CAUSAL FILTER

A causal filter is a transmission network from which 
there can be an output only after there has been an input, or 
stimulus. The class of causal filters includes those net
works which can be realized in practice with lumped, linear, 
passive components. Either the impulse response (time 
domain) or frequency response (frequency domain) may be used 
to describe a causal filter.

C.l Unit Pulse Response

If the input to a causal filter is a unit impulse 
function, 6(t) , at time t = 0 , then impulse response of 
the filter is given by h(t) , where

h(t) = 0 , t < 0 

which can be considered a sufficient definition of causality.

By the superposition theorem [1] of linear systems 
theory, the response of the filter to an arbitrary input 
x(t) can be determined by convolution of the input function 
with the impulse response of the filter. Denoting the output 
as y(t) ,

t 
y(t) = / x(t) h(t - T)dT

- co

Alternatively, the response of the filter to an arbi
trary input can be determined by means of the Laplace trans
forms of the input and of the impulse response. The Laplace 
transform of the filter impulse response is called the com
plex frequency response of the filter. Letting • ]
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denote the Laplace transform.

X(S) = £[3cCt)]

H(S) = £[h(t)]

Y(S) = X(S) H(S)

and

y(t) = J2'1 [Y(S)]

where Jc "*"[•] is the inverse Laplace transform.

The problem of interest here is the response of an all 
pole causal filter to a unit pulse input. All-pole filters 
include several classes of filters which are in widespread 
use in communication systems, notably the Butterworth, 
Chebyshev, and Bessel (linear phase) filters.

The complex frequency response of an all-pole filter is 
of the form

m
H(S) = n (s - si)-1 (C-l)

i=l

where m is the number of poles and s is a complex 
variable. In (C-l), the s^ are complex pole location in 
the S-plane (see Figure C-l), which satisfy the following 
conditions:

(1) Re (s^) < 0, i.e. all poles are in the left half 
plane

(2) All complex poles occur in complex conjugate pairs

(3) All real poles are simple

The unit pulse function can be described as a linear 
combination of two unit step functions, defined by
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S-PLANE

4 POLE

3 POLE

Figure C.l. — Normalized pole locations for Butterworth filters.
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u(t - t) =
1 T <_ t

0 t < T

Then the unit pulse function can be expressed as

x(t) = u(t - kr) - u[t - (k + 1)t]

1

0

kr <_ t <_ (k + 1)t 

otherwise
(C-2)

and the Laplace transform of the unit pulse is

-skr  -s(k+l)TVs’ - ------ 1------ (C-3)

Then the Laplace transform of the filter response can be 
written as

Yk(s) = Xk(s) H(s)

= [e"5kT - e’s(k+1)T] ” (s - s.)"1 (C-4)
i=0 1

where it is understood that sq = 0. The time-domain represen
tation of the filter output can be determined from the
inverse Laplace transform of (C-4) [2]. For m even, there 
is no real pole, and the output is

yku) = jE"1rYkCs)]

m/2
E
i=0

o-(t-kr)
2 I k. I e cos[w.(t1 i1 L ik kr) + 0^]u(t kr)

o.[t-(k+l)r]
-2|k^|e cos[w^(t - (k +1)t) + 0^]

u[t - (K + l)vr]> (C-5)
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where is the complex residue at the ith pole in the
upper half plane [3] and 0^ is the angle of k^ , i. e.

0.i tan
■lm(ki) 
ReC^)

If m is odd, there is one real pole, and the filter
output is

am+lr. , J
-7- (t-kr)

+ km+1e -u(t - kr)
2

in-1
2ui=0 a. [t-(k+1)t]

2|k^|e 1 cos [w^(t - (k + 1)t)

In (C-6) the real pole has been assigned the index
(m + l)/2 . The transient term corresponding to the real 
pole contains no cosine factor because w = 0 and r m+1

2
0m+l = 0 [4]. Equations C-5 and C-6 can be combined in a 
~2"
single expression
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m , 1 -X( aiC't~kT) 2^# A. i e cos
i=0

^(t - kT) + 0i]«u(t - kT)

a.[t-(k+l)T]
-e cos [w^(t - [k + 1]t) + 0^]

•u[t - (k + 1)t]| (C-7)

where

'm/2 m even

m+1
2 m odd

A.i
’2IkiI
. Ikil

Im(sp + 0

Im(s^) = 0

Figure C.2 shows the unit pulse response of typical Butter
worth filters.

C.2 Integrator Response to kth Unit Pulse

If the filter output due to the kth unit pulse, given 
by (C-7), is integrated over the time interval corresponding 
to the jth pulse, the output at the end of the integration 
period, using the notation of Chapter 4, is

(j+A + l)T 
F(j,k,A) = I $k(t)dt 

>TV(j+A)T k

where
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RELATIVE
RESPONSE

RELATIVE
RESPONSE

Figure C.2. — Unit pulse response of Butterworth filters
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Since the causal filter is assumed to be time invariant, 
j can be replaced by k + n , and k can be selected to be 
zero without loss of generality, with the result that

(n+A+1)r=V? J »0rodt
(n+A)t

CC-8)

Thus (C-8) depends only on n , the difference between j 
and k , rather than on the particular values of j and k . 
Substituting (C-7) into (C-8), with k = 0 , gives

(n+A+l)r m „ .if V* CTitFn(A) = — I / v A^e cos (w^t + Q.)u(t)dt
(n+A)r

(n+4+l)Tn' (t.T)
’ L-j Aj^e cos [wi(t - t) + 0i]
(n+A)t i 0

u(t - r)dt (C-9)

Equation (C - 9) must be evaluated separately for different 
values of n because of the unit step functions. Clearly, 
if (n + 1 + A) < 0 then

Fn(A) = 0 , n < -1 , 0 < A < 1 (C-10)

If n = -1 , the first integral in (C-9) can be calcu
lated, but the second is identically zero. Thus

Arr
F_1(A)

(w^t + 0^)dt, 0 £ A £ 1
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Then substitute x i

isand the result

A.

m
e

i=l

sin+ w. "u

m
e

i=l

sin+ w.

sin

m

i=l

w. At
i

2 a.

A.i

e.
i

i
T

1 
T

A.i

X fU

0.i

1
T

X u

AA o

iAo

AA o

+ w.1

[w^At

XL

W^T

sin 0^]

m
E
i=l

6i]

Si)

m
E
i=l

-a.0./w. 
iii

cos X^ + sin X^)

F n(A) = AA-1 J o

A. e i

w2
i

2 2o - + w-i i

2 a.

w.i

w.t + 0.i

©i)] - cos 0^^ + wi

o. At
e 1 [o^ cos (w^At

cos 0.i

(^(x- 
e

XL

X
ru o'ix/w.
I e cos x dx
XL

o.X /w.
1 u ^o. cos X k 1 u

-a.0./w.iii ei

ai^Xu-ei)/wi
[a^ cos (w^At

0.)/w.
1 1 cos x dx

+ w. sin (w.At + i i

(J-lCXt-©.)/™.
e [oi

A.1
2 + w.i

AA + -O T

aiXL/wi 
e

+ 0i)

(C-ll)
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Equation (C-ll) contains the filter parameter and 
which are, respectively, the real and imaginary parts of 

the ith pole in the complex frequency domain. If the half
power frequency of the filter is 2irB radians/sec, then 
and w^ can be expressed in terms of the normalized para
meters ol and w7 where i i

= ZirBcr^

w^ = ZttBw^ (C-12)

In other words, the filter can be expressed analytically by a 
normalized filter of half-power frequency one radian/sec, 
scaled by the factor ZirB . Using (C-12) in (C-ll) gives

m

ii=l

(27tBtAw^ +

0 1

where

2 (C-13)

0
procedure just used

m o. t
e cos

i=l

dteo

(C-9) can be 
to compute

1 
T

Aw 1

,2. o.1

evalu-
F-xCA)

^t

cos 0.1

F_i(A)

m
E
i=l

If
ated.
the result is

u. -2+ w.

w.1

then both integrals of 
the

n
Following

AA o

sin 0.)

+ 0.11 ■*

0-1

,(1+A)t -

A o + 0i) dt

Ai /
27rBTr? * 

i

oi(t-r)
cos [w^

F (A) = -O V J T
"'At l

A

w." sini

27tBtAo7
1[o7 cos (27tBt
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v-s A= (1 - A)A L, di - I2 - I3 + I4) ,
1=1 ZirBir^

0 < A < !

where

2ttBt (1+A) o. -
= e 1|ai cos[2,n"BT(l + A)w7 + 0^]

+ w7 sin [2irBT(l + A)w7 + 0^]

T2
27rBTAa. ,

e cos PttBtAw^ + 6.] + w7i L i iJ i sin [27rBTAw7 + 0 ]

I 2

I. = o' cos 0. + w7 sin 0.4 1 ii i

0 < A < !

and for n > 0,

(C-14)

F (A) nv 3

m
E (h - h

A.i
2i=l 27rBTr.

+

27tBt (n+l + A) o' । 
= e |ai cos [2irBTW^(n + 1 + A) + 0^]

+ w7 sin [2irBTw7(n + 1 + A) + 6^]|

2irBT (n+A) o'. ,
I2 = e 1|ai cos [2iTBTw7(n + A) + 0^]

+ w7 sin [2iTBTw7(n + A) + 0^]
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2ttBt (n+A-1) ol ।
I. = e 1 cos [ZirBTwl’f'n - 1 + A) + 0.4 l i L iv i

+ w7 sin [2iTBTw7(n - 1 + A) + 0^]

0 < A < 1 (C-15)

The results of (C-10), (C-ll), (C-13), and (C-15) are 
summarized in Table C-l. Given a set of filter parameters, 
the values for Fn can be computed in a straightforward 
manner.

Two special integrals appear in the analysis of Chapter 
4 due to a difference in synchronization between the local 
code and the received code. These two are defined as

(n+l+A)T
Fj(A,X) $0(u)du (C-16)

(n+l+X)t

(n+X+1)t
F^CA^) $o(u)du (C-17)

(n+A)t

The only mathematical difference between Fn(A) , F^(A,X) ,
and F^"*"(A,X) is in the limits of integration. Consequently 
evaluation of (C-16) and (C-17) follows exactly the same 
procedure used for Fn(A) . The results are tabulated in 
Table C.l. 

00

C.3 An Upper Bound on |F | 
n=l n

From the condensed definition of Fn(A) in Table C.l, 
the absolute value of Fn(A) can be bounded from above.
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TABLE C.l
4*CALCULATION OF F (A) FOR CAUSAL FILTERSt n

m A

Fn(A) = Mo + 22 —H dl - Z2 - 1=1 ZttBtt.1

ZnBTofk- .I. = e 1 J I ck cos (ZirETW^k. + 0.)
J I 1 1 J 1

+ sin (ZnBiwAj + ©p | , 0 < A < 1

*1. = 0 for these terms J

Fn(A)

n ko kl k2 k3 k4

<-l

-1

0

>0

0

A

1 - A

0

*

A

1 + A

n + 1 + A

*

0

A

n + A

*

*

A

n + A

*

*

0

n - 1 + A

n k 0 kl k2 k3 k4

<-l

-1

0

>0

0

A - X

0

0

*

A

1 + A

n + 1 + A

*

X

1 + X

n + 1 + X

*

A

A

n + A

A

A

X

n + X

^F^(A) and F^fA) have the same form, with different 

values of k..J
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TABLE C.l (Continued)

*1. = 0 for these terms

F^(A,X)

n k 
0

kl k2 to k4

<-l

-1

0

>0

0

X

1 - A

0

A

*

1 + X

n + 1 + X

A

A

A

n + A

A

A

X

n + X

A

A

0

n - 1 + A
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Since the values of n to be considered are n >_ 1 , the 
result is

where

v-> A.£ Z, --- c|l,l + |IJ ♦ 11,1 + |I,|) (C-18)
i=l ZirBrrf 1 z 5 4

Since 

A. > 0 i —

ri > 0

ZirBrol'k.i J o^ cos (ZuBTW^kj + 0^) + w£ sinI. = e J (ZubTW^kj + ©p

then

i----— ZirBrofk.I1,1 ->/al + wi e 13
ZirBro^k.i J

ZttBt (n-l+A) al
< rie 1 (C-19)

where the smallest value of kj has been used to bound the 
exponential function from above.
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Substituting (C-19) in (C-18),

m’'
lFn^A^ 1 — tfIt S i4 exp[2^BTar(n - 1 + A)] 

i=l i
CC-20)

Since o^< 0 , (C-20) can be further bounded by choosing 
the value of which is smallest in magnitude for the 
filter in question. That will be the real part of the pole 
nearest the imaginary axis, which, by the present numbering 
convention will be o' . Then

in" a

lFn(A)l 1 iBr r^ exp[2iTBTO^(n - 1 + A) ] 
i=l i

Furthermore, since 0 < A < 1 ,

|Fn(A) | <^- IL exp[27rBT0"(n - 1)] (C-21)
i=l i

Now consider the exponential factor in (C-21), and 
suppose that there exists some integer Nc such that, for 
n > N , c ’

exp[27rBTO^(n - 1)] < ,
n

ct > 1 CC-22)

Then because the logarithm is a monotonic increasing 
function of its argument, i.e. In x > In y if x > y , 
(C-22) can be manipulated to determine the required relation
ship between a and Nc

27tBto^(Nc - 1) <_ -a In (N )

- 2'n'BTO^ (N - 1) 
In (Nc) (C-23)
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The right-hand side of (C-23) is positive, and the 
largest value of a for which (C-23) is satisfied, given 
N , is a . Figure C.3 shows (x-l)/ln x to be a mono- c nia.x
tonic increasing function of x , which can be proven 
directly by noting that In x <_ x-1 for all x >_ 1 , with 
equality at x = 1 . i.e.

him (x-1) 
x -»1 In x

If N c 
considered,

is fixed, and only integer values of
then amax is given by

a are

a max
27tBt|o'| (N - 1)

IHltT) (C-24)

where |_xj is the largest integer less than x .

Clearly, from (C-24) and Figure C.2, smaller values of
BtOi will result in smaller values of a for a given 1 max &
N . Table C.2 lists values of a for Butterworth fil- c max
ters of order 1 through 6.

Now consider the factor

m^
CF - 4 2 FFF7 (C-25)

1=1 1

which can be computed readily for a given filter. Some 
typical values are listed in Table C.3. Using (C-25) and 
(C-22) in (C-21), the result is

n



Figure C.3. — Graph of (X-l)/ln(X).
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TABLE C.2

VALUES OF ct = max
27tBt|o^(N - 1) 

m (Nc)

FOR BUTTERWORTH FILTERS

a’ Nc - 5’ “max = I15-619 BTlalU

Number 
of

Poles “I
Br

0.5 0.75 1.0 1.5

1 -1 7 11 15 23

2 -0.707 5 8 11 16

3 -0.500 3 5 7 11

4 -0.383 2 4 5 8

5 -0.309 2 3 4 7

6 -0.259 2 3 4 6

b) Nc - 10’ “max " I24"559

Number 
of 

Poles al
Bt

0.5 0.75 1.0 1.5
1 -1.000 12 18 24 36

2 -0.707 8 13 17 26

3 -0.500 6 9 12 18

4 -0.383 4 7 9 14

5 -0.309 3 5 7 11

6 -0.259 3 4 6 9
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TABLE C.3
VALUES OF RESIDUE FACTOR

F it

FOR BUTTERWORTH FILTERS

Number 
of 

Poles Bt = 0.5 Bt = 0.75
CF

Bt = 2Bt = 1.0 Bt = 1.5

1 1.273 0.849 0.637 0.424 0.318

2 1.800 1.200 0.900 0.600 0.450

3 2.743 1.829 1.372 0.914 0.686

4 4.347 2.898 2.174 1.449 1.087

5 7.056 4.704 3.528 2.352 1.764

6 11.639 1.759 5.820 3.880 2.910
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and

N co c oo

L |F I < L |F I + C E n °linax CC-27) 
n=l n n=l n p n=N +1 c

The first term in (C-27) is a finite sum which can be readily 
evaluated, and the second can be expressed in terms of the 
Riemann Zeta Function, or reciprocal power series [5], as

ri (ak max n
n=N +1c

-a max
co

^max
-a max n

where ^Cotina;x;) is the Riemann Zeta Function, tabulated in
Table C.4 for 1 < a < 20. The truncated series ri(a ) is — max
listed in Table C.5 for N = 5 and N = 10 , which are c c
typical values in practical problems.

Now (C-27) can be rewritten in terms of the truncated
power series n(amax) .

n=l
< F + Cnri(oL )— i 1 n1 F max7 n=l

CC-28)

where is evaluated from Table C.3 and pfa ) is evalu- F max7
ated from Table C.5.
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TABLE C.4
RIEMANN ZETA FUNCTION [5]

00

a

C(a) =
n=l

C (ei)

n"a

1 00

2 1.64493 40668
3 1.20205 69032
4 1.08232 32337
5 1.03692 77551
6 1.01734 30620
7 1.00834 92774
8 1.00407 73562
9 1.00200 83928

10 1.00099 45751
11 1.00049 41886
12 1.00024 60865
13 1.00012 27133
14 1.00006 12481
15 1.00003 05882
16 1.00001 52823
17 1.00000 76372
18 1.00000 38173
19 1.00000 19082
20 1.00000 09540
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TABLE C.5
TRUNCATED RECIPROCAL POWER SERIES

Ci z
Q

 II Ln N =c 10

1 00 00

2 0.18132 0.09516
3 0.016398 4.5249 x io"3
4 1.9713 x 10 0 2.8673 x io-4
5 2.6596 x io"4 2.0455 x io"5
6 3.8100 x IQ"5 1.5000 x 10"6
7 5.6973 x io"6 1.2730 x 10"7
8 8.7610 x 10 ' 1.6100 x 1O-S
9 1.3283 x io"7 2.8260 x io'9

10 2.2100 x 10"8 <10" 9

11 3.6040 x IQ'9 <10" 9

12 <10"9 <10" 9

13 <10-9 <10" 9

14 <io"10 <10" 10

15 <10"10 <10“ 10

16 <10"10 <10" 10

17 <10"10 <10" 10

18 <10"10 <10" 10

19 <10"10 <10“ 10

20 <10'10 <10“ 10
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